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1 Introduction
Throughout this paper, we assume that H is a real Hilbert space, C is a nonempty closed
and convex subset of H and denote by Fix(T) the set of fixed points of a mapping
T:C—C.

Let A : H — H be a single-valued nonlinear mapping and let M : H — 2/ be a multi-
valued mapping. The so-called quasi-variational inclusion problem (see [1-3]) is to find a
point u € H such that

0 € A(u) + M(u). (1.1)

A number of problems arising in structural analysis, mechanics and economics can be
considered in the framework of this kind of variational inclusions (see, for example, [4]).

The set of solutions of the variational inclusion (1.1) is denoted by .

Special cases

(D) If M =93¢ : H— 2", where ¢ : H — R U {+00} is a proper convex and lower semi-
continuous function and d¢ is the sub-differential of ¢, then variational inclusion problem
(1.1) is equivalent to finding u € H such that

(A@),v—u)+¢(y) - p(u) =0, VyeH, (1.2)

which is called the mixed quasi-variational inequality.
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Especially, if A = 0, then (1.2) is equivalent to the minimizing problem of ¢ on H, i.e., to
find u € H such that ¢(u) = inf,cy; ¢(y).

(I) If M = d8¢, where C is a nonempty closed and convex subset of H and 8¢ : H —
[0, 00] is the indicator function of C, i.e.,

0, xeC,
8clx) =
+00, x¢C,

then variational inclusion problem (1.2) is equivalent to finding # € C such that
(A(u), V- u) >0, VYveC. (1.3)

This problem is called Hartman-Stampacchia variational inequality problem.

(III) If M = 0 and A = I — T where I is an identity mapping and T : H — H is a nonlinear
mapping, then problem (1.1) is equivalent to the fixed point problem of 7. That is, find
u € H such that

u="Tu. (1.4)

Recently, hierarchical fixed point problems, hierarchical optimization problems and hi-
erarchical minimization problems have attracted many authors’ attention due to their link
with convex programming problems, optimization problems and monotone variational
inequality problems etc. (see [5-21] and others).

The purpose of this paper is to introduce and study the following bi-level hierarchical
variational inclusion problem in the setting of Hilbert spaces:

Find (x*,7*) € 1 x Q2 such that for given positive real numbers p and 7, the following
inequalities hold:

(PF(y*) +x* —y*,x —x*) >0, VxeQ,
(F(*) +y* —x*,y-y*) >0, VyeQ,,

(15)

where F,A;,A; : H— H are mappings and My, M, : H — 21 are multi-valued mappings,
Q; is the set of solutions to variational inclusion problem (1.1) with A = A;, M = M; for
i=1,2.

Special examples

(DIfM; =0,A; =1-T;, where T; : H— H is a nonlinear mapping for each i = 1,2, then
Q; = Fix(T;) and bi-level hierarchical variational inclusion problem (1.5) is equivalent to
finding (x*,y*) € Fix(T1) x Fix(T,) such that

(oF(y*) +x* —y*,x —x*) > 0, Vx € Fix(T),
(NF*) +y* —x*,y—y*) >0, VyeFix(Ty).

(1.6)

This problem, which is called bi-level hierarchical optimization problem, was studied by
Maingé [20] and Kraikaew et al. [21].
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(I1) In (1.6), if T; = P, for each i = 1,2, where P, is the metric projection from H onto
a nonempty closed convex subset K;, then it is clear that the 2; = Fix(7;) = K; and bi-level

hierarchical optimization problem (1.6) is equivalent to finding (x*, y*) € K x Kj such that

(PF(y*) +x* —y*,x—x*) >0, VxeKki,
(MF(x") +y* —x%,y-y") =20, VyeKk,.

(1.7)

This system forms a more general problem originated from Nash equilibrium points and
it was treated from a theoretical viewpoint in [22-24].

(III) If n = 0, p > 0 and both sets ©; and 2, are nonempty closed and convex subsets
of H, then bi-level hierarchical variational inclusion problem (1.5) reduces to the following
(one-level) hierarchical variational inclusion problem:

Find x* € ©; such that for a given positive real number p, the following inequality holds:
(pF(y*),x —x*) >0, VxeQ. (1.8)

(IV)IfK; =K; =K and n = 0, p > 0, then (1.7) reduces to the classic variational inequal-
ity, i.e., the problem of finding x* € K such that

(F(x*),x—x*) >0, Vxek. 1.9)
In (1.5), it is worth noting that if €2;, Q are nonempty closed convex subsets in H, then

the metric projections Pg, and P, from H onto €; and €, respectively, are well defined

and problem (1.5) is equivalent to the problem of finding (x*,y*) € Q; x Q3 such that

x* = Po,[y* — pF(y")],
y* = Pg, [x* — nF(x*)].

(1.10)

However, in practice, both solution sets ; and 2, (and hence the two projections) are
not given explicitly.

To overcome this drawback, inspired by the method studied by Yamada et al. [25, 26],
Maingé [20] and Kraikaew et al. [21], we investigate a more general variant of the scheme
proposed by Maingé [20], Kraikaew et al. [21] to replace the projection by some suitable
mappings with a nice fixed point set. This strategy also suggests an effective approximation
process. Our analysis and method allow us to prove the existence and approximation of so-
lutions to problem (1.5). As applications, we utilize the main results to study the quadratic
minimization problems and convex programming problems in Hilbert spaces. The results
presented in the paper extend and improve the corresponding results in [20, 21, 25, 26]

and others.

2 Preliminaries
For the sake of convenience, we first recall some definitions and lemmas for our main

results.
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Definition 2.1 A mapping A : H — H is said to be a-inverse-strongly monotone if there
exists « > 0 such that

(Ax — Ay,x —y) > a|Ax — Ay||*>, Vx,yeH.

A multi-valued mapping M : H — 2 is called monotone if for all x,y € H, u € Mx and
v € My imply that

(u—v,x—y)>0.

A multi-valued mapping M : H — 2' is said to be maximal monotone if it is monotone
and for any (x,u) € H x H,

(u—v,x—y)>0
for every (y,v) € Graph(M) (the graph of mapping M) implies that u € Mx.

Lemma 2.2 [19] Let A: H — H be an a-inverse-strongly monotone mapping. Then
(i) Aisan é—Lipschitz continuous and monotone mapping;
(ii) For any constant X >0, we have

| (1= 24)x = (1 = 2A)y|* < llx = yI? + A(h — 20) [ Ax — Ay|1%; 1)

(iii) Ifr € (0,2a], then I — LA is a nonexpansive mapping, where I is the identity
mapping on H.

Let H be a real Hilbert space, C be a nonempty closed convex subset of H. For each
x € H, there exists a unique nearest point in C, denoted by Pc(x), such that

lx—Pexl < llx-yll, VyeC.
Such a mapping Pc from H onto C is called the metric projection.

Remark 2.3 It is well known that the metric projection P¢ has the following properties:
(i) Pc:H — C is nonexpansive;
(i) Pc is firmly nonexpansive, i.e.,
IPcx = Peyl® < (Pcx - Pey,x—y),  Vx,y € H;
(iii) For eachx € H,

z=Pc(x) & (x-zz-y >0, VyeC. (2.2)

Definition 2.4 Let M : H — 2/ be a multi-valued maximal monotone mapping. Then
the mapping /. : H — H defined by

Jua(u) =T +AM) ™ u), ueH

Page 4 of 16


http://www.fixedpointtheoryandapplications.com/content/2013/1/179

Chang et al. Fixed Point Theory and Applications 2013, 2013:179
http://www.fixedpointtheoryandapplications.com/content/2013/1/179

is called the resolvent operator associated with M, where X is any positive number and I is
the identity mapping.

Proposition 2.5 [19] Let M : H — 2" be a multi-valued maximal monotone mapping,
and let A : H — H be an a-inverse-strongly monotone mapping. Then the following con-
clusions hold.
(i) The resolvent operator Ju ;. associated with M is single-valued and nonexpansive for
all A > 0.
(i) The resolvent operator Ja, is 1-inverse-strongly monotone, i.e.,

I

1780 ) = Tt ||~ < (2 = 2 J010. ) = a1 9)), - Va9 € H.

(iii) u € H is a solution of the variational inclusion (1.1) if and only if u = Ja, (u — LAu),
VA >0, ie., uis a fixed point of the mapping Jy,(I — LA). Therefore we have

Q =Fix(Ju,. (I - 2A)), VA>0, (2.3)

where Q2 is the set of solutions of variational inclusion problem (1.1).
(iv) If » € (0,2a], then Q2 is a closed convex subset in H.

In the sequel, we denote the strong and weak convergence of a sequence {x,} in H to an
element x € H by x, — x and x,, — x, respectively.

Lemma 2.6 [27] Forx,y € H and w € (0,1), the following statements hold.:
@ N+ yI* < %l + 20y, % + y);
(ii) (1-w)x+wyl? = (1-)|x]* + @yl - o - o)|x-yl>.

Lemma 2.7 [28] Let {a,} be a sequence of real numbers, and there exists a subsequence
{am/.} of {a,} such that Ay < A1 for all j € N, where N is the set of all positive integers.
Then there exists a nondecreasing sequence {ny} of N such that limg_, o ny = 0o and the
following properties are satisfied by all (sufficiently large) number k € N:

Apy < A1 and  ap < a1,
In fact, ny is the largest number n in the set {1,2,...,k} such that a, < a,., holds.

Lemma 2.8 [21] Let {a,} C [0,00), {a,,} C [0,1), {b,} C (—00,+00), & € [0,1) be such that
(i) {an}isa bounded sequence;
(i) et < (1= 0002 + 20,8 /st + tnb, ¥ = 1;
(iii) whenever {ay, } is a subsequence of {a,} satisfying

liminf(a,, +1 — ay,) > 0,
k— o0
it follows that limsupy_, ., by, < 0;

(iv) lim, o0ty =0 and Y o2, o, = 00.

Then lim,_, o a, = 0.
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Definition 2.9

(i) A mapping T : H— H is said to be nonexpansive if
Tx =Tyl < llx=yl, VxyeH.

(i) A mapping T : H — H is said to be quasi-nonexpansive if Fix(T) # ¥ and
ITx—pll < llx—pl, Vx€H,peFix(T).

It should be noted that T is quasi-nonexpansive if and only if Vx € H, p € Fix(T)
1 2

(x—Tx,x— p) > 3 I — Tx]||“. (2.4)

(iii) A mapping T : H — H is said to be strongly quasi-nonexpansive if T is

quasi-nonexpansive and

X, — Tx, — 0 (2.5)
whenever {x,} is a bounded sequence in H and ||x, — p|| — || Tx,, — p|| — O for some
p € Fix(T).

Lemma2.10 Let M : H — 2 be a multi-valued maximal monotone mapping, A : H — H
be an o-inverse-strongly monotone mapping and let Q2 be the set of solutions of variational
inclusion problem (1.1) and Q # ). Then the following statements hold.

(i) If A €(0,2al, then the mapping K : H — H defined by

I( = ]M,)L(I - )»A) (26)

is quasi-nonexpansive, where I is the identity mapping and Jp,. is the resolvent
operator associated with M.

(i) The mapping I — K : H — H is demiclosed at zero, i.e., for any sequence {x,} C H, if
x, =~ x and (I — K)x,, — 0, then x = Kx.

(iii) For any B € (0,1), the mapping Kg defined by

Ky =(1-B)+BK 2.7)

is a strongly quasi-nonexpansive mapping and Fix(Kp) = Fix(K).
(iv) I-Kg, B €(0,1) is demiclosed at zero.

Proof (i) Since A € (0, 2«], it follows from Lemma 2.2(iii) and Proposition 2.5 that the map-
ping K is nonexpansive and 2 = Fix(K) # ¢. This implies that K is quasi-nonexpansive.
(ii) Since K is a nonexpansive mapping on H, I — K is demiclosed at zero.
(iii) It is obvious that Fix(Kp) = Fix(K) and Kj is quasi-nonexpansive.
Next we prove that K, 8 € (0,1) is a strongly quasi-nonexpansive mapping.
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In fact, let {x,} be any bounded sequence in H and let p € Fix(Kjp) be a given point such
that

%, = pll = 1Kpx — pll = O. (2.8)

Now we prove that || Kgx,, — x| — 0.
In fact, it follows from (2.4) that

2
IKpn = Pl = | — p = By — Kxy) |
=y = pI* = 2B(%n — Py %y — Kxtn) + B2 [l60 — K|

< 1w = pI* = BA = Bl — Kxu .
Hence from (2.8), we have
B = B)IKy = 24> < 6w = pII* = [ Kgs — pI|* — 0.
Since B(1 - B) >0, ||Kx, —x,|| — 0, and so
1Kpxn = xnll = BlIKXp = %ull — O.

(iv) Since I — K = (I - K) and I - K is demi-closed at zero, hence I — Kj is demi-closed

at zero. This completes the proof. O

3 Main results
Throughout this section we always assume that the following conditions are satisfied:
(C1) M;:H — 2",i=1,2, is a multi-valued maximal monotone mapping, A;: H — H
is an a-inverse-strongly monotone mapping and €2; is the set of solutions to
variational inclusion problem (1.1) with A = A;, M = M, and Q; # ;
(C2) K;jand Kjg, B €(0,1), i =1,2, are the mappings defined by

Ki:=JusaI - 24y, A e(0,2a],
Kig = 1-8)I+BK;, Be(0,1),

(3.1)

respectively.
We have the following result.

Theorem 3.1 Let A;, M;, Q;, K;, Kig, i = 1,2, satisfy the conditions (C1) and (C2), and let
f,g:H — H be contractions with a contractive constant h € (0,1). Let {x,,} and {y,} be two
sequences defined by

X0,Y0 € H;
Xntl = (1 - an)l(l,ﬂxn + ar(f(KZ,ﬂyn): (32)
Y1 = (1 — a)Ko gy + g (K px,), n=0,1,2,...,

Page 7 of 16
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where {,} is a sequence in (0,1) satisfying o, — 0 and y_ -, o, = 00. Then the sequences
{x,} and {y,} converge to x* and y*, respectively, where (x*,y*) € Q1 x Qy is the unique
solution of the following (bi-level) hierarchical optimization problem:

(K =fO*),x—a") >0, Vxey,
(o —gx*),y—y*) =20, VyeQ,.

(3.3)

Proof (1) First we prove that (3.3) has a unique solution (x*,y*) € €; x Q5.

Indeed, it follows from Proposition 2.5 and Lemma 2.10 that both sets €;, 2, are
nonempty closed and convex and 2; = Fix(K;) for each i = 1,2. Hence the metric pro-
jection Pg, for each i =1,2 is well defined. It is clear that the mapping

Pg ofoPg,0g:H—>H

is a contraction. By the Banach contractive mapping principle, there exists a unique ele-
ment x* € H such that

x* = (Pg, of o Pg, og)(x*).
Letting y* = P, o g(x*), then it is easy to see that
= (P, of)(7"), ¥ =(Pa, 09)(x")

are the unique solution of (3.3).
(II) Now we prove that {x,} and {y,} are bounded.
In fact, it follows from Lemma 2.10 that Kj g, i = 1,2, is strongly quasi-nonexpansive and
Fix(K; g) = Fix(K;) = ;. Since f is h-contractive and x* € Fix(Kyg), y* € Fix(Ky,p), we have
[mar =" | = (1= o) [ Ko potn = | + et [ f (Ko py) = 7|
< (1= o) [0 = 2% | + @[ f (Ko p3) = f ()| + el (57) = 27
< (L= @)l -2l + b | Kopyn = 5| + 0| () - 27|

< t=a) =+ aphlya -y + ) -]
Similarly, we can also prove that

[ =" = Q=)= | + =] + ") =]
This implies that

||xn+1 -x* || + ||yn+1 _y* ||
< (1= = m)([lan =" + 3 = 57])

) If &) =21l + lIgx™) =yl
1-h

+o,(1-h

) IfO) =l + llg™) —y~ll }

< max{ (f, -] + - -

Page 8 of 16
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By induction, we have

e =]+ 19 =]

) IfF &) =1l + llgx™) — "Il
’ 1-4

*

§max{(||x0—x*||+||yo -y }, Vn>1.

This implies that {x,} and {y,} are bounded. Consequently, the sequences {Kjgx,} and
{Ky,9x} both are bounded.
(III) Next we prove that for each # > 1 the following inequality holds.

||xn+1 —x* ||2 + ||yn+1 _y* H2
< (1 —an)*(||%n —x*H2 + | yn —J’*Hz)
+ 20| taer =2 |3 =57 | + 0w =5 |3 = 7]

+ 20 ({f () = o w1 = %) + (€(7) = %3001 = 7)) (3.4)
In fact, it follows from (3.2) and Lemma 2.6(i) that

v = = - (o) + (K~ )
< (@ = @) (Kipn — %) | + 200a{(F (Ko p) = %7), i1 — %)
= (1= a)? | K pen — 2 |* + 20 (f (Ko py) = f (7)1 — %)
+ 20, (57) = 5" s — )
< (| 200 ) £ ]
+ 20, (5) = 5" s — )
< e[ 2kl s |

+ 2otn<f(y*) —x X1 — x*)
Similarly, we have

[y =9I = =) [y =57 | + 20ah 0 = 2 | = 57
+ 2an(g(x*) — ¥, Yus1 —y*).
Adding up the last two inequalities, the inequality (3.4) is proved.
(IV) Next we prove the following fact.
If there exists a subsequence {rn;} C {n} such that
. l[2 12 .2 L2
timinf (|, 0 ="+ [men =7 = (Jam =277+ 3w =57[7)) 2 0,

then

limsup({f (") = &% %1 = %) + (€(%7) = 5", 1 = ")) < 0.

k— o0


http://www.fixedpointtheoryandapplications.com/content/2013/1/179

Chang et al. Fixed Point Theory and Applications 2013, 2013:179 Page 10 of 16
http://www.fixedpointtheoryandapplications.com/content/2013/1/179

In fact, since the norm | - || is convex and lim,,_, o o, = 0, from (3.2) we have that

0 = timint w1+ Do 5" (o~ + I~ 1]
< liminf{(1 = @) [ Ky g =" | + 0 [ f (Ko pm) - 2]
+ (U= Ko gy =9 + ot | @K pm) = 3°|* = 6, =2 ” = yme = 57|}
= timinf{ (| Ky, =" | = o, =2 ) + ([Ko2m =" = o =57}
< timsup{ ([Kugn =" | = =" + (1Kapym =" = [y =" [))
- s (16~ ) ] <)

+ (| Kapyme = 5| + Ny =5 [) Ko p9me =57 = |9 =57 ) }
<0.

The above conclusion can be proved as follows.
Indeed, since the sequences {|| Ky, gx,, —x*[| + %, —x* ||} and {|K2,8Y, =¥ | + |4, = 5" II}
are bounded, and Kjg, i = 1,2, is quasi-nonexpansive, we have

Kot = 7] < [

’

|Kapm =y = [ =7
The conclusion is proved. Therefore we have that
i ([K 37 = [ =) = fim (Kagm —'] = o -5 ) =0, @)

By Lemma 2.10(iii), the mapping Kj g, i = 1,2, is strongly quasi-nonexpansive. Hence from
(3.5) we have that

Ky pxu, — %4, — 0, Koy gy, — Y, = 0. (3.6)
This together with (3.2) shows that
X1 — %y, — 0 and ¥y 0 —yu, — 0.

Since {x,, } is bounded and H is reflexive, there exists a subsequence {xnkl} C {xn} such

that Xy — U and

llim (f(y*) - x*,x,,kl - x*) =lim sup(f(y*) — X" %Xy —x*) =lim sup(f(y*) — X" X1 —x*).
—00 k— 00 k— 00

On the other hand, by virtue of Lemma 2.10(iv), I — Kj g is demiclosed at zero, and so
u € Fix(Ky g) = ©2;. Hence from (3.3) we have

lim (f(y*) - x*,x,,k[ - x*) = (f(y*) —x*u —x*) <0.

l—o00
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Consequently,

lim sup(f(y*) =X X1 — x*) <0.

k—o00

Similarly, by using the same argument, we have

limsup(g(x*) — ¥, yus1 — ") < 0.

k— 00

The desired inequality is proved.

(V) Finally we prove that the sequences {x,} and {y,} defined by (3.2) converge to x*
and y*, respectively.

It is easy to see that

[ener ="l =7+ e =" [ 01 = 7]

1 1
< (= I+ len =" 1%) 2 (lomar =57 1" + oo =" ). (37)

Substituting (3.7) into (3.4), simplifying and putting

2

’

*

= n ="+ -y

by :=2([f (") — &% dar — &%) + (g(x*) = ¥ %01 — 7)),

then we have the following conclusions:
(i) By (II), {a,} is a bounded sequence;
(ii) From (3.4), aus1 < (1 — ap)’ay + 20,1/ fOns1 + Cuby, Y1 > 1;
(iii) By (IV), for any subsequence {a,, } C {a,} satisfying

liminf(a, +1 — ay,) > 0,
k— 00

it follows that limsup,_, ., b,, <O0.
Hence it follows from Lemma 2.8 that x, — x* and y, — y*. This completes the proof of
Theorem 3.1. O

Definition 3.2 A mapping F : H — H is said to be u-Lipschitzian and r-strongly mono-
tone, if there exist constants x> 0 and r > 0 such that

lEx - Eyll < plix = yll, (Fx—Fy,x-y) >rllx-yl? VxyeH.

Remark 3.3 Itis easyto prove thatif F : H — H is a p-Lipschitzian and r-strongly mono-
2r

tone mapping and if p € (0, F)’ then the mapping f :=1 - pF : H — H is a contraction.

Now we are in a position to prove the following main result.

Theorem 3.4 Let A;, M;, 24, K;, Kig, i = 1,2, be the same as in Theorem 3.1. Let F: H — H
be a u-Lipschitzian and r-strongly monotone mapping. Let {x,} and {y,} be the sequences

Page 11 of 16
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defined by
%0,Y0 € H,
Xn+l = (1 - an)1<l,/3xn + ar(f(1<2,ﬁyn)x (38)

Ynel = (1 - an)1<2,ﬁyn + ang(l<l,ﬂxn):

where f := 1 — pF, g:= 1 —nF with p,n € (0, %), B €(0,1) and {a,} is a sequence in (0,1)
satisfying the following conditions:

o0
lim «,, =0, E oy = 0.
n— o0

n=0

Then the sequence ({x,},{y.}) converges strongly to the unique solution (x*,y*) of bi-level

hierarchical variational inclusion problem (1.5).

Proof Indeed, it follows from Remark 3.3 that both mappings f,g : H — H are contractive.
Therefore all the conditions in Theorem 3.1 are satisfied. By Theorem 3.1, the sequence
({xn}, {yn}) converges strongly to (x*,y*) € €1 x €22, which is the unique solution of the

following bi-level hierarchical optimization problem:

(= f()x—a") 20, Vxe,

(3.9)
(" -g*),y—y") =0, VyeQs.
Since f =1 — pF and g = I — nF, we have
F(y*) +x* —y*,x —x*) >0, VxeQy,
(PF(") y ) ) 10

(MF@*) +y* —x*,y—y*) >0, VyeQ,.

This implies that the sequence ({x,}, {y,}) converges strongly to (x*, y*) € Q1 x €, which s
the unique solution of bi-level hierarchical variational inclusion problem (1.5). This com-
pletes the proof of Theorem 3.4. d

4 Some applications
In this section, we shall utilize Theorem 3.1 and Theorem 3.4 to study the convex mathe-
matical programming problem and quadratic minimization problem.

(I) Applications to convex mathematical programming problems.

Let ¢ : H — R be a convex and lower semi-continuous function with V¢ being u-

Lipschitzian and r-strongly monotone, i.e., it satisfies the following conditions:

|[vv ) - ve )| <wlx-yll, VxyeHn>0, (4.1)
and

(Vlﬁ(x) -Vy(y),x —y) >rlx-yl>, VYxyeH,r>0. (4.2)
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In (1.5) taking n =0, p € (0, %) and F = V¥, then hierarchical variational inclusion prob-
lem (1.5) reduces to the following problem:
Find a point x* € ; such that

(Vl/f(x*),x —x*) >0, VxeQ. (4.3)
By using the subdifferential inequality, this implies that

W(x)—w(x*) z(VI/f(x*),x—x*)EO, Vx € ;.
Therefore we have

P(x) — w(x*) >0, VxeQ. (4.4)

Thus problem (4.3) reduces to the convex mathematical programming problem on Qq:
Find a point x* € ; such that

min v (x). (4.5)

x€EQ

Hence, we have the following result.

Theorem 4.1 Let Ay, My, 1, Ki, Kig, () be the same as in Theorem 3.4. Let {x,} be the
iterative sequence defined by

X0 € H, (4 6)
Kne1 = (1 - an)1<l,/3xn +a, - pF)U(l,ﬁxn)y

where p € (0, i—;), B €(0,1). Then {x,} converges strongly to x* € Q1, which is the unique
solution of convex mathematical programming problem (4.5).

(I) Applications to quadratic minimization problems.
Recall that a linear bounded operator T': H — H is said to be &-strongly positive if there
exists a positive constant £ such that

(T, x) > E|x)|>, VxeH.

Lemma 4.2 Let T : H — H be a &-strongly positive linear operator and let y be a positive
number with y < H_;H’ where || T|| is the norm of T defined by

1T = sup{(Tu,u) cueH,|ul = 1}.

Then we have
(1) The linear operator F :=1+yT : H — H is p-Lipschitzian and r-strongly monotone,
where u =1+ y||T|) andr=1+ yE&.
(2) Ifp € (0, ﬁ), then the linear operator (I — p(I + y T)) is contractive with a
contractive constant h:=1- p(1 + y§).


http://www.fixedpointtheoryandapplications.com/content/2013/1/179

Chang et al. Fixed Point Theory and Applications 2013, 2013:179 Page 14 of 16
http://www.fixedpointtheoryandapplications.com/content/2013/1/179

Proof (1) In fact, for any x,y € H, we have

| +yT)x=9)] < @+ yITI)Ix =yl = pellx -yl

Again, since T : H — H is a £-strongly positive linear operator, we have

(T+yT)x-y),x—y) = @+ yE)lx—ylI* = rlx -yl

Conclusion (1) is proved.
(2) By the definition of the norm of the bounded linear operator (I — p(I + y T')), we have

1= pU+yT)|| =sup{{(I-pU +yT))u,u): uecH,|ull =1}

=sup{(1 - p - py)(Tu,u) : u € H, ||u|| =1}

1
<l-p-pyE Vpel|0,——.
1+y§&

Therefore, (I — p(I + y T)) is contractive with a contractive constant 1 — p(1 + y&). This
completes the proof. O

From Theorem 3.4 and Lemma 4.2 we have the following result.

Theorem 4.3 Let A, M, K, Kg, Q and {a,} satisfy the same conditions as given in The-
orem 3.4. Let the linear mappings T and F satisfy the same conditions as in Lemma 4.2.
Then the sequence {x,} defined by

X0 € H,
X1 = (1 — o) Kpxy + 00, (I — pF)(Kpx,),

(4.7)

1
7 1+yé&
the hierarchical variational inclusion problem:

where p € (0 ), B € (0,1), converges strongly to x* € Q1, which is the unique solution of

(p(l + yT)x*,x—x*) >0, Vxeg,
that is,
((1 +yT)x*,x — x*) >0, VxeQ. (4.8)
Letting g(x) := %(Tx,x) + %||x||2, then it is easy to know that g : H — R* is a continuous

and convex functional and dg(x*) = (I + y T)(x*). By the subdifferential inequality of g, we
have

gx) —g(x*) = (U +yT)(x*),x—x*) >0, VxeQ.

This implies that x* solves the following quadratic minimization problem:

xe€

mig{g(Tx,x) + %I|x||2} (4.9)

and x, — x*. This completes the proof.
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