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Admissibility Analysis and Control Synthesis for T-S
Fuzzy Descriptor Systems

Liang Qiao, Qingling Zhang, and Guofeng Zhang

Abstract—The problem of admissibility analysis and control syn-
thesis for Takagi-Sugeno fuzzy descriptor systems is investigated.
First, based on Nonquadratic fuzzy Lyapunov function and fully
using the information of fuzzy membership functions, a new re-
laxed sufficient condition ensuring a fuzzy descriptor system to be
admissible (regular, impulse-free, and stable) is proposed, in which
itis not necessary to require every fuzzy subsystem to be stable. Sec-
ond, the other sufficient condition for the admissibility is obtained
without the information of time derivatives of fuzzy membership
functions. Following the analysis, both parallel and nonparallel
distributed compensation controllers are designed, linear matrix
inequalities conditions are given to construct the controllers. Fi-
nally, some examples are provided to illustrate the main results in
this paper less conservative than some earlier related results.

Index Terms—Admissible control, linear matrix inequalities
(LMIs), nonparallel distributed compensation (non-PDC) con-
troller, nonquadratic fuzzy Lyapunov function, parallel distributed
compensation (PDC) controller, Takagi-Sugeno (T-S) fuzzy
descriptor system.

1. INTRODUCTION

AKAGI-SUGENO (T=S) fuzzy systems, first proposed

by Takagi and Sugeno [1], have attracted great attention
because of their effectiveness in approximating a very wide
class of nonlinear dynamical systems. Many efficient results
for stability analysis and controller synthesis have been pro-
posed. For example, based on a Common Lyapunov function,
the stability of T-S fuzzy systems is analyzed in [2]. Since the
Common Lyapunov function is independent of fuzzy member-
ship functions, results based on a single Lyapunov function may
be conservative. Therefore, fuzzy Lyapunov function [3] and
nonquadratic fuzzy Lyapunov function [4], [5] which are of a
more general sort than the common quadratic one have been
exploited. Based on stability analysis, the problem of stabi-
lization can be considered accordingly. According to [6]-[12],
controller design methods for T-S fuzzy systems can be divided
into two classes: the parallel distributed compensation (PDC)
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controller design method and the nonparallel distributed com-
pensation (non-PDC) controller design method. By the PDC
method [6]-[9], a nonlinear controller can be blended by using
linear feedback gains via fuzzy rules. Therefore, through T-S
fuzzy systems and PDC controllers, linear control theory can
be further extended over the controller design of complex non-
linear systems. In order to obtain less conservative stabilization
results, non-PDC controllers are proposed in [10]-[12].
Descriptor systems provide an effective representation for a
wider class of systems in contrast with the standard state-space
system representations [14]. Descriptor systems have been ex-
tensively studied in the past several decades due to their success-
ful applications in the fields of circuits, economics, and many
other fields [13]-[15]. It should be pointed out that the analysis
and synthesis for descriptor systems are much more compli-
cated than those for standard state space systems, because for
the continuous-time case not only stability but regularity and
admissibility have to be addressed as well. A wide class of
fuzzy systems in descriptor (differential and algebraic) forms
have been studied in [16]. The admissibility of T-S descriptor
systems is the important features of systems. The problem of
admissibility of descriptor systems has been studied in many
literatures. In [17], sufficient conditions are derived for stabil-
ity and stabilization of a class of extended T=S fuzzy descriptor
systems with time-delay. In [18], a novel observer design of non-
linear descriptor systems represented by T-S models has been
presented. Fuzzy controllers and fuzzy observers are designed
in [19] such that the resultant closed-loop fuzzy descriptor sys-
tems with time-delay are both admissible and (Q,V, R) — -
dissipative. The problem of robust stability analysis for uncer-
tain discrete extended T-S fuzzy descriptor systems with time-
varying norm-bounded parameter uncertainties is considered in
[20]. Problems of stability analysis and H, control for a class of
fuzzy time-delay descriptor systems described by an extended
T-S fuzzy model are investigated in [21]. In [22], the problem
of H, fuzzy control for a class of nonlinear time-delay descrip-
tor Markovian jump systems with partially unknown transition
rates is investigated. In [23], PDC and fuzzy proportional and
derivative state feedback controller are proposed to stabilize T-S
extended fuzzy descriptor systems. A delay-dependent guaran-
teed cost control approach is developed in [24]. In [16]-[24],
the problems of admissibility analysis for T-S fuzzy descrip-
tor systems are investigated by means of a Common Lyapunov
function. A novel controller design for nonlinear descriptor sys-
tems in TS form has been presented in [25]. In [26], a descriptor
svstem aoproach to the desien of fuzzv control svstems using
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fuzzy Lyapunov functions is proposed. In [27], finite-time sta-
bility and finite-time boundedness with nonzero initial state for
fuzzy descriptor systems are studied. The admissibility con-
ditions of T-=S fuzzy descriptor systems via fuzzy Lyapunov
functions are derived in [28]. In [29], the problem of H., de-
scriptor fault detection filter design for T-S fuzzy discrete-time
systems is studied.

The above existing research for admissibility problem of T-S
fuzzy systems need to solve the second-order or higher orders
PLMI [34] condition, i.e.,

L(©) = Lo+ Y 60:Li+» Y 0;0;Li; <0(>0)
1=1

i=1 j=1

forY i 6, =1,0<6, <1,0 <i <r. Inorder to obtain the
linear matrix inequalities (LMIs) conditions, they check the con-
dition Ly, L;, L;; for every i and j only because of positiveness
of 0; and ¢;. That means only the positiveness of fuzzy mem-
bership functions is considered, the other information of fuzzy
membership functions is not considered. Therefore, this method
significantly increases the conservativeness. By fully using the
information of fuzzy membership functions, the problems of ad-
missibility analysis and control synthesis are investigated for T—
S fuzzy descriptor systems by means of both PDC and non-PDC
controllers in this paper. In our theorem, a new relaxed sufficient
condition is established in terms of a Nonquadratic fuzzy Lya-
punov function, which guarantees that the system is admissible.
In contrast with [26], a complete proof of the admissibility of
T-S fuzzy descriptor systems is given. In the proof process, the
influence for impulse behavior of descriptor systems taken into
consideration. Because of fully using the information of fuzzy
membership functions, this theorem does not require that each
fuzzy Lyapunov function matrix satisfies £'F; > 0 and every
fuzzy subsystem is stable. The first example is used to demon-
strate this feature. Moreover, slack matrices are used to reduce
the conservativeness caused by the bounds of time derivatives
of fuzzy membership functions. In some cases, the bounds of
time derivatives of fuzzy membership functions may be large
or the bounds do not exist. Therefore, we present the other new
admissibility condition of fuzzy control systems without using
those bounds. Both PDC and non-PDC controllers are proposed
for guaranteeing the closed-loop system to be admissible. In
this paper, based on a matrix inequality, the problem of bilinear
matrix inequalities (BMIs) in the PDC design process is over-
come. This method is much simpler than the BMI procedures in
[3], [28]. In special cases, all of these conditions can be verified
by solving strict LMIs.

This paper is organized as follows. The problem formulation
and some definitions are introduced in Section II. The main
results are developed in Section III. Admissibility for T-S fuzzy
descriptor systems is analyzed and then PDC and non-PDC
controllers are designed, respectively. Section IV illustrates the
advantages of the proposed design approaches over some earlier
related results. Finally, Section V concludes this paper.

Notation: Let R and C denote the sets of real and complex
numbers, respectively. R” denotes the n-dimensional real Eu-
clidean space. R™ %™ denotes the set of m x n matrices with real
elements. I is identity matrix with appropriate dimension. For a

given matrix P, P > 0 (P < 0) means that P is symmetric and
positive (negative) semidefinite, P > 0 (P < 0) means that P
is symmetric and positive (negative) definite. The determinant
of P is denoted by det(P) and rank of P by rank(P). deg(x)
denotes the degree of a polynomial. || X || denotes the norm of
a matrix X. For a blockwise symmetric matrix X, offdiagonal
blocks are abbreviated with x, i.e.,

X1 Xio B X X | X *
Xy Xoo| | # Xoo| [Xfy X
Xe denotes >0, hi(§(1))X,.

II. PROBLEM FORMULATION AND BASIC DEFINITIONS

A fuzzy dynamic model has been proposed by Takagi and
Sugeno [1] to represent local linear input/output relations of
nonlinear systems. This fuzzy model is described by IF-THEN
rules and has been employed to deal with the control design
problems of nonlinear systems. Motivated by this, a T-S fuzzy
descriptor system is considered in this section, its ith fuzzy rule
is of the form [16]-[18]:

R;:if fl (t) is My;, fg (t) is Mo;, ..., and gp (t) is Mpi, then

{E:‘g(t) = A;z(t) + Biu(t)
y(t) = Ciz(t) + Diu(t)

where ¢ = 1,2, ..., r with r being the number of IF-THEN rules,
M;; (7 =1,2,...,p)isthe fuzzy set, z(t) € R" is the state vec-
tor, u(t) € R™ is the control input, y(t) € R! is the controlled
output, I, A;, B;, C;, and D; are known constant matrices with
appropriate dimensions. The matrix £’ may be singular and it
is assumed that rank(E) = ny < n. & (t),&(t), ..., & (1) are
premise variables which may be functions of the state variables.
Leté(t) = [61(t), & (1), - .., & ()] beacolumn vector of func-
tions. In this paper, derivative matrices of fuzzy subsystems are
the same constant matrix. In the most of previous results, differ-
ent derivative matrices of fuzzy subsystems are also transformed
to the same one.

Taking the weighted average of E4(t) as a defuzzification
strategy, we may derive the final defuzzified output of the fuzzy
model, which is

Ei(t) = 3. hi(§(6)[Aix(t) + Biu(t)]

i=

y(t) = > hi(&(1))[Cix(t) + Diut)]

i=1

ey

—

2

where the fuzzy membership functions
I Myi(g5 ()
i [Ty Myi(&5(1))
It is obvious that h;(£(t)) >0 for all ¢ =1,2,...,r and

Yoy hi(g()) = 1.

For convenience, system (2) is denoted as follows:

{ Ei(t) = A¢x(t) + Beu(t)

hi(&(t))

3)
y(t) = Cex(t) + Deu(t).

The admissibility of fuzzy descriptor systems is defined as
follows.



Definition I1.1 [20], [23], [29]: System (2) is said to be reg-
ular if there exists s € C satisfying det(sE — A¢) # 0. System
(2) is said to be impulse-free if deg(det(sE — A¢) = rank(FE).
System (2) is said to be stable if all roots of det(sE — A¢) =0
have negative real parts for all ¢ € [0, +00). System (2) is said
to be admissible if it is regular, impulse-free, and stable.

Lemma II.1 [28]: Let A(t) € R"*" be a piecewise contin-
uous function matrix, if there exist a norm uniformly bounded
function matrix P(t) € R™*" and a scalar o > 0 such that

PT(t)AT (1) + A(t)P(t) < —al (4)

then the following conditions hold:

1) A(¢) is invertible for all ¢ € [0, 400).

2) A~'(t) is uniformly bounded for all ¢ € [0, +00).

Lemma I1.2 [33]: Given a symmetric matrix = € R"*" and
two matrices ¥ € R"*" and T € R"*". There exists an un-
structured matrix © such that

=+ YTy +0TOY <0

if and only if, the following projection inequalities with respect
to O are satisfied:

N¢ ENy < 0, NyENy <0

where Ny and Ny are matrices whose columns form a basis of
the nullspaces of T and W, respectively.

The following Lemma is obtained.

Lemma I1.3: Given matrix A € R"*" and symmetric matrix
T € R™*™. There exists an invertible matrix P € R"*" such
that

T+PTAT + AP <0 5)

if and only if there exist matrices H € R"*" and L € R"*"
such that

T+H"A" + AH *

{P—HJFLTAT L LT ]<0' ©
Proof: Notice that (5) is equivalent to
T PT 1
(1 14][P } }{AT}<:Q
Similar to the projection inequality in Lemma II1.2, (5) can be
T

expressed as a quadratic form with = = {g PO ] and Ny =

[AIT ] . Then, setting Ny = 0, which means T = I. By Lemma

IL.2, there exists P such that (5) holds if and only if there exists
© =[H L] such that

{ﬁ iﬂ {gf}u¢ <4+{fJ[H L] <o,

This completes the proof.
Lemma I1.4 [30]: For given matrices ®;; € R"*", the fol-
lowing inequality

>3 hi©hi(€)®i; <0 )

i=1 j=1

holds if the following inequalities

By <0,i=1,2,...,r ®)

and

2
71¢ii+q)ij+q)ji<0a1§i7éj§7a

r—

(C))

are satisfied.

Lemma I1.5 [33]: For any matrices X, F, and Y of appro-
priate dimensions, where FTF < I, and for any scalar A > 0
the following inequality:

XFY +YT'FTXT <oxXT 427 'Yy (10)
holds.

Assumption 1: Let hi (&) < ax <1, hi (O (&) < B <
1, h(€) > ¢ (¢p <0), for all k,1=1,2,...,r, where
o, Bij, ¢r are scalars.

Remark 1: If the shape of the membership functions is de-
fined by the user, obtaining the «;, and (j; are straightfor-
ward. In general case, ap =1, B = 1, Bt = hi (§)M(§) <
R (§)(1 — hy;(€)) < 0.25. Since 374~y (§) = 0, hy (€) may
be positive or negative. Therefore, in practical applications, the
exact value of ¢, can be selected to satisfy the assumption

i (&) > ér (¢ < 0) like [3], [11], [26].

III. MAIN RESULT

In this section, we perform admissibility analysis of fuzzy
descriptor system (2) and design PDC and non-PDC fuzzy
controllers for guaranteeing the closed-loop system to be
admissible.

A. Admissibility Analysis

In this section, we give two sufficient conditions for the ad-
missibility of system (2) (when u(t) = 0).

Theorem II1.1: System (2) is admissible if there exist
symmetric matrices P;, Z;, X, Y € R"", Q;; > 0(i,j =
1,2,...,r) and matrices @Q; € R"7™)" (j =1,2,... 7)
such that

r

Y =3 Z ja(Y-P) ta, (Y - P))
o 7 0
* |
0
L * Zy J
>0 (11)
EP+X>0,r=12.. 1 (12)
O, <0,i=12 . .r (13)
20+ 0,40, <0 1<iFEj<r (14)



where P, = P;ET + SQ;, S € R"*("="1) is an arbitrary ma-
trix of full column rank and satisfies £S = 0,

©ij = AP+ PIAf + Po + Q- Q5

Q=" BuQu

k=11=1

Py = — Z¢k(EPk: + X).
k=1

Proof: By Lemma I1.4, (13) and (14), it can be shown that

}E: j{: hi(§)h;(€)O:;

i=1 j=1

= Pp + AcP; + PgTAgT - ZZM(O%(@QU

i=1 j=1
r r
+ ZZﬂlekz <0.
k=11=1

Then, by h;(£)h;(§) < fB;; and Q;; > 0, it can be seen that

s)

Py + AP + PF A <. (16)
By (12) and ¢, < 0, we have Py > 0. Then,
AP+ PFAL <0 (17)

holds.
We first show that the system is regular and impulse-free.
For matrix E satisfies rank(FE) = ny, there exist two nonsin-
gular matrices U and V' such that

|1, O
UEV = [ . 0] ()
Accordingly, write
Py Py Ay Ay

V*lPL_UT _ 1i 21 7(]14Z‘/': 14 21 ) 19
[P?)i Py Azi Ay 19

By P, = P,ET + SQ;, one has
EP, = EP,E" = P'E". (20)

Then, pre and postmultiplying (20) by U and U™, respectively,
and then using the expressions in (18), (19), it can be shown that

Py = 0.
Therefore,
P; 0
“1prrT _ | 476
VTRU [Pm P4z}
Then, we have
h; Py; 0
VIRUT = ; R _ {Plf 0 ]
S hiPy Y hiPy | P Ta
i=1 i=1

ey

Now, pre and postmultiplying (17) by U and U™, respectively,
it can be obtained that

* *

0 22

where ‘¥’ denotes the blocks which do not affect the proof.
It follows that || Py || < >°0_, || Pai ||. As a result, Aye =
>oi_y hi(€)Ay; isinvertible and its inverse matrix is bounded ac-
cording to Lemma II.1. We have established that the system (2) is
regular and impulse-free.

In the following, we prove that the system is stable. Firstly,
we prove Y., h;(§)P; > 0.

From Y7, h;(§) =1 and for all symmetric matrix Y, we
can obtain

D QP =Y =Y hi(OY + Y hi(§P;
i=1 i=1 i=1
— V- O -P)
i=1
=Y - ih-(f) 1(Y —-P)" + 1(Y - P)|.
— 1 2 1 2 2
For all nonsingular matrices W; € R"*" i =1,2,...,r, one
has
1 — _
m(©) |50 =P + 30 - P

1 — 1
= §(Y — P) W hi (Wi + I/V;Thi(g)WiT§(Y - P;).
From 0 < h;(§) < «; and Lemma IL5, it can be seen that

m(©) 50 = PT + 0 - 7o)

1 _
5V = Pi) + W,
Let, Z; = I/Vq-,T W;. (Clearly, Z; > 0.) Then

m(©) |50 = P+ 3 - 7o)

1 _
<5 - P)twitai it

1 — 1 _
< 5(Y - Pi)Ta?Z,jl§(Y —P)+ Z;.

By (11) and the Schur complement Lemma, we have

Therefore,

EP;=EY h()P=EY h(&)(PE" +5Q)
i=1 i=1

= EZhi(g)EET =P'E" > 0.
i=1



By Lemma II.1 and A¢F; —|—PETA;r <0, one has P is
a nonsingular matrix. Then, pre and postmultiplying F'P; =
PTET > 0by P," and P!, wehave ET P! = P E > 0.

Second, using this matrix inequality, we take a candidate
Nonquadratic fuzzy Lyapunov function of the form

V(x(t)) = z" () E" P a(t). (23)

Then,
V(z(t)) = 2" ()P, T Ei(t) + 4" () ET P a(t)
—1
+ 2T ()ET dl;ft z(t).

Observing that % = —P'P:P'andby E" P, = P " E,
we have
V(x(t) = a" ()P, T Ei(t) + 2" () ET P a(t)

— 2" ()E" P PP a(t)
=z ()P T Aca(t) + " (1) AL P a(t)
— 2" ()P, TEP P a(t)
= 2T(1) (P{TAg + AP - P{TEP,:P{l) (1)

From Y7 _, by (€) = 1, we have 3 ;_, /.(€) = 0. There-
fore, the following matrix statement with slack symmetry matrix
X is proposed:

D (€)X =
=1

Then, by (16), h; (€) > ¢1, and EP; + X > 0, one has
Il = —EP + Ac P + P AT

IS,

k=1

= = Y e
k=1

EP; + A¢Pe + P A}

EP; + X)+ AP + PFAf

IN

— > G (EP + X) + AP + PFAY
k=1

= Py +A£P5+PETAE < 0.

Multiplying IT on the left by PgT
it can be seen that

-T : T 4T -1
BT (~EPe+ AcPe + PRAT)

and right by P{l , respectively,

= P TAc+ AfPC' = P,TEPP <0,
Therefore, V (z(t)) < 0, system (2) is stable. This completes
the proof.

Remark 2: In [26], the impulsive behavior of T-S fuzzy de-
scriptor systems was not considered fully, which is an impor-
tant feature of descriptor systems. In Theorem III.1, by making
use of the full information of the fuzzy membership functions,

we have obtained more precise admissibility condition for T-
S fuzzy descriptor systems including the existence of impulse.
Meanwhile, we have used the slack matrix X to reduce the con-
servativeness caused by the derivatives of fuzzy basis functions.
Finally, because LMISs (12) are not conventional strict LMIs, the
LMI toolbox in MATLAB cannot be used directly to solve these
inequalities. However, by choosing X = EZE" and P; + Z >
0, we have EP, + X = EP, + EZE" = E(P,ET + SQ;) +
EZET = E(P; + Z)ET > 0. Therefore, LMIs (12) can be
converted to strict LMIs.

When E' = I, T-S fuzzy descriptor system (2) reduces to a
standard one. A standard system is always regular and impulse
free. The following corollary is obtained.

Corollary I11.1: The standard fuzzy system is stable if there
exist symmetric matrices P;,Y, Z, Qi; >0,Z; e RV (4,5 =

1,2,...,7) such that LMIs (11) and
Pi+Z>0,i=12,...,r
0, <0,i=1,2,...,r
2
j@“+@”+@j7 <0,1<i<j<r
where
0, = AP+ P, AT + Po + Q- Qy
T T
Q=" BuQu

Py = *Zfbk(ﬁiJrZ).

Remark 3: In Theorem III.1 and Corollary III.1, it is not
required that every fuzzy Lyapunov function matrix satis-
fies EP, >0 or P; > 0. It is only required that the total
fuzzy Lyapunov function matrix meets E'Y ., h; ()P, > 0 or
S hi(§)P; > 0. Moreover, the bounds of fuzzy membership
functions (o, (k1) are used in Theorem I11.1 and Corollary ITI.1.
These improvements remove the requirement that every fuzzy
subsystem is stable. This is in contrast with the existing results
in [3], [26], [28], [31], [32], where it is required that

E'P,=P'E>0 P >0
ATP +PTA, <0 ' VATP +PA <0

That is, every fuzzy subsystem is supposed to be stable.

In Theorem III.1, bounds of time derivatives of fuzzy basis
functions are used, which may complicate of the admissibility
analysis in some cases. To overcome it, the following theorem
is proposed.

Theorem II1.2: System (2) is admissible if there exist ma-
trices Z,Q; € R"*" (i = 1,2,...,r) and symmetric matrices
Qi; >0,P e R"™™ (i,j=1,2,...,r) such that

EPE" +E'Z+ Z"E™™ >0 (24)

My; <0 i=1,2,...,r (25)
2 o

ﬁMii+Mij+Mji<071§Z7éJ§T (26)



where

Mij = AL(PET + ELQ}) + (PET + ELQ})TALT

+Q—Qy
Q= > BuQu
k=11=1
E''= V(I-UEV)U
E'= U Y(I-UEV)U.

Proof: Using Lemma I1.4, it can be obtained that

D> hi©h

i=1j=1
= A(PE" + E*Q¢) + (PE" + E*Q¢)T A
—Zzh (€)Qij +ZZBMQM<O-
i=1 j=1 k=11=1

Then, by h; (§)h;(§) < B;; and Q;; > 0, it can be obtained that

AP+ PR AT <0 @7

where }35 = PE" + E*+Q;.

Notice that
U(EPE" + E'Z + Z*ET U™
UEVV PV T(WEV)T +UE'U'UZUT
+ Uz UTUu-TETUT

Inl 0 Pl * Inl 0

0 0||x *[]0 o0

0o o0 |[Z4 2
+ — —

0 Infnl _Z3 Z4
L[4 2] [0 o

Zy Zy| |0 I,
_ Bz
T | % Zy+ 27

> 0.

We conclude that P, > 0 if (24) holds. Therefore,

P 0

TrT _
UEPE U _{O 0

E

Then, by EE* = 0, we can obtain

EP: = BE(PE" + B*Q¢) = EPE" = PIE" > 0.

We take a candidate Nonquadratic fuzzy Lyapunov function
as follows:
Vi(x(t))

=" ()BT P a(t). (28)

Meanwhile, by 7)., 7. (€) = 0, we have
D n(€E
k=1

> in(€)
k=1

EP; = (PET + E*Q)

EPE" = 0.

The rest of proof is the same as Theorem III.1. This completes
the proof.

Remark 4: The distinction between Theorems III.2 and IIT.1
is that it does not need the bounds of the time derivatives of
fuzzy membership functions. In some cases, it is very difficult
to obtain these bounds of the time derivatives of fuzzy mem-
bership functions. Therefore, Theorem II1.2 is more convenient
for checking the admissibility without knowledge of the time
derivatives of fuzzy membership functions.

B. Fuzzy Controller Design

In this section, the design problem of PDC and non-PDC
controllers is considered.
First, let the PDC controller be of the form
Rii if fl (t) is MM', 52 (t) is MQi, .oy and gp (t) is Mpi then
u(t) = Kiz(t),i=1,2,...,r (29)
where K is a gain of the ith rule to be determined. Then overall
state feedback control law is inferred by

ult) = Z T ¥ 5](i3<§j<(>t>)
= Y (W) Ka)
= ZI;;x(t). (30)
The resultant closed-loop system is as follows:
Bi(t) = (A¢ + BeKe)a(t). 31)

To design PDC controller with corresponding fuzzy Lya-
punov function, previous sufficient results are usually in the
form of BMIs [3], [28]. The following theorem gives a suffi-
cient condition in the form of LMIs for the closed-loop system
to be admissible.

Theorem I11.3: System (31) is admissible if there exist
a scalar o > 0, symmetric matrices Pi,Zi,Qij >0,X,Y €
R™ " (i,j =1,2,...,r), matrices @Q; € R"=")x" [ ¢
R™™ and L; € R™*" (i =1,2,...,r) such that LMIs (11)
and (12) and

I <0

i=1,2,...,r (32)

Fii+Fi'j+Fji<O,1§7;7éj§T (33)

r—1



r.. Py + 0+ 0T +Q—Q; *
" P +a¥t - H —a(H + HY)
U= AH+BL;

Q= > BuQu, P =PE" +5Q

=1 1=1
Py = =Y ¢1(EP; + X).
k=1

In this case, the state feedback gain K, can be chosen to be
K; =L;H "

Proof: 1f LMIs (32) and (33) hold, by Lemma I1.4, it can be
obtained that

DO h©h (T

i=1 j=1
_ A * 0
P +0E - H —a(H+H")| <
where
A= Py +E+E" =Y 3 hi(©h;(©)Qi; + 9
i=1j=1

== AgHJngLf.
By hL(f)hJ(f) < Bij’ QU > 0and K; = LiHil, one has

|:P<I>+H+HT *

Petall' —H —a(H+H") (34)

} <0
where
II = [Ag + BgKg]H.

Using Lemma I1.3 with T = Py, A = A¢ + B¢ K¢, L = aH
and P = P, one obtains

Py + [A¢ + B¢ K| Pe + PF[A¢ + BeK(]" < 0. (35)

According to Theorem II1.1, when the LMIs (11), (12), and (35)
hold, the resultant closed-loop system (31) is admissible. This
completes the proof.

Remark 5: Using Lemma I1.3, LMI (34) does not involve
the product between the Lyapunov matrix P and the system
dynamic matrix A¢ in PDC design process, which can make the
design PDC controller easier. The remaining problem is how
to choose the scalar o > 0. This problem can be solved by the
following optimal algorithm.

Step 1: Initialization give the initial value o = 1.
Step 2: Find a feasible solution H = H" for the following
optimization problem:

. 2
HEHA (7‘—11—‘” + Fij + Fﬂ), A(F”)

where A() is maximum eigenvalue of the matrix. If
A(%F” + Pij + Fﬂ) < O,A(F“) < 0, stop. Other-
wise, go to step 3.

Step 3: Using the matrices H° obtained in Step 2, find a fea-
sible solution v = ! for the following optimization

problem:

«

2
min A <1FZ‘Z‘ + Fij + Fji) aA(Fii)'
r—

If A(%Fu + Fij + F(ji) < OJ\(FZ‘{,) <0, stop.
Otherwise, go to step 2.
Iteration termination condition, if |A* (T;;)
where e is a prescribed tolerance, stop.
In what follows, we deign a fuzzy non-PDC controller of the
form

— A(kil)(F“” <e,

r r -1
u(t) = Zhi(f)Fi (Z hi(ﬁ)ﬂ) x(t)
i=1 i=1
= Fnglx(t). (36)
The resultant closed-loop system is as follows:
Ei(t) = (A5 + BgFngl) (1) (37)

Theorem I11.4: Systerg (37) is admissible if there ex-
ist symmetric matrices P;, Z;,Q;; > 0,X,Y € R"*" (4,5 =
1,2,...,7) and matrices Q; € R"~"1)*" [y ¢ R™*" (j =
1,2,...,7) such that LMIs (11) and (12) and

=<0
2

r—1

i=1,2,...,r (38)

Eii+5ij+5ji<0,1§i7éj§7° (39)
where

Eij = Po+ AP +BF;+ Pl Al + F/ Bl +Q—Q;;

Q= ZZﬂlekuPi =P,E" + SQ;

k=11=1

Py = — > ¢p(EP +X).
k=1

Proof: 1f LMIs (38) and (39) hold, by Lemma I1.4, it can be
shown that

PG
i=1j=1
= Py + A¢P: + BeFe + PP AL + F/' B/

+ D BuQr = DD hi(©)hi (§)Qi;-

k=11=1 i=1j=1
By hi(§)h;(§) < Bri and Q;; > 0, one has
Py +A§P§+B§F£+P£TA§T —|—F'£TB;F
T
— Py + PT |Ac + BeFeP; |
+ {Ag + BgFgP{l] P <0. (40)

Therefore, according to Theorem I11.1, it can be seen that system
(37) is admissible. This completes the proof.



Remark 6: 1t should be pointed out that the original bounds
of the derivatives of membership functions need to be checked
after the completion of the fuzzy controller design process. Simi-
lar to [3], these original bounds can be found within the operating
domain of the state of consideration. Then, by Theorems II1.3
and IIL.4, the fuzzy controller is obtained and we should check
whether the domain of the state of the closed-loop system can
be satisfied to the original bounds. If these bounds are relatively
difficult to achieve, we can use the following Theorems I11.5 and
II1.6 independent of these bounds to design the fuzzy controller.

Let the other non-PDC fuzzy controller be

u(t)

S h(@©F O hi(©P)  a(t)
i=1 i=1

= Fe P 'x(t) 41)
where P, = PET + § Q;. The resultant closed-loop system is
as follows:
(t) = (A5 + BgFgﬁgl) (1) 42)
In view of the above Theorems II1.3 and I11.4, the admissi-
bility of closed-loop system (31) and (37) have been considered
based on Theorem III.1. Similar to the method of Theorems
II1.3 and II1.4, the admissibility of closed-loop system (31) and
(42) can also be considered based on Theorem III.2. Then, the
following two results can be obtained.
Theorem II1.5: System (31) is admissible if there exist a

scalar o > 0, matrices Z, Q;, H € R"*" (i = 1,2,...,7),sym-
metric matrices @Q;; >0,P € R"*" (i,j =1,2,...,r) and
L; e R™*" (1 =1,2,...,r) such that LMI (24) and

M;; <0,i=1,2,....r

2 J— _

r—
where
M"* H—FHT—FQ—QZJ *

YT I PEY 4+ ErQ; +all' —H —ao(H+HT)

= AH + B/L,

Q=" BuQn-

k=11=1

In this case, K; can be chosen as K; = L; H!.

Theorem II1.6: System (42) is admissible if there exist
matrices Z,Q); € R"*" (i = 1,2,...,r,), symmetric matrices
Qi; >0,PeR"™ (i,j=1,2,...,r), and F; € R"*"(i =
1,2,...,7) such that LMI (24) and

=<0 L,i=1,2,...,r
2 —_ _ —_ . .
7T71:.ii+:ij+:ji<0,1§Z7éj§7“

Z,; = A(PE" + E*Q;) + B,F;
+(PE" + ETQ))" Al + F'Bl + Q- Qy;

r

> BuQu
k=

11=1

Q

IV. ILLUSTRATIVE EXAMPLES

In this section, four examples are used to illustrate some of
the main results of this paper.

Example 1: Consider the following T-S fuzzy descriptor
system:

2
Bi(t) = 3 hi(€(t) Air(t)
i=1

where
[1 0 0 -2 02 1
E=101 0|, A/=]|2 =5 ,
0 0 0 1 0 1
(1 02 0
Ay, = |0 =4 0
0 0 1

The membership functions are hy (£(t)) = (1 — 1{52&), ho (£(1))
— 10 () € [-1,1),

By computing the characteristic equation det(sFE — Ay) =
(—=s—4)(s —1) =0, we find that one of the eigenvalues is
1. Accordingly, it can be seen that the second fuzzy subsys-
tem is not stable. The admissibility of this system can be
checked by Theorem III.1. Specifically, choosing a; = 1, 9 =
0.5, 811 = 1, B12 = 0.25, By9 = 0.25, ¢1 = @9 = —1,itcanbe
verified that the LMIs (11-14) have the feasible solution

[31.3242  3.2349 0
P = | 3.2349 25.5349 0
| —7.9780 —5.7466 —53.3097
[ 51.1251  11.5460 0
P, = | 11.5460  24.0675 0
| —37.4635 —10.6991 —33.7787

The system is thus admissible. The initial condition is taken
as zyp = [0.2,0.4,1]", a trajectory of the T-S fuzzy descriptor
system is shown in Fig. 1. From Fig. 1, we can find this system
is stable. Further, by det[sE — (h1A; +hods)] = (—1)
[s* + (40h% + 50hy hy + 15h3)s + T3h3 + 81hihy —

7hi1h3 — 20h3], we can obtain this system is regular and
impulse-free. Therefore, this system is admissible.

Remark 7: From Example 1, we find that Theorem III.1 can
be used when the fuzzy subsystems is not stable. This is different
from the previous results in [16], [23], [26], [28] which require
fuzzy subsystems is stable.
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Fig. 1. Trajectories of the T-S fuzzy descriptor system.

Example 2: Consider the following nonlinear system [26]:

.%"2 (t) = —2$1 (t) — X9 (t) — f(t)l’l (t) (43)

where the f(¢) € [0, d] is at least first-order differentiable. The
nonlinear dynamics of this system can be exactly represented
by the following fuzzy model:

#(t) = Z hi(€(t)) Aiz(t)

where

0 1 0 1
Al_[—z —1]’A2_{—2—d —1]
d

hi(€() = =4

The membership functions
ha(&(t) = L.

Similar to [26], this system can be rewritten in the descriptor
form. Choosing o] = 1,042 = 1,611 = l,ﬁlg = 0.25,@22 =
1, the maximum values d of guaranteeing the feasibility of
Theorem II1.1, results in [3] and [26] for each ¢;. can be checked.
The maximal d values obtained by means of these methods are
depicted in Fig. 2. From Fig. 2, it is easy to see that Theorem III.1
guarantees larger feasible area than those existing ones.

Example 3: Consider the following T-S fuzzy system [31]:

are

3
B(t) = hi(£() Aia(t)

i=1

where
0 1 0 a
A= {—0.06 —1} A2 = [—1.94 —1} ’

0 b
—-05 —-1.5]"

20 T T T T T T T =

— & - Theorem 3.1 ’
—— [26] /
—e—[3]

- ==-ht
—h2

09

08

07F

0.6

0.5F

0.4

0.3F

Fig. 3.

Membership functions k1 (§), ha (€), and h3 (&).

The membership functions are

wi (z1(1)) (
wi (71(t)) + w2 (21 (1)) + ws(z1(2))

andws (z1 (t)) = eXP(—%(%

this system are depicted in Fig. 3.

Choosing a1 = a3z =1,a0 =0.95, 811 = F33 = 1, Fos =
0.91, B12 = Bag = 0.25, 13 = 0.0025, ¢1 = ¢p2 = ¢3 = —0.3
and for several values of a, the maximum b of the admissible

)?). Membership functions of



TABLE I
MAXIMUM b FOR THE STABLE REGION

a= 5 15 30 50 100
[3] 7 125 195 278 46.6
[32] 72 138 207 29 46.3
[31] 72 143 224 315 503

Corollary III.1 8.8 17.6 322 444 632

Fig.4. Model of the cart and inverted pendulum and the Free Body diagrams.

region has been checked and compared in Table I. It is easy to
see that Corollary III.1 provides less conservative results than
those existing ones.

Example 4 [27]: Consider the inverted pendulum model de-
scribed as follows:

JO(t) = Fi (o (t) = r(t)) = Fary (t) = £,0(1)

Mi(t) = u(t) — fer(t) — Fy
miy(t) = Fy —mg
0=r(t)—ry(t)+1sind(t)
0=ry(t) —lcosb(t)

where 0(t) € [T, 7] denotes the angle of the pen dulum from
the vertical, r(¢) denotes the displacement of the cart, 7, (¢) and
7, (t) denote the horizontal and vertical positions of the pendu-
lum centre, respectively, g = 9.8 m/s? is the gravity constant,
M = 1.3282 kg is the mass of the cart, m = 0.22 kg is the mass
of the pendulum, fc = 22.915 N is the friction factor of the cart,
fp = 0.007056 kg - m? is the frictional resisting moment factor
of the pendulum, ! = 0.304 m is the length from the pendulum
centre of mass to the shaft axis, J = 0.004963 kg - m? is the
moment of inertia of the pendulum around the centre of mass,
and u is the force applied to the cart. In addition, F} and F3
represent the opposite and equal interactional forces between
the cart and the pendulum. The physical experimental model of
cart and inverted pendulum and free body diagrams are shown
in Fig. 4.
Let

T = [x13$27x37x4,$5]T

= [9(t>7 é(t)7 T(t)7 f(t)a Ty (t) - T(t)]T

we can get the following nonlinear descriptor systems:

1 = @y
Ty =
femlay coszy — f,(M +m)xs — mlcosziu
+ (M + m)mgxs — mala3xs cos 2y
(M+m)(J+mi?)—m?1? cos® x;

3'?3 = T4
fomlas coszy — fo(J +mi?)zy + (J +mi?)u
—m?2lgxs coszy + (J + mi*)madzs
(M+m)(J+ml?)—m?21? cos? z;

Ty =

0=Isinz; — x5

Let £(t) = x1(t), and construct the auxiliary system by two
rule fuzzy model as follows:

Rule 1: if 2y (¢) is about 0, then
Fzx = Al’ll' + Blu
Rule 2: if 21 (¢) is about 7., then

Ei = Asx + Bou

where
(1 0 0 0 O
01 0 0 O
E= 10 01 0 O
00 0 1 0
00000
0 1 0 0 0 ] [0 ]
0 a2 0 aa ars bio
A=|lo0o o o 1 o |.B=]0
0 a2 0 aua aiss b14
_a151 0 O 0 -1 | L O ]
[0 1 0 0 0 ] [0 ]
0 azs 0 agy azs baso
Ay = 0 0 0 1 0 , By = 0
0 agz 0 asus aos bay
_a251 0 O 0 -1 i L O i

a2 = —fp(M +m)/a1, a4 = feml/ay, a5 = (M +
m)mg/ai, aige = fyml/ar, aigs = —f(J+mi?*)/ay,
A145 = *mzlg/al, ajs1 = 1, by = —m * l/al,
by = (J+ml®)/a;, ar = (M+m)(J+mi?)—m2l?,
azar = —fp(M +m)/az, ases = feml/2as, ases = (M +
m)mg/as, asss = fyml/2as, asys = —f.(J +mi?)/as,
ass = —m?lg/2ay, ass; = 3v/31/2m, byy = —m *1/2as,
boy = (J +mi?)/as, az = (M +m)(J +mi*) — m?i? /4.

Let choose membership functions for Rules 1 and 2:

1
1- 14e 7(x1+7/6)

1+ e~ T(x1+7/6)

Choosing a1 =az =1, 811 = Baa =1, [o1 = f12 = 0.25,
¢1 = ¢ = —14, the part of solutions to the LMIs of
Theorems III.3-II1.6 are shown in Table II. To demonstrate
the effectiveness of the design method, assuming the ini-
tial condition is 7o = [0.2617,0,0,0,0.0787]T and based on

hl(xl): ,hg(ibl):l—hl(fl).



TABLE II
SOLUTIONS OF THEOREMS II1.3-111.6

Methods Solutions
[0.0162 —0.0569 —0.0141 —0.0090 0 ]|
—0.0569 0.3409 0.0425 —0.1182 0
Theorem III.3 P, = | —0.0141 0.0425 0.2552 —0.1027 0
—0.0090 —0.1182 —0.1027 0.3332 0
| 0.0009  0.0008 —0.0030 —0.0068 0.0002 |
[0.0162 —0.0568 —0.0141 —0.0090 0 |
—0.0568 0.3411  0.0429 —0.1192 0
Py=| —0.0141 0.0429 0.2555 —0.1032 0
—0.0090 —0.1192 —0.1032 0.3344 0
0.0008  0.0016 —0.0028 —0.0085 0.0002
K, =[7.2033 4.8396 0.8246 24.3522 76.2082]
Ky =[16.2671 10.8151 1.9912 26.4132 162.8625 |
[1.9518 —7.9962 0.0569 —1.3512 0
—7.9962 38.9966 —0.0598 0.0644 0
Theorem IIL.4 P, = | 0.0569 —0.0598 26.9413 —2.1413 0
—1.3512 0.0644 —2.1413 6.3603 0
| 0.0195 90.3474 0.0239 —35.3221 0.0300 |
[1.8969 —8.3950 —0.0235 —0.8546 0 ]
—8.3950 40.4444 —0.1663 0.4441 0
Py=| —0.0235 —0.1663 26.8911 —1.7791 0
—0.8546  0.4441 —1.7791 4.2655 0
—0.1598 40.7266 0.0444 —31.6669 0.0238
N; =10% x [ —0.0188 4.5384 —0.0479 —0.1013 —0.0467
Ny =10% x [ —0.0089 4.1371 —0.0354 —0.0399 —0.0466
[7.7192  —25.0850 —8.2757 —5.5342 0
—25.0850 150.8375 21.8681 —60.1569 0
Theorem IIL5 P, = | —8.2757  21.8681 146.6303 —54.2179 0
—5.5342  —60.1569 —54.2179 185.3114 0
| 0.4962 0.4915  —1.7875 —3.9092 0.1177 |
[7.7192  —25.0850 —8.2757 —5.5342 0
—25.0850 150.8375 21.8681 —60.1569 0
Py=| —8.2757 21.8681 146.6303 —54.2179 0
—5.5342  —60.1569 —54.2179 185.3114 0
0.4587 0.9538  —1.6685 —5.0382 0.1009 |

Ky =[6.2339 4.5973 0.6564 24.1920 72.1343]

Ky =[14.5999 10.4765 1.6417 26.0963 156.4483 ]

[ 46.7907 —187.8119 1.8058 —46.9021 0 |
—187.8119 861.8591  2.0977  76.1100 0
Theorem I1L.6 P, = | 1.8058 2.0977  758.8265 —77.4824 0
—46.9021  76.1100 —77.4824 173.1133 0

| —9.1552  —646.3700 —1.7195 224.0576 1.1861 |

[ 46.7907 —187.8119  1.8058 —46.9021 0 |
—187.8119 861.8591  2.0977  76.1100 0
Py = | 1.8058 2.0977  758.8265 —77.4824 0
—46.9021  76.1100 —77.4824 173.1133 0

—9.0553  —304.1327 —0.3199 216.2612 0.8159

N; =10% x [ —0.1067 —3.0416 —0.1841 0.4310 0.0364]"
Ny =10* x [ —0.0911 —2.8251 —0.1598 0.3022 0.0362

Theorems II1.3-111.6, the trajectories of this system under the
PDC and non-PDC controllers are shown in Fig. 5.

V. CONCLUSION

In this paper, a new relaxed admissibility condition for T-
S fuzzy descriptor systems has been given by Nonquadratic
fuzzy Lyapunov function. This condition fully uses the infor-
mation of fuzzy membership functions, e.g., hi(§) < ap <
L h(§)hi(€) < B <1, hi(§) > ¢y and Yo7, hy.(€) = 1.
Meanwhile, this condition breaks the limitation of every fuzzy
subsystem to be stable. Importantly, the technique is particu-

L

g o e B e ED e

Fig. 5. Trajectory of the closed-loop fuzzy descriptor system.

larly well suited to other control problems of T-S fuzzy de-
scriptor systems. In order to relieve the difficulty caused by
time derivatives of fuzzy membership functions, a sufficient
condition without time derivatives of fuzzy basis functions has
been proposed, which ensures that fuzzy descriptor systems are
admissible. Based on these analysis results both PDC and non-
PDC controllers have been designed. New conditions have been
represented in the form of strict LMIs, so they can be easily
checked by solving by Matlab. Some numerical examples show
how the feasibility region larger than the previous work.
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