
Dynamical analysis of quantum linear systemsdrivenby

multi-channelmulti-photon states ?

Guofeng Zhang

Department of Applied Mathematics, The Hong Kong Polytechnic University, Hung Hom, Kowloon, Hong Kong

Abstract

In this paper, we investigate the dynamics of quantum linear systems where the input signals are multi-channel multi-photon
states, namely states determined by a definite number of photons superposed in multiple input channels. In contrast to most
existing studies on separable input states in the literature, we allow the existence of quantum correlation (for example quantum
entanglement) in these multi-channel multi-photon input states. Due to the prevalence of quantum correlations in the quantum
regime, the results presented in this paper are very general. Moreover, the multi-channel multi-photon states studied here
are reasonably mathematically tractable. Three types of multi-photon states are considered: 1) m photons superposed among
m channels, 2) N photons superposed among m channels where N ≥ m, and 3) N photons superposed among m channels
where N is an arbitrary positive integer. Formulae for intensities and states of output fields are derived. Examples are used
to demonstrate the effectiveness of the results.
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1 Introduction

Dynamical response analysis is an essential ingredient of
control engineering, and is also the basis of controller de-
sign. For example, impulse response, step response, and
frequency response are standard materials in modern
control textbooks, see, e.g., [21], [1]. Fluctuation analy-
sis of a dynamical system driven by white noise underlies
the celebrated Kalman filter and linear quadratic Gaus-
sian (LQG) control. Likewise, in the quantum regime,
the response of quantum linear systems to quantum
Gaussian white noise is the basis of quantum filtering
and measurement-based feedback control, see, e.g., [5],
[37], [9], [45], [16] and references therein.

In addition to quantum Gaussian noise commonly dealt
with in quantum optical laboratories, in recent years,
highly nonclassical signals such as single-photon states,
multi-photon states, and Schrödinger’s cat states have
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been attracting growing interest due to their promis-
ing applications in quantum information technology.
Roughly speaking, an `-photon state of a light beam
means that the light field contains exactly ` photons.
In this paper, we are concerned with continuous-mode
`-photon states, that is, these photons are specified
by their frequency profiles centered at the carrier fre-
quency of the light field. Continuous-mode single- and
multi-photon states have found important applications
in quantum computing, quantum communication, and
quantum metrology, see, e.g., [12], [23], [29], [24], [15],
[3], [4], [44], [39], and [28].

In the quantum control community, the response of
quantum systems to single- and multi-photon states has
been studied in the past few years. The phenomenon
of cross phase shift on a coherent signal induced by a
single photon pulse was investigated in [25]. Gough et
al. derived quantum filters for Markov quantum sys-
tems driven by single-photon states or Schrödinger’s cat
states [15]. The theory in [15] was applied to the study of
phase modulation in [8]. Quantum master equations for
an arbitrary quantum system driven by multi-photon
states were derived in [3]. Quantum filters for multi-
photon states were derived in [35], for both homodyne
detection and photodetection measurements. Numeri-
cal simulations carried out in [35] for a two-level system
driven by a 2-photon state revealed interesting and com-
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plicated nonlinear behavior in the photon-atom interac-
tion. When a two-level atom, initialized in the ground
state, is driven by a single photon, the exact form of the
output field state was derived in [30]. More discussions
can be found in, e.g., [10], [28] and references therein.

In [44], an analytic expression of the output field state of
a quantum linear system driven by a single-photon state
was derived. The research initialized in [44] was contin-
ued and extended in [40], where multi-photon states were
considered. Unfortunately, the multi-photon states stud-
ied in [40] are either with very limited quantum corre-
lation or mathematically formidable. More specifically,
the multi-photon states defined in [40, Eqs. (23) and
(41)] are separable states, i.e., there exists no entangle-
ment among the channels. A class of photon-Gaussian
states was defined in [40, Eq. (34)]. On the one hand, this
class of states appears mathematically complicated. On
the other hand, because each pulse shape is indexed by
three parameters only, the feature of the multi-channel
entanglement is unclear. A class of multi-channel multi-
photon states was defined in [40, Eq. (43)], which, due
to the presence of an m-fold product, looks rather com-
plicated mathematically.

The purpose of this paper is to provide a direct study of
the dynamical response of quantum linear systems to ini-
tially entangled multi-channel multi-photon states. Un-
like those separable states studied in [44] and [40], the
multi-channel multi-photon states proposed in this pa-
per are able to capture the entanglement among chan-
nels. Examples presented in this paper demonstrate that
these types of multi-channel multi-photon states can be
easily processed by quantum linear systems. Further-
more, the proposed multi-channel multi-photon states
are very general as they contain many types of multi-
channel multi-photon states as special cases, see, e.g.,
[23, Chapter 6], [33], [7]. Finally, these states are math-
ematically more tractable than those in [40, Eqs. (34)
and (43)]. Therefore, the study carried out in this paper
is more relevant to quantum linear feedback networks
and control.

Three types of multi-channel multi-photon states are
studied in this paper. Case 1): m photons are super-
posed amongm channels. Specifically, them-channelm-
photon states are defined in Subsection 3.1. When the
underlying quantum linear system is passive, an ana-
lytic expression of the output intensity is presented in
Subsection 3.2, see Theorem 1. Moreover, the steady-
state output field state is investigated in Subsections 3.3
and 3.4, see Theorems 2 and 3. When the underlying
quantum linear system is non-passive, the steady-state
output field state is no longer an m-channel m-photon
state, an explicit form of the output field state is given
in Subsection 3.5, see Theorem 4. Case 2): N photons
are superposed among m channels where N ≥ m. For
this case, we assume the underlying quantum linear sys-
tem is passive. The analytic expressions of the output

field state are derived, see Theorems 5 and 6. Case 3): N
photons are superposed among m channels, where N is
an arbitrary positive integer. Specifically, a class of m-
channel N -photon states are first presented in Subsec-
tion 5.1, then in Subsection 5.2, the steady-state output
field state of a quantum linear passive system driven by
an m-channel N -photon input state is derived, see The-
orem 7.

Notation. The imaginary unit
√
−1 is denoted by i. Given

a column vector of complex numbers or operators x =
[x1 · · · xk]T , define a column vector x# , [x∗1 · · · x∗k]T ,
where the superscript “∗” stands for complex conjuga-
tion of a complex number or Hilbert space adjoint of an
operator. Define a row vector x† , (x#)T = [x∗1 · · · x∗k].

Define a doubled-up column vector x̆ , [xT x†]T . Let Ik
be an identity matrix and 0k a zero square matrix, both
of dimension k. Denote Jk = diag(Ik,−Ik). Given a ma-

trix X ∈ C2j×2k, define X[ , JkX
†Jj . Given a matrix

A, let Ajk denote the entry on the jth row and kth col-
umn. Let m be the number of input channels. Let n be
the number of degrees of freedom of a given quantum
linear system, namely the number of quantum harmonic
oscillators. The ket |φ〉 denotes the initial state of the
system of interest, and |0〉 stands for the vacuum state
of free fields. The convolution of two functions f and g is
denoted as f~g. Given two matricesU , V ∈ Cr×k, define
a doubled-up matrix ∆(U, V ) , [U V ;V # U#]. Given
two operatorsA andB, their commutator is defined to be
[A,B] , AB − BA. The Kronecker delta function is de-
noted by δjk, whereas the Dirac delta function is denoted
by δ(t). The m-fold integral

∫∞
−∞ · · ·

∫∞
−∞ dt1 · · · dtm is

sometimes denoted by
∫
d
−→
t . Given a function f(t) in the

time domain, define its two-sided Laplace transform [34,

Eq. (13)] to be F [s] ≡ Lb{f(t)}(s) ,
∫∞
−∞ e−stf(t)dt.

The m dimensional Fourier transform of an m-variable
function f(t1, . . . , tm) is, [6],

f(iω1, . . . , iωm) ,
1

(2π)m/2

∫ ∞
−∞
· · · (1)∫ ∞

−∞
dt1 · · · dtme−i(ω1t1+···+ωmtm)f(t1, . . . , tm).

We set ~ = 1 throughout this paper.

2 Preliminaries

In this section, quantum linear systems are briefly intro-
duced; more discussions can be found in, e.g., [11], [36],
[13], [37], [18], [31], [42], [43], [38], and [26]. Some tensors
and their associated operations are also discussed.

2.1 Quantum linear systems

A quantum linear system G is shown schematically in
Fig. 1. In this model, the quantum linear system G con-
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G
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Fig. 1. Quantum linear system G with input bin and output
bout.

sists of a collection of n (interacting) quantum harmonic
oscillators represented by a = [a1 · · · an]T . Here, aj
(j = 1, . . . , n), defined on a Hilbert space H, is the anni-
hilation operator of the jth quantum harmonic oscilla-
tor. The adjoint operator of aj , denoted by a∗j , is called
a creation operator. These operators satisfy the follow-
ing canonical commutation relations: [aj , a

∗
k] = δjk, and

[aj , ak] = [a∗j , a
∗
k] = 0, (j, k = 1, . . . , n). The input

fields are represented by a vector of annihilation oper-
ators bin(t) = [bin,1(t) · · · bin,m(t)]T ; the entry bin,j(t)
(j = 1, . . . ,m), defined on a Fock space F, is the anni-
hilation operator for the jth input channel. The adjoint
operator of bin,j(t), denoted by b∗in,j(t), is also called a
creation operator. However, unlike aj and a∗k, the anni-
hilation and creation operators for the input fields sat-
isfy the following singular commutation relations, [11],
[14, Eq. (20)],

[bin,j(t), b
∗
in,k(r)] = δjkδ(t− r),

[bin,j(t), bin,k(r)] = [b∗in,j(t), b
∗
in,k(r)] = 0, (2)

for j, k = 1, . . . ,m and ∀t, r ∈ R. Notice the presence
of the Dirac delta function δ(t − r) in Eq. (2). Math-
ematically, it is often more convenient to work with
integrated annihilation and creation operators, which

are defined respectively to be Bin(t) ,
∫ t
t0
bin(τ)dτ and

B#
in(t) ,

∫ t
t0
b#in(τ)dτ , where the lower limit t0 of the

integrals is the initial time, namely the time when the
system and the fields start to interact. The input gauge
process (also called number process) is defined by the
following m-by-m matrix of operators, [11, Chapter 11],
[14, Section III.A], [44, Eq. (11)],

Λin(t) ,
∫ t

t0

b#in(τ)bTin(τ)dτ. (3)

In this paper, we deal with canonical quantum in-
put fields, that is, the only non-zero Itô products
for the input fields are: dBin,j(t)dB

∗
in,k(t) = δjkdt,

dΛjkin (t)dB∗in,l(t) = δkldB
∗
in,j(t), dBin,j(t)dΛklin(t) =

δjkdBin,l(t), and dΛjkin (t)dΛlrin(t) = δkldΛjrin (t), for

j, k, l, r = 1, . . . ,m, ∀t ∈ R, where Λjkin (t) is the entry
of the matrix Λin(t) on the jth row and kth column, as
introduced in the Notation part, see e.g., [11, Chapter
11], [13] , [14], [44, Eq. (12)].

The dynamics of the open quantum linear system G can
be described conveniently in the (S−, L,H) formalism
[13], [43]. Here, S− is a constant unitary matrix of di-
mension m, which can be used to model static devices

such as phase shifters and beamsplitters. The operator
L describes how the system is coupled to the fields, and
is of the form L = C−a + C+a

# with C−, C+ ∈ Cm×n.
For example, when a single-mode (namely, n = 1) opti-
cal cavity is driven by a light field, L can be of the form
L =

√
κa, where a is the annihilation operator of the

quantum harmonic operator for the cavity (also called
the cavity mode) and κ > 0 is the coupling strength be-
tween the cavity and the field. The operator H stands
for the initial system Hamiltonian, which can be writ-
ten as H = 1

2 ă
†∆ (Ω−,Ω+) ă with constant matrices

Ω−,Ω+ ∈ Cn×n satisfying Ω− = Ω†− and Ω+ = ΩT+.
For example, for the optical cavity above mentioned,
H = 1

2 [a∗ a]
[
ωd 0
0 ωd

]
[a a∗]T = ωda

∗a + 1
2ωd, where

ωd ∈ R is the detuning frequency between the cavity
mode and the center frequency of the input light field.
(The term 1

2ωd introduces a global phase shift and leads
to no consequence.) With these parameters, in Itô form,
Schrödinger’s equation for the temporal evolution of the
open quantum linear system in Fig. 1 is, [17], [13, Eq.
(30)], [14, Eq. (22)], [44, Eq. (13)],

dU(t, t0) =

{
Tr[(S− − Im)dΛin(t)T ] + dB†in(t)L (4)

−L†S−dBin(t)− (
1

2
L†L+ iH)dt

}
U(t, t0)

for t ≥ t0 with U(t, t0) = I (identity operator) for all
t ≤ t0.

In the Heisenberg picture, system operators evolve ac-
cording to ă(t) = U(t, t0)∗ă(t0)U(t, t0) (component-wise
for the components of ă(t0)). Moreover, the output field
bout(t) carries away information of the system after in-
teraction, and is defined by

b̆out(t) , U(t, t0)∗b̆in(t)U(t, t0) (5)

(component-wise for the components of b̆in(t)). Con-
sequently, by Eq. (4) and quantum Itô calculus [17],
Heisenberg’s equation of motion for the system in Fig. 1
is, [14, Eq. (26)], [44, Eqs. (14)-(15)],

˙̆a(t) = Aă(t) + Bb̆in(t),

b̆out(t) = Că(t) + Sb̆in(t), ă(t0) = ă, (6)

in which the constant system matrices are

S = ∆(S−, 0), C = ∆(C−, C+), B = −C[S,

A = −1

2
C[C− iJn∆(Ω−,Ω+) (7)

with the matrix Jn = diag(In,−In) introduced in the
Notation part. The gauge process Λout(t) of the output
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fields,

Λout(t) ,
∫ t

t0

b#out(τ)bTout(τ)dτ = U(t, t0)∗Λin(t)U(t, t0),

(8)
satisfies the following quantum stochastic differential
equation (QSDE), [13], [43, Eq. (16)],

dΛout(t) = S#
−dΛin(t)ST− + S#

−dB
#
in(t)LT (t)

+L#(t)dBTin(t)ST− + L#(t)LT (t)dt. (9)

In quantum optics, the diagonal elements of Λout(t) are
operators for the total number of photons in each of
the m output channels, counted from time t0 to t. The
intensity of the output field, namely the rate of change
of the number process Λout(t), is given by, [44, Eq. (45)],

n̄out(t) , 〈φΨin|b#out(t)bTout(t)|φΨin〉. (10)

In Eq. (10), |φ〉 is the initial system state and |Ψin〉 is
the initial input field state. Therefore, the ket vector
|φ〉⊗|Ψin〉 ≡ |φΨin〉 is the initial joint system-field state.
The bra vector 〈φΨin| is the Hilbert space conjugate of
the ket vector |φΨin〉. In this paper, |φ〉 is always assumed
to be the vacuum state, while the specific form of |Ψin〉
will be given in due course.

The quantum linear system G is said to be asymptoti-
cally stable if the matrix A in Eq. (7) is Hurwitz sta-
ble, [42, Sec. III-A]. In analogy to classical (namely non-
quantum) control theory, the impulse response function
of the system G is, [44, Eq. (18)],

gG(t) ,

{
δ(t)S−CeAtC[S, t ≥ 0,

0, t < 0,

which enjoys the following doubled-up form

gG(t) = ∆(gG−(t), gG+(t)), (11)

with matrix functions

gG−(t) ,


δ(t)S− − [C− C+ ]eAt

[
C†−

−C†+

]
S−, t ≥ 0,

0, t < 0,

gG+(t) ,


−[C− C+ ]eAt

[
−CT+
CT−

]
S#
− , t ≥ 0,

0, t < 0.

(12)

Next, we express the output field in terms of the impulse
function gG(t). In fact, solving Eq. (6) we have

b̆out(t) = CeA(t−t0)ă+

∫ t

t0

gG(t− r)b̆in(r)dr. (13)

Furthermore, if the system is asymptotically stable, then
in the limit t0 → −∞, Eq. (13) reduces to

b̆out(t) =

∫ t

−∞
gG(t− r)b̆in(r)dr = gG ~ b̆in(t). (14)

Remark 1 If the interaction starts in the remote past,
namely t0 → −∞, and if the system is asymptotically
stable, Eq. (14) indicates that the initial system infor-
mation has no influence on the output field. This is also
true in classical control theory, see, e.g., [21].

Define a matrix function

gG−1(t) , ∆(gG−(−t)†,−gG+(−t)T ). (15)

It can be verified that the following convolution relations

gG ~ gG−1 ~ f(t) = gG−1 ~ gG ~ f(t) = f(t) (16)

hold for any function f(t) of suitable dimension provided
that the involved integrals converge. Thus, gG−1(t) is the
inverse function of the impulse response function gG(t).
According to Eqs. (14) and (16), in the limit t0 → −∞
we have

b̆in(t) = gG−1 ~ b̆out(t). (17)

A class of passive quantum linear systems is obtained
whenC+ = 0 and Ω+ = 0 in Eq. (7). For this type of sys-
tems, it is sufficient to work in the annihilation-operator
representation. To be specific, it suffices to study

ȧ(t) =Aa(t) +Bbin(t),

bout(t) =Ca(t) + S−bin(t), a(t0) = a, (18)

where

A = −iΩ− −
1

2
C†−C−, B = −C†−S−, C = C−.

In this case, Eq. (12) reduces to

gG−(t) =

{
δ(t)S− − C−eAtC†−S−, t ≥ 0,

0, t < 0,
gG+(t) = 0.

(19)
Accordingly, Eqs. (11) and (15) reduce to

gG(t) = ∆ (gG−(t), 0) , gG−1(t) , ∆
(
gG−(−t)†, 0

)
,

(20)
respectively.

It is well-known that in linear classical control theory, if
an asymptotically stable finite-dimensional linear time-
invariant (FDLTI) system is driven by Gaussian white
noise, then the steady-state output is again a Gaussian
stationary process, see, e.g., [21, Section 11, Chapter 1],
and [1]. The following result is the quantum counterpart.
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Lemma 1 [44, Theorem 2] Let the asymptotically stable
quantum linear system G be initialized in the vacuum
state |φ〉 and let the input field |Ψin〉 be in the vacuum
state |0〉. Then the steady-state output field state is a
zero-mean Gaussian state, whose power spectral density
matrix Rout[iω] is given by

Rout[iω] = G[iω]

[
Im 0

0 0m

]
G[iω]†, (21)

where G[iω] =
∫∞
−∞ e−iωtgG(t)dt is the two-sided Laplace

transform of gG(t) with s = iω, as introduced in the
Notation part. In particular, if the system is passive, then
the output is in a vacuum state with power spectral density
matrix

Rout[iω] =

[
Im 0

0 0m

]
.

2.2 Tensors

Tensors and their associated operations are essential
mathematical machinery for the research carried out in
this paper [32], [19], [40]. In this subsection, we discuss
several tensors.

Given an m-variable function ψ(t1, . . . , tm) and an m-
dimensional column vector x(t) = [x1(t) · · · xm(t)]T ,
denote

ψ◦mx ≡
∫ ∞
−∞
· · ·
∫ ∞
−∞

dt1 · · · dtm ψ(t1, . . . , tm)

m∏
j=1

xj(tj).

(22)
Given an m-way m-dimensional tensor function ϕ =
(ϕj1...jm(t1, . . . , tm)), (j1, . . . , jm = 1, . . . ,m), and anm-
dimensional column vector x(t) = [x1(t) · · · xm(t)]T ,
denote

ϕ}m x≡
m∑
j1=1

· · ·
m∑

jm=1

∫ ∞
−∞
· · ·
∫ ∞
−∞

dt1 · · · dtm

ϕj1...jm(t1, . . . , tm)xj1(t1) · · ·xjm(tm). (23)

We may update an m-variable function ψ(t1, . . . , tm)
to an m-way m-dimensional tensor function ψ↑ =

(ψ↑j1...jm(t1, . . . , tm)) with entries

ψ↑j1...jm(t1, . . . , tm) (24)

,

{
ψ(t1, . . . , tm), if j1 = 1, j2 = 2, . . . , jm = m,

0, otherwise.

Then Eq. (22) can be re-written as Eq. (23), specifically,

ψ ◦m x = ψ↑ }m x. (25)

Let ψ(t11, . . . , t
1
k1
, . . . , tm1 , . . . , t

m
km

) be an N -variable
function, where the positive integers k1, . . . , km satisfy∑m
i=1 ki = N . Let x(t) = [x1(t) · · · xm(t)]T be an

m-dimensional column vector. Denote

ψ ·Nk1···km x ≡
∫ ∞
−∞
· · ·
∫ ∞
−∞

dt11 · · · dt1k1 · · ·

dtm1 · · · dtmkmψ(t11, . . . , t
1
k1 , . . . , t

m
1 , . . . , t

m
km)x1(t11) · · ·

x1(t1k1) · · ·xm(tm1 ) · · ·xm(tmkm). (26)

Given an N -way m-dimensional tensor function ϕ =(
ϕj11 ...j1k1 ...j

m
1 ...j

m
km

(t11, . . . , t
1
k1
, . . . , tm1 , . . . , t

m
km

)
)

and an

m-dimensional vector x(t) = [x1(t) · · · xm(t)]T , denote

ϕ�Nk1···km x

≡
m∑

j11=1

· · ·
m∑

j1
k1

=1

· · ·
m∑

jm1 =1

· · ·
m∑

jm
km

=1

∫ ∞
−∞
· · ·
∫ ∞
−∞

dt11 · · · dt1k1 · · ·

dtm1 · · · dtmkm ϕj11 ...j1k1 ...j
m
1 ...j

m
km

(t11, . . . , t
1
k1 , . . . , t

m
1 , . . . , t

m
km)

xj11 (t11) · · ·xj1
k1

(t1k1) · · ·xjm1 (tm1 ) · · ·xjm
km

(tmkm).

(27)

Update theN -variable functionψ(t11, . . . , t
1
k1
, . . . , tm1 , . . . , t

m
km

)
in Eq. (26) to an N -way m-dimensional tensor func-
tion ψ↑(t11, . . . , t

1
k1
, . . . , tm1 , . . . , t

m
km

), whose none-zero
elements are defined as

ψ↑
j11 ...j

1
k1
...jm1 ...j

m
km

(t11, . . . , t
1
k1 , . . . , t

m
1 , . . . , t

m
km)

, ψ(t11, . . . , t
1
k1 , . . . , t

m
1 , . . . , t

m
km) (28)

when j11 = 1, · · · , j1k1 = k1, · · · , jm1 =
m−1∑
j=1

kj +

1, · · · , jmkm = N . Then

ψ ·Nk1···km x = ψ↑ �Nk1···km x. (29)

In the above, we have defined several operations between
tensors and vectors. In the following, we look at opera-
tions between tensors and matrices.

Given an m×m matrix function A(t) and an m-way m-
dimensional tensor function ϕ = (ϕj1...jm(t1, . . . , tm)),
(j1, . . . , jm = 1, . . . ,m), define another m-way m-
dimensional tensor function ϕ̃ = (ϕ̃i1...im(r1, . . . , rm))
in such a way that, for all i1, . . . , im = 1, . . . ,m,

ϕ̃i1...im(r1, . . . , rm) =

m∑
j1,...,jm=1

∫ ∞
−∞
· · ·
∫ ∞
−∞

dt1 · · · dtm

Ai1j1(r1 − t1) · · · Aimjm(rm − tm)ϕj1...jm(t1, . . . , tm).

(30)
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Eq. (30) may be re-written in a more compact form

ϕ̃ = ϕ~mt A, (31)

where the subscript “t” indicates the time domain, while
the superscript “m” implies the m-fold convolution. Ap-
plying the m-dimensional Fourier transform (1) to Eq.
(30), we get

ϕ̃i1...im(iω1, . . . , iωm) (32)

=

m∑
j1,...,jm=1

Ai1j1 [iω1] · · · Aimjm [iωm]ϕj1...jm(iω1, . . . , iωm),

where

Aikjk [iωk] =

∫ ∞
−∞

e−iωktAikjk(t)dt

is the two-sided Laplace transform of the matrix function
Aikjk(t). In analogy to Eq. (31), we may also write Eq.
(32) in the following compact form ϕ̃ = ϕ~mω A, where
the subscript “ω” indicates the frequency domain.

Given an N -way m-dimensional tensor function ϕ =(
ϕj11 ...j1k1 ...j

m
1 ...j

m
km

(t11, . . . , t
1
k1
, . . . , tm1 , . . . , t

m
km

)
)

, and an

m × m matrix function A(t), define a new N -way m-
dimensional tensor function ϕ̃ by

ϕ̃l11...l1k1 ...l
m
1 ...l

m
km

(r11, . . . , r
1
k1 , . . . , r

m
1 , . . . , r

m
km)

,
m∑
i11=1

· · ·
m∑

i1
k1

=1

· · ·
m∑

im1 =1

· · ·
m∑

im
km

=1

∫ ∞
−∞
· · ·
∫ ∞
−∞

dt11 · · · dt1k1

· · · dtm1 · · · dtmkm A
l11i

1
1(r11 − t11) · · · Al

1
k1
i1k1 (r1k1 − t

1
k1) · · ·

Al
m
1 i

m
1 (rm1 − tm1 ) · · · Al

m
km

imkm (rmkm − t
m
km)

ϕi11...i1k1 ...i
m
1 ...i

m
km

(t11, . . . , t
1
k1 , . . . , t

m
1 , . . . , t

m
km),

which may be re-written in a more compact form

ϕ̃ = ϕ~Nt,k1···km A. (33)

Given an m-way m-dimensional tensor function ϕ =
ϕj1...jm(iω1, . . . , iωm) in the frequency domain, denote

‖ϕ(iω1, . . . , iωm)‖ ≡

√√√√ m∑
j1,...,jm=1

|ϕj1...jm(iω1, . . . , iωm)|2

for all ω1, . . . , ωm ∈ R. We end this subsection by citing
the following result.

Lemma 2 [32, Theorem 3.3] Let two tensors ϕ and ϕ̃
be related by Eq. (32), or equivalently Eq. (30). If A[iω]
is unitary for all ω ∈ R, then

‖ϕ̃(iω1, . . . , iωm)‖ = ‖ϕ(iω1, . . . , iωm)‖ ,∀ω1, . . . , ωm ∈ R.

3 m photons superposed among m input chan-
nels

In this section, we investigate how a quantum linear sys-
tem responds to a class of m-photon input states. We
first definem-photon input states in Subsection 3.1, then
derive the output intensity in Subsection 3.2, after that,
we present an analytic form of the output field state
when the underlying quantum linear system is passive
in Subsections 3.3 and 3.4, finally we turn to the non-
passive case in Subsection 3.5.

3.1 m-photon input states

In this subsection, we introduce a class of m-photon
input states. For ease of presentation, we start with
the single-channel single-photon state case. In this case,
m = 1. A single-channel single-photon input state can
be defined by

|Ψin〉 ,
∫ ∞
−∞

dt ψin(t)b∗in(t) |0〉 .

Here, the function ψin is square integrable, more specif-
ically, ψin ∈ L2(R,C). The Euclidean norm of ψin,

‖ψin‖ ,
√∫∞
−∞ |ψin(t)|2dt, is equal to 1. Consequently,

the inner product 〈Ψin|Ψin〉 = 1. That is, |Ψin〉 is a
normalized state. Moreover, it can be easily shown that

lim
t0→−∞,t→∞

〈Ψin|Λin(t)|Ψin〉 = 1, (34)

where Λin(t) is the input gauge process defined in Eq.
(3). Eq. (34) indicates that there is one photon in the
field. On the other hand, it can be readily verified that

〈Ψin|bin(t)|Ψin〉 = 〈Ψin|b∗in(t)|Ψin〉 = 0, ∀t ∈ R. (35)

That is, the average field amplitude is zero. Finally, it is
worth noting that |Ψin〉 is not a single-photon coherent
state which can be defined to be

|αψin
〉

, exp

(∫ ∞
−∞

dtαψin(t)b∗in(t)−
∫ ∞
−∞

dt(αψin(t))∗bin(t)

)
|0〉,

where α = eiθ is a complex number. In fact, for the
single-photon coherent state |αψin〉, Eq. (34) still holds,
but Eq. (35) does not.

Next, we look at single-channel two-photon states, which
can be defined as

|Ψin〉 ,
∫ ∞
−∞

∫ ∞
−∞

dt1dt2 ψin(t1, t2)b∗in(t1)b∗in(t2)|0〉.

(36)
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Swapping t1 and t2 in Eq. (36) yields

|Ψin〉 =

∫ ∞
−∞

∫ ∞
−∞

dt1dt2 ψin(t2, t1)b∗in(t1)b∗in(t2)|0〉.

(37)
Comparing Eqs. (36) and (37) we see that ψin(t1, t2) =
ψin(t2, t1). Moreover, it can be verified that

lim
t0→−∞,t→∞

〈Ψin|Λin(t)|Ψin〉 = 2,

i.e., there are two photons in the field.

Next, let us look at two-channel two-photon states,
which can be defined to be

|Ψin〉 ,
∫ ∞
−∞

∫ ∞
−∞

dt1dt2 ψin(t1, t2)b∗in,1(t1)b∗in,2(t2)|0102〉.

(38)
Again, the function ψin(t1, t2) is required to normalize
the state. This is guaranteed by∫ ∞

−∞

∫ ∞
−∞

dt1dt2 |ψin(t1, t2)|2 = 1. (39)

(Notice that in this case, the condition ψin(t1, t2) =
ψin(t2, t1) is not necessary.) It can be easily shown that

lim
t0→−∞,t→∞

〈Ψin|Λin(t)|Ψin〉 =

[
1 0

0 1

]
. (40)

Eq. (40) implies that each channel contains one pho-
ton. However, these two photons can form an entan-
gled state. Moreover, if we use the single-photon state∫∞
−∞ γ(τ)b∗in,2(τ)dτ |02〉 to measure the second channel,

the resulting state for the first channel is given by∫ ∞
−∞

[∫ ∞
−∞

γ∗(τ)ψin(t, τ)dτ

]
b∗in,1(t)dt |01〉.

In general, Eq. (38) defines a state for which the two
photons are entangled. However, for the special case that
ψin(t1, t2) = ξ1(t1)ξ2(t2), we end up with a product state

|Ψin〉 (41)

=

∫ ∞
−∞

ξ1(t1)b∗in,1(t1)dt1|01〉 ⊗
∫ ∞
−∞

ξ2(t2)b∗in,2(t2)dt2|02〉.

For the state defined in Eq. (41), there exists no entan-
glement between these two photons.

We are ready to introduce a class ofm-channelm-photon
input states. Such states can be of the form

|Ψin〉,
∫ ∞
−∞
· · ·
∫ ∞
−∞

dt1 · · · dtm ψin(t1, . . . , tm)

b∗in,1(t1) · · · b∗in,m(tm)|01〉 ⊗ · · · ⊗ |0m〉. (42)

For convenience, in the sequel we use the shorthand no-
tation |0⊗m〉 for the tensor product of the vacuum in-
put fields |01〉 ⊗ · · · ⊗ |0m〉. In the notation introduced
in Subsection 2.2, Eq. (42) may be re-written as

|Ψin〉 = ψin ◦m b#in |0
⊗m〉.

For the m-channel m-photon state |Ψin〉, it is clear that

〈Ψin|b̆in(t)|Ψin〉 = 0, ∀t ∈ R. (43)

That is, the average field amplitude of the input
light field is 0. Next, we look at two-time correla-

tions 〈Ψin|b̆in(t)b̆†in(r)|Ψin〉 with t, r ∈ R. For each
k = 1, . . . ,m, introduce the notation

ζk(τ, r) ≡ ψin(τ1, . . . , τk−1, r, τk+1, . . . , τm). (44)

Specifically,

ζ1(τ, r) = ψin(r, τ2, . . . , τm),

ζ2(τ, r) = ψin(τ1, r, τ3, . . . , τm),

...

ζm(τ, r) = ψin(τ1, . . . , τm−1, r).

Also, define a diagonal matrix function

Λ (t, r)

,diag

(∫ ∞
−∞
· · ·
∫ ∞
−∞

dτ2 · · · dτm ζ1(τ, t)∗ζ1(τ, r),

· · · ,
∫ ∞
−∞
· · ·
∫ ∞
−∞

dτ1 · · · dτm−1 ζm(τ, t)∗ζm(τ, r)

)
(45)

for all t, r ∈ R. Clearly, Λ (t, r)
†

= Λ (r, t), and∫∞
−∞ dt Λ (t, t) = Im. Furthermore, it can be shown that

the two-time correlation 〈Ψin|b̆in(t)b̆†in(r)|Ψin〉 has the
form〈

Ψin|b̆in(t)b̆†in(r)|Ψin

〉
= δ(t− r)

[
Im 0

0 0m

]
+

[
Λ (r, t) 0

0 Λ (t, r)

]
. (46)

Remark 2 If all the input fields are in the vacuum state,
i.e., |Ψin〉 = |0⊗m〉, it is well-known that

〈
0⊗m|b̆in(t)b̆†in(r)|0⊗m

〉
= δ(t− r)

[
Im 0

0 0m

]
. (47)

In this case, the field is Markovian. The second term on
the right-hand side of Eq. (46) reveals the non-Markovian
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nature of the m-channel m-photon input fields. More-
over, due to the presence of the pulse shape ψin in all the
diagonal entries of Λ (t, r), the inputs can be regarded as
correlated non-Markovian noise inputs.

3.2 The passive case: output intensity

In this subsection, for the passive quantum linear system
(18) driven by an m-photon input state |Ψin〉 defined in
Eq. (42), we derive a formula for the output intensity
n̄out(t) defined in Eq. (10).

Recall that in the passive case the matrix C+ = 0. Sub-
stitution of L(t) = C−a(t) into Eq. (9) yields

dΛout(t) = S#
−dΛin(t)ST− + S#

−dB
#
in(t)aT (t)CT− (48)

+C#
−a

#(t)dBTin(t)ST− + C#
−a

#(t)aT (t)CT−dt.

Inspired by the second term on the right-hand side of
Eq. (48), we define an n-by-m matrix function f(t) as

f(t) , 〈φΨin|b#in(t)aT (t)|φΨin〉T . (49)

Moreover, define an n× n matrix function Σ(t) to be

Σ(t) , 〈φΨin|a(t)a†(t)|φΨin〉, t ≥ t0. (50)

Clearly, Σ(t) = Σ(t)†.

The following theorem is the main result of this subsec-
tion, which gives an explicit procedure for computing
the output intensity n̄out(t).

Theorem 1 For the passive quantum linear system (18)
initialized in the vacuum state |φ〉 and driven by the m-
channel m-photon input state |Ψin〉 defined in Eq. (42),
the matrix function f(t) defined in Eq. (49) has the fol-
lowing form

f(t) = −
∫ t

t0

eA(t−r)C†−S−Λ (t, r) dr, (51)

where the matrix function Λ(t, r) is given in Eq. (45).
The output intensity n̄out(t) is given by

n̄out(t) = S#
−Λ (t, t)ST− + S#

−f(t)TCT− + C#
− f(t)#ST−

−C#
−C

T
− + C#

−Σ(t)TCT−, (52)

in which the covariance function Σ(t) solves the following
matrix equation

Σ̇(t) = AΣ(t)+Σ(t)A†+C†−C−−C
†
−S−f(t)†−f(t)S†−C−

(53)
with the initial condition Σ(t0) = In.

Proof. We prove this theorem in three steps.

Step 1. We establish Eq. (51). Firstly, it can be readily
shown that

bin(t)|Ψin〉 =


|ζ1(t)〉

...

|ζm(t)〉

 , (54)

where the following notation

|ζj(t)〉 (55)

≡
∫ ∞
−∞
· · ·
∫ ∞
−∞

dτ1 · · · dτj−1dτj+1 · · · dτm

ψin(τ1, . . . , τj−1, t, τj+1, . . . , τm)

m∏
k=1,k 6=j

b∗in,k(τk)|0⊗m〉

has been used, (j = 1, . . . ,m). As a result,

〈φΨin|b#in(t)bTin(r)|φΨin〉 = 〈Ψin|b#in(t)bTin(r)|Ψin〉

=


〈ζ1(t)|ζ1(r)〉

. . .

〈ζm(t)|ζm(r)〉

 = Λ (t, r) , (56)

where Eq. (45) has been used in the last step. Moreover,

〈φΨin|b#in(t)aT (t)|φΨin〉 =


〈φΨin|b∗in,m(t)aT (t)|φΨin〉

...

〈φΨin|b∗in,m(t)aT (t)|φΨin〉



=


〈φζ1(t)|aT (t)|φΨin〉

...

〈φζm(t)|aT (t)|φΨin〉

 . (57)

Substituting Eq. (57) into Eq. (49) yields

f(t) =
[
〈φζ1(t)|a(t)|φΨin〉 · · · 〈φζm(t)|a(t)|φΨin〉

]
.

(58)
Secondly, solving Eq. (18) we get

a(t) = eA(t−t0)a−
∫ t

t0

eA(t−r)C†−S−bin(r)dr, t ≥ t0.

(59)

Partition the n-by-m matrix function eAtC†−S− into m
columns, specifically,

eAtC†−S− = [ c1(t) · · · cm(t) ]. (60)

8



By Eqs. (59), (60), (54), and (56), we may derive[
〈φζ1(t)|a(t)|φΨin〉 · · · 〈φζm(t)|a(t)|φΨin〉

]
=−

∫ t

t0

eA(t−r)C†−S−Λ (t, r) dr. (61)

Substituting Eq. (61) into Eq. (58) gives Eq. (51).

Step 2. We establish Eq. (53). By Itô calculus and Eq.
(49), we have

dΣ(t) =AΣ(t)dt+ Σ(t)A†dt+ C†−C−dt

−C†−S−f(t)†dt− f(t)S†−C−dt. (62)

In Eq. (62), the commutation relations [aj(t), dBin,k(t)] =
[a∗j (t), dBin,k(t)] = [aj(t), dB

∗
in,k(t)] = [a∗j (t), dB

∗
in,k(t)] =

0 (j = 1 . . . , n, k = 1, . . . ,m) have been used to get the
4th step, and Eq. (58) has been used to get the 6th step
(which is the last step). Dividing both sides of Eq. (62)
by dt yields Eq. (53).

Step 3. We establish Eq. (52). By the canonical commu-
tation relation [aj , a

∗
k] = δjk (j, k = 1, . . . , n ), we have

Σ(t) = 〈φΨin|a(t)a†(t)|φΨin〉
= I + 〈φΨin|a#(t)aT (t)|φΨin〉T . (63)

This, together with Eqs. (48) and (58), yields

〈φΨin|dΛout(t)|φΨin〉
= S#
− 〈Ψin|dΛin(t)|Ψin〉ST− + S#

−f(t)TCT−dt

+C#
− f(t)#ST−dt− C

#
−C

T
−dt+ C#

−Σ(t)TCT−dt. (64)

By Eq. (56),

〈φΨin|dΛin(t)|φΨin〉 = Λ (t, t) dt. (65)

Substituting Eq. (65) into Eq. (64) and dividing both
sides of the resulting equation by dt yield Eq. (52). �

3.3 The passive case: state transfer

In this subsection, we derive an analytical form of the
output field state of the passive quantum linear system
(18) driven by the m-photon input state |Ψin〉 defined in
Eq. (42).

The following is the main result of this subsection.

Theorem 2 If the asymptotically stable passive quan-
tum linear system (18) is initialized in the vacuum state
and is driven by the m-channel m-photon input state

|Ψin〉 defined in Eq. (42), then the steady-state output
field state is an m-channel m-photon state of the form

|Ψout〉 = ψout }
m b#in|0

⊗m〉, (66)

where the operation }m has been defined in Eq. (23), and
the output pulse ψout is given by the m-fold convolution

ψout,j1...jm(r1, . . . , rm) =

∫ ∞
−∞
· · ·
∫ ∞
−∞

dt1 · · ·

dtm gj11G−(r1 − t1) · · · gjmmG− (rm − tm)ψin(t1, . . . , tm)
(67)

(j1, . . . , jm = 1, . . . ,m) with the impulse response func-
tion gG−(t) given in Eq. (19). If we update them-variable

function ψin in Eq. (42) to a tensor ψ↑in with entries

ψ↑in,j1...jm(r1, . . . , rm)

,

{
ψin(r1, . . . , rm), if j1 = 1, j2 = 2, . . . , jm = m,

0, otherwise,

(68)

as has been done in Eq. (24), then the output pulse ψout

can be written in a compact form

ψout = ψ↑in ~
m
t gG− , (69)

where the operation ~mt has been defined in Eq. (31).

Proof. To prove this result, we use both the Schrödinger
picture and Heisenberg picture. We first work in the
Heisenberg picture. By Eqs. (18), (59), and (19),

bout(t) = CeA(t−t0)a+

∫ t

t0

gG−(t− r)bin(r)dr, t ≥ t0,

whose adjoint operator b#out(t) satisfies

b#out(t) = C#eA
#(t−t0)a#+

∫ t

t0

gG−(t−r)#b#in(r)dr, t ≥ t0.

(70)
On the other hand, notice that in the Heisenberg picture,
Eq. (5) gives

b#out(t) = U(t, t0)∗b#in(t)U(t, t0), t ≥ t0 (71)

(component-wise for the components of b#in(t)). Eqs.
(70)-(71) yield

b#in(t) =C#eA
#(t−t0)U(t, t0)a#U(t, t0)∗

+

∫ t

t0

gG−(t− r)#U(r, t0)b#in(r)U(r, t0)∗dr. (72)
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Since the system is asymptotically stable, sending t0 →
−∞, Eq. (72) becomes

b#in(t) =

∫ t

−∞
gG−(t− r)#U(r,−∞)b#in(r)U(r,−∞)∗dr

=

∫ ∞
−∞

gG−(t− r)#U(r,−∞)b#in(r)U(r,−∞)∗dr. (73)

This, together with Eq. (20), yields

U(t,−∞)b#in(t)U(t,−∞)∗ =

∫ ∞
−∞

gG−(r − t)T b#in(r)dr.

(74)
Next, we switch to the Schrödinger picture. In the
Schrödinger picture, the joint system-field state at time
t ≥ t0 is U(t, t0)|φΨin〉. Thus, the steady-state output
field state can be obtained by tracing out the system.
That is,

|Ψout〉 = 〈φ| lim
t0→−∞,t→∞

U(t, t0)|φΨin〉. (75)

We have

|Ψout〉
= lim
t0→−∞,t→∞

〈φ|U(t, t0)|φΨin〉

= lim
t0→−∞,t→∞

∫ ∞
−∞
· · ·
∫ ∞
−∞

dt1 · · · dtm ψin(t1, . . . , tm)

〈φ|U(t, t0)b∗in,1(t1) · · · b∗in,m(tm)|φ0⊗m〉

= lim
t0→−∞,t→∞

∫ t

t0

· · ·
∫ t

t0

dt1 · · · dtm ψin(t1, . . . , tm)

〈φ|U(t1, t0)b∗in,1(t1)U(t1, t0)∗

· · ·U(tm, t0)b∗in,m(tm)U(tm, t0)∗U(tm, t0)|φ0⊗m〉

=

∫ ∞
−∞
· · ·
∫ ∞
−∞

dt1 · · · dtm ψin(t1, . . . , tm)

〈φ|
∫ ∞
−∞

m∑
j1=1

gj11G−(r1 − t1)b∗in,j1(r1)dr1

· · ·
∫ ∞
−∞

m∑
jm=1

gjmmG− (rm − tm)b∗in,jm(rm)drm|φ0⊗m〉

(76)

=

m∑
j1=1

· · ·
m∑

jm=1

∫
d−→r b∗in,j1(r1) · · · b∗in,jm(rm)

∫
d
−→
t

gj11G−(r1 − t1) · · · gjmmG− (rm − tm)ψin(t1, . . . , tm)|0⊗m〉

=

m∑
j1,...,jm=1

∫
d−→r b∗in,j1(r1) · · · b∗in,jm(rm)

ψout,j1...jm(r1, . . . , rm) |0⊗m〉 (77)

=ψout } b
#
in |0

⊗m〉,

which is exactly Eq. (66). Notice that the following fact,

U(t, t0)|φ0⊗m〉 = |φ0⊗m〉, t ≥ t0 (78)

upon a global phase, has been used in the above deriva-
tion. In fact, Eq. (78) holds for general (not necessarily
linear) passive systems, see, e.g., [30, Lemma 3]. Eq. (74)
has been used to derive Eq. (76). Finally, it is clear from
the second and third last steps that

ψout,j1...jm(r1, . . . , rm)

=

∫
d
−→
t gj11G−(r1 − t1) · · · gjmmG− (rm − tm)ψin(t1, . . . , tm),

which is exactly Eq. (67). �

Remark 3 In quantum mechanics, the Schrödinger
picture describes how quantum states evolve; on the
other hand, the Heisenberg picture describes how oper-
ators evolve. Eq. (66) tells us how the input state |Ψin〉
evolves and becomes the output state |Ψout〉. That is, it is
in the Schrödinger picture. In the Schrödinger picture,
operators do not evolve. This is the reason why the input

operator b#in appears in Eq. (66).

Remark 4 When the input pulse is of a product form

ψin(t1, . . . , tm) = ξ1(t1) · · · ξm(tm), (79)

the input state |Ψin〉 in Eq. (42) becomes a separable state

|Ψin〉 =

m∏
k=1

B∗in,k(ξk)|0k〉, (80)

where the notation

B∗in,k(ξ) ≡
∫ ∞
−∞

ξ(t)b∗in,k(t)dt, k = 1, . . . ,m (81)

has been used. In this case, by Eq. (67) we have

ψout,j1...jm(r1, . . . , rm) =

m∏
k=1

∫ ∞
−∞

gjkkG− (rk−tk)ξk(tk)dtk

(82)
for j1, . . . , jm = 1, . . . ,m. Define

ξout,jk(r) ,
∫ ∞
−∞

gjkG−(r − t)ξk(t)dt, j, k = 1, . . . ,m.

(83)
Then, by Theorem 2 and Eq. (82),

|Ψout〉 =

m∏
k=1

m∑
j=1

B∗in,j(ξout,jk)|0⊗m〉. (84)
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1,inb

2,in
b

2,outb

1,outb

Fig. 2. Schematic representation of a beamsplitter

Interestingly, |Ψout〉 in Eq. (84) can also be derived by
means of [44, Theorem 5]. Therefore, Theorem 2 gener-
alizes one of the main results in [44].

Example 1 (beamsplitter.) A beamsplitter is a static de-
vice widely used in optical laboratories, [22], [2], [27], see
Fig. 2. In the (S−, L,H) formalism, a beamsplitter may
be modeled by L = 0, H = 0, and

S− =

[
R T

T R

]
, R, T ∈ C, |R|2 + |T |2 = 1. (85)

Let the 2-channel 2-photon input state be

|Ψin〉 =

∫ ∞
−∞

∫ ∞
−∞

dt1dt2 ψin(t1, t2)b∗in,1(t1)b∗in,2(t2)|0102〉.

(86)
By Theorem 2, the steady-state output field state is

|Ψout〉

=RT

∫
dr1dr2 b

∗
in,1(r1)b∗in,1(r2)ψin(r1, r2)|01〉 ⊗ |02〉

+R2

∫
dr1dr2 b

∗
in,1(r1)b∗in,2(r2)ψin(r1, r2)|01〉 ⊗ |02〉

+T 2

∫
dr1dr2 b

∗
in,1(r1)b∗in,2(r2)ψin(r2, r1)|01〉 ⊗ |02〉

+|01〉 ⊗RT
∫
dr1dr2 b

∗
in,2(r1)b∗in,2(r2)ψin(r1, r2)|02〉,

which is exactly [23, Eq. (6.8.7)].

Example 2 (optical cavity.) An optical cavity is a sys-
tem composed of reflecting and/or transmitting mirrors
[2, Chapter 5.3], [36, Chapter 7], [13], [27]. A widely used
type of optical cavities is the so-called Fabry-Perot cavity.
In the (S−, L,H) formalism, a single-mode Fabry-Perot
cavity with two input channels, as shown in Fig. 3, can
be modeled with parameters(

S− = I2, L =

[√
κ1a
√
κ2a

]
, H = ωda

∗a

)
. (87)

1,inb2,inb

2,outb 1,out
b

Fig. 3. Schematic representation of a single-mode Fab-
ry-Perot cavity with two inputs

Here, κ1 and κ2 are coupling strengths between the cavity
and the external fields, and ωd is the detuning frequency
between the resonant frequency of the cavity and the ex-
ternal fields. (Here we assume that the two input light
fields have the same carrier frequency.) By Eq. (18) we
have the following QSDEs

ȧ(t) =−(
κ1 + κ2

2
+ iωd)a(t)

−
√
κ1bin,1(t)−

√
κ2bin,2(t),

bout,1(t) =
√
κ1a(t) + bin,1(t),

bout,2(t) =
√
κ2a(t) + bin,2(t). (88)

Let the input state be that given in Eq. (86). In what
follows, we calculate the steady-state output field state.
Define the following two-variable functions

Φ1(r, t2) ,
∫ r

−∞
dt1 e

−(iωd+κ1+κ2
2 )(r−t1)ψin(t1, t2),

(89)

Φ2(t1, r) ,
∫ r

−∞
dt2 e

−(iωd+κ1+κ2
2 )(r−t2)ψin(t1, t2),

(90)
and

Φ(r, τ),
∫ r

−∞

∫ τ

−∞
dt1dt2

e−(iωd+κ1+κ2
2 )(r+τ−t1−t2)ψin(t1, t2). (91)

By Theorem 2, the steady-state output field state is

|Ψout〉

=
√
κ1κ2

∫ ∞
−∞

∫ ∞
−∞

dr1dr2 b
∗
in,1(r1)b∗in,1(r2)

[κ1Φ(r1, r2)− Φ2(r1, r2)]|01〉 ⊗ |02〉

+

∫ ∞
−∞

∫ ∞
−∞

dr1dr2 b
∗
in,1(r1)b∗in,2(r2)

[ψin(r1, r2)− κ1Φ1(r1, r2)− κ2Φ2(r1, r2)

+κ1κ2(Φ(r1, r2) + Φ(r2, r1))] |01〉 ⊗ |02〉

+|01〉 ⊗
√
κ1κ2

∫ ∞
−∞

∫ ∞
−∞

dr1dr2 b
∗
in,2(r1)b∗in,2(r2)

[κ2Φ(r1, r2)− Φ1(r1, r2)] |02〉. (92)

In what follows we discuss two cases.
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Case 1) In the limit κ1 → 0, the state in Eq. (92) becomes

|Ψout〉=
∫ ∞
−∞

∫ ∞
−∞

dr1dr2 b
∗
in,1(r1)b∗in,2(r2)

[ψin(r1, r2)− κ2Φ2(r1, r2)]|01〉 ⊗ |02〉. (93)

If the input field state is an entangled state, the output
field state in Eq. (93) is also an entangled state. There-
fore, even though the system does not affect the first chan-
nel directly because of κ1 = 0, it does influence the first
channel via its influence on the second channel.

Case 2) The input state is a product state. Assume

ψin(t1, t2) = ξ1(t1)ξ2(t2), (94)

that is, the input is a tensor product state of two single-
photon states, one for each channel. In this case, there
exists no entanglement between the two input channels.
For this product state, Eqs. (89)-(91) reduce to

Φ1(r1, r2) = ξ2(r2)η1(r1), (95)

Φ2(r1, r2) = ξ1(r1)η2(r2), (96)

and

Φ(r1, r2) = η1(r1)η2(r2), (97)

where

ηi(t) ,
∫ t

−∞
e−(iωd+κ1+κ2

2 )(t−r)ξi(r)dr, i = 1, 2. (98)

As a result, Eq. (92) becomes

|Ψout〉=
(
B∗in,1 (ξ1 − κ1η1)−

√
κ1κ2B

∗
in,2 (η2)

)
(99)(

B∗in,2 (ξ2 − κ2η2)−
√
κ1κ2B

∗
in,1 (η1)

)
|0102〉.

The state in Eq. (99) is an entangled state. Therefore,
the system entangled the initially separable input state.
Sending κ1 → 0 in Eq. (99) yields

|Ψout〉 = B∗in,1 (ξ1) |01〉 ⊗B∗in,2 (ξ2 − κ2η2) |02〉, (100)

which is a product state. That is, if the coupling between
the system and the first channel is extremely weak, then
the output fields are almost in a product state. This is
reasonable: when the coupling strength κ1 = 0, the first
channel has no interaction with the system, so the state
of the first channel does not change if it is not initially
entangled with the second channel. On the other hand, the
pulse shape of the second channel has been transformed
by the system from ξ2 to ξ2 − κ2η.

3.4 The passive case: the invariant set

Define a class of m-channel m-photon states of the form

F1 , {|Ψ〉 = ψ }m b#in|0
⊗m〉 |tensor ψ normalizes |Ψ〉}.

(101)

By means of Eq. (68), it is clear that the m-channel m-
photon input field state defined in Eq. (42) can be re-

written as |Ψin〉 = ψ↑in }
m b#in|0⊗m〉. Therefore, |Ψin〉 ∈

F1. On the other hand, by Theorem 2, the steady-state
output field state |ψout〉 ∈ F1 too. This motivates us
to study more general pulse shape transfer than that in
Theorem 2.

The following is the main result of this subsection.

Theorem 3 Let the input state for the asymptotically
stable passive quantum linear system (18) (initialized in
the vacuum state) be an element |Ψin〉 ∈ F1 with pulse
shape parametrized by an m-way m-dimensional tensor
function ψin. Then, the steady-state output field state

|Ψout〉 = ψout }
m b#in|0

⊗m〉 (102)

is also an element in F1, where the pulse shape is given by

ψout = ψin ~
m
t gG− . (103)

Alternatively, in the frequency domain,

ψout = ψin ~
m
ω gG− . (104)

Moreover, we have

‖ψout(iω1, . . . , iωm)‖2 = ‖ψin(iω1, . . . , iωm)‖2 (105)

for all ω1, . . . , ωm ∈ R.

Due to page limitation, the proof of Theorem 3 is omit-
ted.

3.5 The non-passive case

A quantum linear system is said to be non-passive if
C+ 6= 0 and/or Ω+ 6= 0 in Eq. (7). Non-passive elements,
such as optical parametric oscillators (OPOs), are key
ingredients of quantum optical systems, [22], [2], [27]. In
this subsection, we study the output field state of a non-
passive quantum linear system driven by the m-channel
m-photon input field state |Ψin〉 defined in Eq. (42).

Firstly, we introduce some notation. Define operators

bdj (t) ,

{
b∗in,j(t), d = −1,

bin,j(t), d = 1,
, j = 1, . . . ,m. (106)
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Then, define an m× · · · ×m︸ ︷︷ ︸
m

× 2× · · · × 2︸ ︷︷ ︸
m

tensor opera-

tor b = bd1...dmj1...jm
(t1, . . . , tm), whose entries are

bd1...dmj1...jm
(t1, . . . , tm) , bd1j1 (t1) · · · bdmjm (tm) (107)

for j1, . . . , jm = 1, . . . ,m, d1, . . . , dm = ±1. Denote

gkj
Gd

(t) ,

{
gkjG−(t), d = −1,

−gkjG+(t)∗, d = 1,
, j, k = 1, . . . ,m.

(108)
Then, define an m× · · · ×m︸ ︷︷ ︸

m

× 2× · · · × 2︸ ︷︷ ︸
m

tensor func-

tion ψ with entries

ψd1...dmj1...jm
(r1, . . . , rm) ,

∫ ∞
−∞

dt1 · · · dtm gj11
Gd1

(r1 − t1)

· · · gjmm
Gdm

(rm − tm)ψin(t1, . . . , tm) (109)

(j1, . . . , jm = 1, . . . ,m, d1, . . . , dm = ±1). Finally, de-
fine the following operation between tensors b and ψ

〈b, ψ〉 ,
m∑

j1,...,jm=1

∑
d1,...,dm=±1

∫
dr1 · · · drm

ψd1...dmj1...jm
(r1, . . . , rm)bd1j1 (r1) · · · bdmjm (rm).

(110)

The following result shows how a non-passive quan-
tum linear system processes m-channel m-photon input
states.

Theorem 4 Let G be an asymptotically stable non-
passive quantum linear system which is initialized in
the vacuum state |φ〉 and is driven by the m-channel
m-photon input state |Ψin〉 defined in Eq. (42). The
steady-state output field state is

ρout = 〈b, ψ〉 〈φ| ρ∞|φ〉 〈b, ψ〉∗ , (111)

where 〈b, ψ〉 is given in Eq. (110), and

ρ∞ , lim
t0→−∞,t→∞

U(t, t0)|φ0⊗m〉
〈
φ0⊗m

∣∣U(t, t0)∗

(112)
is a zero-mean Gaussian state for the joint system whose
power spectral density matrix is given by Eq. (21) in
Lemma 1.

Due to page limitation, the proof of Theorem 4 is omit-
ted.

4 N (N ≥ m) photons superposed over m chan-
nels

In this section, we study how a passive quantum linear
system processes N photons that are superposed over m
input channels, thus generalizing the results in Section
3.

4.1 State transfer

Let the input field be in a state where N photons are
superposed overm input channels. Specifically, the input
state considered in this subsection is defined to be

|Ψin〉 ,
∫
d
−→
t ψin(t11, . . . , t

1
k1 , . . . , t

m
1 , . . . , t

m
km)b∗in,1(t11)

· · · b∗in,1(t1k1) · · · b∗in,m (tm1 ) · · · b∗in,m
(
tmkm
)
|0⊗m〉.

(113)

In Eq. (113), the positive integers ki satisfy
∑m
i=1 ki =

N . It is also implicitly assumed in Eq. (113) that the
N -variable function ψin normalizes the state |Ψin〉.

Remark 5 For the ith input channel (i = 1, . . . ,m), the
creation operator b∗in,i appears ki times in Eq. (113), thus
there are ki photons in the ith input channel.

With the notation introduced in Eq. (26), Eq. (113) can
be re-written as

|Ψin〉 = ψin ·Nk1···km b#in|0
⊗m〉. (114)

Moreover, inspired by Eq. (28), update the N -variable
function ψin(t11, . . . , t

1
k1
, . . . , tm1 , . . . , t

m
km

) to an N -way

m-dimensional tensor ψ↑in(t11, . . . , t
1
k1
, . . . , tm1 , . . . , t

m
km

),
whose non-zero elements are defined as

ψ↑
in,i11...i

1
k1
...im1 ...i

m
km

(t11, . . . , t
1
k1 , . . . , t

m
1 , . . . , t

m
km)

, ψin(t11, . . . , t
1
k1 , . . . , t

m
1 , . . . , t

m
km), (115)

where i11 = 1, · · · , i1k1 = k1, · · · , im1 =
m−1∑
j=1

kj +

1, · · · , imkm = N . Then, Eq. (114) can be re-written as

|Ψin〉 = ψ↑in �
N
k1···km b#in|0

⊗m〉, (116)

where the operation �Nk1···km has been introduced in Eq.
(27).

The following result gives an explicit form of the steady-
state output field state.

Theorem 5 If the asymptotically stable passive quan-
tum linear system (18) is initialized in the vacuum state
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and is driven by the m-channel N -photon input state
|Ψin〉 defined in Eq. (113), then the steady-state output
field state is

|Ψout〉 = ψout �Nk1···km b#in|0
⊗m〉 (117)

with the pulse shape

ψout = ψ↑in ~
N
t,k1···km gG− . (118)

In Eq. (118), the tensor ψ↑in has been given in Eq. (115),
and the operation ~Nt,k1···km has been defined in Eq. (33).

Proof. The proof is similar to that of Theorem 2, so is
omitted.

Example 3 Consider a beamsplitter

S− =

[
R −T
T R

]
, R, T ∈ C, |R|2 + |T |2 = 1, (119)

and a 3-photon input state of the form

|Ψin〉 =

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
−∞

dt1dt2dt3 ψin(t1, t2, t3)

b∗in,1(t1)b∗in,2(t2)b∗in,2(t3)|01〉 ⊗ |02〉. (120)

In this case, there are two input channels (m = 2). The
total number of photons is N = 3. In fact, as explained in
Remark 5 above, there is one photon in the first channel
(k1 = 1) and two photons in the second channel (k2 =
2). According to Theorem 5, the steady-state output field
state is

|Ψout〉 (121)

=RT 2

∫
d
−→
t b∗in,1(t1)b∗in,1(t2)b∗in,1(t3)ψin(t1, t2, t3)|0102〉

− T
∫
d
−→
t b∗in,1(t1)b∗in,1(t2)b∗in,2(t3)[R2ψin(t1, t2, t3)

+R2ψin(t1, t3, t2)− T 2ψin(t3, t2, t1)]|0102〉

−R
∫
d
−→
t b∗in,1(t1)b∗in,2(t2)b∗in,2(t3)[T 2ψin(t2, t1, t3)

+ T 2ψin(t3, t2, t1)−R2ψin(t1, t2, t3)]|0102〉

+R2T

∫
d
−→
t b∗in,2(t1)b∗in,2(t2)b∗in,2(t3)ψin(t1, t2, t3)|0102〉.

In what follows, we assume 1) R = T = 1√
2

,

2) ψin(t1, t2, t3) is permutation-invariant, and 3)

‖ψin(t1, t2, t3)‖ = 1√
2

. Define states

|Π30〉

,
1√
3

∫
d
−→
t b∗in,1(t1)b∗in,1(t2)b∗in,1(t3)ψin(t1, t2, t3)|01〉,

|Π21〉

,
∫
d
−→
t b∗in,1(t1)b∗in,1(t2)b∗in,2(t3)ψin(t1, t2, t3)|0102〉,

|Π12〉

,
∫
d
−→
t b∗in,1(t1)b∗in,2(t2)b∗in,2(t3)ψin(t1, t2, t3)|0102〉,

|Π03〉

,
1√
3

∫
d
−→
t b∗in,2(t1)b∗in,2(t2)b∗in,2(t3)ψin(t1, t2, t3)|02〉.

(122)

It is easy to show that all the states in Eq. (122) are nor-
malized. Moreover, |Π30〉 is a 3-photon state for the first
channel, |Π03〉 is a 3-photon state for the second chan-
nel, and |Π21〉 and |Π12〉 are states where two channels
share three photons. With these new notations, Eq. (121)
becomes

|Ψout〉=
√

6

4
|Π30〉 ⊗ |02〉 −

√
2

4
|Π21〉

−
√

2

4
|Π12〉+ |01〉 ⊗

√
6

4
|Π03〉 . (123)

Finally, if ψin(t1, t2, t3) = ξ1(t1)ξ2(t2)ξ3(t3), then Eq.
(120) becomes

|Ψin〉 = B∗in,1(ξ1)|01〉 ⊗B∗in,2(ξ2)B∗in,2(ξ3)|03〉.

That is, the input is a product state, with one photon
in channel 1 and two photons in channel 2. Moreover,
if ξ1 = ξ2 = ξ3 ≡ ξ, then the normalization condition
requires that ‖ξ‖ = 1/ 6

√
2. Eq. (122) reduces to

|Π30〉=
1√
3

(B∗in,1(ξ))3|01〉,

|Π21〉= (B∗in,1(ξ))2|01〉 ⊗B∗in,2(ξ)|02〉,
|Π12〉= B∗in,1(ξ)|01〉 ⊗ (B∗in,2(ξ))2|02〉,

|Π03〉=
1√
3

(B∗in,2(ξ))3|02〉. (124)

That is, all the states become product states. If we ignore
pulse shapes and only count the number of photons in
each channel, we may identify |Π30〉 with |31〉, |Π03〉 with
|32〉, |Π21〉 with |21〉 ⊗ |12〉, and |Π12〉 with |11〉 ⊗ |22〉.
Accordingly, the state in Eq. (123) reduces to

|Ψout〉=
√

6

4
|31〉 ⊗ |02〉 −

√
2

4
|21〉 ⊗ |12〉

−
√

2

4
|11〉 ⊗ |22〉+

√
6

4
|01〉 ⊗ |32〉 .
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4.2 The invariant set

In this subsection, we define a class of m-channel N -
photon states and show that this class of states is invari-
ant under the steady-state action of a quantum linear
passive system. The discussions here generalize those in
Subsection 3.4.

Motivated by Eqs. (116) and (117), define a class of m-
channel N -photon states:

F2 (125)

,
{
|Ψ〉 = ψ �Nk1···km b#in|0

⊗m〉 |tensor ψ normalizes |Ψ〉.
}

The following result shows that the set F2 is invariant
under the steady-state action of a passive quantum linear
system.

Theorem 6 The steady-state output field state of the
asymptotically stable passive quantum linear system (18),
initialized in the vacuum state |φ〉 and driven by an m-
channel N -photon input state |Ψin〉 ∈ F2 with pulse in-
formation encoded by an N -way m-dimensional tensor
functionψin, is another element |Ψout〉 ∈ F2, whose pulse
information is encoded by an N -way m-dimensional ten-
sor function ψout given by

ψout = ψin ~
N
t,k1···km gG− . (126)

This result can be established in a similar way as Theo-
rem 3. So the proof is omitted.

5 An arbitrary number of photons superposed
over m input channels

In all the previous discussions, we have implicitly as-
sumed that the total number of photons is no less than
the number of input channels. In this section, we remove
this constraint. More specifically, we study a class of m-
channel N -photon states where N can be an arbitrary
positive integer.

5.1 A class of m-channel N -photon input states

In this subsection, we present a class of m-channel N -
photon input states. Two illustrative examples are also
given.

Let a normalized m-channel N -photon input state be

|Ψin〉 =

N∏
j=1

m∑
k=1

∫ ∞
−∞

dt ψin,jk(t)b∗in,k(t)|0⊗m〉, (127)

where N is an arbitrary positive integer. The input
state |Ψin〉 is parametrized by the pulse shapes ψin,jk(t)
(j = 1, . . . , N and k = 1, . . .m). Clearly, different com-
binations of ψin,jk(t) give rise to different m-channel
N -photon states. By the notation in Eq. (81), the
m-channel N -photon input state in Eq. (127) can be
re-written as

|Ψin〉 =

N∏
j=1

m∑
k=1

B∗in,k(ψin,jk)|0⊗m〉. (128)

Remark 6 A class of photon-Gaussian states has been
defined in [44, Eq. (95)]. If the density matrix ρR there
used is of the form ρR = |φ0⊗m〉 〈φ0⊗m|, and more-
over, ξ+jk ≡ 0, then the resulting states are m-channel
m-photon states. Actually, they form a special subclass
of the m-channel N -photon states defined in Eq. (128)
(with N = m).

Remark 7 Although the positive integer N in Eq. (127)
is allowed to be arbitrary, the multi-photon input states
defined in Eq. (127) may not be able to include those
multi-photon states studied in Sections 3 and 4 as sub-
classes. This can be easily seen by comparing the forms
of multi-photon states in Eqs. (42), (113), and (127).

Remark 8 Eq. (128) provides flexibility for specifying
multi-channel multi-photon states.

(i) if for some j0 (1 ≤ j0 ≤ N) and k0 (1 ≤ k0 ≤ m),
ψin,j0k0 ≡ 0, then the term B∗in,k0(ψin,j0k0) does not

appear on the right-hand side of Eq. (128).
(ii) As a special case of item (i) above, if for some j0

(1 ≤ j0 ≤ N), ψin,j0k ≡ 0 for all k = 1, . . .m, then
Eq. (128) reduces to

|Ψin〉 =

N∏
j=1,j 6=j0

m∑
k=1

B∗in,k(ψin,jk)|0⊗m〉.

In this case, there are N− 1 photons among m chan-
nels. Thus, the term “N -photon” is a bit confusing.
Nevertheless, the exact number of photons can be de-
termined easily from the context.

We illustrate Remark 8 with the following two Examples.

Example 4 When N = 1 and m = 2, by Eq. (128), the
input state is

|Ψin〉 = B∗in,1(ψin,11)|01〉⊗|02〉+ |01〉⊗B∗in,2(ψin,12)|02〉.
(129)

In what follows, we discuss two cases.

Case 1): ψin,11 ≡ 0. In this case, as commented by item
(i) in Remark 8, Eq. (129) becomes

|Ψin〉 = |01〉 ⊗B∗in,2(ψin,12)|02〉. (130)
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In this case, the first channel is in the vacuum state and
the second channel is in a single-photon state.

Case 2): ψin,11 = ψin,12 ≡ ξ. Eq. (129) becomes

|Ψin〉 = B∗in,1(ξ) |01〉⊗|02〉+ |01〉⊗B∗in,2(ξ) |02〉 . (131)

The normalization condition requires that ‖ξ‖ = 1√
2

.

Moreover, it can be readily shown that

lim
t0→−∞,t→∞

〈Ψin|Λin(t)|Ψin〉 =
1

2

[
1 0

0 1

]
. (132)

That is, the photon is not localized in either of the two
channels; instead, it is shared by two channels. This re-
veals the wave property of photons.

Example 5 Let N = 2 and m = 3. According to Eq.
(128), the input state is

|Ψin〉 =

3∑
k=1

B∗in,k(ψin,1k)

3∑
k=1

B∗in,k(ψin,2k)|0⊗3〉. (133)

If ψin,11 = ψin,22 ≡ 0, then, as commented by item (i) in
Remark 8, the input state in Eq. (133) becomes

|Ψin〉
= B∗in,1(ψin,21)|01〉 ⊗B∗in,2(ψin,12)|02〉 ⊗ |03〉

+B∗in,1(ψin,21)|01〉 ⊗ |02〉 ⊗B∗in,3(ψin,13)|03〉
+|01〉 ⊗B∗in,2(ψin,12)|02〉 ⊗B∗in,3(ψin,23)|03〉
+|01〉 ⊗ |02〉 ⊗B∗in,3(ψin,13)B∗in,3(ψin,23)|03〉. (134)

That is, two photons are shared by three channels. If
further ψin,21 ≡ ψin,13 ≡ 0, then, as commented by item
(i) in Remark 8, Eq. (134) reduces to

|Ψin〉 = |01〉 ⊗B∗in,2(ψin,12)|02〉 ⊗B∗in,3(ψin,23)|03〉.
(135)

In this case, the first channel is in the vacuum state, and
there is exactly one photon in each of the second and third
channels, respectively. Finally, if further ψin,23(t) ≡ 0,
the only existing pulse shape in Eq. (133) is ψin,12, and
therefore, as commented by item (ii) in Remark 8, we end
up with a single photon state. Indeed, Eq. (128) reduces
to |Ψin〉 = |01〉 ⊗ B∗in,2(ψin,12)|02〉 ⊗ |03〉. That is, the
second channel has one photon while both the first and
third channels are in the vacuum state.

5.2 State transfer

In this subsection, we derive an analytic form of the
steady-state output field state of a passive quantum lin-
ear system driven by anm-channelN -photon input state
defined in Eq. (127).

The following is the main result of this section.

Theorem 7 Let the asymptotically stable passive quan-
tum linear system (18) be initialized in the vacuum state
and driven by the m-channel N -photon input |Ψin〉 de-
fined in Eq. (127). The steady-state output field state is
another m-channel N -photon state of the form

|Ψout〉 =

N∏
j=1

m∑
l=1

∫ ∞
−∞

dt ψout,jl(t)b
∗
in,l(t)|0⊗m〉, (136)

where the output pulses are given by

ψout,jl(t) ,
m∑
k=1

∫ ∞
−∞

glkG−(t− r)ψin,jk(r)dr (137)

for j = 1, . . . , N, l = 1, . . . ,m.

The proof is similar to that for Theorem 2; thus is omit-
ted.

6 Conclusion

In this paper, we have studied the dynamics of quan-
tum linear systems in response to multi-channel multi-
photon states. We have derived the intensity of the out-
put field which can be used to investigate the influence
of quantum linear systems on quantum correlations of
multi-photon light fields. We have also presented the
explicit formula of the steady-state output field states
when a quantum linear system is driven by three classes
of multi-channel multi-photon input states. The results
presented here are very general and hold promising ap-
plications in photon-based quantum coherent feedback
networks. One of the future research directions is to
study controller synthesis problem on the basis of the
system analysis carried out in this paper, for example,
via the Lyapunov method [20].

Acknowledgements

The author wishes to thank the anonymous reviewers
for their careful reading and constructive comments.

References

[1] B. D. O. Anderson and J. B. Moore. Optimal Fil-
tering. Prentice-Hall, Englewood Cliffs, NJ, 1979.

[2] H.-A. Bachor and T. C. Ralph. A Guide to Experi-
ments in Quantum Optics. Wiley, 2004.

[3] B. Q. Baragiola, R. L. Cook, A. M. Branczyk, and
J. Combes. N-photon wave packets interacting
with an arbitrary quantum system. Phys. Rev. A.,
86:013811, 2012.

16



[4] T. J. Bartley, G. Donati, J. B. Spring, X. M. Jin,
M. Barbieri, A. Datta, B. J. Smith, and I. A. Walm-
sley. Multiphoton state engineering by heralded
interference between single photons and coherent
states. Phys. Rev. A, 86:043820, 2012.

[5] V. P. Belavkin. Quantum diffusion, measurement
and filtering. Theory Probab. Appl., 38:573–585,
1993.

[6] R. N. Bracewell. The Fourier Transform and its
Applications,3 edition. McGraw Hill, 1999.

[7] B. Brecht, Dileep V. Reddy, C. Silberhorn, and
M. G. Raymer. Photon temporal modes: A com-
plete framework for quantum information science.
Phys. Rev. X, 5:041017, Oct 2015.

[8] A. R. R. Carvalho, M. R. Hush, and M. R. James.
Cavity driven by a single photon: conditional dy-
namics and nonlinear phase shift. Phys. Rev. A.,
86:023806, 2012.

[9] D. Dong and I. R. Petersen. Quantum control the-
ory and applications:a survey. IET Control Theory
& Applications, 4:2651–2671, 2010.

[10] S. Fan, S. E. Kocabas, and J.-T. Shen. Input-
output formalism for few-photon transport in one-
dimensional nanophotonic waveguides coupled to a
qubit. Phys. Rev. A, 82:063821, Dec 2010.

[11] C. W. Gardiner and P. Zoller. Quantum Noise.
Springer, 2004.

[12] K. M. Gheri, K. Ellinger, T. Pellizzari, and
P. Zoller. Photon-wavepackets as flying quantum
bits. Fortschr. Phys., 46:401–415, 1998.

[13] J. E. Gough and M. R. James. The series prod-
uct and its application to quantum feedforward and
feedback networks. IEEE Trans. Automat. Contr.,
54:2530–2544, 2009.

[14] J. E. Gough, M. R. James, and H. I. Nurdin. Squeez-
ing components in linear quantum feedback net-
works. Phys. Rev. A, 81:023804, 2010.

[15] J. E. Gough, M. R. James, H. I. Nurdin, and
J. Combes. Quantum filtering for systems driven
by fields in single-photon states or superposition of
coherent states. Phys. Rev. A, 86:043819, Oct 2012.

[16] M. Guta and N. Yamamoto. System identification
for passive linear quantum systems. IEEE Trans-
actions on Automatic Control, 61(4):921–936, April
2016.

[17] R. L. Hudson and K. R. Parthasarathy. Quantum
ito’s formula and stochastic evolutions. Commu-
nications in Mathematical Physics, 93(3):301–323,
1984.

[18] M. R. James and J. E. Gough. Quantum dissipative
systems and feedback control design by intercon-
nection. IEEE Trans. Automat. Control, 55:1806–
1821, 2010.

[19] T. G. Kolda and B. W. Bader. Tensor decomposi-
tions and applications. SIAM Review, 51:455–500,
2009.

[20] S. Kuang and S. Cong. Lyapunov control methods
of closed quantum systems. Automatica, 44(1):98 –
108, 2008.

[21] H. Kwakernaak and R. Sivan. Linear Optimal Con-
trol Systems. John Wiley and Sons, Inc, 1972.

[22] U. Leonhardt. Quantum physics of simple optical
instruments. Rep. Prog. Phys., 66:1207–1249, 2003.

[23] R. Loudon. The Quantum Theory of Light, 3rd ed.
Oxford University Press, Oxford, 2000.

[24] G. J. Milburn. Coherent control of single photon
states. Eur. Phys. J. Special Topics, 159:113–117,
2008.

[25] W. J. Munro, K. Nemoto, and G. J. Milburn. Intra-
cavity weak nonlinear phase shifts with single pho-
ton driving. Optics Communications, 283:741–746,
2010.

[26] H. I. Nurdin. Structures and transformations for
model reduction of linear quantum stochastic sys-
tems. Automatic Control, IEEE Transactions on,
59(9):2413–2425, Sept 2014.

[27] H. I. Nurdin, M. R. James, and A. C. Doherty.
Network synthesis of linear dynamical quantum
stochastic systems. SIAM J. Control and Optim,
48:2686–2718, 2009.

[28] A. Nysteen, P. T. Kristensen, D. P. S. McCutcheon,
P. Kaer, and J. Mazrk. Scattering of two photons
on a quantum emitter in a one-dimensional waveg-
uide: exact dynamics and induced correlations. New
Journal of Physics, 17(2):023030, 2015.

[29] Z. Y. Ou. Multi-photon interference and tempo-
ral distinguishability of photons. Int. J. Modern
Physics B, 21:5033–5058, 2007.

[30] Y. Pan, G. Zhang, and M. R. James. Analysis and
control of quantum finite-level systems driven by
single-photon input states. Automatica, 69:18–23,
2016.

[31] I. R. Petersen. Cascade cavity realization for a class
of complex transfer functions arising in coherent
quantum feedback control. Automatica, 47(8):1757
– 1763, 2011.

[32] L. Qi, W. Sun, and Y. Wang. Numerical multilinear
algebra and its applications. Front. Math. China,
2:501–526, 2007.

[33] P. P. Rohde, W. Mauerer, and C. Silberhorn. Spec-
tral structure and decompositions of optical states,
and their applications. New Journal of Physics,
9(4):91, 2007.

[34] T. Sogo. On the equivalence between stable inver-
sion for nonminimum phase systems and reciprocal
transfer functions defined by the two-sided laplace
transform. Automatica, 46:122–126, 2010.

[35] H. Song, G. Zhang, and Z. R. Xi. Continuous-mode
multi-photon filtering. SIAM Journal on Control
and Optimization, 54:1602–1632, 2016.

[36] D. F. Walls and G. J. Milburn. Quantum Optics,
2nd ed. Springer, 2008.

[37] H. W. Wiseman and G. J. Milburn. Quantum Mea-
surement and Control. Cambridge University Press,
Cambridge, UK, 2010.

[38] N. Yamamoto. Decoherence-free linear quantum
subsystems. IEEE Transactions on Automatic Con-
trol, 59(7):1845–1857, 2014.

17



[39] N. Yamamoto and M. R. James. Zero-dynamics
principle for perfect quantum memory in linear net-
works. New Journal of Physics, 16(7):073032, 2014.

[40] G. Zhang. Analysis of quantum linear systems’ re-
sponse to multi-photon states. Automatica, 50:442–
451, 2014.

[41] G. Zhang. Dynamical analysis of quantum lin-
ear systems driven by multi-channel multi-photon
states. arXiv:1609.09191 [quant-ph], 2017.

[42] G. Zhang and M. R. James. Direct and indirect
couplings in coherent feedback control of linear
quantum systems. IEEE Trans. Automat. Contr.,
56:1535–1550, 2011.

[43] G. Zhang and M. R. James. Quantum feedback net-
works and control: a brief survey. Chinese Science
Bulletin, 57:2200–2214, 2012.

[44] G. Zhang and M. R. James. On the response
of quantum linear systems to single photon input
fields. IEEE Trans. Automat. Contr., 58:1221–1235,
2013.

[45] J. Zhang, R-B Wu, Y-X Liu, C-W Li, and T-J Tarn.
Quantum coherent nonlinear feedbacks with appli-
cations to quantum optics on chip. IEEE Trans.
Automat. Contr., 57:1997–2008, 2012.

18


	Introduction
	Preliminaries
	Quantum linear systems
	Tensors

	m photons superposed among m input channels
	m-photon input states
	The passive case: output intensity
	The passive case: state transfer
	The passive case: the invariant set
	The non-passive case

	N (Nm) photons superposed over m channels
	State transfer
	The invariant set

	An arbitrary number of photons superposed over m input channels
	A class of m-channel N-photon input states
	State transfer

	Conclusion
	Acknowledgements



