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Thermo-acoustic (TA) transducers are generation of sound speakers without any mechanical vibra-

tion system which exhibit an extremely wide frequency response range. In this paper, acoustic field

responses to broadband input signals applied to both free-standing and nano-thinfilm-substrate

thermo-acoustic devices are developed theoretically by using the Fourier transformation. A series

of signals, including single-frequency signal, square root signal, periodic triangle wave signal, and

periodic rectangular pulse signal, are applied to these TA devices in simulations and the acoustic

pressure responses are investigated. The reproducibility of input signals is predicted. The single fre-

quency results show good agreement with previously published experimental results. Alternative

methods for reproducing the original signals with small distortion and low power consumption are

introduced. The excellent performance of the TA devices on broadband signal responses will pro-

vide a design approach for sound parametric array and underwater communication equipment.
VC 2017 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4979667]
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I. INTRODUCTION

Thermo-acoustic (TA) devices exhibit an entirely differ-

ent acoustic generation mechanism comparing with the con-

ventional mechanically driven audio frequency devices or

ultrasound transducers. There is no mechanical movement of

the devices involved in sound generation, and thus no reso-

nance peaks are produced. As a result, a wide frequency

range of sound can be efficiently generated. When an alter-

nating current signal is applied to a TA device, the surround-

ing medium (gas or fluid) is heated periodically. An

oscillating temperature field for the medium is induced

and it results in expansion and contraction of the medium

that generates acoustic waves (Venkatasubramanian, 2010).

Taking advantage of the TA device, new audio frequency

devices can be devised to bring alternative form factors and

a breakthrough technology in designing high-power sonar

array for underwater communication. With the rapid devel-

opment of nanotechnology, thermo-acoustic sound genera-

tion using nano-thinfilms (NTFs) has attracted much

research interests in recent years, although the concept of

thermo-phone was already introduced almost a century ago

(Arnold and Crandall, 1917). The first efficient TA device

was designed and characterized by Shinoda et al. (Shinoda

et al., 1999). In the device, a 30 nm thick aluminum film was

placed on a micro-porous silicon layer to serve as a major

element for sound generation. Comparing with conventional

mechanically driven sound generation devices, more energy

was necessary to obtain the same sound pressure level by

using aluminum NTFs sound device. It is because most of the

thermal energy generated by the NTFs leaked into the sub-

strate. Nevertheless, the distinct advantage of the TA device

is its wide effective broadband frequency response range that

is unachievable by the mechanically driven devices. This

broadband frequency characteristic has been proved to have

tremendously simplified the design of a sound speaker (Wei

et al., 2013). Based on experiments (Xiao et al., 2008; Xiao

et al., 2011) and theoretical studies (Lim et al., 2013; Tong

et al., 2013), it was demonstrated that for a TA sound source

to be practically efficient, it required a small heat capacity per

unit area (HCPUA). To further improve the performance of a

TA device, the use of carbon nanotube sheets (CNT) (Xiao

et al., 2008) was reported to be capable of emitting powerful

sound pressure waves in air.

Subsequently, other kinds of TA devices were reported,

including devices manufactured by CNT assemblies (Kozlov

et al., 2009), metallic wires array and thin-metallic layer

(Niskanen et al., 2009; Vesterinen et al., 2010; Tian et al.,
2011b; Chitnis et al., 2012; Koshida et al., 2013), graphene

films (Tian et al., 2011a; Suk et al., 2012; Tian et al., 2012;

Tian et al., 2014), suspended CNT-yarn array on a substrate

(Wei et al., 2013), individual suspended CNT (Mason et al.,
2015) and carbonized nano-fiber sheets (Aliev et al., 2016).

The performance of TA devices immersed in various envi-

ronments was also investigated. The thermo-acoustic sound

pressure responses in several fluidic media, such as ethanol,

methanol and water was studied (Aliev et al., 2010) to indi-

cate that the pressure generation efficiency in water was aa)Electronic mail: lhtong@ecjtu.edu.cn
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hundred-fold over that in wetting alcohol due to the hydro-

phobicity of the nanotube sheets in water. Besides, the sound

response characteristics of TA devices in different gaseous

media were also investigated in open space (Xiao et al.,
2011) and in closed systems (Aliev et al., 2013) over a wide

frequency range. It was revealed that the pressure responses

in open and closed systems were completely different. In

addition, the thermal properties of gaseous medium have sig-

nificant influence on sound generation. However, the

unavailability of large-size, free-standing CNT sheets for

practical devices (Aliev et al., 2015) and the low energy con-

version efficient of graphene-based TA devices due to ther-

mal leakage jeopardize the technological development of

thermo-acoustic applications. In order to overcome the struc-

ture weakness of a free-standing CNT film, a well-designed

TA chip with a robust structure by suspending the CNT thin

yarn array on a patterned silicon wafer was proposed (Wei

et al., 2013). To prevent thermal leakage into the substrate,

laser-scribed graphene (LSG) technique was developed. The

presence of air gaps between the graphene layers was benefi-

cial for the emission of thermo-acoustic wave (Tian et al.,
2014). Theoretically, it was also demonstrated that the air

gap that separated the NTF and substrate could enhance

energy conversion (Tong et al., 2015). Some alternative

nanostructures for manufacturing high energy-conversion

efficiency, environmentally and cost-effective TA devices

were also proposed (Aliev et al., 2015).

Although intensive experiment studies on thermo-

acoustics were reported, few works on theoretical investiga-

tions were attempted. For theoretical analysis, a fully coupled

thermal-mechanical equation was solved to analyze the ultra-

sound pressure field generated by an aluminum NTF placed

on a porous silicon substrate (Hu et al., 2010). Xiao et al.
(Xiao et al., 2008) introduced a new key factor HCPUA to

improve the model proposed by Arnold and Crandall (Arnold

and Crandall, 1917) for explaining the experimental observa-

tion. Vesterinen et al. (Vesterinen et al., 2010) investigated

the efficiency of TA devices and the thermal leakage effect

on sound generation. In an attempt to explain the experiment

results (Xiao et al., 2008; Xiao et al., 2011), Lim et al. (Lim

et al., 2013) proposed an accurate analytical solution for free-

standing NTFs, a good agreement to experimental observation

was reported. Subsequently, Tong and his associates (Tong

et al., 2013; Tong et al., 2015) studied two specific TA struc-

tures, i.e., the gas-filled encapsulated TA transducer and gap-

separation TA device. The proposed analytical models were

verified by some published experiment results. More recently,

a cylindrical TA model was also presented (Tong et al., 2016)

to investigate an individual CNT thermo-acoustic response.

With respect to the aforementioned works on TA sound gen-

eration, it is found that all experiment and theoretical works

only focus on single-frequency TA pressure responses. Under

most circumstances, a TA device can undertake multi-

frequency input signals on the premise of low distortion.

However, to the best knowledge of the authors, there have

been no attempts in this respect.

In this paper, new and significant TA sound generation

for broadband input signals is developed. Theoretical solu-

tions are obtained by applying the Fourier transformation

and its inverse. Highly accurate and approximate sound pres-

sure expressions are derived and reported. Some specific

input signal forms, including rectangular pulse signal, trian-

gle signal and square root signal, are employed for investi-

gating the corresponding sound pressure responses. It is

concluded that for a signal with frequency spectrum that

concentrates within a certain frequency range, the acoustic

signal output is able to reproduce the input signal form.

From a practical point of view, new and alternative design

methods for recovering the original signals for TA sound

responses are introduced.

II. ANALYTICAL MODELLING AND SOLUTION
METHODOLOGY

A TA sound wave can be generated by introducing an

alternating current to a TA device. There are two kinds of TA

devices that are frequently used. The first is a free-standing

nano-thinfilm TA device and the second one is a nano-thin-

film-substrate (NTF-substrate). There are no essential differ-

ences in TA sound generation mechanism for these two kinds

of devices. However, the energy conversion efficiency for

these two devices is different. The TA sound waveform gen-

erated by an input broadband frequency signal will be ana-

lyzed with respect to these devices. The problem studied here

is indeed a thermal-mechanical coupled system. For the sake

of clarity and convenience, the thermal and acoustic fields are

presented separately in the subsequent sections.

A. Thermal field

The coupled temperature field equation within the con-

text of linear and non-viscous conditions is (Vesterinen

et al., 2010; Beranek and Mellow, 2012)

r2T � 1

a
@T

@t
¼ � 1

j
@p

@t
; (1)

where T is the varying temperature field, a is the thermal dif-

fusivity of medium, j is the heat conductivity of medium, p
is the acoustic pressure, and t is time. For a free-standing TA

device, the thermal energy transfers to the surrounding gas-

eous medium from both sides of the NTF. In contrast, for a

NTF-substrate TA device, the thermal energy transfers to the

surrounding gaseous medium on one side and to the sub-

strate on the other side. Therefore, the thermal fields gener-

ated by these two kinds of devices are different.

1. Free-standing TA device

The schematic of a free-standing TA device is shown in

Fig. 1. When a signal A0f ðtÞ with an arbitrary wave form

(not limited to a harmonic wave) and the amplitude A0 with

unit ampere is applied to the device, a corresponding thermal

field is generated. As the contribution of acoustic pressure

variation to the temperature field is significantly small, the

term �@tp=j in Eq. (1) can be neglected. Hence, the thermal

field equation in the gaseous medium is further simplified as

r2Tg �
1

ag

@Tg

@t
¼ 0; (2)
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where subscript g stands for variables related to a gaseous

medium.

In the near-field, the temperature wave is a plane wave.

Because the input signal contains a broadband frequency

range, assuming time-dependent “ejxt” to reduce the governing

equation from initially a partial differential equation to an ordi-

nary differential equation is not fully valid. Applying Fourier

transformation to the thermal field Tgðx; tÞ to convert the ther-

mal field from time domain to frequency domain yields

F Tg x; tð Þ½ � ¼
1ffiffiffiffiffiffi
2p
p

ðþ1
�1

Tg x; tð Þe�jxtdt ¼ �Tg x;xð Þ; (3)

then Eq. (2) is transformed to

d2 �Tg

dx2
� jx

ag

�Tg ¼ 0: (4)

The thickness of NTF at typically the order of nano-

meters is considered. For a film that is located at x ¼ 0, obvi-

ously, the thermal field is symmetric for x > 0 and for x < 0.

Thus only the thermal field for x > 0 is considered here.

Because �Tgðx;xÞ is finite when x!1, the solution of Eq.

(4) is obtained as

�Tgðx;xÞ ¼ Cg1ðxÞejkgx ðx > 0Þ; (5)

where kg ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x=ð2agÞ

p
þ j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x=ð2agÞ

p
. To determine

Cg1ðxÞ, the thermal balance equation (Tong et al., 2015;

Tong et al., 2016) is considered and it is expressed as

RA0
2g tð Þ ¼ 2sb0Tf tð Þ þ sQ� þ sQþ þ scs

dTf tð Þ
dt

; (6)

where R, s, Tf ðtÞ, and cs are the electrical resistance, area,

time-dependent temperature and unit area heat capacity of

NTF, respectively, b0 is the rate of heat loss per unit area,

Q6 ¼ 7jg@Tgðx; tÞ=@xjx¼06 are the instantaneous heat

exchange per unit area between NTF and its surrounding

medium in front and back of NTF, and gðtÞ ¼ f 2ðtÞ.
Applying Fourier transformation on Eq. (6), substituting Eq.

(5) into Eq. (6) and assuming �Tf ðxÞ ¼ �Tgð0;xÞ, Cg1ðxÞ is

then determined as

Cg1 xð Þ ¼ �Tf xð Þ ¼ RA0
2G xð Þ

2sb0 � j2skgjg � jsxcs
; (7)

where GðxÞ ¼ F½gðtÞ�. Equations (5) and (7) present the

thermal field in a frequency domain. Applying inverse

Fourier transformation on Eq. (5) yields the solution in a

time domain. Since the ultimate goal is to derive the solution

of the acoustic pressure field, the thermal field solution in a

frequency domain will be further used to determine the

acoustic pressure field. Hence, the thermal field solution in

the time domain is not presented here.

2. NTF-substrate TA device

The schematic of a NTF-substrate TA device is shown

in Fig. 2. In this case, the thermal property of the substrate

has significant influence on the thermal field of the surround-

ing gaseous medium. It is similar to the model and analysis

aforementioned. Contribution of the variation of acoustic

pressure on the thermal field can be neglected, and the ther-

mal field equation reads

r2Ti �
1

ai

@Ti

@t
¼ 0; i ¼ g; sð Þ; (8)

FIG. 1. (Color online) (a) A thermo-

acoustic device fabricated by suspend-

ing a nano-thinfilm in a gaseous

medium and (b) the coordinate

arrangement. The switch block is

responsible for controlling the circuit

on and off. The amplifier block is

employed to amplify the input signal

which is generated by the signal block.

FIG. 2. (Color online) (a) A NTF-

substrate TA device fabricated by

locating a nano-thinfilm directly on a

substrate and (b) the coordinate

arrangement. The functions of switch

block, amplifier block and signal block

is elaborated in the caption to Fig. 1.
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where the subscripts g and s stand for the variables related to

the gaseous medium and the substrate, respectively.

Applying Fourier transformation on Eq. (8) yields

d2 �Ti

dx2
� jx

ai

�Ti ¼ 0: (9)

It is assumed that the substrate thickness is sufficiently large

and the thermal wave in the substrate is attenuated before

arriving at the back. Here the film is also located at x ¼ 0.

The solutions for the gaseous medium and the substrate can

be obtained as

�Tgðx;xÞ ¼ Cg2ðxÞejkgx ðx > 0Þ;
�Tsðx;xÞ ¼ CsðxÞe�jksx ðx < 0Þ;

(10)

where ks ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x=ð2asÞ

p
þ j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x=ð2asÞ

p
and kg is defined

in Eq. (5) above. The boundary conditions at x ¼ 0 is
�Tgð0;xÞ ¼ �Tsð0;xÞ ¼ �Tf ðxÞ. Taking advantage of the ther-

mal balance Eq. (6) and the boundary conditions, and noting

that Qþ ¼ �jg½d �Tg=dx�jx¼0þ and Q� ¼ js½d �Ts=dx�jx¼0� , the

coefficients CsðxÞ and Cg2ðxÞ are determined as

Cg2 xð Þ ¼ Cs xð Þ ¼ �Tf xð Þ;

�Tf xð Þ ¼ RA0
2G xð Þ

2sb0 � jskgjg � jsksjs � jsxcs
:

(11)

The thermal fields in a frequency domain for both gaseous

medium and substrate are given by Eqs. (10) and (11). The

thermal field of gaseous medium is of great interest to us, so

the thermal field of substrate will not be further studied.

Similarly, the thermal field expressed in terms of a frequency

domain will be further used to determine the acoustic field,

thus the time-domain solution is not presented here although

it can be obtained by the inverse Fourier transformation.

B. Acoustic field

The coupled isentropic acoustic wave equation in the

surrounding medium is (Tong et al., 2015)

r2P� 1

C0
2

@2P

@t2
¼ �ag

q0

T0

@ r2Tg

� �
@t

; (12)

where P is the acoustic pressure, q0 is the density of sur-

rounding medium, T0 is the temperature of ambient sur-

rounding medium and C0 is the isentropic speed of sound.

Applying Fourier transformation on Eq. (12) and using Eq.

(5) or Eq. (10) yield

d2 �P x;xð Þ
dx2

þ k2 �P x;xð Þ ¼ x2 q0

T0

Cgi xð Þejkgx i ¼ 1; 2ð Þ;

(13)

where k ¼ x=C0, i ¼ 1 and i ¼ 2 correspond to the acoustic

field generated by the free-standing TA device and the NTF-

substrate TA device, respectively.

Consider an infinite space (i.e., no reflecting wave field),

the homogeneous solution to Eq. (13) is

�Phiðx;xÞ ¼ DiðxÞe�jkxði ¼ 1; 2Þ; (14)

where DiðxÞ is an undetermined coefficient. The particular

solution to Eq. (13) is

�Psi x;xð Þ ¼ x2 q0

T0

1

k2� kg
2

Cgi xð Þejkgx i¼ 1;2ð Þ: (15)

The solution to Eq. (13) can be obtained as

�Piðx;xÞ ¼ �Phiðx;xÞ þ �Psiðx;xÞ ði ¼ 1; 2Þ: (16)

As the NTF can be treated as an infinite impedance plane,

DiðxÞ in Eq. (14) can be determined by using the boundary

condition at x ¼ 0, i.e., ½d �Pðx;xÞ=dx�jx¼0 ¼ 0, as

Di xð Þ ¼ q0

T0

x2

k

kg

k2 � kg
2

Cgi xð Þ: (17)

Consider full attenuation of the particular solution, the

acoustic field can be further simplified as

�Pi x;xð Þ ¼
q0C0

T0

kgx

k2 � kg
2

Cgi xð Þe�jkx i ¼ 1;2ð Þ: (18)

Applying inverse Fourier transformation on Eq. (18), the

acoustic field in a time domain can be obtained as

Pi x; tð Þ ¼
1ffiffiffiffiffiffi
2p
p

ðþ1
�1

�Pi x;xð Þejxtdx i ¼ 1; 2ð Þ: (19)

The integral in Eq. (19) is complex and it is difficult to

obtain an explicit expression for an arbitrary input signal

GðxÞ. In view of this problem, some restrictive conditions

are assumed and explicit analytical acoustic field solutions

can be obtained subject to these conditions.

C. Simplification of acoustic field integration

The acoustic field in Eq. (19) can be easily solved if the

input signal is governed by a single circular frequency x0.

Equivalently, when GðxÞ ¼
ffiffiffiffiffiffi
2p
p

dðx� x0Þ, the acoustic

field can be obtained as

Piðx; tÞ ¼ �Piðx;x0Þejx0t ði ¼ 1; 2Þ: (20)

However, in most circumstances, the input signal possesses

a wide frequency spectrum and the integral in Eq. (19) is

complex. Here, some restrictive conditions on the frequency

are assumed in order to simplify the integration.

(1) For x� C0
2=ag, we have jk2j � jk2j, then

x

k2 � kg
2

� � � �jag: (21)

(2) For ðagb0
2Þ=jg

2 � x� ð4jg
2Þ=ðagcs

2Þ, we have

jj2kgjgj � 2b0 and jj2kgjgj � jjxcsj, then
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kg

2b0 � j2kgjg � jxcs

� � � j

2jgð Þ
: (22)

(3) For ð4aib0
2Þ=ji

2 � x� ðji
2Þ=ðaics

2Þ (i ¼ g; s), we

have jjkijij � 2b0 and jjkijij � jjxcsj, then

kg

2b0 � jksjs � jkgjg � jxcs

� � � j
ffiffiffiffiffi
ag
p

jg
ffiffiffiffi
as
p þ js

ffiffiffiffiffi
ag
p : (23)

Synthesizing the conditions (1) and (2) above, the

acoustic pressure for the free-standing TA device in a fre-

quency domain can be further simplified as

�P1 x;xð Þ ¼ Pin
c� 1

2C0

G xð Þe�jkx

Condition : agb0
2

� �
=jg

2 � x� Minf 4jg
2

� �
=

agcs
2

� �
;C0

2=agg: (24)

Similarly, by making use of the conditions (1) and (3), the

acoustic pressure for the NTF-substrate TA device in a fre-

quency domain can be further simplified as

�P2 x;xð Þ ¼ Pin
c� 1

2C0

RG xð Þe�jkx

Condition : Max 4 aib0
2

� �
=ji

2
� �

� x� Min

� ji
2

� �
= aics

2
� �

;C0
2=ag

n o
; i ¼ g; s; (25)

where R ¼ 2
ffiffiffiffiffi
ag
p

=ðjg
ffiffiffiffi
as
p þ js

ffiffiffiffiffi
ag
p Þ, Pin ¼ RA0

2=s, c the

specific heat ratio of gas. It should be noted that relationsffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cP0=q0

p
¼ C0 and ðc� 1ÞT0=ðcP0Þ ¼ ag=jg are used to

obtain Eqs. (24) and (25).

If air is assumed as the surrounding gaseous medium and a

single-layer CNT sheet is modelled as the NTF [cs ¼ 7:7
�10�3Jm–2K–1, b0 ¼ 23WK–1m–2 (Xiao et al., 2008)], then

by substituting the relevant parameter values of air and NTF

into condition Eq. (24), we have 17:3 rad=s� x� 2

�106rad=s (i.e., 2:75 Hz� f � 0:32 MHz). It is obvious

that the approximate acoustic field expressed in Eq. (24)

stands for a wide frequency range. It is easy to draw a similar

conclusion by numerical analysis for the condition in Eq.

(25). Therefore, if the frequency spectrum of an input signal

mainly concentrates in this frequency range, the acoustic

field in a time domain can be obtained by substituting the

approximate expression in Eq. (24) or Eq. (25) to the integra-

tion in Eq. (19) as

Pi x; tð Þ �
1ffiffiffiffiffiffi
2p
p

ðþ1
�1

Pin
c� 1

2C0

RiG xð Þe�jkxejxtdx

¼ Pin
c� 1

2C0

Ri � g t� x

C0

� �
i ¼ 1; 2ð Þ; (26)

where R1 ¼ 1 for the free-standing TA device and R2 ¼ R
for the NTF-substrate TA device. From Eq. (26), the output

acoustic pressure signal has a similar form to that of the orig-

inal signal gðtÞ. Therefore, signal gðtÞ can be generated by

the TA device with the acoustic wave propagating away

with a small distortion if the frequency spectrum of gðtÞ

concentrates within the frequency range prescribed by the

conditions in Eqs. (24) and (25).

The acoustic fields expressed in Eqs. (19) or (26) are

only suitable for the near field. For a single-frequency

response, the acoustic field on the central axis in the far field

can be easily obtained by multiplying R0=x to Eq. (20) with

R0 ¼ sx0=ð2pC0Þ as

Pi x; tð Þ ¼
R0

x
�Pi x;x0ð Þejx0t i ¼ 1; 2ð Þ: (27)

When the input signal is a broadband signal, the acous-

tic pressure in the far field can be obtained from the near

field solution. This is the scope of further investigation.

III. PRACTICAL CASES OF STUDY

A. Single-frequency signal gðtÞ5 Exp(jx0t)

For the first case, a single-frequency input signal gðtÞ
¼ ejx0t is chosen to verify the analytical model. The NTF is

chosen as a single-layer CNT sheet with a HCPUA cs ¼ 7:7
�10�3Jm–2K–1 and area 3� 3 cm2, as indicated by Xiao

et al. (Xiao et al., 2008). The TA device is located in air at

normal temperature and atmospheric pressure and the ther-

mal properties of air are shown in Table I. The relevant

parameters of air similar to Xiao et al. (Xiao et al., 2008) are

adopted. Exact theoretical predictions and approximate solu-

tions are compared with experiment results (Xiao et al., 2008)

as shown in Fig. 3(a). It is clear that the approximate solution

in Eq. (24) is in good agreement with the exact solution in

Eq. (20). A good consistency between the experiment and

theoretical results also verifies the new analytical model

developed here. It should be emphasized that the theoretical

results presented in Fig. 3 are not directly calculated by using

Eqs. (20) and (24) because the observation point (x ¼ 5 cm)

is beyond the near field range. Therefore, the far field acoustic

pressure expression is used for theoretical prediction.

To verify the analytical model of the NTF-substrate

TA device, the acoustic pressure response for a single-

frequency input signal gðtÞ ¼ ejx0t is investigated. Shinoda

et al. (Shinoda et al., 1999) proposed an experiment for a TA

device by placing a thin aluminum film on a porous silicon

substrate and the thermal properties of porous silicon are

shown in Table I. The experimental observation is compared

with theoretical results predicted by the new analytical model

developed here for both the far and near fields as shown in

Fig. 3(b). Obviously, good agreement is demonstrated

between experiment and theoretical results. The thermal prop-

erties of the substrate by Shinoda et al. (Shinoda et al., 1999)

are adopted and the observation point is located at

x ¼ 3:5 cm. Furthermore, the approximate solution coincides

TABLE I. Thermal properties of air and porous silicon at 300 K.

a
(mm2s�1)

j
(W m�1K�1)

qCP

(J m�3K�1)

Air (Aliev et al., 2013) 21.7 0.0259 1191.1

Porous silicon (Shinoda et al., 1999) 1.43 1 0:7� 106

2434 J. Acoust. Soc. Am. 141 (4), April 2017 Tong et al.



closely with the exact solution and it confirms the validity of

the approximate solution.

B. Square root signal gðtÞ5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
11cos ðx0tÞ

p
The analytical model proposed here has been verified

earlier by comparing with experiment for both the NTF-

substrate and free-standing TA devices. From this section

onwards, we limit the investigation on the free-standing TA

device fabricated by a single-layer CNT sheet. The surround-

ing medium is taken as air. From Eq. (26), the approximate

solution for acoustic pressure can be directly expressed as

P1 x; tð Þ � Pin
c� 1

2C0

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cos x0t� x0x

C0

� �s
: (28)

As gðtÞ is a broadband signal, an explicit analytical

expression for the integral in Eq. (19) is difficult. For this

reason, gðtÞ is transformed into a cosine series as follows

g tð Þ ¼ 2
ffiffiffi
2
p

p
þ
X1
n¼1

�1ð Þn�1
4
ffiffiffi
2
p

4n2 � 1ð Þp
cos nx0tð Þ: (29)

Applying Fourier transformation on Eq. (29) yields

G xð Þ ¼ 4ffiffiffi
p
p d xð Þ þ

X1
n¼1

ffiffiffi
p
2

r
�1ð Þn�1

4
ffiffiffi
2
p

4n2 � 1ð Þp
� d x� nx0ð Þ þ d xþ nx0ð Þ
	 


: (30)

Substituting Eq. (30) into Eq. (19), the integral can be solved

and the acoustic pressure is obtained as

P1 x; tð Þ ¼
2
ffiffiffi
2
p

p
�P1 x; 0ð Þ þ

X1
n¼1

�1ð Þn�1
2
ffiffiffi
2
p

4n2 � 1ð Þp

� �P1 x; nx0ð Þejnx0t þ �P1 x;�nx0ð Þe�jnx0t
h i

:

(31)

It is found that the acoustic pressure is the summation of a set

of infinite series but the series can be verified to be fast con-

vergent. For x0 ¼ 0, it implies �P1ðx; 0Þ ¼ 0 and thus the first

term in P1ðx; tÞ disappears. Equivalently, the direct-current

(DC) component does not contribute to any acoustic pressure

effect. However, from Eq. (28), the DC component does exist

and it contributes to the acoustic pressure which leads to

inconsistent results. It is because the approximate solution of

Eq. (28) is obtained by assuming x� 17:3 rad=s. For non-

negligible DC component of the input signal, the approximate

solution in Eq. (26) should be corrected as

Pi x; tð Þ � Pin
c� 1

2C0

Ri � g t� x

C0

� �
� g DCð Þ

� �

i ¼ 1; 2ð Þ;
(32)

where gðDCÞ is the DC component of the signal gðtÞ, for

example, gðDCÞ ¼ 2
ffiffiffi
2
p

=p is selected. Consequently, the

approximate solution for this case can be obtained as

P1 x; tð Þ � Pin

c� 1

2C0

g t� x

C0

� �
� 2

ffiffiffi
2
p

p

" #
: (33)

For a 3� 3 cm2 CNT sheet NTF, the acoustic fields predicted

by Eqs. (31) and (33) at x0 ¼ 2000 rad=s and x0

¼ 20 000rad=s are presented in Fig. 4. The input power Pin

is 1W=cm2 and the observation point is at x ¼ 5 cm. The

original signal gðtÞ is also shown in the figure for refer-

ence. It is found that the acoustic wave takes 0.144 ms to

propagate from x ¼ 0 to x ¼ 5 cm, which is precisely the

value 0:05 m=ð347 m=sÞ. In Fig. 4, the acoustic signal has the

same wave form with the original signal gðtÞ. In addition, the

approximate acoustic field agrees well with the exact acoustic

field as shown in Fig. 4 which also validates the approximation.

C. Periodic triangle wave signal

Triangle wave signal is a common type of signal which

is frequently used in signal processing. A schematic of

FIG. 3. (Color online) (a) Comparison of exact and approximate predictions with experiment for a free-standing TA device fabricated by a 3� 3 cm2 CNT

sheet. The input power is 4.5 W and the observation point is at x ¼ 5 cm on the central axis. (b) Comparison of exact and approximate predictions with experi-

ment for a NTF-substrate TA device fabricated by a 2:5� 2:5 cm2 aluminum film with HCPUA cs ¼ 7:2� 10�2Jm�2K�1 and a porous silicon substrate. The

input power is 1 W/cm2 and the observation point is at x ¼ 3:5 cm cm on the central axis.
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triangle wave signal with period T is shown in Fig. 5(a). For

�T=2 < t < T=2, we have gðtÞ ¼ ð1� 2jtj=TÞ. The cosine

series expression of gðtÞ can be expressed as

g tð Þ ¼ 1

2
þ 4

p2

X1
n¼1

1

2n� 1ð Þ2
cos 2n� 1ð Þx0t½ �; (34)

where x0 ¼ 2p=T. Applying Fourier transformation to the

triangular function g(t) yields

G xð Þ ¼
ffiffiffi
p
2

r
d xð Þ þ 4

p2

X1
n¼1

ffiffiffi
p
2

r
1

2n� 1ð Þ2

� d x� 2n� 1ð Þx0ð Þ þ d xþ 2n� 1ð Þx0ð Þ½ �:
(35)

Substituting Eq. (35) into the integral in Eq. (19), the acous-

tic field becomes

P x; tð Þ ¼
X1
n¼1

2

p2

1

2n� 1ð Þ2
n

�P x; 2n� 1ð Þx0

� �
ej 2n�1ð Þx0t

þ �P x;� 2n� 1ð Þx0

� �
e�j 2n�1ð Þx0t

o
: (36)

Because �Pðx; 0Þ ¼ 0, it has no contribution to the final

acoustic pressure. Hence it is omitted in Eq. (36). Using Eq.

(32), the approximate acoustic field can also be directly

expressed as

P x; tð Þ ¼ Pin

c� 1

2C0

1

2
� 2

T

t� x

C0


 !

�T

2
< t <

T

2

� �
:

(37)

The approximate acoustic field beyond the time period

(�T/2,T/2) can also be obtained using the same approach.

The exact and approximate acoustic field solutions are

compared in Fig. 6. It is found that the wave form of acoustic

signal is almost similar to the input signal gðtÞ, i.e., the

acoustic signal has recovered the input signal gðtÞ with a

small distortion. For input signal with period T¼ 1 ms, the

approximate solution agrees well with the exact one. While

for period T¼ 0.05 ms, the approximate solution slightly

deviates from the exact solution because the input signal

spectrum gradually changes from low frequency to high fre-

quency as the period decreases. When the period is further

reduced to a critical value, the lowest frequency component

exceeds the upper boundary Minfð4jg
2Þ=ðagcs

2Þ;C0
2=agg,

then the approximate solution becomes invalid. Therefore, it

is concluded that the TA sound signal is able to well recover

the input periodic triangle signal at an order of micro-

second.

D. Periodic rectangular pulse signal

Rectangular pulse signal is another common type of sig-

nal in signal processing. A schematic of a rectangular pulse

FIG. 4. (Color online) The acoustic pressure response for a square root signal gðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cos ðx0tÞ

p
at 1 W/cm2 input power, (a) x0 ¼ 2000rad=s, (b)

x0 ¼ 20 000rad=s. The first ten terms (n ¼ 1� 10) are used to calculate the exact acoustic pressure in (a) and (b).

FIG. 5. (a) Triangle wave signal with

period T and (b) rectangular wave sig-

nal with period T. The pulse width of

rectangular wave signal is s.
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signal with a period T and a pulse width s is shown in Fig.

5(b). The acoustic field driven by the rectangular pulse sig-

nal expressed in terms of a cosine series is

g tð Þ ¼ s
T
þ 4

Tx0

X1
n¼1

1

n
sin

nx0s
2

cos nx0tð Þ; (38)

where x0 ¼ 2p=T. Applying Fourier transformation on Eq.

(38) gives

G xð Þ ¼ s
T

ffiffiffiffiffiffi
2p
p

d xð Þ þ 4

Tx0

X1
n¼1

1

n

ffiffiffi
p
2

r
sin

nx0s
2

� d x� nx0ð Þ þ d xþ nx0ð Þ
	 


: (39)

Substituting Eq. (39) into Eq. (19) yields the following

acoustic field

p x; tð Þ ¼
2

Tx0

X1
n¼1

1

n
sin

nx0s
2

� �P x;nx0ð Þejnx0tþ �P x;�nx0ð Þe�jnx0t
h i

: (40)

The approximate acoustic field solution for one period can

be easily obtained as

P x; tð Þ ¼
Pin

c� 1

2C0

1� s
T

� �
� s

2
< t <

s
2

� �

�Pin

s
T

c� 1

2C0

s
2
< jtj < T

2

� �
:

8>>>><
>>>>:

(41)

A comparison of the exact and approximate solutions

for various periods T and pulse widths s is shown in Fig. 7.

Generally, the approximate solution and the exact solution

are consistency. The small fluctuation of the exact solution

around the discontinuity points is called the Gibbs effect that

cannot be avoided theoretically. As s=T decreases, the posi-

tive acoustic pressure tends to be more dominant as shown

in Figs. 7(b) and 7(d) and the acoustic signal resembles a

pulse signal. For an amplitude of gðtÞ that equals to 1 arbi-

trary unit, the input signal f ðtÞ is the same as gðtÞ. As a

result, the acoustic signal recovers the input signal f ðtÞ with

a small distortion.

It is well known the harmonic distortion for a TA device

is an inherent problem. The common treatment is to super-

pose a direct current to the signal to eliminate the double-

frequency output signal. However, the power consumption is

high by using this method. By digitizing the input signal f ðtÞ
before applying to the TA device, f ðtÞ becomes a series of

pulse signals. Thus the TA device recovers the signal with-

out the need of additional treatment. By using this method,

the distortion is small and the power consumption is low. It

was experimentally verified by Koshida et al. (Koshida

et al., 2013). In the experiment, the input analog signal was

converted by the density modulation into pulse trains and

applied to the TA device. The experiment result showed that

the total harmonic distortion was only about 1%. Further

numerical analysis indicates that when the period of signal

gðtÞ is less than 0.01 ms, the approximate solution deviates

from the exact solution. The cause is similar to that men-

tioned in the previous subsection. Nevertheless, when the

pulse width is sufficiently small, the output acoustic signal

can still be a pulse signal.

E. Alternative method for recovery of original signal
f(t)

In the preceding sections, the main focus is on the

response for signal gðtÞ. For gðtÞ ¼ f 2ðtÞ, the acoustic field

response is f 2ðtÞ but not the original signal f ðtÞ. There are

distortions of the acoustic signals with respect to the original

signal. The frequently used method to recover the original

signal is to do signal amplitude modulation and then super-

poses onto a direct current. The original signal is converted

to 1þ mf ðtÞ, with m the modulation depth. For m� 2, we

have gðtÞ � 1þ 2mf ðtÞ. Neglecting the DC signal in gðtÞ,
then the original signal f ðtÞ can be recovered. However, it is

obvious that the power consumption is high because most of

FIG. 6. (Color online) The acoustic pressure response for a periodic triangle signal at 1 W/cm2 input power. (a) T¼ 1 ms, (b) T¼ 0.05 ms. The first 10 terms

(n ¼ 1� 10) are used to calculate the exact acoustic pressure in (a) and (b). The figures inserted in (a) and (b) are the signals gðtÞ with period 1 and 0.1 ms,

respectively.
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the thermal energy is generated by DC which does not con-

tribute to the acoustic pressure. If the original signal is super-

posed with a DC and then converted to a square rooting

signal, i.e., the original signal f ðtÞ is converted toffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
IDC þ f ðtÞ

p
, where IDC is a DC signal to guarantee IDC þ

f ðtÞ be positive. When the processed signal is applied to the

TA device, then gðtÞ ¼ IDC þ f ðtÞ, the original signal can

thus be recovered. If the superposed DC signal is a constant,

it also leads to significant power waste for some types of

signals. Therefore, the DC signal should be designed that

the minimized value is selected in order to guarantee IDC

þf ðtÞ be positive. For example, for an input signal f ðtÞ
¼ cos ðx0tÞ, IDC ¼ 1 is selected. For a positive periodic rect-

angular pulse signal input as shown in Fig. 5(b), IDC ¼ 0 is

selected. Following this procedure, it is theoretically possi-

ble to have no output acoustic signal distortion while having

significantly lower power consumption than other conven-

tional methods. For a positive input signal, theoretically

there is no extra power consumption produced. This square

rooting processing method is also used in the parametric

array design for reproducing audible sound by self-

demodulation from ultrasound input signal (Pompei, 2003).

However, the conventional mechanically driven sound

transducers can only perform well around its resonance fre-

quencies. The square root signal is a broadband signal, in

which the bandwidth tends to be infinite. Hence, the para-

metric array signal emitted from the conventional sound

transducers is inevitably distorted. Consider TA transducers

exhibit the ability of broadband responses, they are excellent

candidates for the design of parametric array source

(Pompei, 1999). The details for input signal recovery and its

application on the parametric array design will be discussed

in future works.

IV. CONCLUSIONS

New analytical and approximate solution for acoustic

field response to a broadband input signal applying on a TA

device is proposed and both free-standing and NTF-substrate

TA devices are investigated. The exact and approximate

acoustic pressures for these two kinds of devices are

obtained by using Fourier transformation and its inverse.

The acoustic pressure response to a single-frequency signal

for NTF-substrate and free-standing TA devices are theoreti-

cally predicted. The new analytical models are verified

by comparing with published experiments and excellent

FIG. 7. (Color online) The acoustic pressure response for a periodic rectangular pulse signal at 1 W/cm2 input power. (a) T¼ 1 ms, s ¼ 0:5 ms, (b) T¼ 1 ms,

s ¼ 0:1 ms, (c) T¼ 0.1 ms, s ¼ 0:05 ms, (d) T¼ 0.1 ms, s ¼ 0:01 ms. The red dotted line is the approximate solution, the black solid line is the exact

solution.
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agreement has been demonstrated. To further confirm the

ability of broadband signal response of the TA devices, a

square rooting signal is investigated. The approximate and

exact acoustic fields show that the TA sound signals do

recover the wave form of input signals with small distor-

tions. Two other frequently used signals, the periodic trian-

gle and rectangular pulse signals, are also applied to

investigate the acoustic pressure responses. The acoustic sig-

nal wave forms for these two cases do reproduce the wave

form of the input signals within a limited period range. By

analyzing acoustic signal generated by a rectangular pulse

signal input, it is concluded that the TA device does repro-

duce the original signal wave form by digitizing the original

signal before applying to the TA device. This conclusion

offers an alternative method for the recovery of original sig-

nal of TA device with small distortion and low power con-

sumption. Note that the conventional method for recovering

the original signals requires DC superposition onto modu-

lated original signal and it results in high energy consump-

tion. Here, a new method to recover the original signal is

introduced and the advantage of this new method is its low

power consumption and small distortion. To further explore

and exploit the ability of broadband responses, some supe-

rior and practical applications of TA devices for sound para-

metric array designs and underwater communication

equipment will be reported in future works.
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