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1 Introduction
We consider a semi-infinite programming problem (SIP, in short) in the following form

(SIP) m%{n f(z) subject to g(z,w) < 0,w € €,
TzeR™

where 2 is a (possibly infinite) nonempty set, f : R” — R and g : R" x 2 — R are
real-valued functions. (SIP) is said to be convex if f and g(-,w)(w € §2) are convex.
(SIP) has attracted much attention due to its various applications in engineering
design, optimal control, economic equilibria etc. It has become an active field of re-
search in applied mathematics. For example, see Fiacco and Kortanek [1], Goberna
and Lépez [2], Polak [3], Polak and Wuu [4], Polak [5] and the references therein. The
main difficulty in solving (SIP) comes from the fact that it has an infinite number of
constraints, and hence it is hard to design algorithms for solving it. However, in recent
years, many effective methods have been proposed for solving semi-infinite program-
ming, such as discretization methods (see Hettich [6], Still [7]), reduction methods (see
Hettich and Kortanek [8], Reemsten and Gorner [9]) and exchange methods (see Gob-
erna and Lépez [2], Hettich and Kortanek [8], Reemsten and Gorner [9], Zhang et al.
[10]). For studying duality properties of (SIP), we will use an augmented Lagrangian
approach, which is crucial for dealing with nonconvex and constrained optimization
problems. The augmented Lagrangian function was first proposed independently by
Hestenes [11] and Powell [12] to solve an optimization problem with equality con-
straints. This was extended to solve an inequality constrained optimization problem
by Buys [13]. The augmented Lagrangian method has been used to solve an optimiza-
tion problem with both equality and inequality constraints in Rockafellar [14]. Under
a growth condition, one can relate the value of the dual problem to the behavior of
the perturbation function. In Rockafellar [14], the definition of a quadratic growth
condition was introduced and a necessary and sufficient condition for a zero duality
gap between a constrained optimization problem and its augmented Lagrangian dual
problem was obtained. In Rockafellar and Wets [15, 11K*|, an augmented Lagrangian
with a convex augmenting function was introduced and the corresponding zero duality
property was established. The definitions of several growth conditions were delineated
by Penot [16]. By assuming that the augmenting function satisfies the level coercivity
and the perturbation function satisfies some growth condition, several zero duality gap
results between the primal problem and its augmented Lagrangian dual problem were
obtained in Penot [16]. A level-bounded augmenting function was given in Huang and
Yang [17], where the convexity of augmenting functions in Rockafellar and Wets [15]

was replaced by a level-boundedness condition. A valley at 0 augmenting function



was given in Zhou and Yang [18], where the level-boundedness condition of the aug-
menting functions in Huang and Yang [17] was replaced by the valley at 0 property.
The latter property allows one to introduce a duality scheme with zero duality gap.
More general frameworks for establishing zero duality gap and the existence of exact
penalty parameters were introduced in [19, 20, 21]. Optimization problems in which
the constraints are given in terms of a set inclusion were considered by Shapiro and
Sun [22]. Using a quadratic growth condition (a property originally introduced by
Rockafellar [14]), and a quadratic augmented Lagrangian, Shapiro and Sun established
strong duality and second-order conditions ensuring existence of Lagrange multipliers
(see [22, Theorem 2.4, Theorem 3.4]). The concept of augmented Lagrange multiplier
is related with that of a global saddle point of augmented Lagrangian functions. This
connection was exploited by Sun et al. [23], who considered four classes of augmented
Lagrangian functions. Under second-order sufficient conditions and certain additional
conditions, Sun et al. [23] established the existence of local and global saddle points
of these four kinds of augmented Lagrangian functions. Riickmann and Shapiro [24]
studied the (SIP) via an augmented Lagrangian approach with a nonnegative convex
augmenting function and a reduction approach method. They obtained some neces-
sary and sufficient conditions for the existence of an augmented Lagrange multiplier.
Furthermore, they discussed two particular cases: the proximal Lagrangian and the
sharp Lagrangian.

Sufficient conditions for the existence of an augmented multiplier of an augmented
Lagrangian with a valley at 0 augmenting function of a cone constrained optimization
problem were obtained in Zhou et al [25] by using local saddle point conditions and
bounded conditions of a perturbed constraint set. In the present paper we will use the
augmented Lagrangian to study (SIP). Firstly, we use the sharp Lagrangian to derive
first-order necessary conditions and first-order sufficient conditions for the existence of
an augmented Lagrange multiplier for (SIP) (see Theorems 3.1 and 3.2). Secondly, we
consider an augmented Lagrangian with an augmenting function having a valley at 0
property. This allows us to obtain the existence of an augmented Lagrange multiplier
for (SIP) under two possible assumptions: (i) that (SIP) has a unique global optimal
solution, and (ii) that the objective and the constraint functions satisfy a generalized
representation condition originally introduced in [26].

Since the augmenting function used in this paper may be nonconvex and non-
quadratic, standard techniques such as those used in Riickmann and Shapiro [24] and
in Shapiro and Sun [22] to show the existence of augmented Lagrange multipliers cannot
be applied here. For the same reasons, the saddle point results we derive cannot make

use of the techniques used in Sun et al [23]. As a result, both the results and the



proof techniques we use in the present paper are different from those in the last three
references.

The structure of the paper is outlined as follows: In Section 2, we introduce some
notations and preliminary results needed in the sequel of this article. In particular, we
show that the augmented Lagrangian is lower semicontinuous by following a technique
developed in [19]. In Section 3, we obtain some first-order optimality conditions for the
existence of an augmented Lagrange multiplier of the sharp Lagrangian problem. In
Section 4, we obtain some second-order conditions for the existence of an augmented

Lagrange multiplier of a valley at 0 augmented Lagrangian for (SIP).

2 Preliminaries

Let Ry :=[0,400),R; 1 := (0, 400[, Ris :=| — 00, +00[ and the indicator function of
aset Z CY be defined by dz(y) =0, if y € Z, and 0z(y) = +00, otherwise.

Let 2 be a nonempty set and call R be the set of all functions from € to R. Denote
by R the subset of R consisting of all functions from € to R which are nonzero in

at most a finite subset of . More precisely, R(Y is defined as follows.
RO :={N:Q—=R: Aw) =0, for all w € Q except for a finite number}, (1)
and R(f) ={AeR® : \(w) > 0,Vw € Q}. For A € RO et

supp(A) == {w € Q: A(w) # 0}.

Therefore, we say that RY is the subset of R® consisting of all functions with finite
support. The set R(Y will play the role of the dual space, and hence will contain the
Lagrange multipliers.

For A € R® and y € R?, we can define a scalar product in a natural way:

Ay)= 3. M),
wesupp(A)
For a finite set ' = {wy,...,w,} C Q and y € R?, denote by y"(-) the restriction of
function y(-) to T, i.e.,

y(w), ifwel,
y'(w) = (2)
0, otherwise.

By abuse of notation, we may use the same symbol 4" to denote the finite dimensional

vector that has for coordinates y' = (y(wy), ..., y(wm))?.



Let 0 : R® — R, be a function with ¢(0) = 0. We refer to the function ¢ as an
augmenting function.

For a given x € R", we define the set
D(z) :={y € R" : g(x,w) +y(w) <0Vw € Q}, (3)

which is the set of “admissible” perturbations at the point x.

We will now use all these elements to define the augmented Lagrangian for (SIP).

Definition 2.1 Fiz A € R and its corresponding support T' = supp(\). Fiz also
r > 0, a penalty parameter. The augmented Lagrangian for the problem (SIP) is the
function L : R* x R x R, — Ry defined by
L9 A1) = infymalf(2) — (A y) +10(y") : gl,w) + y(w) < 0,0 € O}
= infyepe{f(z) — (N y) +ro(y") + dpw)(v)}-
Denote by val(SIP) the optimal value of the problem (SIP), and denote by Xy the
set of feasible solutions of (SIP), i.e.,

(4)

Xo:={z eR": g(z,w) < 0,w € Q}. (5)
Let x* € Xy. Denote the active constraint index set at x* by
I(z") = {w e Q:g(z",w) =0}. (6)

We assume throughout the paper that the optimal value of problem (SIP) is finite.
Fix y € R® and denote by val(P,) the optimal value of the following parameterized
problem of (SIP):

(P,) min f(x) subject to zeR", g(z,w)+yw) <0, we. (7)

With this notation, for y = 0 we naturally obtain val(F,) = val(SIP).
Let A € R® T =supp(A) and r > 0. Define v : R® — R, as

v (y) = val(P,) + ro(y"), ye R (8)

T

The assumption that ¢(0) = 0 implies that v$}(0) = val(SIP) for every r > 0. By
(4)-(8), we always have that

v (0) = infyera{vy’(y) — (A, 9)} = infyera{val(P,) — (X, y) +ro(y")}
= inf, cgo infyern{ f(z) — (N, y) + 10(y") : g(z,w) + y(w) <0
= infyepn inf cpe{f(z) — (N, y) + ro(y") : 9(z,w) + y(w) < 0,w € O}
= inf,epn LY (2, A\, 7).
(9)
When there exists » > 0 such that the above expression holds as an equality, we say
that A is an augmented Lagrange multiplier with penalty parameter r. We make this

precise in the next definition.



Definition 2.2 X\ € R® is said to be an augmented Lagrange multiplier for (SIP) if
val(SIP) is finite and there exists r > 0 such that

vl (y) = 0P 0) + (N y), VyeR (10)

If (10) holds for r, then we say that the augmented Lagrange multiplier A has a penalty

parameter 7.

Remark 2.1 (i) If (10) holds for a given r > 0, then X is an augmented Lagrange
multiplier for (SIP) for every r’ > r. This is a direct consequence of (8) and the

fact that o is nonnegative.

(i) It follows from (10) that A is an augmented Lagrange multiplier for (SIP) if and
only if it satisfies an inequality resembling the subgradient inequality for convex
functions. Indeed, recall that A\ € Ov(y1) if and only if vt (y) — v2(y1) > (N, y —

y1),Vy € R Note that 0vSt(0) is well-defined only if v$H(0) = val(SIP) is finite.

2.1 Discretizations and Lagrangian Functions for (SIP)

A finite set I' := {wy,...,wn} C Q naturally induces a discretized version of (SIP), in
which only the constraints corresponding to the elements of I' are taken into account.

This discretized problem is denoted (P'), and defined as:
(P") min f(z) subjectto z€R", g(z,w;) <0,j=1,...,m.

Denote by ST the set of optimal solutions of (P'). As in (7), we can perturb the
discretized problem (P), this time with § = (71,...,¥m)? € R™. This parameterized

problem becomes:
(PQF) min f(z) subject to z eR", g(z,w;)+y; <0,j=1,...,m. (11)

We denote by v"(7) the optimal value of (P}). Recall that y'(-) is the restriction of
the function y(-) to T’ (cf. (2)). Define o' () := o(y"). This allows us to define, as in
(8):

v (9) =" (g) + 7o’ (9).

We define next the Lagrangians associated with the discretized problem (PgF ).

Definition 2.3 Given a finite set T' := {wy, ..., wy,} C Q, the augmented Lagrangian
and the classical Lagrangian for problem (PY) are defined respectively by

LY (z, A\, r) := inf {f(z) — (A, §) + 70" (7) : g(z,w;) +79; <0, w; €T}, (12)

Ly(z,A) = f(2) + ) Aw)g(z,w), (13)

where € R", A\ € R™ and r € R,.



Remark 2.2 Consider Problem (11), and let y € R be such that y(w;) =: g;, for all
w; € I'. In this situation, the discretized problem (Py) in (7) is a relazation of problem

(Py), in the sense that the constraint set in (11) is larger than the one in (7). Namely,
Ify" =g €R™,  then wal(P,) >v"(y),
This fact and (8) yield

v (y) = val(Py) +ra(y") = vy (5), (14)
where § is the restriction of y € R to the set T.

We define next an augmented Lagrangian for the discretized problems.

Definition 2.4 Fiz T' := {w1,...,wn} C Q, a vector X\ € R™ is said to be an aug-
mented Lagrange multiplier for (PY) if val(PY) is finite and there exists 1 > 0 such
that

v (y) 2 0%(0) + (A, y), Wy ER™ (15)

If (15) holds for r, then we say that the augmented Lagrange multiplier A has a penalty

parameter 7.

The following is an example where the augmented Lagrangian for (P') with a

separable augmenting function is computed explicitly.

Example 2.1 If o' is separable, i.e., o' (§) = Y 1", 0;(7;), then the expression of the
augmented Lagrangian can be simplified to

m

LF(Z‘,)\,T) = gler]llgfm{f<x) - <5\7g> +TZUj(gj) : g(.’lT,OJj) +gz S Oa] = 17 T >m}
j=1

| Aj_ L
= f(2) +7”Zglng{—7jyj +05(Y;) 95 < —g(@,w;)}-
j=1"

Assume furthermore that o;(;) = max{g3,\/|7;|} for all j =1,...,m, and let
Y : R xR = R be defined as ¥;(a,b) = inf{—bz + max{z?, \/|z|} : 2 < —a}, then

(

0, f0< —a,-1<b<1lor0<—a<y5,1<b;
—lb] + 1, if —1<—-a,b<—-1lorl<-a1<b
or —1§—a§—(1—|—%)2,—1§b§—%;
Vi(a,b) = ab+max{a® \/la|}, if —a<-1,b<—-1or —a<0,-1<b<1

2’0

~—

Y

1
or —ae(—oo,—l]U[—(l—l—g

| IS

2
or —a € (—00,0lU [%,1],1<b.



Thus, we obtain
L'z A1) = f(z)+ 1) i(g(,w)), 7])-
j=1
The following lemma shows that the optimal value of the discretized augmented
Lagrangian is always equal to the augmented Lagrangian for (SIP). It also relates the
discretized Lagrangian with the classical one. In the sequel, we will use the following
notation: given a finite set I' := {wy,...,wn} C Q, and (z,u) € R™ x R}, call

v(z,u) € R™ the vector defined by
[y(z,u)]; = —g(z,w;) —u;, for j=1,...,m. (16)

Lemma 2.1 Let f : R" — R, g : R* x Q — R be real-valued functions, and let
A€ RY o R® — R, be a real-valued function with 0(0) = 0, T' = supp(\) =
{wi,...,wn} CQandr > 0. Then
(i)
LYz, \r) = LY (z,\,7), x€R", (17)
where A = (A(wy), - -+, AMwm))T.
(i1) For every x € R", we have

m

LN (@A) =) + 37 Mewpgl.wy) + (> Awy)us + 70" (3w, w)}

j=1

. (19
=I5 (0 0) + (DS My + 707 (),

where y(x,u) is as in (16).

Proof: (i) Let # € R™. For any y € R® such that g(z,w) + y(w) < 0, w € T, set
Ui =yw;),j=1,---,m,s0y = (Y1, ,Ym)", and we have g(z,w;) + y; < 0 for all
w; € I'. The definitions then yield

fl@) =Ny +ro(y') = flz) =\ g) +ro' (7)

2 LF(I7 X? r)7

where we used (12) in the last inequality. Taking now infimum over y € D(x) and
using (4) we obtain
LYz, N\, 7) > L (z, A, 7).

Therefore, (17) holds. To prove the opposite inequality, define the set

D'(x) :=={y € D(x) : supp(y) C T}.



The set DY (x) can be identified with the subset of R™ determined by all the images
' = (y(w1),...,y(wn))? € R™ for y € D' (z). Namely, the set D' (z) can be identified
with the set

Dl (z) :={g € R™ : g(z,w;) +7; <0, Vw; €'}

Given any function y € DY (x), call j € R™ the vector of images of y. Since supp(y) C T
and y" = 7 we have that o(y") = o'(7) and (\,y) = (\,3") = (), 7), where we used
the definition of A in the latter equality. Altogether, we can write

LYz, \r) = f(z)+infyepe —(\y) +ro(y")
S f(l') + innyDF(z) _<)‘a y> + TU(yF)
= f(l') + infngDfn(ac) _<)‘7g> + Tgr(g) = LF(:L,’ )\7 7"),

which proves the opposite inequality.

(1) Fix € R" and take any y € R® such that g(z,w;) + y(w;) < 0 for all
j=1,...,m. Define u; := —(g(z,w;) + y(w;)) for all j =1,...,m. Using (12) we can
write

LYz, A\ r) = inf {f(z) — (\@) +r0(@): g(z,w;) +7; <0, w; €'}

gER™
m

_ i%%{f@) + Z AMwj)(g(z,w;) + uy)

+ TO'(—g(I7w1) — U,y —g(x,wm) - Um)}
= f(2)+ > Mwy)g(w,w;) + }ng{z Awj)uj +ro(y(z, u))}.

j=1 j=1

That is, the augmented Lagrangian L' (z, A, ) of (P") can be expressed as (18). [0
The next lemma proves that (z*, \*) is a saddle point of L*(-, -, r*) when (z*, \*) is
a Karush-Kuhn-Tucker (KKT in short) point such that z* is optimal for (SIP) and \*

is an augmented Lagrange multiplier with penalty parameter r*.

Lemma 2.2 Let f : R — R and g : R" x 2 — R be real-valued functions, and
let o : R® — R, be a real-valued function with o(0) = 0, * € Xy, \* € ]R(f),
' = supp(\*) = {w1, ..., wn}. Assume that the KKT conditions for (SIP) is satisfied

at x* and \*, i.e.,
V.Ly(z*,\*) =0, (19)
and

A (w) >0, \"(w)g(z",w) = 0,Vw € Q. (20)
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Then
LE(x*, N, r) = LY (", X", r) = f(z*), Vr >0, (21)

where X* = (A (wy), -+, A (wm)).

Proof: Since 2* € X, we have g(z*,w) < 0,w € Q. It follows from (4) that

Lﬂ(x*,)\*,r) < f(z"). (22)
Letting @; = —g(2*,w;) > 0 for all j =1,...,m, we obtain
0 < infyzoot (v(z",u)) < o' (y(a", @) = 0(0) = 0. (23)
By using (20), we have -
1112% N (wj)u; = 0. (24)
204

Noticing the KKT conditions and combining (23) and (24) with (18), we have

LY (2, X%, 7)
= f(@*) + 200 M(wy)gla®, wy) +infuse{ D70, A (wj)uy +ra® (v(a*,u))}
> fa*) +infuso{ D270, N (wj)u,} + 1 infuso{o (v(z*, u)} = f(@).

This, together with (17) and (22), implies that (21) holds. O

2.2 Duality Properties of (SIP)

In this section we establish some properties and strong duality results for (SIP), in-

cluding first order optimality conditions and a global saddle property.

Lemma 2.3 Let f: R" — R and g : R” x Q — R be real-valued functions, and let
o : R® — R, be a real-valued function with o(0) = 0, 2" € Xy, \* € RSFQ), I =
supp(N*) = {w1,...,wm}. Assume that the KKT conditions (19) and (20) for (SIP)
are satisfied at x* and \*. If there exists r* > 0, such that \* is an augmented Lagrange
multiplier of the problem (SIP) with the penalty parameter r* and f(x*) = val(SIP),
then

L x, N, ) > L™ N, ) > LYa* A r*), Yz eR", e R®. (25)

Conversely, if
LYz, A, r*) > LR(z*, \*,r%), Va € R", (26)

then \* is an augmented Lagrange multiplier of (SIP) with the penalty parameter r*.
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Proof: As \* is an augmented Lagrange multiplier of (SIP) with the penalty pa-

rameter r*, we have
vit(y) > ok (0) + (V' y), vy e R

Therefore
infcpa {02 (y) — (V. 9)} > 0 (0) = val(SIP). (27)

It follows from (21), (9) and (27) that

fla*) = L%a* N, r%) > infyepn L (2, A, 1)
= infyege{v(y) — (X, 9)} (28)
> val(SIP) = f(x*).

The above expression implies that
LYz, X, r*) > L (x*, \*,r*), Vo € R"™. (29)
Let A € R®. Since 2* € Xy and 0 € R, it follows from (4) that
LE(z* M\ r*) < f(a*) = L (z™, X5, r"). (30)

By (29) and (30), we obtain both inequalities in (25).
Assume that there exists 7* > 0, such that (26) holds. Then we obtain

inf L%(x, \*,7*) > L (*, \*,r*) = f(a*) = val(SIP). (31)

T€R™

It follows from (9) and (31) that
inf,cpo{vst (y) — (N, y)} = infyepn L (2, A%, 7*) > val(SIP).

This implies that
Vit (y) > vk (0) + (V' y), Yy € R

That is, A* is an augmented Lagrange multiplier of (SIP) with penalty parameter r*.
OJ

Remark 2.3 By Lemma 2.3, if \* € R(Y is an augmented Lagrange multiplier of (SIP)
with the penalty parameter r*, and z* is an optimal solution of (SIP) and satisfies (20),
then (z*, \*) is a saddle point of L(-,-,r*). Conversely, if for some r* > 0, (z*, \*) is
a saddle point of L(-,-,r*), then A\* is an augmented Lagrange multiplier of (SIP) with

the penalty parameter r*.
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3 First-order Conditions for Augmented Lagrange

Multipliers

In this section, we focus on the augmented Lagrangian in which the augmenting func-
tion is given by the norm of the function ', the restriction of y € R® to a fixed finite
subset I' C Q. Namely, given I' := {w;,...,wn,} we consider o : R® — R, defined
as

o"(y) =0y =yl =) lyw) = Z [y (wj)l- (32)

werl
The resulting augmented Lagrangian, inspired in [15, Example 11.58], is called the
sharp Lagrangian. It is a classical fact from convex programming that the sharp La-
grangian admits an exact penalty parameter (see, e.g., [27, Theorem 9.3.1]). We will
show that this can also be achieved in our more general context. First, we will obtain
necessary optimality conditions for the existence of an augmented Lagrange multiplier
of the sharp Lagrangian problem. Second, we establish sufficient conditions for the
existence of an augmented Lagrange multiplier, by assuming inf-compactness of the
functions involved and a Mangasarian-Fromovitz constraint qualification. We start by
establishing necessary first-order necessary conditions for the existence of an augmented
Lagrange multiplier of the semi-infinite programming problem (SIP).

Given a fixed finite subset I' C €2, we will use the following notation for the set of
active constraints of (SIP) and the set of active constraints of (P') at a given z € X,

respectively.
I(z) ={weQ : glx,w) =0}, T'(x):={wel : g(z,w)=0}=I(x)NT. (33)

Theorem 3.1 Let f(-) and g(-,w),w € Q, be real-valued continuously differentiable
functions. Fiz \* € R and call T = supp(\*) = {wi,...,wn}. Consider o' as in
(32). Assume that

(a) \* is an augmented Lagrange multiplier of (SIP) with penalty parameter r*,
(b) x* is a local minimum for (SIP), and
(¢) val(SIP) = f(x*).
In this situation, we have that
Vfi(*)'d>0, vde ("),

where
U(r*) :={d € R": V,g(2*,w)'d < 0,w € I(z*)},

is the cone of feasible directions from x*.
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Proof: Assumption (a) means that

v (y) — (AN y) >0 (0), Yy e R™

r*

Noting that v (y) = val(P,) + r*o(y") = val(P,) + > .r ly(w)| and vf1(0) =

val(SIP), the last inequality is rewritten as

val(P,) — )+ [y(w)| > val(SIP), vy € R (34)

wel’

Taking infimum in the above inequality and using (c), we obtain

inf {Val(P) A y) 4t Z ly(w)|} > val(SIP) = f(z").

€R®
Y wel’

Using now the definition of val(P,) and the fact (b) that z* is a strict local minimum
for (SIP) we obtain

f(z*) < infyepe{val(P,) — (\",y) + 7" 2 r [y(w)[}
= infyege infoern{f(2) — (N, 9) + 7" 2 cr [y(W)] + 9(z,w) + y(w) < 0,w € 2}
= infyepn infyepe{f(z) + Zm A (wi) (—y(wj))
+r > 7 y(w))] = gz, w) +y(w) <0,w € Q}
= infyepn L9 (2, ¥, 1%),

where we used the definition of L? (see (4)) in the last equality, and the fact that

[' = supp A* in the second-to-last equality. This expression readily gives

f@) < infyepaf{f(z) + 32270, A" (w))(—y(w;))

m (35)
+r 3 (@)l g(r,w) +y(w) < 0,w € Q) = Lz, A, 1),

for all z € R". Fix z € R", for each w; € I, we have two possibilities. Either g(z,w;) <
0, or g(z,w;) > 0. If g(x,w;) <0, take g(w;) = 0, otherwise, take §(w;) = —g(z,w;).
Namely, take §(w) := —max{0, g(z,w)} for w € I and g(w) = 0 for w ¢ I'. Using this

choice of § € R® in (35) we can write

fl@*) < L@, A7) = infyepa{f(2) + 271, A (w;)(—y(w;))
+r 3 y(wi)] s g, w) +y(w) <0,we Q} (36)
< fle) + 20 A wi)g (s w)) + 7 30 g (3, wj),

where (a)* = max{a,0} for any a € R. Inequality (36) implies that

f +Z )\* w] —l—?“ (ZE,UJj),V$ € Rna
7=1
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i.e., ¥ is an unconstrained minimum of H(z) := f(z) + > 7L (A\*(w;) + r%)g™ (z,w)).
Thus it must satisfy the necessary first order optimality conditions
He(z*,d) = Vf(z*)'d+ Z (N (w;) + r*) max{V,g(z*, w;)"d,0} >0, Vd € R",
jel(z*)

where H°(z*,d) is the Clarke generalized directional derivative of H at x* in the di-
rection d, see [29], and we can restrict the sum to j € I(x*) because z* is feasible, and
hence Vg (z*,w;)"d = 0 for all j & I(z*) and all d € R". Fix now d € ¥(z*). By
definition of ¥(z*) we must have max{V,g(z*,w;)"d,0} = 0, and the above inequality

yields
Vi)'d>0, Vde¥(z").
This completes the proof. O
The last result in this section establishes sufficient first order conditions for the
existence of an augmented Lagrange multiplier. Given I' = {wy, ..., wy,} C Q, define
X} ={r cR": g(x,w) <0,w T}, (37)

the subset of points which are feasible for problem (P'). We will make the following
assumptions on the objective f(-) and the subset of constraint functions g(-,w) for

wel.

Assumption 3.1 Let f(z), and g(z,w) (w € I') be inf-compact, that is, there exist
a € R, w e T, such that the sets {z € R": f(z) < a} and {x € R" : g(x,w) < a} are

nonempty and compact.

Remark 3.1 If Assumption 3.1 holds, then the inf-compactness of f implies that the

solution set S of the discretized problem (P') is nonempty and compact.

The extended Mangasarian-Fromovitz Constraint Qualification (EMFCQ in short)
is said to hold for (P') at a feasible solution zg, see Bonnans and Shairo [28, p. 510],
if there exists z € R™ such that

V.9(wo,w;) "z < 0,Vw; € T such that g(xg, w;) = 0.
Assumption 3.2 The (EMFCQ) holds for the reduced problem (P') at every z € ST.
Let x € X and define the set of (classical) Lagrange multipliers associated with x:
A (z) = {/\ ER™:V,Li(x,\) =0,A>0,\jg(z,w;) =0, j=1,... ,m} .

If Assumption 3.2 holds, then A'(z) is bounded (cf. Gauvin [30], see also Bonnans
and Shairo [28, p. 510]). A general result on the boundedness of the set of Lagrange
multipliers for an optimization problem with a closed set inclusion constraint is given

in Burke [31].
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Theorem 3.2 We assume that (SIP) is convex. Let \* € R and I = supp(\*) =
{wi,...,wm}. Denote by \*(w;) = X;, j =1,...,m. Suppose that val(SIP) =val(PT).
Let f(-) and g(-,w),w € Q, be real-valued continuously differentiable functions, and
let o¥ be as in (32). Suppose that Assumption 3.1 and Assumption 3.2 are satisfied.
Then, there exists r* > 0, such that

(1) A= (A,..., )7 is an augmented Lagrange multiplier of (PT), with penalty
parameter r*, and

(i) A* € R® is an augmented Lagrange multiplier of (SIP), with the same penalty

parameter r*.

Proof: (i) First, we claim that there exists ap € R such that f(z) > ap, Vo € R™
Indeed, if this is not the case, there exists a sequence {x} such that f(xy) — —o0 as

k — oo. By Assumption 3.1, there exists a € R, such that the set
E={zxeR": f(z) <a}

is nonempty and compact. So, z;, € E for large enough k. Thus, there exists a
subsequence {zy,} of {z;}, such that x,, — z as j — oo. Since f is continuous,
vo € E and f(xy;) — f(z0) as j — oo, which is impossible.

Recall that v (7) is the optimal value of (P}). Thus

Ur (g) > Qo, (38)

since f(z) > ap, Vo € R™.

To complete our proof, we will use similar arguments to the ones used in Riickmann
and Shapiro [24, Theorem 3]. It follows from Assumption 3.1 that the set of optimal
solutions of (P') is compact. By Assumption 3.2, the sets Al'(x) are uniformly bounded
for all z in a neighborhood of any point # € S (cf. Proposition 4.43 of Bonnans
and Shapiro [28]). Thus, we obtain that the set |J,.qr A¥(2) is bounded, as ST is
compact, and then supye\; . ar) |A—Al| is finite. As for (P'), Robinson’s constraint
qualification is equivalent to the EMFCQ, by Theorem 4.27 of Bonnans and Shapiro
28], we have

(") (0,d) > inf inf )Vy{f(x) + (N gl@) +y)}'d= inf inf (X d), (39)

zeST AeAl (z zeST AeAl (z)

where (v1)" (0,d) is the lower Hadamard directional derivative of v'(-) at 0 in a unit

direction d € R™, more precisely,

(v")_(0,d) := sup inf vt (td') —v"(0)

r>0 [ t€(0r),|[d—d||<r t

]
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Using the above definition and (39), we can write, for a fixed ¢ > 0

vF(td’)_UF(O)] > inf inf (A d) —e]|d].

sup in
r>0 | t€[0,r], [ld—d’||<r t zeST AeAT (z)

Hence by definition of the supremum in the left-hand side there exists 7 > 0 such that

for all d’ € 7 Bgm, which is the unit ball in R™, and every t € [0, 7] we can write

ol (td') — 01 (0)

. > [infyegr infrearm (A, d)] — el|d]|. (40)

Multiplying by t the expression above and restricting the quotient in the left hand side

to d’ = d, we can write (40) in terms of § := td € 7Bgm, to obtain

ol (g) —oP(0) > [infzesr inf,\e,\r(x)@\,gj)} — <yl (41)

Let us find a suitable lower bound for the first term in the right-hand side of (41). We

can write
Aoy = A=A+ Ag) = A g) — A= Allgl-
Taking now the infimum in this expression we obtain
inf:cESF inf}\EAF(x) <>\7 g> > <5\7 g) + HgH inf:l:ESF inf}\EAF(x) [_H)\ - 5\Hj| (42)
A7) = 19l sup,esr supyear(y A = Al -

The boundedness of the set | J,gr AT () implies the existence of r; > 0 such that

r > sup sup [|A— A
zeST AeAl (z)

Using this fact, and (42)-(41) we obtain
v'(y) > v7(0) +infueor infrear ) (A §) — €[l7l

= v7(0) + (A, ) — 7]l sup,esr supsenra) (1A = Al] —ellll (43)
H0) + (A g) = gl —ellgll > 0" (0) + (A7) = 19l (r1 +2).

= v
> v
Noting that every § € 7Bgm can be written as g := td for ¢t € [0, 7] and d a unit vector,
we conclude that the inequality in (43) holds for every § € 7Brm. Altogether, we can

write for all § € 7 Bgm

v (y) = 0N (@) +rot(y) =0 (@) + |yl

. (44)
> 0N(0) + |gll(r — e =) + (AN 9),

where we used the definition of v} in the first equality, the definition of ¢ in the second
equality, and (43) in the inequality. This implies that for r > (¢ + r1), we obtain the

inequality in the definition of an augmented Lagrangian for (P'), for every 4§ € 7Bgm.
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Now we need to establish this inequality for § & 7Bgm. Recalling that v (0) = val(PL),

and using also (38) we can write

oy (5) —0"(0) — (A, g) = o (5) +ra"(y) —v"(0) — (N, )

= "(g) + |yl = 0" (0) = (N, 9)
ag — val(P) + (r — ANl
ag — val(PY) + (r — | A7,

(45)

AVARIY,

where the first inequality comes from (38) and the last inequality follows from choosing

r > ||| and the fact that i & 7Bgm. Given these two inequalities, we can choose

- 1(P') —
> max{r + o, [N + ) Z 00y (46)
With this choice, (44), (45) and (46) yield
v (y) 201 (0) + (A, y), Yy e R™ (47)

From (15) A is an augmented Lagrange multiplier of (PT), with penalty parameter r*.
(ii) Since val(SIP) = val(PT), we have that v$%(0) = vL.(0) = v'(0) = val(SIP). Fix

an arbitrary y € R® | we can take its restriction y' to I', namely set

(y(w1)7 te 7y(wm))T = yF‘

By Remark 2.2 and (14) we have vf(y) > vL (y"). So, it follows from (47) applied to
y :=y" that
v (y) > ol (y") > o (0) + (\,y), VyeRW,

r

Therefore, A € R(Y is an augmented Lagrange multiplier of (SIP), with penalty pa-

rameter r*. O

Remark 3.2 Note that the existence of an augmented Lagrange multiplier is a global
property. The proof of Theorem 3.2 shows that Assumption 3.1 is essential to obtain
the existence of an augmented Lagrange multiplier of (SIP). Indeed, by Assumption
3.1 and the continuity property of f, we obtain that (38) and (45) hold.

4 Second-order Conditions for Augmented Lagrange

Multipliers

In this section, we investigate second-order conditions for the existence of an augmented

Lagrange multiplier for the semi-infinite programming problem (SIP). Recall that for
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y € R, the norm of the restriction 3 to a finite set I' = {wy,...,w,,} is defined as
Iyl = X oer ly(w)], ie., the f1-norm in R™ of the vector y* = (y(w1),...,y(wn))".
We will also use || - || for denoting the infinity norm in R™. Namely, given z € R™,

we write ||z||oo := max;—1__m |2;|. Next we state a crucial assumption we make on o.

Definition 4.1 Let o : R — R, be a real-valued function and T’ be a finite subset
of Q1.

(a) We say that o has a valley at O with respect to T' in R if o is continuous at 0
with o(0) = 0, and for every 6 > 0 we have ¢s = inf, cga |,r s 0(y") > 0.

(b) Fizp e (0,1]. We say that o satisfies a p-growth condition at 0 with respect to
I if there exist py > 0 such that

a(y")
= po > 0. 48
yer? y—0 ||y ||P & (48)

Remark 4.1 Under assumption (a) in Definition 4.1, there exists o > 0 such that the
level set
Voi={zeR™ : o'(2) < a},

s bounded. Indeed, if this is not true then for all a > 0 the set V,, is unbounded. Take
0 < o < ¢q, where ¢y > 0 is as in Definition 4.1(a) for 6 = 1. Since V,, is unbounded
there exists z € V,, such that ||z|| > 1. Altogether, we have

a>o (z)> inf o) =¢
( )_yeRﬂ,nyFnzl W) =ca,

contradicting the choice of a. Hence, the claim is true and there exists oy > 0 such

that V,,, is bounded. For future use, denote by M,, the positive constant such that
Vao C B[O, M,,] C R™,
where B[0, M,,] is the ball centered at 0 with radius M, .

The properties described in Definition 4.1 are used for establishing a lower bound
on the augmented Lagrangian. The next technical lemma shows why this assumption

is instrumental in establishing the lower bound.

Lemma 4.1 Fiz a pair (2, \) € R™ x RS{Z) and denote by I' = supp(A) = {wi, ..., wn}.

Assume that

(i) For every w € I, the function g(-,w) : R® — R is continuous at &, and
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(i) o : R — RT has a valley at 0 respect to I', and it satisfies p-growth condition
at 0 with respect to T'.

In this situation, there exists an open neighborhood N (&) of & and r' > 0 such that for
every x € N(z) and every r > r' we have

inf {Z S\(wj) (9(z,wj) +uj) +ro(—g(zr,w;) — uj)} > (.

u>0

Proof: The statement of the lemma is clearly true when A =0, so it is enough to
prove the lemma for X # 0. Asin (16) define v(x,u) € R™ as [y(z, u)]; := —g(z,w;) —u;
for all j = 1,...,m. With this notation, we have that [y(z,u)]; < —g(z,w;) for all

u > 0. The infimum in the statement of the lemma thus re-writes as

u>0

inf {Z Aw;)([=v (@, u)];) +7“0(7(56,U))}- (49)
j=1
Fix ro > 0. The continuity of g implies that there exists a constant C; > 0 such that

max ]{Z l9(z,w))|} < Ch. (50)

zEBIZ,T0
This allows us to find a lower bound for the first term in the argument of (49). Indeed,

> i Aw))([=y(z,w));) > Z;@:lf\(wj)g(%wj)
= Al > i1 9(w,wj) (51)
> —CIH>‘||007

where we used the fact that u; > 0 in the first inequality. The p-growth condition

assumed in part (ii) implies that

.. o(z)
sup inf = po > 2> 0.
b el<r 127 po > po/
Therefore, there exists r; > 0 such that
o(z
( ) > p0/2’

(]

for every z € B(0,71) C R™. Take ry < min{1, 7} This yields

a(2) 2 (po/2)|I211" = (po/2)Iz]l; (52)

where we used the fact that p € (0,1] in the last inequality. Call A(r,z,u) =
> e AMw;)([=y(z,u)];) + ro(y(z,u)), the expression between the curly brackets in
(49). We will show that

inf A(r,z,u) >0, (53)

u>0,z€B(Z,r0)
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for large enough r > 0. We consider first the case in which v > 0 is such that
|7(z,u)|| < re. In this case, using (52) for z := y(x,u) we obtain

Alryz,u) = 00 M) ([=y(z,w)]) + ro(y(e, )
> = Meclv(@, W)l + ro(v(z,u))
> —[[Allsclly (@, w)ll + 7 (po/2) [y (2, W)
= Iz wl (r (/) = 13l1)
which is positive for r > % =:r3. Hence, for all x € B(&, 1) we can write
1£1f {A(r,z,u) : w>0and ||[y(z,u)]] <re} >0. (54)
r>r3

To complete the proof, we consider now those u > 0 such that ||v(x,u)|| > 5. Using

the valley at 0 property and (51) have

A(T7 z, u) = ijefl(fc) ;\<wj)([_7<x7 u)]]) + TO_('Y("E? u))
_01”)\”00 + TU('V(I’ u))

>
> —CiAloe +7en,

C1 Moo

which is positive when r > =: r4. Hence, for all x € B(z, 1) we have

inf {A(r,z,u) : uw>0and ||y(z,u)| >r} > 0. (55)

r>ry4

From (55) and (54) we deduce that, for r > max{rs,ry} =: 1/, the statement of the
lemma is true for N(z) := B(Z, o). O
The next result will be used to show that the Lagrangian L' is lsc when o is a

valley at zero with respect to I'.

Lemma 4.2 Fiz a pair (z, 5\) € R ><]RSr , and denote by I’ = supp( ) =A{w1,...,wn}

Assume that
(i) g(-,w),w €T, is real-valued and continuous,
(ii) o : R — R is Isc and it has a valley at 0 with respect to T.

For a fized r > 0, define q(-,r) : R" — Ry, as

q(x 11};% {Z Aw;))( z,u)l;) + ra(fy(:c,u))} :

Then, for r > 0 large enough, the function q(-,r) is lsc in R™.
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Proof: Fixr > 0. Set Q(r,z,u) := > 70 Mw;)([=v(z,w)];) +ro(y(z,u)) + oy (u).
Then, we can write

q(z,r) = inf Q(r,z,u).

u€R™
Theorem 1.17 in [15] states that ¢(-,7) is Isc if (a) Q(r,-, ) is Isc, and (b) Q(r,-,-) is
level-bounded in u locally uniformly in z. Condition (b) can be re-stated as follows.

For every a € R there exists a ball B(Z,rq) such that the set
Wo(r) :={(z,u) : z € B(Z,ry), Q(r,z,u) < a} is bounded in R" x R™.  (56)

Since the R"-coordinate of W,(r) is bounded by definition, it is enough to show that
the R™-coordinate of W, (r) is bounded. We start by noting that Q(r,-,-) is Isc. This
is a consequence of the fact that Q(r, -, ) is the sum of lower semicontinuous functions.
Indeed, the continuity assumption (i) on g, together with the lower semicontinuity of o
assumed in (ii) implies that o o~(-,-) is Isc. The first term in the expression of Q(r, -, -)
is continuous on w and hence Isc. The third term in the expression of Q(r,-,-) is (SRT,
which is Isc because the set R’ is closed. This proves that Q(r,-,-) is Isc for every
r > 0.

Let us show now that, for » > 0 and large enough, Q(r,-,-) is level-bounded in u
locally uniformly in z. Namely, we will prove that (56) holds for 7o = 1 and for r > 0
large enough. The continuity of ¢ implies that there exists C} > 0 such that

max {Z lg(x,w))|} < C. (57)

Note that, for every fixed wj, we have

(58)

»» Ms
%3
Q‘c?
[V
S
8
£
\/
S\
8
&

Assume that (z,u) € W,(r) (and hence x € B[z, 1]), then we must have u > 0 and we

can write a lower bound for the first term in the expression of @) as follows:

S Awy) (= y(z,w)]j) > %\(wj)(g(l’awj) + uy)
> > f\(wj)g(l"ij)
2 _CIH)\”7

where we used the fact that u; > 0 in the fist inequality and (58) in the last one.
Altogether, we can write, for every (z,u) € W, (r) :== {(z,u) : v € B(z,1), Q(r,x,u) <
at,

a>Q(r,r,u)

Z}"zlé(wj)([ (@, w))j) +rot (y(x, u))
> —CiAl + ot (y(z, w).
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Therefore, we deduce that

a+01||1||}

r

WCX(r) - {(.I,U,) : O-F(ry(xau)) S
By Remark 4.1 there exists ag such that the set
Vo :i= {2 €R™ : 05(2) < g},

is bounded. Take r > 0 such that % < «ap. For this choice of r, we have that, if
(x,u) € Wu(r), then vy(z,u) € V,,. Let M,, be as in Remark 4.1. We can thus write,
for every w such that (z,u) € W,(r),

lull = 2250 Tl = 2205 [ = gl wy) + g(x, wj) +
< Yl =9@,w)l + gz, w)) +uyl < G+ [ly(@, )| < Cr + Moy,

showing that, for this choice of r, we have
W, (r) C Blz,1] x B[0,Cy + M,,].

Hence (56) holds for r > 0 large enough. By Theorem 1.17 in [15], the function ¢(-, )
is Isc for r > 0 large enough. O

This lemma readily gives the lower semicontinuity of L (-, A,7) for large enough r.

Proposition 4.1 Fiz a pair (2, ;\) e R" x RSFQ), and denote by T' = supp(j\) =

{wi,...,wn}. Assume that

(1) f(-) is real-valued and lsc and g(-,w),w € I, is real-valued and continuous,

(ii) o : R® — R* is Isc and it has a valley at 0 with respect to T.

In this situation, L'(-,\,r) is Isc for r > 0 large enough.

Proof: By definition we know that

L@ ) = f(@)+infusol S0 Aw)) =, w)]; + ro(y(r, u))}
= fl@) +aqlx,r),
where we are using the notation of Lemma 4.2. By assumption (i) the first term is lsc.
Since we are in conditions of Lemma 4.2, the second term is lsc for r large enough.

Hence the whole expression is lIsc for r large enough. U

Remark 4.2 With the notation of Definition 4.1, we have that the sharp augmenting
function o' (y) == ||y"|| used in Section 3 has a valley at 0 with c; =&, and it satisfies
a p-growth condition at 0 with respect to I' for p = 1. More generally, the augmenting
function ag(y) = |[y"||P for p € (0,1] has a valley at 0 with cs = 07, and it satisfies a
p-growth condition at 0.
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The following lemma uses an augmenting function as in Definition 4.1(a)(b).

Lemma 4.3 Let f(-) and g(-,w),w € Q, be real-valued twice continuously differentiable
functions, and let 2* € Xo, \* € R T = supp(\*) = {w1, ..., wm}, 0 : RO — RF s
Isc, it has a valley at 0 respect to I', and it satisfies p-growth condition at 0 with respect
to I

Assume that the KKT conditions (19) and (20) for (SIP) are satisfied, and that

the second-order sufficient condition given by
V2 L (2%, M)z > 0, Yz € V(x¥), (59)

holds, where V' (z*) is defined by

Vix*)'d <0,
V)= d0pdert| IS . (60)
V.g(z*,w)Td <0, YweI(z*)OT
Then there exist 7* > 0 and a neighborhood N(z*) of z* such that
Le(z, X, r*) > L (a*, A", r*), Va € N(z%). (61)

Proof: By contradiction, suppose that there exist two sequences {ry} and {x;} with

re > 0, . # x*, such that rp — oo, , — 2%, as k — oo and

L (g, N, r) < LE(2*, N, 7). (62)
We have
L(I)‘()\*ﬂ T*) = f(xk) + Z )\*(w])g(xkawj) S Lr(mky )\*,Tk) = LQ(xk’a >\*7 7"].3) < f(x*)7
j=1
(63)

where the first inequality follows from (18) and the nonnegativity of A\*(w) (Vw € )
(since (20) holds), the second equality is due to (17) and the last inequality comes from
(62) and (21). Define vy := xp — 2* and sy, := - By compactness of the ball, there
exists a subsequence of {s;} converging to a vector s with ||s|| = 1. Without loss of
generality, suppose that s = limy_, sx. We will show first that s € V(z*). We can

write

LQ(a:k, A1) — LQ(x*, A1) flzx) — f(z*)  inf,>o A(rg, g, u)

0>
[0l [0l ol

, (64)

where A(r, z,u) is as in Lemma 4.1. Since we are under conditions of Lemma 4.1, there
exist r’, 79 > 0 such that the last term is nonnegative for r, > " and x, € B(x*,ro).

Since 7, tends to infinity and z; tends to z* we can find kg such that r, > r’ and
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x € B(x*,rg) for k > kg. We assume from now on that & > kq. Using this fact and

the Taylor development of f we can write

f(xg) — f(x¥) N inf >0 A(ry, vp,u) _ flzg) — f(2¥)

0 > > (65)
(|| V]| V]|
— U f (s, + 2l (66)
||
where limy % = (. Taking limit yields
Vf(z*)T's <0, (67)

which is one of the inequalities defining V' (2*). To show that the remaining inequalities

in V(z*) hold for s, write again

flzy) — f(z¥) N inf, >0 A(7g, Tk, w)

’ (65)
[[vg| o]
= VLl a4 Cel) b oy (e, w))
o] e
o([|vkl]) Tkinfuzo U(v(xk,u))7 69)
o] o]

where the first inequality follows from (62), the first equality follows from the definitions
of A(zy,ry,u) and Lf, and the second equality comes from (19) in Lemma 2.2. Thus,

we have
lim inf, >0 o(y(zx, u))
ko0 || vkl

= ()’
since 1, — 00, as k — oo. Therefore, there exists u* € R’ such that

k
i 20D _ (70)
k—00 || vl
and then
lim o(y(zx, u*)) = 0.
k—o00
Since ¢ has a valley at 0, this can only happen if

lim [}(xy, u*)]| = 0. (71)

k—o0
The p-growth condition now implies that

NCICIT)

i s (72)

Note that 0 < p < 1 and |g(x, w;) 4+ uf| > g* (2x,w;) for all w; € T'(2*). Proceeding
as in the proof of Lemma 4.1, and taking k large enough so that ||v(zy,u®)| < 1 we

obtain
> gtk wy) < I(ae uh)]| < (e, ub)))P. (73)

wj €l (z*)
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From (72) we can take also k large enough so that M > po/2. Combine this
with (73) to write

2iyeren 9" T 95) (e )P _ 2 (e uh))

0< <
[k po lowl

Using the above expression and (70) we deduce that

wj x* g+ Ly Wy
i 2ot 9 (@) (74)

k—o00 Vi ||

Since the functions g¢(-,w;), w; € I'(z*) are continuously differentiable at z*, and

g(z*,wj) =0 for all w; € I'(z*), we use the Taylor development of g(-,w;) to write

+ . ;
9" (wr, w;) max{0, —g(xk’%)} (75)
[on| onl
= {0, Vglo, )7+ A (70
k

for all w; € I'(x*). Since each term in the sum of (74) is nonnegative, we deduce that

+ .
TN ALGL) S
k—oo  ||ugl

for all w; € I'(z*). Use this fact in (75) to obtain

0= lim max {0 V.g(@*,w;) " s + M} =max {0, V,g(z*,w;) " s}, (77)
k—+o00 H?)kH
for all w; € I'(z*). This readily gives
V.g(x*,w;) s <0, (78)

for all w; € I'(z*). Combining this fact and (67) we conclude that s € V(z*). The
Taylor development of L{ and the first order conditions yield

m

Flaw) = F(@7) + A (w))g(ae, wj)

=1
i (@))g (i, wj) = X" (wy)g(a”,w;)]
i V2e9(z*,w;)] sellvel|? + o([Jux]?)
= |lug|]? ( )+ Z)\* w;)V2,g(z* w])}sk + M)
= Jlul® (s;‘fong(a:*, A)sp + M)
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Assumption (59) and the fact that s € V(z*), imply that, for k large enough, the

expression between parentheses is positive. Hence, we have that

m

Flaw) = F(27) + ) N (wy)g(an,wj) > 0,

j=1
contradicting (63) for large enough k. This implies that (62) cannot hold, and therefore
(61) must hold. O

The following result establishes existence of an augmented Lagrange multiplier for
(SIP), under the conditions of Lemma 4.3 and some boundedness assumptions on f

and g(-,w).

Theorem 4.1 Let x* be a unique global optimal solution of (PL). Suppose that all
conditions in Lemma 4.3 are satisfied. Moreover, if

(i) f and g(z,w) (w €T) are bounded below,

(ii) there exists o > 0 such that the set below is bounded

O:={rxeR":g(r,w) < p,w €'}, (79)

then \* is an augmented Lagrange multiplier of (SIP).

Proof: By condition (i), there exists £ > —oo such that

min_ {f(z),g(z,w)} = &. (80)

zER™ ,wEN

By Lemma 2.2 (ii), it is enough to prove that there exists 5 > 0 such that (26)
holds for every x € R™. We establish this fact in two steps, according to whether x
belongs or not to the set © defined in (79). We use in this proof the notation of Lemma
4.1.

Step L. In this step we prove that there exists 7 > 0 such that (26) holds on R™\©.
If + € R"\O, then g(x,w;,) > po for some wj, € I'. Thus, for every u > we have

H’Y(Q?,U)H = g(xanb) + Ujo > Ho-
Since o has a valley at 0, there exists ¢,, > 0 such that
o(y(x,u)) = - (81)

By (18), (80) and (81), we have

LN A'yr) = (@) + 30 A @)gla ;) + (> X (w))u; + 703z, w)}

> 50(1 + Z )\*(U)])) + TCpg» Vo € Rn\@

Jj=1
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Then there exists 77 > 0 such that
LY (z, \*r7) > f(z), Vo € R™\O.
This inequality, combined with (17) in Lemma 2.1 and (21) in Lemma 2.2, yields that
L2, A, r7) > L9 (x*, N, ), Vo € R™\O. (82)

That is, (26) holds on R™\©O.
Step II. We prove in this step that there exists 75 > 0 such that (26) holds for
x € ©. By contradiction, suppose that there exist sequences {r;} and {x;} with

ry > 0, 2, € ©, such that r, — +00 and
LY (e, N ry) = L% (g, A1) < LE(2%, N5, 1) = f(a%), (83)

where we used (21) in the equalities. Set I' = {wy,...,wy}. It follows from (18) and
(83) that
f(@") > flaw) + Z N (wj)g(w;, ox) + 7, 11LI>lfo o (v (g, w)). (84)
j=1 =
Since rp — 400 the above inequality implies that

lim inf o(vy(xg,u)) = 0.

k—o0 u>0

Therefore, we can take a sequence {u*} C R"" such that

lim o (y(zy, u*)) = 0.
By condition (ii), © is bounded, and the sequence {z;} has at least a cluster point z.
Without loss of generality, we assume that zj, — 7. We claim that 7 € X}, where X|
is defined by (37). Indeed, the fact that o has a valley at zero and the last expression

imply that, for every w; € I' we have
0= lim ||y(z,u")| > lim |g(xg,w;) +u§“| = 0.
k—oo k—o0

Since g is continuous, the sequence {g(xy,w;)} is bounded for every j, and hence we
conclude that the sequence {uf} C R is bounded too. Therefore, they both have
convergent subsequences. We may and do denote these still by {g(zs,w;)} and {u*}.
Hence, we can write, for every w; € I,
_ o _ k
9(%,w;) = lim g(zy,w;) = lim —uj <0,

because {u*} C R7". Therefore € X{. Since we are under the conditions of Lemma

4.3, there exist 7* > 0 and a neighborhood N (z*) of * such that (61) holds, i.e.,

L, N r*) > LR(2*, N\, r") = f(z%), Vo € N(a%). (85)
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It follows from (83) and (85) that x; ¢ N(2*). Indeed, for large enough k we must

have ry > r* and hence (83) gives
LY (g, N, 7%) < L (g, A5, 1) < L™, N5, me) = f(a%),

where we used the fact that 7, > r* in the first inequality. This expression and (85)
yield z; ¢ N(z*). Since z; — T, we deduce that z # z*. By assumption, z* is a
unique global optimal solution of (P') and Z is feasible for (P'), hence we must have
f(z) > f(z*). Let B = f(z) — f(«*). By using (17) and (18), we have

L@ X r) = +;ng{ZA )l (E ), + o ((E )
(56)
> fe%)+ 5 4 it Nl a(@ ]+ o (om0}

Since we are under the conditions of Lemma 4.1, the last term in (86) is nonnegative

for r large enough. Using this in (86) gives

LYz, N r) > f(z*) + Yr > (87)

MIQ

Fix ko such that r, > 7’ for all k > ko, where 7’ > 0 is as in (87). Using Proposition
4.1, we may and do assume that ' is large enough such that LI'(-, \*,7’) is Isc. Then
by (83) we obtain

f(x*) > liminfy, LY (2, A%, rp,) > liminfy, LY (25, A, 77)
> LN(2, N ) = Lz, A7, r) > fa*) + 5,

where we used (83) in the first inequality, the fact that L'(zg, A\*,7x) > L'(Z, \*, 1)
if 7, > 7" in the second inequality, lower semicontinuity of L'(-, \*,7’) in the third
inequality, (17) in the equality, and (87) in the last inequality. This expression entails

a contradiction and hence there exists r5 > 0 such that
LYz, A\, r3) > L (2%, \*,r3), V€ 0. (88)

Equivalently, (26) holds on ©. Let r§ = max{r},r;}. It follows from (82) and (88)
that (26) holds on R™. The proof is complete. O

Remark 4.3 Shapiro and Sun [22] established second-order conditions ensuring exis-
tence of an augmented Lagrange multiplier when the augmenting function is assumed
to be a quadratic function and condition (R) (called quadratic growth condition in
Rockafellar[14]), is satisfied. Under some second-order sufficient conditions and by as-

suming that the global optimal solution of the primal problem is unique, Sun et al
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[23] obtained existence results of global saddle points for four classes of augmented
Lagrangian functions (by Remark 2.3, this implies existence of augmented Lagrange
multipliers). In the latter paper, the augmenting function o is twice differentiable and
convex, while in the other three classes of augmented Lagrangian functions the aug-
menting function is assumed to be twice differentiable. In our analysis (see Theorem
4.1), the augmenting function is not necessarily convex nor differentiable. Hence, the
result and the proof techniques in Theorem 4.1 are different than those in Shapiro and
Sun [22] and Sun et al [23]. Moreover it is known that some nonconvex and nondifferen-
tiable penalty functions, which are the special cases of the augmented Lagrangians with
nonconvex and nondifferentiable augmenting functions, are able to provide a smaller
exact penalty parameter than that of the classical [; penalty function, see [33, Theo-
rem 4.9], and indeed it has been shown that nonconvex and nondifferentiable penalty
functions need only smaller penalty parameters to achieve the required accuracy than

the classical [; penalty function in some practical applications, see[34].

Next we apply a global second-order sufficient condition [26] to obtain the existence

of an augmented Lagrange multiplier.

Definition 4.2 Let X be a subset of R", z* € X, W(x*) be a subset of R" and
f X — R be twice continuously differentiable at x*. We say that a generalized
representation condition holds for f at z* on X with respect to n(x,x*) € W(x*) if, for
every x € X,

F@) = @)+ VA (= a%) + gl a) VG 1)

Remark 4.4 There are some functions that satisfy the generalized representation
condition in Definition 4.2 (cf. Yang [26]). For example, for a linear fractional function

B bz +c

= =, e X
f(@) a'z+s v

where a,b € R", ¢,s € R and X is a convex set such that a'z 4+ s > 0,Vz € X. It is

easy to show that

la'z*+s
2a'x+s

fla) = f@) + Vf@) (z—a")+ (x =) V2 f(a") (2 — ).

Then f(x) satisfies the generalized representation condition on X with

W) = (o) € B nleat) = 2200 ).
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Theorem 4.2 Let f(-) and g(-,w),w € Q, be real-valued twice continuously differen-
tiable functions, and let z* € Xo, \* € R T = supp(\*) = {wi,...,wn}, V(z*)
be defined by (60), o : R® — RT have a valley at 0 respect to I' and (48) hold, As-
sume that the KKT conditions (19) and (20) for problem (SIP) and conditions (i),
(i) in Theorem 4.1 are satisfied. Moreover, if there exists a set W (z*) C R™\ {0}
such that V(x*) C W(x*) and the generalized representation condition holds for f(z)
and g(x,w;),j = 1,---,m, at z* on X} with respect to the same n(z,z*) € W(x*),

n(-,z*) : R — W(z*) is continuous,
y V2, Lo(a*, X))y >0, VyeW(z). (89)

Then X* is an augmented Lagrange multiplier of (SIP).

Proof: As in the proof of Theorem 4.1, we will prove that there exists r* > 0 such
that (26) holds on R® = © U (R"\©), where O is defined by (79). The proof for the
case in which z ¢ © follows the same line of argument as that in Step 1 of the proof
of Theorem 4.1 and hence it is omitted. Namely, Step 1 of the proof of Theorem 4.1
can be quoted to conclude that there exists r} > 0 such that (26) holds on R™\©. To
complete the proof, we prove that there exists r5 > 0 such that (26) holds on ©. By
contradiction, suppose that there exist sequences {r;} and {x;} with r, > 0, 2} € O,
such that r, — 400 and (83) holds. Again, similar steps as those in Theorem 4.1,
Step II establish (84) and proves that 7 € X}, where X| is defined by (37). Because
V(z*) C W(x"), it follows from Lemma 4.3 that there are * > 0 and a neighborhood
N(z*) of z* such that (61) holds, i.e.,

L2, A, r*) > LE(2*, \*,r*), Vo € N(z%).

Thus, it follows from (83) that z # z*, since zy — Z, as k — 0o. By the assumption,
there is n(z,xz*) € W(x*) such that the generalized representation conditions of f(x)

and g(z,w;),j =1,--- ,m, hold. By (89), we have
n(z,2*) V2 Ly (z*, X )n(z, z*) > 0.
Thus, for k sufficiently large, and by continuity of n(-, z*),

n(:pk,x*)TViILg(x*, A )n(xg, ) > 0. (90)
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Thus, by the KKT conditions and (90), we have

ACIED DENIRNEN
- f<x*>+Vf<xk>T<xk—x*>+%mxk,x*fv?f(xkfn(wk,x*)+f;v<wj>g<wj,xk>
+ i A () Vg (g, 20) (o — ) + i N (), 1) V00w (i, 1°)
- gJ&k,x*fvmxaA*Wk,m i
> f@),

which contradicts to (84). Therefore, there exists r3 > r* > 0 such that (26) holds on
O.

Let r* = max{r},r5}. Therefore, (26) holds on R". By Lemma 2.2, \* is an
augmented Lagrange multiplier of (SIP) with penalty parameter r*. O

Remark 4.5 If Assumption 3.1 holds, then conditions (i) and (ii) of Theorem 4.1 are
satisfied (see the proof of Theorem 3.2).

5 Conclusions

In the case of a sharp Lagrangian, we obtained first-order necessary or sufficient con-
ditions for the existence of an augmented Lagrange multiplier for (SIP). Using a valley
at 0 augmenting function, we obtained second-order sufficient conditions for the exis-
tence of an augmented Lagrange multiplier for (SIP). We employed the discretization
technique in our work and provided some characterizations of augmented Lagrange
multipliers for (SIP) in terms of saddle points. However, we could not establish the
equivalence of the (SIP) and its discretized optimization problem when an augmented

Lagrange multiplier exists.

Acknowledgments: The authors are grateful to the two referees for their careful

reading and comments which have improved the final presentation of the paper.
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