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Abstract—A general noncoherent chaos-shift-keying (CSK)
communication system with adjustable weights is proposed in
this paper. The performance of the system under additive white
Gaussian noise (AWGN) and multipath channel conditions are
evaluated. Analytical expressions of the bit error rates are
derived. The performance of the system is compared with that
of the DCSK system and existing noncoherent CSK systems. The
results show that the general CSK system can achieve the same
performance as that of the DCSK system. A detailed analysis is
presented to show that the DCSK system is the optimal form of
such noncoherent systems.

I. INTRODUCTION

The discovery by Pecora and Caroll [1], [2] that two chaotic
systems can synchronize has triggered some interest in the
development of chaos-based communication systems in the
past decade [3]–[5]. The early few proposed chaos-based
communication schemes were all coherent systems which
were based upon the idealized assumption that two or more
chaotic systems can be synchronized. In digital implementa-
tions, the chaos shift keying (CSK) has been most widely
studied and analyzed [6], [7]. However, as the assumption
of the synchronizability of chaotic systems has been found
unrealistic or invalid under practical channel conditions, re-
search direction has shifted towards noncoherent schemes. The
differential chaos shift keying (DCSK) has been the most
widely studied noncoherent scheme which does not require
the synchronization of chaotic systems [8]. Furthermore, with
frequency modulation (FM), the FM-DCSK scheme attains
constant bit energy and hence represents a practical form of
digital chaos-based communication scheme [9], [10].
In the past few years, research interest in the development

of alternative noncoherent detection schemes for digital chaos-
based communication systems has grown rapidly. Despite
being inferior to coherent schemes in terms of bit-error per-
formance, noncoherent schemes still inherit the advantages of
carrying information using chaotic signals and being simple. A
number of modulation schemes have been proposed, e.g., the
maximum likelihood scheme [11], the tracker-based scheme
[12], [13], the extended Kalman filter (EKF) scheme with
channel equalization [14], the return-map-based scheme [15],
the generalized maximum likelihood scheme for the detection

of frequency modulated differential chaos shift keying (FM-
DCSK) signals [10], optimal [16], [17] and suboptimal [18]
noncoherent detection method for CSK, and so on. In this
paper, we consider a general weighted noncoherent CSK
communication system and evaluate its performance in ad-
ditive white Gaussian noise (AWGN) and multipath channel
environments.

II. GENERAL WEIGHTED CSK SYSTEM

We begin with a formal description of the system to be
studied in this paper. Motivated by the fact that the DCSK
system is a well-studied noncoherent chaos communication
system and weighting is a commonly used technique in
communication system design, we design the general weighted
noncoherent CSK system following the concept of DCSK. Fig.
1 shows the block diagram of the proposed noncoherent CSK
communication system. The chaotic transmitter may simply
employ a one-dimensional chaotic map, such as the logistic
map:

xn+1 = 1 − λx2
n, −1 < xn < 1, (1)

where 0 < λ ≤ 2. When 1.4 ≤ λ ≤ 2, the map is chaotic.
Suppose the spreading factor of the system is 2N . The

chaotic signal x is generated by choosing λ = 2 and an
appropriate initial condition, and then iterating over N steps.
In our proposed scheme, x can be used to generate carriers
y(1) and y(2), which are given by

y
(1)
i =

{
w11xi, i = 1, · · · , N
w21xi−N , i = N + 1, · · · , 2N,

(2)

and

y
(2)
i =

{
w12xi, i = 1, · · · , N
w22xi−N , i = N + 1, · · · , 2N,

(3)

where w11, w21, w12, w22 are non-zero adjustable weights (In
order to obtain low BER, the weights should satisfy: w11w21 >
0, w12w22 < 0, see (10), (12), (15)). When w11 = 1, w21 =
1, w12 = 1, w22 = −1, the proposed system reduces to
the DCSK system in [8], [19]. Considering the lth symbol.
Suppose the transmitted symbol is denoted by b l, which is
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Fig. 1. Block diagram of the noncoherent CSK communication system.

either 1 or 0 which occurs with equal probabilities. During
the lth symbol duration, the transmitted signal is

pl
γ = bly(1)

γ + (1 − bl)y(2)
γ , γ = 1, 2, · · · , 2N. (4)

In the receiver, a correlation-based detection is used, as
shown in Fig. 1. The signal received by the receiver is given
by

ql
γ = h(pl

γ) + vl
γ , l = 1, 2, · · · , M, (5)

where v is AWGN with mean equal to zero and varianceN0/2,
and h(.) is the multipath channel impulse response which can
be represented by

h(pl
γ) =

L∑
j=1

αjp
l
γ−j+1, γ = 1, 2, · · · , 2N, (6)

where α = [α1, α2, · · · , αL] is the normalized path gain
vector, L is the number of paths in the channel [20]. Here,
we consider the case where the path gains are time-invariant.
The decision variable is the output of the correlator, which is
given by

cl =
N∑

β=1

ql
βql

β+N . (7)

Then, the lth decoded symbol is determined according to the
following rule:

b̃l =
{

1, if cl ≥ 0
0, if cl < 0.

(8)

In the next section, we will derive the approximate bit error
rates (BERs) of the proposed noncoherent CSK system over
multipath channels.

III. PERFORMANCE ANALYSIS

In the following analysis, we assume that 0 < L � N .
According to (2) through (7), we obtain

cl =
N∑

β=1

L∑
k=1

{α2
k[(bl)2w11w21 + (1 − bl)2w12w22]

+αkbl(1 − bl)(w11w22 + w12w21)}x2
β−k+1

+
N∑

β=1

L∑
k=1

αk{vl
β [blw21 + (1 − bl)w22]

+vl
β+N [blw11 + (1 − bl)w12]}xβ−k+1

+
N∑

β=1

vl
βvl

β+N

= A + B + C, (9)

where

A =
N∑

β=1

L∑
k=1

{α2
k[(bl)2w11w21 + (1 − bl)2w12w22]

+αkbl(1 − bl)(w11w22 + w12w21)}x2
β−k+1,

B =
N∑

β=1

L∑
k=1

αk{vl
β[blw21 + (1 − bl)w22]

+vl
β+N [blw11 + (1 − bl)w12]}xβ−k+1,

C =
N∑

β=1

vl
βvl

β+N .

Assuming that “1” is transmitted (i.e., bl = 1), for large N ,
the following statistics are easily obtained:

E {A|bl = 1} = w11w21(α2
1 + α2

2 + · · · + α2
L)

·NE {x2
n},

E {B|bl = 1} = E {C|bl = 1} = 0,

var{A|bl = 1} = w2
11w

2
21(α

4
1 + α4

2 + · · · + α4
L)

·Nvar{x2
n},

var{B|bl = 1} = (α2
1 + α2

2 + · · · + α2
L)

·(w2
21 + w2

11)NN0E{x2
n}/2,

var{C|bl = 1} = NN2
0/4,

cov{A, B|bl = 1} = cov{B, C|bl = 1}
= cov{A, C|bl = 1} = 0

where E [·] and var[·] are the expectation and variance opera-
tors, respectively, and cov[X, Y ] denotes the covariance of X
and Y . Then, we have

E {cl|bl = 1} = w11w21(α2
1 + α2

2 + · · · + α2
L)

·NE {x2
n}, (10)
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var{cl|bl = 1} = w2
11w

2
21(α

4
1 + α4

2 + · · · + α4
L)

·Nvar{x2
n}

+ (α2
1 + α2

2 + · · · + α2
L)

·(w2
21 + w2

11)NN0E {x2
n}/2

+ NN2
0 /4. (11)

The case of sending a symbol “0” may be computed in a
likewise fashion, i.e.,

E {cl|bl = 0} = w12w22(α2
1 + α2

2 + · · · + α2
L)

·NE {x2
n}, (12)

var{cl|bl = 0} = w2
12w

2
22(α

4
1 + α4

2 + · · · + α4
L)

·Nvar{x2
n}

+ (α2
1 + α2

2 + · · · + α2
L)

·(w2
22 + w2

12)NN0E {x2
n}/2

+ NN2
0 /4. (13)

For the logistic map, we have

var{x2
n} = 1/8 and E {x2

n} = 1/2. (14)

If y(1) is transmitted, the bit energy is E1 = (w2
11 +

w2
21)NE {x2

n}; else if y(2) is transmitted, the bit energy is
E0 = (w2

12+w2
22)NE {x2

n}. We define S1 = α4
1+α4

2+· · ·+α4
L

and S2 = α2
1 +α2

2 + · · ·+α2
L. According to (10) through (14),

and assuming that cl follows a normal distribution under the
given conditions, the conditional BER may be computed as

BERc =
1
2
Prob(cl < 0|bl = 1)

+
1
2
Prob(cl ≥ 0|bl = 0)

=
1
4

[
erfc

(
E {cl|(bl = 1)}√
2var{cl|(bl = 1)}

)

+erfc
( −E {cl|(bl = 0)}√

2var{cl|(bl = 0)}

)]

=
1
4

{
erfc

([
S1

S2
2N

+
(w2

11 + w2
21)

2N0

w2
11w

2
21S2E1

+
N(w2

11 + w2
21)

2N2
0

2S2
2w2

11w
2
21E

2
1

]−1/2)

+erfc
([

S1

S2
2N

+
(w2

12 + w2
22)

2N0

w2
12w

2
22S2E0

+
N(w2

12 + w2
22)2N2

0

2S2
2w2

12w
2
22E

2
0

]−1/2)}

=
1
4

{
erfc

([
S1

S2
2N

+
W (w2

11 + w2
21)N0

2w2
11w

2
21S2Eb

+
W 2NN2

0

8S2
2w2

11w
2
21E

2
b

]−1/2)

+erfc
([

S1

S2
2N

+
W (w2

12 + w2
22)N0

2w2
12w

2
22S2Eb

+
W 2NN2

0

8S2
2w2

12w
2
22E

2
b

]−1/2)}
, (15)

where W = w2
11 + w2

21 + w2
12 + w2

22, Eb is the average bit
energy and is represented by

Eb = (E1 + E0)/2 = WNE {x2
n}/2. (16)

A. Comparison with DCSK System

In [19], BER for the DCSK system under multipath channel
conditions is given by

BERd =
1
2
erfc

([
S1

S2
2N

+
4N0

S2Eb
+

2NN2
0

S2
2E2

b

]−1/2)
. (17)

when w11 = 1, w21 = 1, w12 = 1, w22 = −1, the noncoherent
CSK system is equal to the DCSK system, so they have
identical multipath performance. For other weights, from (15)
we can further derive that if w2

11 = w2
21 = w2

12 = w2
22 = 1

and w11w21 > 0, w12w22 < 0, the two systems have identical
multipath performance. However, If the weights do not take
these values, performance of the noncoherent CSK system
degrades.

B. Comparison with Existing Noncoherent CSK systems

The AWGN performance of other noncoherent CSK systems
proposed in [11], [13], [15], which do not possess any adaptive
algorithm like those in [21], are all inferior to that of the
DCSK system. Our proposed system can achieve the same
AWGN performance as that of the DCSK system, so it
has better AWGN performance than those noncoherent CSK
systems, such as those in [11], [13], [15].

IV. SIMULATION RESULTS

We consider two different multipath channel models [20]:
(I) α = [1, 0.45, −0.22], (II) α = [1, 0.7, −0.3, 0.5, −0.1].
Numerical calculation and computer simulation of the BERs
of the proposed system are performed for two cases.
Case 1: The weights are w11 = 1, w21 = 1, w12 = 1, w22 =
−1. The calculated and simulated BERs are ploted forN = 50
in Fig. 2.
Case 2: The weights are w11 = 1, w21 = 1, w12 = −1, w22 =
1. The calculated and simulated BERs are ploted for N = 50
in Fig. 3.
Numerical calculation and computer simulation of the BERs

of the DCSK system is also performed. The calculated and
simulated BERs are ploted for N = 50 in Fig. 4. It can be
seen from Fig. 2–Fig. 4 that the simulated results are consistent
with numerical results and the results are almost the same.

V. CONCLUSION

The performance of the proposed noncoherent CSK system
is studied and compared with that of the DCSK system
and existing noncoherent CSK systems. The results show
that the proposed system can achieve the same multipath
performance as that of the DCSK system, and is of better
AWGN performance than some existing noncoherent CSK
systems. This formally proves that the performance of such
noncoherent CSK schemes is bounded under that of the DCSK
system. Possible performance enhancement may be obtained
through the use of adaptive algorithms [21].
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Fig. 2. BER performance of the proposed system (Case 1).
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Fig. 3. BER performance of the proposed system (Case 2).
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