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Dynamical analysis of quantum linear systems driven by
multi-channel multi-photon states *
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Abstract

In this paper, we investigate the dynamics of quantum linear systems where the input signals are multi-channel multi-photon
states, namely states determined by a definite number of photons superposed in multiple input channels. In contrast to most
existing studies on separable input states in the literature, we allow the existence of quantum correlation (for example quantum
entanglement) in these multi-channel multi-photon input states. Due to the prevalence of quantum correlations in the quantum
regime, the results presented in this paper are very general. Moreover, the multi-channel multi-photon states studied here
are reasonably mathematically tractable. Three types of multi-photon states are considered: 1) m photons superposed among
m channels, 2) N photons superposed among m channels where N > m, and 3) N photons superposed among m channels
where N is an arbitrary positive integer. Formulae for intensities and states of output fields are derived. Examples are used

to demonstrate the effectiveness of the results.

Key words: quantum linear systems, multi-photon states, intensity, tensor computation.

1 Introduction

Dynamical response analysis is an essential ingredient of
control engineering, and is also the basis of controller de-
sign. For example, impulse response, step response, and
frequency response are standard materials in modern
control textbooks, see, e.g., [21], [1]. Fluctuation analy-
sis of a dynamical system driven by white noise underlies
the celebrated Kalman filter and linear quadratic Gaus-
sian (LQG) control. Likewise, in the quantum regime,
the response of quantum linear systems to quantum
Gaussian white noise is the basis of quantum filtering
and measurement-based feedback control, see, e.g., [7],
[37], [9], [45], [16] and references therein.

In addition to quantum Gaussian noise commonly dealt
with in quantum optical laboratories, in recent years,
highly nonclassical signals such as single-photon states,
multi-photon states, and Schrédinger’s cat states have
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been attracting growing interest due to their promis-
ing applications in quantum information technology.
Roughly speaking, an ¢-photon state of a light beam
means that the light field contains exactly ¢ photons.
In this paper, we are concerned with continuous-mode
f-photon states, that is, these photons are specified
by their frequency profiles centered at the carrier fre-
quency of the light field. Continuous-mode single- and
multi-photon states have found important applications
in quantum computing, quantum communication, and
quantum metrology, see, e.g., [12], [23], [29], [24], [15),

3], 14 44, [39], and

In the quantum control community, the response of
quantum systems to single- and multi-photon states has
been studied in the past few years. The phenomenon
of cross phase shift on a coherent signal induced by a
single photon pulse was investigated in [25]. Gough et
al. derived quantum filters for Markov quantum sys-
tems driven by single-photon states or Schrédinger’s cat
states [15]. The theory in [15] was applied to the study of
phase modulation in [8]. Quantum master equations for
an arbitrary quantum system driven by multi-photon
states were derived in [3]. Quantum filters for multi-
photon states were derived in [35], for both homodyne
detection and photodetection measurements. Numeri-
cal simulations carried out in [35] for a two-level system
driven by a 2-photon state revealed interesting and com-
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plicated nonlinear behavior in the photon-atom interac-
tion. When a two-level atom, initialized in the ground
state, is driven by a single photon, the exact form of the
output field state was derived in [30]. More discussions
can be found in, e.g., [10], [28] and references therein.

In [44], an analytic expression of the output field state of
a quantum linear system driven by a single-photon state
was derived. The research initialized in [44] was contin-
ued and extended in [10], where multi-photon states were
considered. Unfortunately, the multi-photon states stud-
ied in [40] are either with very limited quantum corre-
lation or mathematically formidable. More specifically,
the multi-photon states defined in [10, Egs. (23) and
(41)] are separable states, i.e., there exists no entangle-
ment among the channels. A class of photon-Gaussian
states was defined in [10, Eq. (34)]. On the one hand, this
class of states appears mathematically complicated. On
the other hand, because each pulse shape is indexed by
three parameters only, the feature of the multi-channel
entanglement is unclear. A class of multi-channel multi-
photon states was defined in [410, Eq. (43)], which, due
to the presence of an m-fold product, looks rather com-
plicated mathematically.

The purpose of this paper is to provide a direct study of
the dynamical response of quantum linear systems to ini-
tially entangled multi-channel multi-photon states. Un-
like those separable states studied in [44] and [40], the
multi-channel multi-photon states proposed in this pa-
per are able to capture the entanglement among chan-
nels. Examples presented in this paper demonstrate that
these types of multi-channel multi-photon states can be
easily processed by quantum linear systems. Further-
more, the proposed multi-channel multi-photon states
are very general as they contain many types of multi-
channel multi-photon states as special cases, see, e.g.,
[23, Chapter 6], [33], [7]. Finally, these states are math-
ematically more tractable than those in [10, Eqgs. (34)
and (43)]. Therefore, the study carried out in this paper
is more relevant to quantum linear feedback networks
and control.

Three types of multi-channel multi-photon states are
studied in this paper. Case 1): m photons are super-
posed among m channels. Specifically, the m-channel m-
photon states are defined in Subsection 3.1. When the
underlying quantum linear system is passive, an ana-
lytic expression of the output intensity is presented in
Subsection 3.2, see Theorem 1. Moreover, the steady-
state output field state is investigated in Subsections 3.3
and 3.4, see Theorems 2 and 3. When the underlying
quantum linear system is non-passive, the steady-state
output field state is no longer an m-channel m-photon
state, an explicit form of the output field state is given
in Subsection 3.5, see Theorem 4. Case 2): N photons
are superposed among m channels where N > m. For
this case, we assume the underlying quantum linear sys-
tem is passive. The analytic expressions of the output

field state are derived, see Theorems 5 and 6. Case 3): N
photons are superposed among m channels, where N is
an arbitrary positive integer. Specifically, a class of m-
channel N-photon states are first presented in Subsec-
tion 5.1, then in Subsection 5.2, the steady-state output
field state of a quantum linear passive system driven by
an m-channel N-photon input state is derived, see The-
orem 7.

Notation. The imaginary unit v/—1 is denoted by i. Given
a column vector of complex numbers or operators x =
[z1 -+ 21]T, define a column vector z# £ [x} - 2}]7,
where the superscript “x¥” stands for complex conjuga-
tion of a complex number or Hilbert space adjoint of an
operator. Define a row vector 2 £ (2#)T = [z} -+ z}].
Define a doubled-up column vector & £ [z7 217, Let I,
be an identity matrix and Oy a zero square matrix, both
of dimension k. Denote Jy, = diag(I), —I). Given a ma-
trix X € C2*2k define X* £ J, XT.J;. Given a matrix
A, let A7 denote the entry on the jth row and kth col-
umn. Let m be the number of input channels. Let n be
the number of degrees of freedom of a given quantum
linear system, namely the number of quantum harmonic
oscillators. The ket |¢) denotes the initial state of the
system of interest, and |0) stands for the vacuum state
of free fields. The convolution of two functions f and g is
denoted as f®g. Given two matrices U,V € C"**, define
a doubled-up matrix A(U,V) £ [U V;V# U#]. Given
two operators A and B, their commutator is defined to be
[A,B] £ AB — BA. The Kronecker delta function is de-
noted by d;1, whereas the Dirac delta function is denoted
by 6(t). The m-fold integral [ -+ [% dty---dtp, is

sometimes denoted by [ d 7. Given a function f(t)inthe
time domain, define its two-sided Laplace transform [34,
Eq. (13)] to be F[s] = L {f(t)}(s) £ [ e s f(t)dt.
The m dimensional Fourier transform of an m-variable
function f(t1,...,tm) is, [0],

. A 1 e
W) = (RE / e (1)

— 00

/ dtl.'.dtme—i(wlt1+-<~+wmtm)f(t17”.7tm).

f(iwl, .

We set i = 1 throughout this paper.

2 Preliminaries

In this section, quantum linear systems are briefly intro-
duced; more discussions can be found in, e.g., [11], [36],
(13], [37], (18], [31], [12], [43], [39], and [2]. Some tensors
and their associated operations are also discussed.

2.1 Quantum linear systems

A quantum linear system G is shown schematically in
Fig. 1. In this model, the quantum linear system G con-
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Fig. 1. Quantum linear system G with input bi, and output
bout~

sists of a collection of n (interacting) quantum harmonic
oscillators represented by a = [a; --- a,]|T. Here, a;
(j =1,...,n), defined on a Hilbert space $, is the anni-
hilation operator of the jth quantum harmonic oscilla-
tor. The adjoint operator of a;, denoted by a7, is called
a creation operator. These operators satisfy the follow-
ing canonical commutation relations: [a;, a;] = d;x, and
laj,ax] = [a},a;] = 0, (j,k = 1,...,n). The input
fields are represented by a vector of annihilation oper-
ators bin(t) = [bin’l(t) bin,m(t)]T; the entry bin,j (t)
(j = 1,...,m), defined on a Fock space §, is the anni-
hilation operator for the jth input channel. The adjoint
operator of by ;(t), denoted by b, (t), is also called a
creation operator. However, unlike a; and ay, the anni-
hilation and creation operators for the input fields sat-
isfy the following singular commutation relations, [11],

[14, Eq. (20)],

[bin, (), bin 1 (7)] = 85x0(t — 1),
[bin, (1), bin,k (7)) = [0, ; (1), b,k (1)] = O, (2)

for j,k = 1,...,m and Vt,r € R. Notice the presence
of the Dirac delta function §(t — r) in Eq. (2). Math-
ematically, it is often more convenient to work with
integrated annihilation and creation operators, which

are defined respectively to be By, (t) £ fti) bin(T)d7 and

B (t) & ftto b¥ (7)dr, where the lower limit t, of the
integrals is the initial time, namely the time when the
system and the fields start to interact. The input gauge
process (also called number process) is defined by the

following m-by-m matrix of operators, [1 1, Chapter 11],
[14, Section IIT.A], [14, Eq. (11)],

Au(t) 2 /t b ()T (7)dr. 3)

In this paper, we deal with canonical quantum in-
put fields, that is, the only non-zero It6 products

for the input fields are: dBiy ;(t)dB}, ,(t) = d;rdt,
dAl (DdBY, (1) = 0udBi, (1), dBin(H)dAL (D)
§;kdBin(t), and dAF()dAI(t) = 6dAT (L), for

ik lLr=1,...,m, Vt € R, where Afr’f(t) is the entry
of the matrix A, (t) on the jth row and kth column, as
introduced in the Notation part, see e.g., [I1, Chapter

1], 3], (1], [44, Eq. (12)].

The dynamics of the open quantum linear system G can
be described conveniently in the (S_, L, H) formalism
[13], [43]. Here, S_ is a constant unitary matrix of di-
mension m, which can be used to model static devices

such as phase shifters and beamsplitters. The operator
L describes how the system is coupled to the fields, and
is of the form L = C_a + C a” with C_,C, € C™*",
For example, when a single-mode (namely, n = 1) opti-
cal cavity is driven by a light field, L can be of the form
L = /ka, where a is the annihilation operator of the
quantum harmonic operator for the cavity (also called
the cavity mode) and x > 0 is the coupling strength be-
tween the cavity and the field. The operator H stands
for the initial system Hamiltonian, which can be writ-
ten as H = 1a'A(Q_,Q4) & with constant matrices
Q_,Qp € C™™ gatisfying Q_ = Qf and Q, = QI
For example, for the optical cavity above mentioned,
H = J[a* d[% fd] la a*]" = wga*a + twq, where
wyq € R is the detuning frequency between the cavity
mode and the center frequency of the input light field.
(The term %wd introduces a global phase shift and leads
to no consequence.) With these parameters, in It6 form,
Schrodinger’s equation for the temporal evolution of the
open quantum linear system in Fig. 1 is, [17], [13, Eq.

(30)], [14, Eq. (22)], [44, Eq. (13)],

dU (t, ) = {TY[(S — L) dAn ()T +dBl ()L (4)

1
—L'S_dB;y(t) — (§LTL + iH)dt}U(t, to)

for t > tg with U(t,tg) = I (identity operator) for all
t < to.

In the Heisenberg picture, system operators evolve ac-
cording to a(t) = U(t, to)*a(to)U(t,t0) (component-wise
for the components of a(tg)). Moreover, the output field
bout (t) carries away information of the system after in-
teraction, and is defined by

v v

bout (t) = U(ta tO)*bin(t)U(t7 tO) (5)

(component-wise for the components of by, (t)). Con-
sequently, by Eq. (4) and quantum It6 calculus [17],
Heisenberg’s equation of motion for the system in Fig. 1
iS, [ ) Eq (26)]a [ ’ Eqs' (14)_(15)]7

v

a(t) = Ada(t) + Bbi(t),

S
o
c
-+
—
~
=
Il
Q

in which the constant system matrices are
S=A(5_,0), C=A(C_,Cy), B=-C'S,

A= —%cbc—iJnA(Q,,m) (7)

with the matrix J, = diag(l,, —1I,) introduced in the
Notation part. The gauge process Aoyt (f) of the output



fields,

Ao (t) 2 / b (ML () = Ut to)* An (DU (1 o),
i (8)

satisfies the following quantum stochastic differential
equation (QSDE), [1], [13, Eq. (16)],

Aot (t) = ST dNin (1) ST + S*dBH (1) L7 (t)
+L#(t)dBL (t)ST + L7 (t) LT (t)dt. (9)

In quantum optics, the diagonal elements of Ayt (t) are
operators for the total number of photons in each of
the m output channels, counted from time tg to t. The
intensity of the output field, namely the rate of change
of the number process Aoy (1), is given by, [14, Eq. (45)],

Tlout () 2 (@Win bl ()b (D)W1) (10)

In Eq. (10), |¢) is the initial system state and |¥;,) is
the initial input field state. Therefore, the ket vector
|9) ®|¥in) = |¢Wiy) is the initial joint system-field state.
The bra vector (¢pW;,| is the Hilbert space conjugate of
the ket vector [¢pW;, ). In this paper, |¢) is always assumed
to be the vacuum state, while the specific form of |U;y,)
will be given in due course.

The quantum linear system G is said to be asymptoti-
cally stable if the matrix A in Eq. (7) is Hurwitz sta-
ble, [42, Sec. ITI-A]. In analogy to classical (namely non-
quantum) control theory, the impulse response function
of the system G is, [14, Eq. (18)],
A [ 6()S — CeAtC?S, t > 0,
ga(t) =
0, t <0,

which enjoys the following doubled-up form

9a(t) = Alge- (1), 9a+ (1)), (11)

with matrix functions

CT

§()S_ —[C_ O, Jert | S_,t>0,
gg-(t) = * fCl

0, t<0,

_cT

—[C_ O, ert Tls* >0,
go+(t) & lc- 6] [ cT (12)

0, t <0.

Next, we express the output field in terms of the impulse
function g (t). In fact, solving Eq. (6) we have

t
Bout () = CeAl—10) 4 / ga(t — rbn(r)dr.  (13)

to

Furthermore, if the system is asymptotically stable, then
in the limit ¢, — —o0, Eq. (13) reduces to

bous (1) = / gt — 1Yo (F)dr = go ® Bin(t).  (14)

— 00

Remark 1 If the interaction starts in the remote past,
namely to — —oo, and if the system is asymptotically
stable, Eq. (14) indicates that the initial system infor-
mation has no influence on the output field. This is also
true in classical control theory, see, e.g., [21].

Define a matrix function

ga1(t) £ Alge- (=)', —ga+(=t)7).  (15)

It can be verified that the following convolution relations

9e ® g1 ® f(t) = g1 ®gc ® f(t) = f(t) (16)

hold for any function f(t) of suitable dimension provided
that the involved integrals converge. Thus, gg-1(t) is the
inverse function of the impulse response function gg(t).
According to Eqs. (14) and (16), in the limit tg — —oo
we have

v

bin(t) = ga—1 ® bous(t). (17)

A class of passive quantum linear systems is obtained
when C; = 0 and 24 = 0in Eq. (7). For this type of sys-
tems, it is sufficient to work in the annihilation-operator
representation. To be specific, it suffices to study

a(t) = Aa(t) + Bbi(t),

bout (t) = Ca(t) + S_bin(t), alto) = a, (18)
where
- Lot t
A:—lﬂ,—icfc',, B=-C!S_, C=C_

In this case, Eq. (12) reduces to

§(t)S_ — C_ertcts_, t >0,
g9-(t) = ge+(t) =0

0, t <0,

(19)

Accordingly, Egs. (11) and (15) reduce to

9c(t) = A(ge-(1),0),96-1(t) £ A (96- (—t)7,0),
(20)
respectively.

It is well-known that in linear classical control theory, if
an asymptotically stable finite-dimensional linear time-
invariant (FDLTT) system is driven by Gaussian white
noise, then the steady-state output is again a Gaussian
stationary process, see, e.g., [21, Section 11, Chapter 1],
and [1]. The following result is the quantum counterpart.



Lemma 1 [//, Theorem 2] Let the asymptotically stable
quantum linear system G be initialized in the vacuum
state |@) and let the input field |Wiy,) be in the vacuum
state |0). Then the steady-state output field state is a
zero-mean Gaussian state, whose power spectral density
matriz Rous[iw] is given by

R fi6] = Gliv] [I’” ! ]Gw, (21)

0 Op,

where Gliw] = [ e “!gq(t)dt is the two-sided Laplace
transform of ga(t) with s = iw, as introduced in the
Notation part. In particular, if the system is passive, then
the output is in a vacuum state with power spectral density

matric
) I, 0
Rout[iw] = .
0 0,,

2.2 Tensors

Tensors and their associated operations are essential
mathematical machinery for the research carried out in
this paper [32], [19], [40]. In this subsection, we discuss
several tensors.

Given an m-variable function (¢,
dimensional column vector z(t) = [x1(t) -
denote

..y tm) and an m-
rm (1)),

wome/ /dtl At (1, .t ﬁ t;).

(22)
Given an m-way m-dimensional tensor function ¢ =

(@j1.jom 1y tm), (G1s -+, Jm = 1,...,m), and an m-
dimensional column vector x(t) = [x1(t) -+ @, (t)]7,
denote
pora=y S [ [Cane

Jj1=1 Jm=1

Pivgon (15 tm )24, (01) - -, (). (23)

We may update an m-variable function ¥(ty,...,¢;)
to an m-way m-dimensional tensor function ¢! =

(W], (t1.-- . ty)) with entries

Ul (1 (24)

o [0l
0,

Then Eq. (22) can be re-written as Eq. (23

tm)
7tm)7 lfjl = 17j2 :23"'7jm =m,

otherwise.
), specifically,

Yoz =yl @ . (25)

Let (ty,... b5 ..t ...,
function, where the positive integers kq, ...,
St ki = N. Let z(t) = [z1(t)

m-dimensional column vector. Denote

LA x—/ / dty - dty, -

datt - wab(t], ... Tt Yo (ty) -
m(t,ﬁ) e (26)

tit ) be an N-variable
ky, satisfy
- 2,m(t)]T be an

L.
T (E7") -~-a:m(t}z;).

Given an N-way m-dimensional tensor function ¢ =

(Sﬁjl Jkl jrn . nz (tl,...7t]1€1,...,tin7 .,t’;cnm)) and an
m—dlmenswnal Vector 2(t) = [21(t) -+ 2, (t)]T, denote

<P® ke T

J

2_:1 jZ/ / dt}---dty, -

dt’f”” e dty! km (pj%...jil...j;"...j)z”m (tp e atklw'-at?lnv e ,tZ’m)
21 (ty) - £ (thy) @y (1) -y (42).
(27)
Update the N-variable function ¢(t], ..., tg ,..., t7", ..., (7" )

in Eq. (26) to an N-way m-dimensional tensor func-

tion ¢T(¢}, ...t ... t",... ¢} ), whose none-zero
elements are defined as
/(/}T Jk ]1 J;CYL (t%7"'7t]1€1""7t;n7"'7t1];nm)
1 m

zw(tl,...,tkl,..., T, ... t"fn) (28)
m—1

when jll = 17~-~,j,i1 = ki, 0t = kj +
j=1

1., jg. = N.Then

In the above, we have defined several operations between
tensors and vectors. In the following, we look at opera-
tions between tensors and matrices.

Given an m x m matrix function A(¢) and an m-way m-
dimensional tensor function ¢ = (¢;,. . (t1,.-.,tm)),
(J1,--+ydm = 1,...,m), define another m-way m-
dimensional tensor function ¢ = (@;,. i, (r1,...,7m))

in such a way that, for all i1,...,4,, = 1,...,m,
¢i1..‘im (rla .. 7Tm) = Z / / dtl e dtm
1y dm=1
At (7’1 - tl) o AZme (’I"m m')gojl-njm, (tl, . ,tm).
(30)



Eq. (30) may be re-written in a more compact form
p=¢ ®;n A, (31)

where the subscript “t” indicates the time domain, while
the superscript “m” implies the m-fold convolution. Ap-
plying the m-dimensional Fourier transform (1) to Eq.
(30), we get

@il-nim, (iwl, e ,iwm) (32)

= Z A iy ] - -

Jis--dm=1

A Im i@, g (01, -

where -
Ak [iwk] _ / e iwrt fikdk (t)dt
— 00
is the two-sided Laplace transform of the matrix function
A% (¢). In analogy to Eq. (31), we may also write Eq.
(32) in the following compact form ¢ = ¢ @ A, where
the subscript “w” indicates the frequency domain.

Given an N-way m-dimensional tensor function ¢ =

(@]1 Jkl Jnl“_j]zr:n (t%,...’t}fl,... 7” .. tk‘ ))7 and an
m x m matrix function A(t), deﬁne a new N-way m-
dimensional tensor function ¢ by

~ 1 m rrL
et e (71 Ty T TR
m m m
2 E E E / / dtl dtk
1}:1 iilz im=1 im =1
m m 11t 1ot 1
..dt ...dtkmAll( — )...Aklkl(rkl_tkl)...
I .om m oo m m
AT (=) - Al — 157 )
m m
Pilih Ay (TR T AU N

which may be re-written in a more compact form

o= ®7{\,rk1 ey, A (33)

Given an m-way m-dimensional tensor function ¢ =

©jy.jm (W1, ... iwy,) in the frequency domain, denote
m
. . . . 2
||90(1w17"'v1wm)‘| = Z |<pj1~~jm(1w17"')1wm)|
jlv"wjm,zl
for all wy,...,w, € R. We end this subsection by citing

the following result.

Lemma 2 [92, Theorem 3.3] Let two tensors ¢ and ¢
be related by Eq. (32), or equivalently Eq. (30). If Aliw]
is unitary for allw € R, then

lpGws, ... iwn)|l = lle(iwr, - .. iwm)], Ywi, ..., wm € R.

7iwm)7

3 m photons superposed among m input chan-
nels

In this section, we investigate how a quantum linear sys-
tem responds to a class of m-photon input states. We
first define m-photon input states in Subsection 3.1, then
derive the output intensity in Subsection 3.2, after that,
we present an analytic form of the output field state
when the underlying quantum linear system is passive
in Subsections 3.3 and 3.4, finally we turn to the non-
passive case in Subsection 3.5.

3.1 m-photon input states

In this subsection, we introduce a class of m-photon
input states. For ease of presentation, we start with
the single-channel single-photon state case. In this case,
m = 1. A single-channel single-photon input state can
be defined by

3) é/oo dt Gn (1)

— 00

a()10) .

Here, the function vy, is square integrable, more specif-
ically, ¥in € L2(R,C). The Euclidean norm of iy,

[ ,/f_ |thin (¢)]2dt, is equal to 1. Consequently,
the inner product (¥;,|¥;,) = 1. That is, |¥;,) is a
normalized state. Moreover, it can be easily shown that

Im (Ui |Agn () T3) = 1, (34)

to——00,t—00

where Aj,(t) is the input gauge process defined in Eq.
(3). Eq. (34) indicates that there is one photon in the
field. On the other hand, it can be readily verified that

<\Ifin|bin(t)|\lfin> = <\I/in|b;kn(t)‘\lfin> =0, Vt e R. (35)
That is, the average field amplitude is zero. Finally, it is

worth noting that |¥;,) is not a single-photon coherent
state which can be defined to be

|O‘¢in>
oo oo
2 exp ( / dtan ()07, (1) — / dt(az/)in(t))*bin(t)> 0),
—0o0 —00
where a = € is a complex number. In fact, for the

single-photon coherent state |ov,,), Eq. (34) still holds,
but Eq. (35) does not.

Next, we look at single-channel two-photon states, which
can be defined as

W) £ / / dtydts in(t1, t2)bE (F2)B5n (£2)]0)-

(36)



Swapping ¢ and 5 in Eq. (36) yields

W) = [ [ s a0 0B )10

(37)

Comparing Eqgs. (36) and (37) we see that ¢, (t1,t2) =
Yin(t2, t1). Moreover, it can be verified that

lim (Vin] Ain (1) [¥in) = 2,

to——o0,t—00
i.e., there are two photons in the field.

Next, let us look at two-channel two-photon states,
which can be defined to be

|Win) é/ / dtrdts in(ty, 12)b5, 1 (11)b5, 2 (12)]0102).
—00 —00

(38)
Again, the function ¥, (t1,t2) is required to normalize
the state. This is guaranteed by

/ / diydty i (ty, t2)]° = 1. (39)

(Notice that in this case, the condition i, (t1,t2) =
Yin(t2, t1) is not necessary.) It can be easily shown that
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Eq. (40) implies that each channel contains one pho-
ton. However, these two photons can form an entan-
gled state. Moreover, if we use the single-photon state
J20 ()b}, o(T)dr |02) to measure the second channel,
the resulting state for the first channel is given by

/Z {/o:o ’Y*(T)l//in(t,T)dT] by 1 ()dt 01).

In general, Eq. (38) defines a state for which the two
photons are entangled. However, for the special case that
Yin(t1,t2) = &1 (t1)€2(t2), we end up with a product state

|Win) (41)

:/ §1(t1)bi, 1 (t1)dt1]01) ®/ §2(t2)bi), o (t2)dt2|02).

For the state defined in Eq. (41), there exists no entan-
glement between these two photons.

We are ready to introduce a class of m-channel m-photon
input states. Such states can be of the form

|\I/in>é/ / dty - dty Yin(ty, ... tm)
i1 (f1) -+ bl (E)[01) @ - @ [Opn). (42)

For convenience, in the sequel we use the shorthand no-
tation |[0®™) for the tensor product of the vacuum in-
put fields [01) ® - - ® |Oyp,). In the notation introduced
in Subsection 2.2, Eq. (42) may be re-written as

[Wiy) = i 0™ b7 [02™).

For the m-channel m-photon state |¥;,), it is clear that
(Win |bin (8)|Win) = 0, VE € R, (43)
That is, the average field amplitude of the input

light field is 0. Next, we look at two-time correla-
tions <\Ilin|bin(t)b;rn(r)|\llin> with ¢,r € R. For each

k=1,...,m, introduce the notation
Ce(Tym) = Yin(T1y o oo s The 1, 7y Thet 1y« -+ » T ) (44)
Specifically,
G, 1) =Yin(r, T2, .., i),
G (7)) = Vin (71,7, T35 - -+ Tin)s

Cn(Tym) = Yin(T1, - o oy Tin—1, 7).
Also, define a diagonal matrix function
At,r)
2aig( [~ oo [~ dmedn, Gl at,

.,/_:../_Zdﬁ...dfm_l gm(T,t)*cm(r,r)>
(45)

for all t,r € R. Clearly, A(t, r)T = A(r,t), and
S5 dt A(t,t) = I,. Furthermore, it can be shown that

the two-time correlation (\I/in\l;in(t)lu)fn(r)|\llm> has the
form

<\Ilin |bin (£)B], (7) |\Ijin>

S I, 0 A(r,t) 0
=0t )lo Om +l 0 A(t,r)]' (46)

Remark 2 If all the input fields are in the vacuum state,
i.e., |Win) = |09™) it is well-known that

(0% B (£)0], (1) 02 ) = (¢ 1) [I(’)” " ] L)

m

In this case, the field is Markovian. The second term on
the right-hand side of Eq. (46) reveals the non-Markovian



nature of the m-channel m-photon input fields. More-
over, due to the presence of the pulse shape 1y, in all the
diagonal entries of A (t,r), the inputs can be regarded as
correlated non-Markovian noise inputs.

3.2 The passive case: output intensity

In this subsection, for the passive quantum linear system
(18) driven by an m-photon input state |¥;,) defined in
Eq. (42), we derive a formula for the output intensity
Tiout (t) defined in Eq. (10).

Recall that in the passive case the matrix C; = 0. Sub-
stitution of L(t) = C_a(t) into Eq. (9) yields

dA ot (t) = S dAin () ST + S7dBY (t)a™ (t)CT (48)
+C%a? (t)dBE (t)ST + C*a¥ (t)a” (t)CL dt.

Inspired by the second term on the right-hand side of
Eq. (48), we define an n-by-m matrix function f(¢) as

f(0) & (@bl (Ba” OloWm)T. (49)
Moreover, define an n X n matrix function 3(t) to be
2(t) £ (@Winla(t)a’ ()W), t=>to.  (50)
Clearly, ¥(t) = 3(t)T.

The following theorem is the main result of this subsec-
tion, which gives an explicit procedure for computing
the output intensity 7ioug ().

Theorem 1 For the passive quantum linear system (18)
initialized in the vacuum state |¢) and driven by the m-
channel m-photon input state |Vi,) defined in Eq. (42),
the matriz function f(t) defined in Eq. (49) has the fol-
lowing form

t
ft)=— / At S At dr,  (51)

to

where the matriz function A(t,r) is given in Eq. (45).
The output intensity fiout (t) is given by

Tiout (t) = STA (t,8) ST + 5% f(1)TCT + C* f(t)# ST
—c*oT y ctn@)T o, (52)

in which the covariance function 3(t) solves the following
matrix equation

() = AL +2m)AT+ct o —ct s f)—f)stc
(53)
with the initial condition X(tg) = I,,.

Proof. We prove this theorem in three steps.

Step 1. We establish Eq. (51). Firstly, it can be readily
shown that

C1(1))
bin(t)|\I}in> = ) (54)
|G ()

where the following notation

1G(£) (55)

E/ / dTl"'de_lde+1'~'dTm

m
win(715-~-a7—j—l7ta7—j+la-~-a7—’m) H b;‘n7k(7’k)|0®m>
k=1,k#j

has been used, (j = 1,...,m). As a result,

(Win DI (D)DF (1) Win) = (Tin|bJ5 (£) b1 (1) Vi)
(G®)c(r)
= :A(t7'r)7 (56)

{Cm (8)Cm (1))

where Eq. (45) has been used in the last step. Moreover,

(Win[bfy 1 (H)a” (1) Win)
(Wi b, (t)a” ()| $Win) = :
(@Win[bfy 1 (H)a” (£)|Win)
(@G (B)]a” (t)|Win)
= : : (57)
(@Cm (t)]a” (£)|Win)

Substituting Eq. (57) into Eq. (49) yields

70 = [(6GOIe@®I6Tn) -+ (6n@la(®]oTin) ]
58
Secondly, solving Eq. (18) we get (%)

t
a(t) = e**a — / A=t S b (r)dr, ¢ >t

to
(59)
Partition the n-by-m matrix function eMCT S into m
columns, specifically,

AMCTS =[ei(t) - em(t)]: (60)



By Egs. (59), (60), (54), and (56), we may derive

[ (G ]a(®)|6Win) - (DG (0)]a(t)] W)
=— /t AT SN (¢, r) dr. (61)

to
Substituting Eq. (61) into Eq. (58) gives Eq. (51).

Step 2. We establish Eq. (53). By It6 calculus and Eq.
(49), we have

dS(t) = AS(t)dt + 2(t)Afdt + CT C_at
—cts_fwtdat— fe)st o . (62)

In Eq. (62), the commutation relations [a;(t), dBin x(t)] =
[a5(2), dBin 1 (t)] = [a; (1), dBf, 1 ()] = [aj (), dBy, 1. (t)] =
0(j=1...,n,k=1,...,m) have been used to get the
4th step, and Eq. (58) has been used to get the 6th step
(which is the last step). Dividing both sides of Eq. (62)
by dt yields Eq. (53).

Step 3. We establish Eq. (52). By the canonical commu-
tation relation [aj, aj] = ;i (j,k=1,...,n ), we have

S(t) = (¢Winlalt)al (£)[¢Win)
= I+ (pWin|a® (H)a” ()| ¢ Win) " (63)

This, together with Egs. (48) and (58), yields

<¢\I’in‘dAout (t)|¢\11in>
— ST (Wi |dA (1) U3) ST + ST F(1)TCTdt
+C* ft)y#STdt — c*CTdt + C* ()T CTdt.  (64)

By Eq. (56),
<¢\I/in|dAin(t) |¢\I’in> =A (ta t) dt. (65)

Substituting Eq. (65) into Eq. (64) and dividing both
sides of the resulting equation by dt yield Eq. (52). B

3.3 The passive case: state transfer

In this subsection, we derive an analytical form of the
output field state of the passive quantum linear system
(18) driven by the m-photon input state |¥;,) defined in
Eq. (42).

The following is the main result of this subsection.

Theorem 2 If the asymptotically stable passive quan-
tum linear system (18) is initialized in the vacuum state
and is driven by the m-channel m-photon input state

|Uin) defined in Eq. (42), then the steady-state output
field state is an m-channel m-photon state of the form

|\I]out> = wout @M bﬁ|0®m>7 (66)

where the operation ®™ has been defined in Eq. (23), and
the output pulse Yoyt s given by the m-fold convolution

oo oo
7/’out,j1...jm(7"17--~,7’m):/ / dty---
— 00 — 00

At g2 (11 —t1) - g5 (P — to)Vin(t1s - )
(67)

(G1s- -y Jm = 1,...,m) with the impulse response func-
tion gg- (t) given in Eq. (19). If we update the m-variable
function ¥y, in Eq. (42) to a tensor zZJiTn with entries

¢In,j1...jm (Tlv s 7rm)

A { win(rla S

0, otherwise,

7rm)7 lfjl = lan :27~~'ajm:ma

(68)

as has been done in Eq. (24), then the output pulse Yot
can be written in a compact form

Yout = 1/); ®ln gG-> (69)
where the operation ®Y* has been defined in Eq. (31).

Proof. To prove this result, we use both the Schrodinger
picture and Heisenberg picture. We first work in the
Heisenberg picture. By Eqgs. (18), (59), and (19),

t
bout () = CeAlt—to)g 4 / gg-(t — r)bin(r)dr, t > to,

to

whose adjoint operator b, () satisfies

t
bﬁlt(t) = C#eA#(t_tO)a#—l—/ go- (t—r)#bﬁ(r)dr, t > to.
to
(70)
On the other hand, notice that in the Heisenberg picture,
Eq. (5) gives

p#

out

(t) = U(t, to) b7 ()U (t, 1), t>to (71)

(component-wise for the components of bﬁ(t)) Egs.
(70)-(71) yield

b (1) = C#eA" 0T (£, 0)a® U (t, )"

+/tgG_(t—r)#U(r,to)bfl(r)U(r,to)*dr. (72)

to



Since the system is asymptotically stable, sending ty —
—00, Eq. (72) becomes

bfl(t) = / ga-(t — r)#U(r, —oo)bfl(r)U(r, —o0)*dr

:/Oo o (t = PYFU (r, —00) b (1)U (r, —o0)*dr. (73)

— 00

This, together with Eq. (20), yields

U (t, —00)b (U (t, —00)* = / " o (r — T (r)dr.

— 00
(74)
Next, we switch to the Schrodinger picture. In the
Schrédinger picture, the joint system-field state at time
t > tois U(t, to)|¢Tin). Thus, the steady-state output
field state can be obtained by tracing out the system.
That is,

[Wout) = (4| toq—lig,lta U(t,to)|pWin). (75)
We have
|\I/out>
=, dim (6] 0)|ow)
t0*> lgglt—)oo/ / dtl m 1Z)in(tlv cee 7tm)
<¢| U(t tO in, 1 b:ﬁn m( )|¢0®m>

to*> lggltﬁoo/ / dtl dtnL d)ln(tlv e 7 )
<¢|U(t17to)bf‘n1( 1)U (t1, )"

U (tms t0) i, (tm)U (tm t0) U (tim, £0) |90™)
/ / dty - dty Yin(ty, .. tm)
¢|/ 7“1 — tl)b;kn,jl (Tl)d’l“l
Ji=1
TS e i (0™
]m_l
(76)
=Y Y [P b ) b ) [T
Jji=1 Jm=1
gjgl (7'1 —t1)- gG "(rm = tm) i (- atm)|0®m>
= ) [T bt o)
J1seeim=1
/l/}Out,jl...jm (T17 e 7Tm) |O®m> (77)
=tout @ b5, [0°7),
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which is exactly Eq. (66). Notice that the following fact,

U(ta tO)‘¢0®m> = ‘¢0®m>’

t>to (78)
upon a global phase, has been used in the above deriva-
tion. In fact, Eq. (78) holds for general (not necessarily
linear) passive systems, see, e.g., [30, Lemma 3]. Eq. (74)
has been used to derive Eq. (76). Finally, it is clear from
the second and third last steps that

wOut,jl Jm (Tlv ceey Tm)

/dt gjll(rl7t1)"'gém,m(7"m7tm)win(t1,... t

9 m)?

which is exactly Eq. (67). B

Remark 3 In quantum mechanics, the Schrddinger
picture describes how quantum states evolve; on the
other hand, the Heisenberg picture describes how oper-
ators evolve. Eq. (66) tells us how the input state |Uiy)
evolves and becomes the output state | Vot ). That is, it is
in the Schrodinger picture. In the Schrodinger picture,
operators do not evolve. This is the reason why the input

operator b?ﬁ appears in Eq. (66).
Remark 4 When the input pulse is of a product form

win(tlv"wtm) :fl(tl)fm(tm)a (79)

the input state |V, ) in Eq. (42) becomes a separable state

H (I9I[USE (80)
where the notation
;knk / § 1nk kzla"'am (81)

has been used. In this case, by Eq. (67) we have

SRV

m. Define

P (e —te)Ex (tr) dty,

(82)

wouhjl--dm (7‘1, s T

forgi,....im=1,...,

gout,jk("ﬂ) £ / gékf (7" - t)fk(t)dta ja k= ]-a s, m

(83)
Then, by Theorem 2 and Eq. (82),

out H Z Bm J gout jk |O®m>

k=1 j=1

(84)



Fig. 2. Schematic representation of a beamsplitter

Interestingly, |Yout) in Eq. (84) can also be derived by
means of [}/, Theorem 5]. Therefore, Theorem 2 gener-
alizes one of the main results in [//].

Example 1 (beamsplitter.) A beamsplitteris a static de-
vice widely used in optical laboratories, [22], [2], [27], see
Fig. 2. In the (S_, L, H) formalism, a beamsplitter may
be modeled by L =0, H =0, and

S_ = , RTEC, |[R?P+|T?=1. (85)

TR

Let the 2-channel 2-photon input state be

Uin) :/ / dtidts Pin(t1, t2)bi, 1 (1), 2(£2)|0102).

(86)
By Theorem 2, the steady-state output field state is
‘\I’out>
= BT [ drdra b,y ()b (r2) (0 120 00) 9[02)

R [ dradrs by (r)b o (r)in(ra, ) 01) 9[02)
+T2/dr1dr2 b 1(r1)b, 2 (72)Yin(r2,71)[01) @ [02)

+[01) ® RT/drldrz b 2(11)b5 2 (12)Yin (11, 72)|02),

which is exactly [25, Eq. (6.8.7)].

Example 2 (optical cavity.) An optical cavity is a sys-
tem composed of reflecting and/or transmitting mirrors
[2, Chapter 5.3], [30, Chapter 7], [13], [27]. A widely used
type of optical cavities is the so-called Fabry-Perot cavity.
In the (S—, L, H) formalism, a single-mode Fabry-Perot
cavity with two input channels, as shown in Fig. 3, can
be modeled with parameters

(S =1, L= l\/\/ia] , H :wda*a> . (87)

—_ > l——————
- >
bout,2 boul,l

Fig. 3. Schematic representation of a single-mode Fab-
ry-Perot cavity with two inputs

Here, k1 and ko are coupling strengths between the cavity
and the external fields, and wq is the detuning frequency
between the resonant frequency of the cavity and the ex-
ternal fields. (Here we assume that the two input light
fields have the same carrier frequency.) By Eq. (18) we
have the following QSDEs

a(t) = (2 4 i a()

_\/7b1n 1( ) \/7bin,2(t)a

\/7a( ) + bin, 1(t),

\/76‘( )+b1n2( )- (88)

Let the input state be that given in Eq. (86). In what
follows, we calculate the steady-state output field state.
Define the following two-variable functions

out 1 (t)
out Z(t)

s
. K1+kK
Dy (r,t2) é/ dty ¢ (iwat =572

— 00

Dy (tq,7) é/ dts e‘(i“’d+ﬁ'1gm2)(’"_”)%n(tl’t? y
_ 90)
and
) / / dtydts
lwd+h1+ 2)(r+7 t1— t2)1/} (t1;t2)' (91)

By Theorem 2, the steady-state output field state is

‘\Ilout>
a%@/(/dWm%NMh%)
[k1®(r1,72) — Po(r1,72)]]01) ® |02)

/ / drydry b, 1 (71)biy, 5(72)

Wm(ﬁ, 7”2) - 51(1’1(7“1,7“2) - 52‘1’2(7”177”2)
+r1k2(P(r1,72) + P(r2,71))] [01) ® [02)

HOu) ® iR / / drydr Uy 5 (1) 5 (r2)

[Iig@(’/‘l,’/’z) - @1(7"1,1"2)] ‘02> (92)

In what follows we discuss two cases.



Case 1) In the limit k1 — 0, the state in Eq. (92) becomes

Uoue) / / dridry b}, 1 (r1)bi, 2(72)

[Yin(11,72) — K2 ®Po(r1,72)]|01) ® [02).  (93)

If the input field state is an entangled state, the output
field state in Eq. (93) is also an entangled state. There-
fore, even though the system does not affect the first chan-
nel directly because of k1 = 0, it does influence the first
channel via its influence on the second channel.

Case 2) The input state is a product state. Assume

Yin(t1,t2) = &1(t1)E(t2), (94)

that is, the input is a tensor product state of two single-
photon states, one for each channel. In this case, there
exists no entanglement between the two input channels.
For this product state, Eqs. (89)-(91) reduce to

®1(r1,72) = &a(r2)m(r1), (95)

Do (r1,72) = &1(r1)ma(r), (96)

" ®(r1,72) = m(r1)ma(ra), (97)
where

ni(t) = /_; o~ (wat S552) (=g (yar = 1,2, (98)

As a result, Eq. (92) becomes

[Wout) = (Bfy1 (61 — mam) —

(Bin2 (§2 — Kam2) —

VE1ReBi, 5 (12)) (99)
VE1R2BY, 1 (1)) 0102).

The state in Eq. (99) is an entangled state. Therefore,
the system entangled the initially separable input state.
Sending k1 — 0 in Eq. (99) yields

[Wout) = Bi, 1 (§1) [01) @ B, 5 (§2 — K2m2) [02), (100)

which is a product state. That is, if the coupling between
the system and the first channel is extremely weak, then
the output fields are almost in a product state. This is
reasonable: when the coupling strength k1 = 0, the first
channel has no interaction with the system, so the state
of the first channel does not change if it is not initially
entangled with the second channel. On the other hand, the
pulse shape of the second channel has been transformed
by the system from & to &5 — Kom.
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3.4 The passive case: the invariant set

Define a class of m-channel m-photon states of the form
Fi 2 {|0) = ¢ @™ b7|0®™) |tensor ¢ normalizes |¥)}.
(101)

By means of Eq. (68), it is clear that the m-channel m-
photon input field state defined in Eq. (42) can be re-
written as [U;,) = o] @™ b#]09™). Therefore, |U;,) €
F1. On the other hand, by Theorem 2, the steady-state
output field state |1)out) € F1 too. This motivates us
to study more general pulse shape transfer than that in
Theorem 2.

The following is the main result of this subsection.

Theorem 3 Let the input state for the asymptotically
stable passive quantum linear system (18) (initialized in
the vacuum state) be an element |Vi,) € Fy with pulse
shape parametrized by an m-way m-dimensional tensor
function ¥y,. Then, the steady-state output field state

Wour ©" H;10°™) (102)

| 0ut>

is also an element in F1, where the pulse shape is given by

Yout = Vin " gg-- (103)
Alternatively, in the frequency domain,
Yout = Yin B g (104)
Moreover, we have
[Yous (iwt, . . s iwm)[|* = ¢ (iwr, - - - iwm)||* (105)
forallwy, ... ,w, € R.

Due to page limitation, the proof of Theorem 3 is omit-
ted.

3.5 The non-passive case

A quantum linear system is said to be non-passive if
C+ # 0and/or Q4 # 0in Eq. (7). Non-passive elements,
such as optical parametric oscillators (OPOs), are key
ingredients of quantum optical systems, [22], [2], [27]. In
this subsection, we study the output field state of a non-
passive quantum linear system driven by the m-channel
m-photon input field state |¥;,) defined in Eq. (42).

Firstly, we introduce some notation. Define operators

bi(t) & (106)



Then, defineanm X -+ X m X 2 X -+ X 2 tensor opera-

m m

tor b = b?:]d;” (t1,...,tm), whose entries are
dieedm A d dm
OG0 (b, ey b ) 2 05 (E1) -+ - b5 (Em) (107)
for j1,...,jm=1,...,m, d1,...,dn = £1. Denote

kj
j 9a- ta d:_la .
g]gd(t)é{ C;;j()* , Lk=1,...,m.
*gg+(t)7 d:]-a
(108)

Then, define an m X --- X m x 2 X --- X 2 tensor func-

m m
tion v with entries

oo
w?fﬁ.'.'ff,? (r1yeeesrm) £ / dty -+ - dtp, gjcldll (r1 —t1)
—00

gl (v — b )Win (1 ) (109)
(J1y-+sim = 1,...,m, dy,...,dy, = £1). Finally, de-
fine the following operation between tensors b and 1

Zm: Z /drl---drm

Jiseim=ld,... . dm==%1

w?f.'.'v’]d;" (riy... ,rm)b?l1 (ry)--- b;-l:: (m)-
(110)

(b,) £

The following result shows how a non-passive quan-
tum linear system processes m-channel m-photon input
states.

Theorem 4 Let G be an asymptotically stable non-
passive quantum linear system which s initialized in
the vacuum state |¢) and is driven by the m-channel
m-photon input state |Vi,) defined in Eq. (42). The
steady-state output field state is

Pout = (b,1) (9] poc|®) (b,1)" (111)

where (b, 1)) is given in Eq. (110), and

A : ®m Rm *
L tﬁ_lég,lmoo UL, t0)|¢0%°™) (¢0%™ | U (t, to)
(112)
is a zero-mean Gaussian state for the joint system whose
power spectral density matriz is given by Eq. (21) in

Lemma 1.

Poo

Due to page limitation, the proof of Theorem 4 is omit-
ted.
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4 N (N > m) photons superposed over m chan-
nels

In this section, we study how a passive quantum linear
system processes N photons that are superposed over m
input channels, thus generalizing the results in Section
3.

4.1 State transfer

Let the input field be in a state where N photons are
superposed over m input channels. Specifically, the input
state considered in this subsection is defined to be

- .
|\I/in)é/dt Vin(tls ooty 1) in,l(t%)

T ;kn,l(tllcl) T bi*mm (tT) e bi*n,m (thn) |O®m>
(113)

In Eq. (113), the positive integers k; satisfy > .- k; =
N. It is also implicitly assumed in Eq. (113) that the
N-variable function v, normalizes the state |¥yy,).

Remark 5 For theith input channel (i = 1,...,m), the
creation operator by, . appears k; times in Eq. (113), thus

in,i

there are k; photons in the ith input channel.

With the notation introduced in Eq. (26), Eq. (113) can
be re-written as
Win) = Vi R, DaI0Z™). (114)

Moreover, inspired by Eq. (28), update the N-variable

function ¢ (t1,..., ¢, .-, t" ...t} ) to an N-way
m-dimensional tensor ¥ (¢!, ... TP LN ]
whose non-zero elements are defined as
T 1 1 m m

win,ii...ii]...i{”...i;"m (s by B EE)
A 1 1 m m
S ity byt ), (115)

1 1 m—1
where iy = 1,--- i ky, - i = Zlkzj—l—
‘7:

1,---,d' = N.Then, Eq. (114) can be re-written as

W) = ol OF . DE[0P™), (116)

where the operation @kNl ko has been introduced in Eq.
(27).

The following result gives an explicit form of the steady-
state output field state.

Theorem 5 If the asymptotically stable passive quan-
tum linear system (18) is initialized in the vacuum state



and is driven by the m-channel N-photon input state
|Uin) defined in Eq. (113), then the steady-state output
field state is

|\Ijout> wout le ko m‘0®m> (117)
with the pulse shape
wout = wlTn @i\fkl...km agGg-- (118)

In Eq. (118), the tensor ¢ has been given in Eq. (115),
and the operation ®}, .~ has been defined in Eq. (33).

Proof. The proof is similar to that of Theorem 2, so is
omitted.

Example 3 Consider a beamsplitter

R -T 9 5
S_ = , RRTeC, |R*+|T)*=1, (119)
T R
and a 3-photon input state of the form
Uin) / / / dtydtadts pin(t1,ta,t3)
1n 1(t1)b1n 2(t2) in, 2(t3)|01> ® |02> (120)

In this case, there are two input channels (m = 2). The
total number of photons is N = 3. In fact, as explained in
Remark 5 above, there is one photon in the first channel
(k1 = 1) and two photons in the second channel (ke =
2). According to Theorem 5, the steady-state output field
state is

|\Pout>

—RT{/dtbmAu>mAmw;A@w%uhm¢@mma

=T [ AT b (0 (12 ) 1, 2, )
+ R*in (L1, 3, t2) — T%Pin(t3, t2,11)]]0102)

= R [ 4T b (08 (02 0 T2 02,1, 1)
+ T2 (t3, ta, t1) — R*tin(t1, t2, t3)]]0102)

(121)

R [ AT 005020058311 12, 2) 0102,

1
ﬁ:
and 3)

In what follows,
2) bin(ti,ta,t3)

we assume 1) R = T =

is  permutation-invariant,
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[thin (t1, t2, t3)]| = % Define states
‘HSO

& o [T b ()b ()b ()i ) 01,
\Hzl
& [ a0
TI12)
/d 05,1 ()b, o (t2)05, o (t3)in (t1, t2,13)]0102),
‘HOL’)

& 2o [T ottt ol13) i, )]0

(122)

1n 1 (tQ)b;kn,Q (t3)1/)in(t17 t27 t3) |0102>a

It is easy to show that all the states in FEq. (122) are nor-
malized. Moreover, |II30) is a 3-photon state for the first
channel, |lps) is a 3-photon state for the second chan-
nel, and |Ila1) and |I12) are states where two channels
share three photons. With these new notations, Eq. (121)
becomes

|Wout) = ? [TI30) ® [02) — g [TI21)
V2 V6

-1 i) +101) ® e os) . (123)

Finally, Zf ’(/)in(tl,tg,tg) = fl(tl)fg(t2)§3(t3), then E'q.
(120) becomes
|\Ijin> = 1n 1(51)‘01> ® Bln Q(EQ)BTI1,2(§3)|O3>'
That is, the input is a product state, with one photon
in channel 1 and two photons in channel 2. Moreover,

if & = & = &3 = &, then the normalization condition
requires that ||€|| = 1/v/2. Bq. (122) reduces to

\mw:%<manmm

Tor) = (BL,.1(£))2101) © By 5(€)105),
mm=EhUM>(;ﬂD%ﬁ

\Ho:s):\[( (€ 0)?[02). (124)

That is, all the states become product states. If we ignore
pulse shapes and only count the number of photons in
each channel, we may identify |I30) with |31), [Tos) with
‘32>, |H21> with |21> X |12>, and |H12> with |11> X |22>
Accordingly, the state in Fq. (123) reduces to

T = 22 132) @102) = L2 21) & |12
—g 1) ® |22) + ? |01) ®[32) .



4.2 The invariant set

In this subsection, we define a class of m-channel N-
photon states and show that this class of states is invari-
ant under the steady-state action of a quantum linear
passive system. The discussions here generalize those in
Subsection 3.4.

Motivated by Egs. (116) and (117), define a class of m-
channel N-photon states:

Fo (125)
= {\\I/> = OF . b7|0%™) [tensor ¢ normalizes |\IJ>}

The following result shows that the set F5 is invariant
under the steady-state action of a passive quantum linear
system.

Theorem 6 The steady-state output field state of the
asymptotically stable passive quantum linear system (18),
initialized in the vacuum state |¢) and driven by an m-
channel N -photon input state |Vs,) € Fo with pulse in-
formation encoded by an N-way m-dimensional tensor
functioniy, is another element | Vo) € Fa, whose pulse
information is encoded by an N -way m-dimensional ten-
sor function Yoyt given by

Yout (126)

N
= win @t,klwkm 9gGg--

This result can be established in a similar way as Theo-
rem 3. So the proof is omitted.

5 An arbitrary number of photons superposed
over m input channels

In all the previous discussions, we have implicitly as-
sumed that the total number of photons is no less than
the number of input channels. In this section, we remove
this constraint. More specifically, we study a class of m-
channel N-photon states where N can be an arbitrary
positive integer.

5.1 A class of m-channel N -photon input states

In this subsection, we present a class of m-channel N-
photon input states. Two illustrative examples are also
given.

Let a normalized m-channel N-photon input state be

N m )
STI3 [ dt v @bis0l0°, - (127)
j=1k=1" =%
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where N is an arbitrary positive integer. The input
state |¥;,) is parametrized by the pulse shapes i, jx (t)
(j=1,...,Nand k = 1,...m). Clearly, different com-
binations of i, jx(t) give rise to different m-channel
N-photon states. By the notation in Eq. (81), the
m-channel N-photon input state in Eq. (127) can be
re-written as

(128)

N m
H Z in,k wm,ﬂc ‘0®m>
Jj=1k=1

Remark 6 A class of photon-Gaussian states has been
defined in [}/, Eq. (95)]. If the density matriz pr there
used is of the form pr = |p0®™) ($0®™|, and more-
over, 5;% = 0, then the resulting states are m-channel
m-photon states. Actually, they form a special subclass
of the m-channel N-photon states defined in Eq. (128)
(with N =m).

Remark 7 Although the positive integer N in Eq. (127)
is allowed to be arbitrary, the multi-photon input states
defined in Eq. (127) may not be able to include those
multi-photon states studied in Sections 3 and 4 as sub-
classes. This can be easily seen by comparing the forms
of multi-photon states in Eqs. (42), (113), and (127).

Remark 8 Fq. (128) provides flexibility for specifying
multi-channel multi-photon states.

(i) if for some jo (1 < jo < N) and ko (1 < kg < m),
Vinjoke = 0, then the term B, ;. (Yin jok,) does not
appear on the right-hand side of Eq. (128).

(ii) As a special case of item (i) above, if for some jo
(1< jo<N), tinjor =0 forallk =1,...m, then
Eq. (128) reduces to

N
1n = H

m
Z mk d)ln ]k |0®m>
=1,7#j0 k=

In this case, there are N — 1 photons among m chan-
nels. Thus, the term “N-photon” is a bit confusing.
Nevertheless, the exact number of photons can be de-
termined easily from the context.

We illustrate Remark 8 with the following two Examples.

Example 4 When N =1 andm =2, by Eq. (128), the
inpul state is

“I’in> = Bi*n,l(7/Jin,11)|01>®|02>Jr |01>®Bfn,z(¢in,12)|02>-
(129)

In what follows, we discuss two cases.

Case 1): in11 = 0. In this case, as commented by item

(i) in Remark 8, Eq. (129) becomes

[Win) = [01) © Bj, 5(thin,12)[02)- (130)



In this case, the first channel is in the vacuum state and
the second channel is in a single-photon state.

Case 2): Yin11 = Yin,12 = &. Fq. (129) becomes

[Win) = By, 1(€)01) ®02) +101) @ By, 5(8) [02) - (131)

1

The normalization condition requires that ||£]|] = 7

Moreover, it can be readily shown that

10
01

lim
to——00,t—00

<‘I’in|Ain(t)|‘Pin>;[ ] (132)

That is, the photon is not localized in either of the two
channels; instead, it is shared by two channels. This re-
veals the wave property of photons.

Example 5 Let N = 2 and m = 3. According to Eq.
(128), the input state is

3 3

=3 " BL Win) D Bk (in2)[09%). (133)

k=1 k=1

If Yin,11 = Yin 22 = 0, then, as commented by item (i) in
Remark 8, the input state in Eq. (133) becomes

\‘I’m>
m 1(w1n 21)|01> ® Bm Q(win 12)|02> ® |03>
Bii1(%in,21)[01) ® [02) @ By, 5(¢in,13)[03)
+|01> ® Bm 2(7/)1n 12)|02> ® Bm S(win 2d)|03>

+(01) ® [02) ® B, 3(¥in,13) B, 3(¥in,23)[03).  (134)
That is, two photons are shared by three channels. If
further ¥in 21 = Yin,13 = 0, then, as commented by item

(i) in Remark 8, Eq. (184) reduces to
| > |01> ®]31n 2(1/1111 12)|02> ®]31n 3(¢in,23)|03>'
(135)
In this case, the first channel is in the vacuum state, and
there is exactly one photon in each of the second and third
channels, respectively. Finally, if further 1y 23(t) = 0,
the only existing pulse shape in Eq. (188) is 1in 12, and
therefore, as commented by item (ii) in Remark 8, we end
up with a single photon state. Indeed, Eq. (128) reduces
to |‘Ifin> = |01> ® Bikn72(1/}in,12)|02> ® |03> That is, the
second channel has one photon while both the first and
third channels are in the vacuum state.

5.2 State transfer

In this subsection, we derive an analytic form of the
steady-state output field state of a passive quantum lin-
ear system driven by an m-channel N-photon input state
defined in Eq. (127).
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The following is the main result of this section.

Theorem 7 Let the asymptotically stable passive quan-
tum linear system (18) be initialized in the vacuum state
and driven by the m-channel N-photon input |Ui,) de-

fined in Eq. (127). The steady-state output field state is
another m-channel N -photon state of the form

HZ |t o 8,010, (130
j=11=1"Y"°

where the output pulses are given by

SV

N, l=1,....m

(= Dmgn(r)dr (137)

wout,jl

forg=1,...,

The proof is similar to that for Theorem 2; thus is omit-
ted.

6 Conclusion

In this paper, we have studied the dynamics of quan-
tum linear systems in response to multi-channel multi-
photon states. We have derived the intensity of the out-
put field which can be used to investigate the influence
of quantum linear systems on quantum correlations of
multi-photon light fields. We have also presented the
explicit formula of the steady-state output field states
when a quantum linear system is driven by three classes
of multi-channel multi-photon input states. The results
presented here are very general and hold promising ap-
plications in photon-based quantum coherent feedback
networks. One of the future research directions is to
study controller synthesis problem on the basis of the
system analysis carried out in this paper, for example,
via the Lyapunov method [20].
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