
http://journals.cambridge.org Downloaded: 04 Oct 2013 IP address: 158.132.161.103

A systematic study of the validation of Oliver and
Pharr’s method
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Oliver and Pharr’s method (O&P’s method) is an efficient and popular way of
measuring the hardness and Young’s modulus of many classes of solid materials.
However, there exists a range of errors between the real values and the calculated
values when O&P’s method is applied to materials not included in the basic
assumption proposed initially. In this article, the dimensional analysis theorem and the
finite element method are applied to evaluate errors for high elastic (E/�Y → 5) to full
plastic (E/�Y → 1000) materials with different strain-hardening exponents from 0 to
0.5. A new method is proposed to correct errors obtained using O&P’s method. The
numerical simulation results show that the errors obtained using O&P’s method, given
in the form of charts, are mainly dependent on the ratio of the reduced Young’s
modulus to the yield stress (i.e., Er/�Y) and the strain-hardening exponent, n, for an
indenter with a fixed included angle. The two mechanical properties, which can be
extracted from the load–depth curves of two indenters with different included angles,
are used to correct the errors in the hardness and Young’s modulus of the indented
materials produced by O&P’s method.

I. INTRODUCTION

Indentation experiments have been used to measure
the hardness of materials for over a century and more
during the last 30 years. With the increasing sophisti-
cation of indentation equipments, nanoindentation ex-
periments can provide accurate measurements of the con-
tinuous variation in the indentation depth P down to the
micronanometer level, as a function of the indentation
depth h down to nanometer level. The load P versus
depth h curves obtained from nanoindentation are like
“thumbprints” of the indented materials. They record the
elastic and plastic characteristics of indented materials
and can be used to investigate their mechanical behaviors
and deformation mechanisms. As a result, indentation
experiments, with their associated comprehensive theo-
retical and computational models, have been conducted
by numerous researchers on different classes of materials
to determine the hardness and other mechanical proper-
ties of indented materials.

Measuring hardness using indentation may date back
to the work of Tabor1 and Johnson.2 Using an energy-
based approach, Cheng and Cheng3–6 presented the re-
lationships among the hardness, the Young’s modulus,

the irreversible work, and the total work. Cao et al.7

developed an energy-based method for calculating hard-
ness and Young’s modulus within reasonable theoretical
error bounds.

Based on Sneddon’s solution, Doerner and Nix8 pub-
lished a new method with which the hardness can be
obtained from the maximum applied load, the contact
depth, which is calculated from the maximum indenta-
tion depth, and the slope of the initial part of the unload-
ing curve on the assumption that the unloading response
is linear.

At present, the most popular method for analyzing
hardness and Young’s modulus has been proposed by
Oliver and Pharr,9 who expanded on ideas developed by
Loubet et al.10 and Doerner and Nix.8 Its attractiveness
stems largely from the fact that the mechanical properties
of the indented materials can be determined by analyzing
the load–depth curves obtained from indentation data
without needing to visualize the hardness impression.
Although Oliver and Pharr9 indicated that their method
may overestimate the hardness and Young’s modulus,
sometimes by as much as 50%,11,12 their method has
been used to measure the hardness and Young’s modulus
of many classes of materials, including metals, ceramics,
polymers, composites, superhard materials, and even bio-
materials. Recently, the method has also been used for
anisotropic materials and coatings.13 According to
isiknowledge (ISI) web,14 the work of Oliver and Pharr,9
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which has been cited more than 3000 times, has been
used to calculate the hardness and Young’s modulus of
many classes of materials (Table I). The method has even
been adopted as a standard method and incorporated into
high-resolution testing equipments used to measure the
hardness and Young’s modulus of different classes of
materials. However, many authors have argued against
the validity of this method because there is no ideal
theory that can treat all real cases.3–6,15–17

According to Oliver and Pharr11 and Boshakov and
Pharr,12 pileup of the indented materials around the con-
tact impression, which is affected by the ratio of the
reduced Young’s modulus to the yield stress and the
strain-hardening exponent of the indented materials, is
the key to the errors in the hardness and the Young’s
modulus obtained using Oliver and Pharr’s method
(O&P’s method). For elastic–perfectly plastic materials
indented by a rigid cone with a half-included angle of
70.3°, pileup is not obvious when the ratio of the reduced
Young’s modulus to the yield stress is no more than 89,
while for linear-hardening materials with a work-
hardening rate of � � d�/d� � 10, the above limitation
of Er /�Y is about 178. According to the database pro-
posed by Ashby,18 there are still many materials for
which the hardness and Young’s modulus cannot be cal-
culated correctly using O&P’s method.

Although Oliver and Pharr, and their colleagues have
made several important changes to the method that both
improve its accuracy and extend its field of application,11

Ma et al.15 maintain that the method cannot be used to
correctly estimate the hardness and Young’s modulus of
the indented materials in certain cases. Recently, the
sonic methods and atomic force microscopy (AFM)
methods have been used to improve O&P’s method.
However, the sonic methods are limited to improve
O&P’s method because the tests require the samples to
be electrically conductive.16 And AFM cannot precisely
measure the contact area during indentation processing.17

Furthermore, both methods introduce some new experi-
mental techniques that still need improvements for gen-
eral applications. It is therefore very important to sys-
tematically investigate O&P’s method and extend the
application of the basic method to a much wider range of
materials.

For the purposes of clarity, a brief review of O&P’s
method as it was originally developed is given in Sec. II.
Section III gives a detailed description of dimensional
analysis and the finite element method for simulating the
indentation process. Section IV describes the results ob-
tained using finite element analysis, and gives a new
method for calculating the hardness and Young’s modu-
lus of indented materials. Section V summarizes the main
findings of the present work.

II. A REVIEW OF O&P’S METHOD

O&P’s method was proposed to measure the hardness
and Young’s modulus of elastic–plastic materials accord-
ing to the load–depth data for one loading–unloading
cycle. A typical indentation curve obtained with a conical
indenter is presented in Fig. 1. The deformation geom-
etries of the indenter and the indented materials during
the unloading process are shown in Fig. 2.

According to the model, the reduced Young’s modu-
lus, E r

OP, and the hardness, HOP, of the indented materials
can be obtained with O & P’s method using the following
formulas:

HOP =
Pmax

A�hc�
, (1)

Er
OP =

��

2�

S

�A�hc�
, (2)

where Pmax is the maximum load, A(hc), hc, and S rep-
resent the maximum contact area, the contact depth, and
the initial unloading stiffness at hmax, respectively, and �
is a correction factor used to take into account the de-
viations caused by different physical processes. The
Young’s modulus of indented materials can be calculated
using the reduced Young’s modulus and the following
formula:

TABLE I. Number of citations (from ISI web).

Citations (approx.) Material classes

1 400 Metals
2 500 Ceramics
3 200 Polymers
4 550 Composites
5 200 Biomaterials
6 250 Superhard materials (carbon

and nitrogen materials) FIG. 1. Schematic illustration of the indentation load–depth data of
elastic–plastic materials indented by a sharp indenter.
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1

Er
=

1 − �2

E
+

1 − �i
2

Ei
, (3)

where E and v are the Young’s modulus and Poisson ratio
of the indented materials, respectively, and Ei and vi are
the Young’s modulus and Poisson ratio of the indenter,
respectively.

To calculate the Young’s modulus and hardness of the
indented materials accurately, Oliver and Pharr made
some initial suppositions.9,11

First, it is assumed that elastic–plastic deformation oc-
curs during loading, but that elastic deformation only
occurs during unloading. Unlike the method proposed by
Doerner and Nix,8 O&P’s method assumes that the un-
loading curves are distinctly curved instead of linear, and
are usually approximated well by the power-law relation-
ship:

P = ��h − hf�
m , (4)

where � and m are power-law-fitting constants and the
variation of the power-law exponents is in the range of
1.2 � m � 1.6, which shows that a flat punch approxi-
mation is inadequate because m � 1 in the method pro-
posed by Doerner and Nix.8 The unloading slope at
maximum depth can be calculated using the following
formula:

S =
dP

dh�
h=hmax

. (5)

Second, according to the same depth-to-area relation-
ship, it is assumed that a pyramid indenter can be mod-
eled by a conical indenter with a half-included angle, 	.

Third, the assumption is that the contact periphery
sinks in a way that can be described by models for
the indentation of a flat elastic half-space by rigid
punches of simple geometry. In this case, the contact
depth is given by

hc = hmax − ∈
Pmax

S
, (6)

where ∈ is a constant that depends on the geometry of the
indenter. The corresponding value is 0.72 for a conical
indenter, 0.75 for an indenter with a parabola of revolu-
tion, and 1 for a flat punch.

Fourth, the indenter is often considered to be rigid, and
the reduced Young’s modulus is introduced into the
model to reduce the effect of elastic deformation of the
indenter in Eq. (3). However, as yet, its rationality has
not been proven theoretically. This assumption can re-
duce the effect of the elastic deformation of the indenter
on the measured values of hardness and Young’s modu-
lus when the Young’s modulus of the indented materials
is lower than that of the indenter. However, this will need
to be tested if the Young’s modulus of the indented ma-
terials is close to that of the indenter.

Finally, the correction factor � in Eq. (2) plays a very
important role in reducing the discrepancy between the
real value and the calculated value caused by various
physical processes. King19 was the first to study the im-
portance of correction and found that � � 1.034 for a
triangular indenter and � � 1.012 for a square-based
indenter. Vlassak and Nix20 later found that � � 1.058
for a flat-ended punch. By studying Sneddon’s original
solution, Hay et al.21 found that it was necessary to
provide a correction factor and found the � � 1.067
for materials with a Poisson ratio of v � 0.3 and an
indenter with a half-included angle of 70.3°. Oliver and
Pharr11 proposed that � should lie within a range of
1.0266 ∼ 1.085 and that � � 1.05 is as good a choice as
any. However, Cao et al.22 proposed that the correction
factor might be affected by the Poisson’s ratio and the
ratio of the Young’s modulus of the indenter to the
Young’s modulus of the indented materials.

Based on the above assumptions, O&P’s method can
be used to correctly calculate the hardness and Young’s
modulus of the most common materials. The question
arises as to whether or not it can be used to correctly
measure other materials. The purpose of this study is to
evaluate the effectiveness of O&P’s method and to pro-
pose a new method to correct it.

III. DIMENSIONAL ANALYSIS AND
COMPUTATIONAL MODEL

A. Dimensional analysis

The mechanical behavior of solid materials is often
described as homogeneous elastic–plastic deformation.
When they are less than the initial yield stress, materials
are linear elastic and after yielding, the stress–strain
curves of the materials are assumed to have the power-
law hardening shown in Fig. 3. The relationships can be
described as follows:

� = �E� , � 
 �Y

�Y����Y�n, � � �Y
. (7)

FIG. 2. Schematic illustration of the contact geometry during the un-
loading process.
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The indented materials can therefore be characterized
by the Young’s modulus, E, the Poisson’s ratio, v, the
initial yield stress, �Y and the strain-hardening exponent,
n. The indenter deforms elastically during indenting, and
so it can be characterized by the Young’s modulus, Ei,
and Poisson’s ratio, vi.

Dimensional analysis has often been used to study
indentation problems in recent years.3–6,23,24 In the pres-
ent study, dimensional analysis is still used to study the
effects of the hardness and the Young’s modulus of in-
dented materials and to further evaluate the effectiveness
of O&P’s method.

For a sharp indenter that indents a power-law elastic–
plastic solid in the usual way, the indenter can be char-
acterized by a half-included angle, 	. The friction coef-
ficient at the contact surface between the indenter and
the indented material can be assumed to be zero.25

Thus, during loading, the force P on the indenter can be
written as

P = f0�Ei,�i; E,�Y,n,�; 	; h� . (8)

According to Dao et al.26:

P = f1�Er,�Y,n; 	; h� . (9)

By applying the � theorem of dimensional analysis,
the true hardness of indented materials can be described
using the following dimensionless expression:

H

�Y
= �1 � Er

�Y
, n, 	� . (10)

The hardness and the Young’s modulus obtained using
O&P’s method can be expressed by the following dimen-
sionless expressions using Eqs. (1) and (2):

HOP

�Y
= �2 � Er

�Y
, n, 	� , (11)

Er
OP

Er
= �3 � Er

�Y
, n, 	� . (12)

Furthermore, the relative errors in the hardness and
Young’s modulus obtained using O&P’s method can be
derived using Eqs. (10)–(12):

HOP − H

H
= �4 � Er

�Y
, n, 	� , (13a)

Er
OP − Er

Er
= �5 � Er

�Y
, n, 	� . (13b)

Therefore, the fundamental material properties affect-
ing the hardness and the Young’s modulus are the ratio of
the reduced modulus to the yield stress, Er/�Y, and the
strain-hardening exponent, n, for an indenter with a fixed
included angle.

It has been demonstrated that only two independent
parameters can be determined from a single load–depth
curve.27,28 In the present study, the indentation loading
curvature C and the ratio of the residual work to the total
work done by the indenter WR/WT are adopted without
losing generality. According to the work of Tho et al.,23

the mechanical parameters of the indented materials can
be determined with loading curvature and work from two
indenters with various included angles. Dimensionless
relationships therefore exist between the mechanical pa-
rameters and the loading curvatures as well as the work
done by the indenter as follows:

C	1

C	2

= �6 � Er

�Y
, n� , (14)

WR

WT
�

	1

WR

WT
�

	2

= �7� Er

�Y
, n� . (15)

B. Computational model

According to the same depth-to-area relationships, a
pyramid indenter is equivalent to a conical indenter. For
example, the equivalent angle of a Berkovich indenter is
70.3°.29 The indentations of a conical indenter are shown
schematically in Fig. 4. The materials around the in-
denter usually pile up or sink in during indenting of the
indenter.

Finite element calculations using ABAQUS30 have
been carried out to simulate the indentation in the work
of Cheng and Cheng,3–6 Dao et al.,26 and Jayaraman et
al.31 In their work, the indenter was considered as a rigid

FIG. 3. Schematic illustration of the power-law stress–strain relation-
ship.
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body and the indented materials were modeled as elastic–
plastic solids. In the present research, an axisymmetric
two-dimensional finite element model is constructed to
simulate the indentation procedure of an elastic indenter
indenting elastic–plastic materials. The finite element
computations in this section are also carried out using
ABAQUS30 for different combinations of dimensionless
values: Er /�Y, n, and 	. In the simulations, the Von
Mises yield criterion is used. Figure 5 shows the mesh
design for axisymmetric calculation. A total of 415 and

12,000 four-node bilinear axisymmetric elements, re-
spectively, are used for the indenter and the indented
materials. The mesh has been tested for convergence and
determined to be insensitive to far-field boundary condi-
tions. Friction has a negligible impact on the present
numerical simulations.25

The boundary conditions on the indented solid are
such that the lowest surface is fixed in all directions and
the left surface of the indented materials and the indenter
is fixed in the direction r. The boundary has negligible
effects on the computational value because the boundary
is at a sufficient distance from the indented point on the
indented materials. Figure 6 is a schematic illustration of
the boundary conditions. In the simulation, a rigid in-
denter rod has been used. The upper surface of the in-
denter has a finite displacement in the direction z that is
the same as that of the indenter rod. There is no displace-
ment in the direction r.

To compare the numerical results from the previous
finite element model of the rigid indenter with that from
the present model, the indentations of the material with
the mechanical properties of E � 200 GPa, �y � 2 GPa,
n � 0.3, and v � 0.3 are simulated in Fig. 7. The
calculation results using the present model agree well
with those from the previous finite element model when
the ratio of Young’s modulus of the indenter to that of the
indented materials is large (e.g., Ei /E � 50). And the
smaller the ratio of the Young’s modulus of the indenter
to that of the indented materials is, the larger is the dis-
crepancy of the numerical results from the two models.
To further test the validity of the present finite element
model, the experimental stress–strain data of 7075-T651
aluminum from the work of Dao et al.26 were used as
inputs for the numerical simulations. The indenter is de-
fined as Ei � 1140 GPa and vi � 0.07. The indentation
responses from the experiments and numerical simula-
tions are shown in Fig. 8, respectively. And it shows that

FIG. 4. Schematic illustration of a conical indenter’s indentation: (a)
sink-in; and (b) pileup.

FIG. 5. Schematic illustration of finite element mesh. FIG. 6. Boundary conditions of numerical simulation.
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the computational P–h curve corresponds well to the ex-
perimental curve, although some errors, which can be
considered negligible, exist. The finite element model
can therefore be used to simulate the indenting test.

IV. COMPUTATIONAL RESULTS

According to Eqs. (10)–(13), the dimensionless pa-
rameters, H/�Y, HOP/�Y, (HOP – H)/H, and (Er

OP − Er)/Er

are dependent on Er /�Y, n, and 	, respectively. However,
because there are no analytical solutions to the problem
of an elastic conical indenter in relation to elastic–
plastic-indented materials, we chose to use the finite el-
ement method to evaluate the dimensionless function,
�1, �2, �4, and �5. To cover a large range of materials
from purely elastic to full plastic, the values of Er/�Y are
in the range of 5 ∼ 10,000, and the strain-hardening ex-
ponents, n, vary from 0 to 0.5. The Poisson ratios, vi and
v, of the indenter and the indented materials, respec-
tively, are fixed at 0.07 and 0.3, respectively, because the
effect of the Poisson ratios on the calculated hardness and
Young’s modulus is not marked.

The discrepancy between the real values and the cal-
culated values of the hardness and Young’s modulus ob-
tained using O&P’s method will be discussed in the fol-
lowing sections.

A. The effect of Er /�Y and n on the hardness and
Young’s modulus of the indented materials

The results of the finite element studies in Figs. 9 and
10 show to what extent (HOP – H)/H and (Er

OP − Er)/Er

depend on Er /�Y and n, which converge on a master
curve for a wide variety of materials with different Er /�Y

ratios and a fixed n when Berkovich indenter is used.
According to Fig. 9, O&P’s method can be used to

calculate the hardness of the materials, of which the
strain-hardening exponent is about 0.3 with small errors.
The method usually overestimates the hardness of mate-
rials with little or no capacity for work hardening, and
underestimates the hardness of materials with a higher
capacity for work hardening (e.g., n � 0.5). The errors
produced by O&P’s method increase steadily as Er /�Y

increases for materials with given strain-hardening expo-
nents.

The results in Fig. 10 show that the errors in the
Young’s modulus obtained using O&P’s method depend
on Er /�Y and n. The Young’s modulus of materials with
strain-hardening exponents equal to 0.5 can be calculated
correctly using O&P’s method. However, for materials
with a lower n, the errors in the Young’s modulus pro-
duced using O&P’s method are greater. The higher the
values for Er /�Y, the larger the errors of Young’s modu-
lus will be for materials with the same strain-hardening
exponents.

To study the field of application of O&P’s method, the
database proposed by Ashby et al.32 has been adopted in
conjunction with numerical results. It can be seen in Figs.
11(a) and 11(b) that the calculations made with the finite
element method in the shaded area cover most engineer-
ing materials. It is assumed that O&P’s method is valid
when the relative errors in the hardness and Young’s

FIG. 7. Indentation curves obtained from two finite element models
for indented materials with mechanical properties of E � 200 GPa,
�Y � 2 GPa, n � 0.3, and v � 0.3.

FIG. 8. Comparison between experimental and computational re-
sponses of 7075-T651 aluminum.

FIG. 9. The relative errors of the hardness from O&P’s method.
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modulus obtained are below 10%. The hardness and the
Young’s modulus of materials with different strain-
hardening exponents, which are in the zone between the
two corresponding lines in the shaded area in Figs. 11(a)
and 11(b), can be calculated correctly using O&P’s
method.

Figure 11(a) can be used to correctly calculate the
hardness of all ceramics, composites, metals, and poly-
mers with a strain-hardening exponent equal to 0.3 in the
shaded area using O&P’s method. However, many ma-
terials exist that have a higher strain-hardening exponent
(e.g., n � 0.5), the hardness of which is underestimated,
and a large number of materials have a lower strain-
hardening exponent (e.g., n � 0 and 0.1), the hardness of
which is overestimated. Figure 11(b) can be used to
correctly calculate the Young’s modulus of all ceramics,
composites, metals, and polymers with a strain-
hardening exponent of 0.5 in the shaded area, using
O&P’s method. However, a large number of materials
exist that have a lower strain-hardening exponent (e.g.,
n � 0, 0.1, and 0.3), the Young’s modulus of which is
overestimated. Therefore, a large number of ceramics,
composites, metals, and polymers in Figs. 11(a) and
11(b) exist, the hardness and Young’s modulus of which
cannot be calculated correctly.

In the present study, the indented materials are de-
scribed as elastic–plastic materials, and the uniaxial
stress–strain relationships of the indented materials are
given in Eq. (7). However, the uniaxial stress–strain
curves of polymers are often brittle, or nonlinearly elas-
tic. Additional attention is therefore needed when Figs.
11(a) and 11(b) are used for polymers. Also, cracks often
occur when indenting ceramics. As a result, Figs. 11(a)
and 11(b) are valid only when the cracks have a negli-
gible effect on the elastic–plastic deformation of the ce-
ramics.

It should be especially noted that errors exist when
sink-in occurs in the case of indented materials with a
higher strain-hardening exponent, such as those materials

with a strain-hardening exponent equal to 0.5 in Fig. 9.
Therefore, sink-in is not the best way to judge whether
hardness can be calculated accurately using O&P’s
method. It may be caused by the constant value of the
correction factor �.

B. Determination of parameters Er /�Y and n

It has been proved that the mechanical properties of
indented materials could not be determined by using the
load–depth curve from a single sharp indenter according
to the work of Cheng and Cheng,33 Capehart and
Cheng,34 Tho et al.,27 and Alkorta et al.28 So spherical
indenter-based inverse analysis35 and different dual-
indenter inverse analyses have been developed to deter-
mine the mechanical properties of indented materials.
Based on the representative stress, the dual-indenter re-
verse analyses proposed by Bucaille et al.36 and Cholla-
coop et al.37 could be used to determine the mechanical
properties of a certain range of materials. Cao et al.38

developed an energy-based method to extract plastic
properties of metal materials, but the Young’s modulus
must be known in advance. The artificial neural network
must be mastered and training patterns must be owned,
although Young’s modulus, yield stress, and stain-
hardening exponents can be obtained by using the in-
verse analysis proposed by Tho et al.27 In the present
article, the mechanical properties (Er, �Y, and n) may be
obtained by using a simplified approach.

In the present article, based on the loading curvature
and the work done by the indenters, a dual-indenter in-
verse analysis for a large range of materials is developed
to determine the parameters of Er /�Y and n, which are
the critical values that affect the measurement of the
hardness and Young’s modulus according to the analysis
described in the subsection above. The relationships
between these two parameters and C	1

/C	2
, as well as

WR

WT
�

	1

�WR

WT
�

	2

are shown in Eqs. (14) and (15), which,

depending on the numerical results, can be expressed as
the following polynomials:

ln� Er

�Y
� =

a0

1 + e−�a1
+a2�+a3�
+

a4

1 + e−�a5
+a6�+a7�

+
a8

1 + e−�a9
+a10�+a11�
+ a12 , (16)

n =
b0

1 + e−�b1
+b2�+b3�
+

b4

1 + e−�b5
+b6�+b7�

+
b8

1 + e−�b9
+b10�+b11�
+ b12 , (17)

FIG. 10. The relative errors of the Young’s modulus from O&P’s
method.
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where,

� =
C	1

C	2

, (18)


 =

WR

WT
�

	1

WR

WT
�

	2

. (19)

The two best-fit functions with the root mean square
errors of 0.2% and 0.012% are obtained using Eqs. (16)
and (17), respectively. And the coefficients in the
two equations are given in Table II when 	1 � 80° and
	2 � 50°. The existence, uniqueness, and sensitivity of
the solutions to the inverse problem have been discussed
in detail in another recent work of our team.39 Further-
more, based on experimental results, the parameters
Er/�Y and n, can be obtained from the loading curvatures
and the ratios of the residual work to the total work from
indentation.

FIG. 11. The different classes of materials with different values of n, from which the hardness and Young’s modulus can be calculated correctly
using O&P’s method with Berkovich indenter, are shown by arrows pointing outward: (a) hardness; and (b) Young’s modulus.
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It is well known that real indentation measurements
are influenced by the tip rounding of the indenter and the
compliance of the machine. However, in the present
method the effect of tip rounding of the indenter could be
drastically reduced by enlarging the indentation depth. In
this case, the ratio of indentation depth to tip radius of the
indenter should be >10 according to our numerical simu-
lations. To eliminate the effect of the compliance of ma-
chine the measured indentation load–depth curves must
be modified with the compliance values of machine, �,
which are in the range of 2–6 nm/mN for the Hysitron
TriboIndenter (Hysitron Inc., Minneapolis, MN).40

C. A new correction for O&P’s method

According to the above analysis, the real hardness and
the Young’s modulus of the indented materials can be

obtained using Figs. 9 and 10 together with the values of
Er /�Y and n, which are described in detail below:

(i) For materials with known mechanical properties,
Er /�Y and n, go directly to step 3.

(ii) Carry out indentation experiments using two in-
denters with different half-included angles (e.g.,
	1 � 80°, and 	2 � 50°) and obtain two indentation
responses. The loading curvatures and the ratio of the
residual work to the total work can be obtained from the
two indentation responses. Er /�Y and n can be obtained
from Eqs. (16) and (17).

(iii) The relative errors in the hardness and Young’s
modulus (eH and eE) can be obtained using the values of
Er /�Y and n in conjunction with Figs. 9 and 10.

(iv) Based on the indentation response from the 80°
indenter, the hardness and Young’s modulus obtained
using O&P’s method can be corrected using the

TABLE III. The exact, identified mechanical properties of eight materials.

Materials
E (GPa)

(true)
E/�Y

(true)
n

(true)
H (MPa)

(true)
Er/�Y

(identified)
n

(identified)
H (MPa)

(O&P’s method)

Coppera 120 1714 0.5 2295 1465 0.50 1956
Nia 214 1070 0.15 1088 1057 0.15 1379
Steelb 210 538 0 1010 400 0.01 1570
Aluminac 350 80 0 11,500 65 0 13,880
CNT–Cud 150 882 0.064 601 1197 0.07 861
Carbon–Ale 56 161 0.075 1122 191 0.08 1402
Ti–6Al–4Vf 147 461 0.5 5321 365 0.51 4681
Polyamideg 1.56 47 0.004 88 59 0.01 97

Materials
eH (%)

(estimated)
H (MPa)

(identified)
Error (%)
(hardness)

E (GPa)
(O&P’s method)

eE (%)
(estimated)

E (GPa)
(identified)

Error (%)
(Young’s modulus)

Coppera −19 2425 5.6 127.7 2 125 4.2
Nia 25 1103 1.4 286 25 229 6.9
Steelb 50 1050 4 331 55 213 1.5
Aluminac 15 12,070 4.7 454 25 363 3.7
CNT–Cud 50 573 −4.6 214 45 147 2
Carbon–Ale 19 1178 5 74 27 58 3.6
Ti–6Al–4Vf −13 5380 1.1 152 2 150 1
Polyamideg 13 86 −2.3 1.79 18 1.52 2.6

aTaken from Table IV in the work of Cao et al.38

bTaken from Table 1 in the work of Fisher-Cripps and Brian.41

cTaken from Fig. 6 (25°) in the work of Estibaliz et al.42

dTaken from Fig. 4a (5%) in the work of Kim et al.43

eTaken from Fig. 2 in the work of Zhou et al.44

fTaken from Fig. 4b in the work of Boehlert et al.45

gTaken from Fig. 2 (0.4%/min) in the work of Rupnowski et al.46

TABLE II. Coefficients in Eqs. (16) and (17).

Coefficients

Eq. (16) a0 � 1412.86136 a1 � 2.39979 a2 � −0.36134 a3 � −1.82881 a4 � 4113.83424
a5 � −2.14182 a6 � 0.3539 a7 � 2.80139 a8 � 3049.35672 a9 � 16.44837

a10 � −0.00558 a11 � −22.7925 a12 � −4109.49625
Eq. (17) b0 � 0.37508 b1 � 40.7477 b2 � 7.00538 b3 � −82.62004 b4 � 584.64567

b5 � −2.1818 b6 � −0.12384 b7 � −3.57708 b8 � −4.85045 b9 � −5.46432
b10 � 0.01752 b11 � 2.3074 b12 � −0.09362
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corresponding relative errors by means of the following
equations:

H1 =
HOP

1 + eH
, (20a)

Er
1 =

Er
OP

1 + eE
, (20b)

where,

eH =
HOP − H

H
, (21)

eE =
Er

OP − Er

Er
, (22)

(v) The Young’s modulus of indented materials can
be obtained using the Young’s modulus and Poisson’s
ratio of the indenter according to Eq. (3).

To verify the effectiveness of the method cited above,
several materials with different mechanical properties,
which have been extracted from stress and strain curves
produced by various research teams, are studied with the
numerical method shown in Table III.1–7,38,41–46 The in-
dentation procedures with two indenters, the half-
included angles of which were 80° and 50°, respectively,
are simulated with the finite element method, and the two
indentation responses are obtained. The plastic properties
of the indented materials are obtained using Eqs. (16) and
(17), which are then used to correct the hardness and
Young’s modulus errors obtained using O&P’s method.

The corrected hardness and the Young’s modulus
(bold italic type) are compared with the real values in
Table III. It can be seen that the hardness and the
Young’s modulus determined using this method, the rela-
tive errors of which are shown to be <10% in Table III
(bold italic type), are closer to the real values. This
method can therefore be widely used to study the hard-
ness and Young’s modulus of indented materials in con-
junction with O&P’s method.

V. CONCLUSION

In the present study, the effectiveness of O&P’s
method has been discussed in detail using dimensional
analysis and the finite element method, and a new
method designed to obtain “true” hardness and “true”
Young’s modulus for indented materials has been devel-
oped. The main contributions and future prospects of this
new method are as follows.

The range of errors in the hardness and Young’s
modulus of indented materials obtained using O&P’s
method is shown by simulating the indentation of a large
number of materials from high elastic (E/�Y → 5) to full

plastic (E/�Y → 10,000) with different strain-hardening
exponents from 0 to 0.5. Error charts have been drawn up
using numerical results. The results show that the hard-
ness of materials with a medium strain-hardening expo-
nent (e.g., n � 0.3) can be estimated correctly using
O&P’s method. However, the method tends to overesti-
mate the hardness of indented materials with a smaller
value of n and to underestimate the hardness of indented
materials with a larger value of n for a given Er /�Y ratio.
The Young’s modulus of indented materials with a
higher strain-hardening exponent (e.g., n � 0.5) can be
calculated quite accurately. However, the smaller the
strain-hardening exponent is, the higher are the errors
obtained using O&P’s method for materials with a given
Er /�Y. The errors produced by O&P’s method increase
with the Er/�Y, and can reach about 60% for some ma-
terials.

The mechanical properties of indented materials,
Er /�Y and n, are the crucial factors that determine the
errors produced by O&P’s method. They depend on the
ratios of the residual work to the total work and on the
loading curvature of two loading-depth curves from two
different indenters. And the one-to-one-relationships

among Er/�Y, n, and C80°/C50°,
WR

WT
�

80°

�WR

WT
�

50°

have

been established.
According to error charts (Figs. 9 and 10) based on

numerical simulation and the values of Er /�Y and n ob-
tained using the dual-indenter method, O&P’s method
has been corrected and a new method has been put for-
ward that can largely reduce the errors. Several classes of
materials have been used to prove the validity of this new
method.

The database proposed by Ashby18 and the numerical
simulation results have been used to study the field of
application of O&P’s method. We have demonstrated
that the hardness and the Young’s modulus of some spe-
cial materials can be calculated correctly for metals, ce-
ramics, composites, and polymers.

The present method will be further verified by future
research experiments, and will be used to calculate the
hardness and Young’s modulus of indented materials in
conjunction with our experiments. In another direction,
the included angle of the indenter is also an important
parameter that affects the precision of the estimated hard-
ness and Young’s modulus. The effects of the indenter
angle will also be discussed in our future research.
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