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Abstract—1t is natural to envisage that in a telephone network,
some telephone numbers originate or receive more calls than
others. Indeed, real-life data have verified the conjecture that
the number of calls originated from or received by a telephone
number in a network has a power-law property. Further, the
number of calls made or received by the same telephone number
can be very different. In this paper, we construct a self-growing
complex network for modeling the aforementioned telephone
call network. The complex network obtained is a directed and
weighted network. Moreover, the nodes (telephone numbers) of
the network exhibit power-law properties in the following aspects:
total-degree, out-degree, in-degree, total-strength, out-strength
and in-strength.

I. INTRODUCTION

In the past decade, a large number of networks, such as
the Internet [1], [2], the social networks [3], [4] and the
transportation networks [5], [6], were found to exhibit scale-
free property. Early studies of such networks focused on the
un-weighted scenario, in which all edges had a weight of
0 or 1, regardless of the interaction frequency between two
connected nodes. In many occasions, the un-weighted network
was not sufficient in characterizing the actual network.

Later, researchers shifted their attention to a more real-
istic model—the weighted network. Two typical weighted
networks, namely the world-wide airport network (WAN) and
the scientist collaboration network (SCN), had been widely
studied [7], [8], [9], [10]. Based on the statistical data of 128
airports in China, it was found that over a week, the number of
flight seats between two airports were almost the same in both
directions [5]. Thus, the WAN could be modeled as a complex
network in which a node denoted an airport and the weight of
an edge represented the number of seats provided by the flights
between the two airports. As for the SCN model, each node
stood for a scientist and the weight of an edge represented
the number of coauthored papers between two scientists. Note
that in the modeling of both WAN and SCN, it is sufficient
to connect the nodes with edges that have weights but no
direction, i.e., undirected.

In the case of a telephone call network (TCN) model,
each edge should be characterized by two parameters, namely
weight and direction, which specify the frequency of calls
and the telephone number initiating such calls, respectively.
Real-life data have also shown that the number of calls
originated from or received by a telephone number in a
network has a power-law property [11]. In other words, a
few telephone numbers make or receive lots of calls while
a vast majority of telephone numbers make or receive very
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few calls. Further, the number of calls made or received by
the same telephone number can be very different. In order
to perform an accurate investigation into the call dynamics
of the telephone network, it is necessary to produce a more
precise model for the call behavior of the telephone numbers.
This is particularly useful in predicting the dynamics of the
telephone calls during incidents like earthquakes or typhoons,
when there is a sudden surge in the number of telephone calls.
In this paper, we construct a self-growing complex network
for modeling the TCN reported in [11]. The complex network
obtained is a directed and weighted network. Moreover, the
nodes (telephone numbers) of the network have power-law
properties in the following aspects: total-degree, out-degree,
in-degree, total-strength, out-strength and in-strength.

Before we proceed, we define the variables used in this
paper. We denote the weight of an edge (the number of calls
per unit time) directed from node ¢ to node j by w;;. (Note that
w;; and wj; are not equal in general.) Also, the out-strength,
in-strength and total-strength of node ¢ are defined as 5; =
Zj wij, 8§ = Zj wj; and s; = §; + §;, respectively. Further,
the out-degree k; and in-degree k; of node i are defined as
the number of outgoing edges and incoming edges of node <.
Finally, the total-degree k of node i is simply the total number
of neighboring nodes connected to node 7. But note that it does
not equal to the sum of out-degree and in-degree in general.

II. MODEL CONSTRUCTION

In this section, we propose a network construction model
to generate a directed, weighted complex network with similar
characteristics as a telephone call network. The nodes of the
network represent the telephone numbers while the weights of
each edge correspond to the frequencies that calls are made
from one telephone number to another.

A. Initialization

We start with a directed network with Ny fully-connected
nodes (telephone numbers), i.e., all Ny nodes are inter-
connected by a pair of inverse edges (directed edges of
opposite directions). Moreover, the weight of each directed
edge is wo (number of calls per unit time), i.e., w;; = wj; =
wq for all 7 and j. One example with Ny = 3 is shown in
Fig. 1.

B. Creation of New Nodes

At each time step, a new node, with node number i, is
created. It is then connected to m existing nodes by purely
outgoing, purely incoming or both outgoing and incoming
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Fig. 1. A directed and fully-connected network with 3 nodes.

edges. We apply a preferential treatment to attach the new
node to existing nodes, i.e., the probability that the new node
i is attached to an existing node j is given by

I, = M

Sj
Zu Su .
This rule describes the scenario that an existing node (tele-
phone number) which has a larger strength (total number of
calls) is more likely to be attached to (make contact with) the
new node .

Suppose an existing node j is selected. If node j has only
outgoing edges (incoming edges), then a directed edge is
added from node j to node ¢ (node ¢ to node j), and the
weight of the new edge is assigned with unity, i.e., wj; = 1
(w;; = 1). These cases may correspond to telephone booths
and emergency telephone numbers for which only outgoing
calls and incoming calls, respectively, are allowed.

For the case when node j contains both outgoing and
incoming edges, we have two different scenarios.

« With a probability of p, a pair of inverse edges are added
between nodes ¢ and j. The weights of the edges are
assigned with unity, i.e., w;; = w;; = 1. This rule is
established to describe the situation when the two nodes
¢ and j are acquaintances (relatives, friends or colleagues)
of each other. Also, they have equal probabilities of
calling each other.

o With a probability of 1 — p, one directed edge is added
between nodes ¢ and j. Here, we make a general as-
sumption that the probability of the edge in a particular
direction (incoming or outgoing) is proportional to the
strength (in-strength or out-strength) of the existing node
along the same direction. That is to say, the probability
that the edge goes from ¢ to j is given by 3,/s;, and
the probability that the edge directs from j to ¢ equals
5;/s;. In both cases, the weight of the new edge is equal
to one. Also, under such an arrangement, a new node
(telephone number) may evolve into having only outgoing
or incoming edges, corresponding to a new telephone
booth or emergency number.

C. Update of Edge Weights and Creation of New Edges
Among Existing Nodes

During each time step, we also update the weights of the
edges and create new edges among the existing nodes.

1) We assume that if a telephone number makes/receives

calls frequently, the probability that this telephone num-

ber will make/receive more calls is high. That is to

say, a busy telephone number will become busier as the
network evolves. Therefore at each time step, we select
n pairs of nodes based on their individual in-strength
and out-strength.

For each of the n cases, according to the out-strengths
of the existing nodes, a node v (caller) is first chosen
with a probability of

5y
Zu ‘§“ .

Then, based on the in-strengths of the remaining nodes,
another node j (callee) is selected with a probability of

1L, =

@)

Sj

Zu,u;ﬁv Su
If there exists a directed edge from node v to node j,
the weight of the edge will be incremented by one, i.e.,
Wy = W,; + 1. Otherwise, a new edge with weight 1
will be added from node v to node j, i.e., w,; = 1.

2) We also assume that all existing communication edges
will be enhanced with time. Therefore, if there is a
directed edge between two nodes, the weight of this edge
should increase with time. Also, a edge with a larger
weight will have a higher chance of being strengthened.
At each time step, we pick [ directed edges and increase
their weights by one. The probability of the directed
edge from node v to node j being selected is given by

“

I, = 3)

Wy
Zz Zu,u;ﬁz Wzu

Note that when p = 1 and n,! = 0, our model degener-
ates to the BA model [13] and an un-directed, un-weighted
complex-network model will be created, i.e., w;; = wj; = 1
and /Aﬂl = kl

H'U—>j -

III. RESULTS AND DISCUSSIONS

In this section, we present the characteristics of the complex
networks created by our proposed method. Unless otherwise
stated, the results are averaged over 10 independently gener-
ated networks. The parameters used to generate the networks
are given as follows: m = 3, wg = 1, N = 5000 (total number
of nodes in the final network) and Ny = max(m, [1/2 +
1/2v/1+44n]), [1/2+1/2+/1 + 4i]). Note that N, has been
selected in such a way that there is a sufficient number of
distinct nodes and edges to choose from during the first node-
attachment, weight-update and edge-creation process.

First, we present the results for p = 0. For this partic-
ular case, we have also derived analytically the probability
distribution of the strengths of the nodes. Due to the space
limitation, the details are not shown here. But the analysis
has indicated that as the number of time steps increases, the
probability distributions of the in-strength, out-strength and
total-strength of the nodes all approach power-law with the
same exponent. In other words, denoting the exponent by «,
we have P(3) o §%, P(8) x §* and P(s) x s as time goes
to infinity. Moreover, our analysis produces an expression for
«, which is m

=24 —
@ Jrm—}—2n—i—2[

&)
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Fig. 2. Probability distribution of the out-strength § of the nodes when p = 0.
For each set of parameters, the results are averaged over 10 independently
generated networks. The inset shows the analytical values of a for 0 < n,l <
10. (a) I = 0. The solid (n = 1) and the dashed (n = 5) lines are plotted
using (5); (b) n = 0. The analytical results are given by the solid (I = 1)
and the dashed (I = 5) lines.

From the above equation, we observe that when n and [
increase, the exponent decreases. Also, both n and [ affect
the exponent equally. Figure 2(a) and (b) plots the probability
distribution of the out-strength of the nodes for [ = 0 and
n = 0. It can be observed that the distributions obey power-
law and are consistent with the results derived analytically. As
n or [ increases, « reduces and tends to 2.0.

Next we investigate the case when p = 0.6, n = 3 and
l=3.

1) Figure 3 plots the probability distributions of the out-
strength, in-strength and total-strength of the nodes. It
is easily seen that the three distributions obey power-law
with similar exponents.

2) In Fig. 4, we further plot the out-strength, in-strength
and total-strength of the nodes versus out-degree, in-
degree and total-degree, respectively. It can be clearly
seen that the log-log graphs produce straight lines of
similar slopes. We can therefore conclude that s oc kS
[12], § k% and 5 kﬂ’ where the three scaling
exponents, denoted by B , /3’ and (3, are of similar values.

3) Because of the aforementioned results, it is clear that the
probability distributions of the node degrees, as shown in
Fig. 5, are also power-law distributed. It manifests that a
large number of telephone numbers keep in touch with
a few telephone numbers, while only a small number of
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Fig. 3. Probability distribution of the (a) out-strength 3; (b) in-strength 3;

(c) total-strength s of the nodes. p = 0.6, n = 3 and [ = 3. The results are
averaged over 10 independently generated networks.

telephone numbers have contact with lots of telephone
numbers.

Finally, we investigate the weights of the edges of opposite
directions, i.e., w;; and wj;. Figure 6 plots w;; versus w;; for
two particular networks. It can be observed that the values of
w;; and wy; are different in most cases. The results indicate
that for any pair of telephone numbers, the number of calls
may not be symmetrical in the two directions , i.e., one
telephone number may make more calls to than receive calls
from the other telephone number. We also observe that when
p is increased from O to 0.6, the values of w;; and wj; are
closer.

IV. CONCLUSIONS

In this paper, we have proposed a method to construct a
self-growing complex network for modeling the telephone call
network. The complex network obtained is a directed and
weighted network. Further, the nodes (telephone numbers) of
the network have scale-free properties in the following aspects:
total-degree, out-degree, in-degree, total-strength, out-strength
and in-strength. Moreover, the weights of the edges between
two nodes are usually not identical. Such characteristics are
consistent with the observations made on a real telephone call
network (TCN) [11]. Having constructed a model for the TCN,
researchers will be able to predict the call dynamics of the
network more precisely when some un-expected events (such
as earthquake or typhoon) occur, causing a sudden surge in the
number of telephone calls. Measures can then be proposed
to reduce the impact on the telephone network when such
events do happen. For example, call attempts to telephone
numbers with larger total-strengths will be blocked with a
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Fig. 4. Plot of strength versus degree. p = 0.6, n = 3 and [ = 3. The results
are averaged over 10 independent networks for each case. (a) Out-strength 8
versus out-degree k; (b) in-strength 3 versus in-degree k; (c) total-strength s
versus total-degree k.

higher probability because it is very likely that those telephone
numbers are already engaged. Such earlier call blocks will
alleviate the loading of other components of the telephone
network, enhancing the chance of other telephone calls to get
through. The effect of such call blocking mechanisms will be
further investigated in future.
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Fig. 5. Probability distribution of the (a) out-degree lAc; (b) in-degree k; and
(c) total-degree k of the nodes. p = 0.6, n = 3 and | = 3. The results are

averaged over 10 independent networks.
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Fig. 6. Plot of w;; versus w;; for two particular networks. n = 3 and

l=3.(a)p=0; (b)p=0.6.
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