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Abstract

Spectral algorithms form a general framework that unifies many regularization schemes
in learning theory. In this paper, we propose and analyze a class of thresholded spectral
algorithms that are designed based on empirical features. Soft thresholding is adopted
to achieve sparse approximations. Our analysis shows that without sparsity assumption
of the regression function, the output functions of thresholded spectral algorithms are
represented by empirical features with satisfactory sparsity, and the convergence rates

are comparable to those of the classical spectral algorithms in the literature.
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1 Introduction and Main Results

Consider a regression problem modeled by an unknown probability measure p on the product

space X x Y of some compact metric (input) space X and output space ¥ C R. Given a



training sample z = {(x;,y;)};", drawn independently from p, the regression problem aims

at approximating the regression function defined by

fol) = /Y ydp(ylz),  zEX,

where p(+|x) is the conditional distribution of p at x € X. We consider approximations
provided by regularization schemes in reproducing kernel Hilbert spaces.

A classical well understood learning algorithm is the regularized least squares, and there
is a large literature on error analysis for this algorithm, see e.g. [24, 6, 21, 18, 19, 17]. Recent-
ly, optimal learning rates (minimax rates of convergence) for this classical learning algorithm
are established in [16]. The regularized least squares algorithm suffers from the so-called sat-
uration phenomenon [10]. Spectral algorithms introduced in [9, 10] with motivations from
regularization methods in learning theory and inverse problems can overcome the saturation
phenomenon. A spectral algorithm is defined in terms of a Mercer kernel K : X x X = R
(which is a continuous, symmetric, and positive semi-definite function) and a filter function
gr : [0,%] — R with a parameter A > 0, where x := max{l,suprex \/m} The
regularized least squares algorithm is included in the family of spectral algorithms [2, 10]
L. Some other members in this family include the Landweber

o+
iteration (or gradient descent [23]) with the filter function gx(c) = Y.'21(1 — o)? parame-

with filter function gy (o) =

terized by A = % for an integer ¢ € N, and spectral cut-off with filter function gy(o) = % if
o > A, and gy = 0 otherwise. Spectral algorithms were well studied for regression in learning
theory, see e.g. [10, 2, 7, 4, 8]. Recently, optimal learning rates of spectral algorithms for
regression are derived in [14] by a new error decomposition technique and a second order
decomposition approach. We refer the reader to [2, 14] and reference therein for more details
about the spectral algorithms.

Along a different direction, learning algorithms producing sparse approximations have
attracted much attention within the last decade. Besides the spectral cut-off in the family of
spectral algorithms, the ¢!-regularizer often leads to sparsity, which has been observed in the
LASSO algorithm [20, 25, 26] and in compressed sensing. Recently, empirical feature based
¢* regularization was proposed in [11]. Given the sample z, empirical features are a set of
functions {¢X}2°, on X, based on x = {x;}/; (to be defined below). The output function of
the empirical feature based ¢! regularization algorithm is represented by Y ieN 5 ;@7 with the
coefficients {Cf“ -2, given by a coefficient based ¢! regularization algorithm. The algorithm
is a modification of the kernel projection machine (KPM) introduced in [1] and analyzed in
[27]. Sparsity and error analysis of this algorithm for regression are investigated in [11]. It
is valuable due to the satisfactory learning rates and strong sparsity under a mild condition
and without any sparsity assumptions on the regression function. Empirical feature based

algorithms with sparse properties induced by concave regularizers for regression are studied



in [12] recently.

Motivated by the spectral algorithms and the empirical feature based ¢! regularization
algorithm, we propose a new learning algorithm associated with a filter function g, and soft
thresholding function G, which provides satisfactory learning rates for regression and strong
sparsity without any sparsity assumption about the regression function. We first define the

filter function gy and the soft thresholding function G as follows.

Definition 1.1 (Filter function). We say that gy : [0, x%] — R, with 0 < X\ < k2, is a filter
function with qualification v, > % if there exists a positive constant b independent of A such

that

b
sup |gx(o)] < —, sup |ga(o)o| <0, V0 < X\ < K2 (1)
0<o<k? A 0<o<k?
and
sup |1 —ga(o)o|d” < N, VO <v<ry,0 <)<k (2)
0<o<k?

where ¢, > 0 is a constant depending only on v € (0, vy].

Definition 1.2 (Soft thresholding function). The soft thresholding function G, : R — R
with a thresholding parameter v > 0 is defined as

0, if o] < 3,
Gyo)={0-21 ifo>1, (3)
c+3 ifo<—3.

Let (Hg, (-,+)) with the norm || - || be the reproducing kernel Hilbert space (RKHS)

generated by the Mercer kernel. To define empirical features {¢};, we need the empirical in-

tegral operator L} on H associated with the kernel K and the input data x = {z1, -,z }
given by
1 m
Li(f)= > f@)Ke,  [eHx, (4)
i=1

where K, is a function in Hy defined by K,(u) = K(x,u). Recall the reproducing property
(f, Ky) = f(z) for any f € Hi. Let {(A¥, ¢X)}: be a set of normalized eigenpairs of L}, with
the eigenfunctions {¢X}; forming an orthonormal basis of H, then the functions {¢X}2°,

are called empirical features which can be computed explicitly [1, 11] by the eigenpairs of

m

the Gramian matrix (K (z;,2;));"_;. Denote

1
=1



Definition 1.3 (Thresholded spectral algorithms). A thresholded spectral algorithm for s-
parsity associated with a filter function gy : [0,k%] — R and a soft thresholding function
G, : R — R is defined by

fz:g)\(L)I(()ZG’Y( ¢x ¢x_z )\,'yz z’ (6)

€N €N

where g\(L%) is the operator on Hy defined by spectral calculus as gr(L5) = >; gA(AF)dF ®
= 2 (A (5 1) 07

Remark 1.4. If we replace the thresholding function G~ by the identity function (which is
the limit of G as v — 07 ), the thresholded spectral algorithm (6) is reduced to the ordinary
spectral algorithm f, = g\(L%) ( DT 331) that is studied in [2, 10].

If we replace the filter function gx(o) simply by the reciprocal function 1/o (which is
no longer a filter function, but could be regarded as the limit of gy if we push b — oo in
(1) and ¢, — 0% in (2)), the thresholded spectral algorithm (6) is reduced to the empirical
feature-based scheme studied in [11].

Let px be the marginal distribution of p on X and ( o |l - ll,) the Hilbert space of px
square integrable functions on X. Define the integral operator L on Hg associated with
the Mercer kernel K by

= / fx)K,dpx, feHtxk.
X
Our error analysis is based on the following regularity condition
fo = Lk (u,) for some r >0 and u, € Hg, (7)

where L' denotes the r-th power of Lx on Hg since Lx : Hx — Hi is a compact and
positive operator. The eigenvalues {\;} of Lk are arranged in a nonincreasing order and its
corresponding normalized eigenfunctions {¢;}; form an orthonormal basis of H . Condition
(7) is equivalent to fy = Liu, = 3 ey Ajd;jd; with w, =3 ey djdj and [lup e = [[{dj} ¢
Throughout the paper we assume |y| < M almost surely for some constant M > 0. It would
be interesting to extend our analysis to more general situations by assuming exponential
decays for f,(z) —y or some moment conditions [3, 13].

To illustrate our general analysis (stated in Theorem 4.1 below) on sparsity and learning
rates for the thresholded spectral algorithm (6), we state the following result in a special

situation when the eigenvalues {\;}2°; of Ly decay polynomially.

Theorem 1.5. Suppose that regularity condition (7) holds with some 0 < r < v, and the
eigenvalues {\;} of Li decay polynomially as

Diim o<\ < DQi_a, Vi e N (8)



with a« >1 and 0 < Dy < Ds. Let 0 < 6 < 1. If we choose

2 1 6m T+l . r4l
v = Co(D2/k*+1)" ( log 5 m max{2,2r+1} 9)
and
S S , 1
m 2 et if 0 <r <3,
2a(r+1)—1
A=< m BEENGHD @f% <r<i, (10)
_ _3a—1 .
m Ae(+r) ifr>1,

then with confidence at least 1 — 9, we have

Chop =0, Vi > mametzae T 41 (11)
and max{r+2,3}
o= lh=c (log)
where
o %—ﬁ, if0<r§%, (12)

1 1 : 1
2~ e Y>3

and the constants Cy, C' are independent of m or d.

Remark 1.6. Our learning rate index 0 can be of type % — € with an arbitrarily small e > 0
when the regularity parameter r in condition (7) is large enough. Note that condition (8)
is satisfied by Sobolev kernels on domains of Fuclidean spaces for which o depends on the
smoothness index of the Sobolev space. Theorem 1.5 is a corollary of Theorem 4.2 to be given

in Section 4.
If the eigenvalues {\;} decay exponentially, we have the following result.

Theorem 1.7. Suppose that regularity condition (7) holds with some 0 < r < v, and the

eigenvalues {\;} of L decay exponentially as
D17 <\ <Dy, VYieN (13)

with 8>1 and 0 < D1 < Do. Let 0 < § < 1. If we choose

r+1 -
y= CO(D2/K/2 _|_ 1)T+1 (log 6(gn> mi max{;:Ql’r‘Jrl} (14)
and \ = Dy lofnm, then with confidence at least 1 — &, we have
; , log(m + 1)
3 =0, Vi>-—~ "7 15
Ny V= (2r +1)log 8 (15)
and
infr 1 6m\ 3
1fz = follp, < ' mindrz} (log 5) ; (16)

where the constants Cy, C' are independent of m or 4.



Remark 1.8. We note that when r > 1/2, the convergence rate in (16), subject to a logarith-
mic term, is of order O(m_l/Q). This demonstrates the surprising power of the thresholding

methods with respect to empirical features. The proof of Theorem 1.7 will be given in Section

4.

The remaining part of this paper is organized as follows. In Section 2, some preliminary
analysis of sparsity and error for algorithm (6) is carried out. Section 3 develops some
technical results which are needed to derive the general results. In Section 4, we first prove
the general results of the sparsity and error analysis of algorithm (6), and then we establish

the learning rates when the eigenvalues of Ly decay polynomially or exponentially.

2 Error Decomposition

In this section, some preliminary analysis of sparsity and error for algorithm (6) associated

with a filter function gy and a soft thresholding function G, is carried out.

2.1 Representation and decomposition for sparsity

From the definition of the soft thresholding function G, we have ci\mz = 0 when [(f7, ¢7)| <

7. To get sparsity, we shall choose some p = p(m) € N and v = ~(m,d) such that with

confidence 1 — 4,

Arn=0, Vizp+1

To this end, we need to estimate the term [(f7, #¥)|. Recall f7 = LS yiKy,. The condi-
tional expectation of f7 given x1,. ..,y is LS fo(zi) Ky, = L% f,. It shows that ( 5 bF)

is close to (L% fy, ¢F). So we introduce the following decomposition
(fp,07) = (f5 — LS, &%) + (Licfps 7))
It follows that for ¢ € N,
[(f5 00| <If587) — (L for )|+ UL fos 8101 := 1+ o (17)

Note that the notations Ji, Jo depend on i. They are used for simplicity.

2.2 Analysis for sparsity

In this subsection, we bound J; and Js respectively. The first term J; can be expressed as

]' Z X
<A;<fp ‘fﬂ=¢i>

It can be easily estimated by the following lemma proved in [12]. Denote Z = X x Y.

J1 = [(f5,07) — (L for 60| = [(f5, 0F) = XF {for 67)] = AT




Lemma 2.1. For any 0 € (0, 1), there exists a subset Uy of Z™ with measure at least 1 —6/3
such that

1 2V2M .
= <A>,<fp £ >‘_ Vz e Uy,ieN. (18)

Before stating the general result about sparsity, we give the following key lemma [12].

Recall the Hilbert-Schmidt norm of the operator Lx — L% given by

1Lk = Lillis =Y (L — Lok = D (A = A)2((6F, 65))*. (19)
i=1 ij=1
Lemma 2.2. We have -
> (i =X < Lk — L lfs- (20)
i=1

For any § € (0,1), there exists a subset Uy of Z™ with measure at least 1 — /3 such that

41 6
ILxk — Lk|lns < ﬁlogg, Vz € Us. (21)

Proposition 2.3. Forz € Uy NU;y and i € N, there holds

Jp < 2\52%” (ﬁ j’i log 6) \/log GTm. (22)

Proof. By Lemma 2.1, for z € U;, we have
1, X - A Z2V2M 6m
<)\’);fpfp’¢i>‘ \/)\ \/>\ < fp7¢z>‘ _\/)\i \/TTL IOgT.

To bound \/A¥, we have |X\* — ;| < ||[Lg — L% |ns from (20). It follows that |/AX <
Vi + v/ |ILk — L% lus, and by Lemma 2.2, for z € Uy, we have

= [A7]

6
AF< VA —|— log — 5
Then our desired bound follows by comblmng the above two estimates. 0

Estimating the second term Jy of (17) is more involved.

Proposition 2.4. Forz € Uy and i € N, there holds

82r+2 infr1} 42\ {1y ) . A2\ 1T 6\ "
< minqr, r '+7‘ Y )
Jo < { \/m <Al + (\/m) +2 )‘1, + <\/m> HUPHK <10g 5)

Proof. Recall f, = Lyu, =3,y Ajd;jd; with uy, =3y djd; and [Ju,|x = [[{d;}|lz2. Now
we estimate the term Jo = [(L} fp, &) = | XX (f), ¢F)|. To this end, we divide XX (f,, ¢X)

into two parts

NAfpd®)y =1 D+ D | XNd; (¢, 07) . (23)

GAGZ2NE Gih<2AF



By Lemma 2.2 and (20), since A\; < ||Lk|| < x2, the first sum in (23) can be estimated as

D NN (65, 87)| <(NFymintnt2mextOrT N T as I =AY (@5, 67)]

JiA; =22 J
x\min{r T 4 6
<(2XY) {r1} .2 HUPHK\/»bg(;
8K2r+2Hu 1% . 2 6 min{r,1} 6
< p )\mm{r } ] log .
< e () "

Note that for t > 1 and a,b > 0, one has (a + b)! < 2!=1(a’ + b*). Hence the second sum in
(23) is bounded by

ST XN (g, )| <27 (NN [ (05, 07)]
J

JiA<2AX
4 2 6 1+r
<o (w (Jmos5) ) ol

This completes the proof. O

Putting the bounds in Proposition 2.3 and Proposition 2.4 into (17),we obtain the fol-
lowing upper bound for ‘<f5, d)f>} with ¢ € N.

Proposition 2.5. Under regularity condition (7) with some r > 0, for z € Uy N Uz and

i € N, we have

y

1+r
c G\ 1+ max{ A Lm} , foro<r <1
|(f2, ¢F)| < 2 (log —~ ri 1
pre ) ; 2 1 Ao 112 1
max | <% s = emaxqSh, =", forr> g3,

where Cy is the constant independent of §, m, or A\; given by
Co = 64 max{v2kM, 8k* 4 ||u,|| 1, 47" K% 2|, ||k }- (24)

Proof. Putting the bounds for J; and Js in Proposition 2.3 and Proposition 2.4 back into
(17), we know that for z € Uy N Uz and ¢ € N,

[(72.6%)] <4vnnt ( VA, (1)) s

Ky/m vm 5
/2 \min{r,1} min{r,1}+1 r+l
+32m27”+4uupuf<(“z/“ +(=) )(logG)

Vi Vi 5

. . )\z 14r 1 14r 6 14r
44212 +2HUPHK ((/#) + () <log 6)

~ min{3 r+1} Ai \min{r,1} N 1+ 1+r
<Cy VA 432 +7(“2) Iy log :
wvm o\ U Jm 2 5

3




where Cp = max{4v/2kM, 32624 ||u, || i, 427 K27 +2|u, || k-

When 0 < r < 1/2, one has min{r,1} =r. So

s min{r,1} A\ \/)\7 1 min{%,'rﬂrl} 1 1+7r
= =(=) > 2 and [ — =|—= .
K2 K? K vm vm

One applies Young’s inequality to obtain

AN Ai/&HHT (1 L
AN Ly 25)
k%) m 14+ 1+r
Therefore, for z € Uy N Uy and ¢ € N, we have
. R 1 1+r )\z 14+r 6m. 1+r
renl <anfs(Ge) s ()7) (o)
~ 1 oA 6m\ 1T
S 80[) maX{\/m7ﬁl2} <10g 6) .
When r > 1/2, one has
1 min{%,r—i—l} 1 % s min{r,1} \/A»
—= =|—=) ,and (3 < ==,
@) ) (@) =%
which implies that for z € Uy N Us and 7 € N,
~ 1 3/2 \/A» s 1+7r 6m 1+r
z P <C|3(—= 2 = log —
monl = °< (=) wmam+ () ) (F)
6 AN\TE 1 N1 ))\? L, Gm
a — — max<{ —, —— — .
>~ 0 Imax HZ ’ \/’I/T’L /{27 \/TT'L g 5
The proof is thus completed by letting Cy = 16Cy. O
Proposition 2.6. Assume regularity condition (7) with some 0 <1 < v,. If v satisfies
(1 6m\ 1+7 Ap 1 I+r <1
O(OgT) max{?,ﬁ s fOT’0<T‘_§,
V= (26)

N e (log%”)l+rmax{<2§)T+é,\/lm}max{ig,lm}é, f0r1“>%,
where Cy is the constant given by (24), then we have

ae=0 VzeUNUyi>p+1.
Proof. If ~ satisfies condition (26), by Proposition 2.5, for z € U NUsz and i > p+ 1, we have

[(f5:07) <1

N2

9

which implies cfh rz = 0 by the definition of G,. O



2.3 Representation and decomposition for error

Now we consider how the output function f, of algorithm (6) approximates f,. Convergence
rates of the approximation in Lgx will be established. We first make an error decomposition

[5, 22, 15] and divide the error f, — f, into two parts as
fo=fo=(Fa=F) + (Fe= 1)
where
Fx = (LK) Lk f-
For the first part, we see from the identity ||f|, = HL}(/QfHK for f € Hx and the fact
HL}?(M + LK)—WH <1 that

1o = Fello = | LR = F)|| . < ||+ 22) 28 = £

‘K'
Then we use the expression fx = INLR)LR fr = ga(L%) D ien{L¥ fo, 97) 0T to divide the
term (A + Lg)Y2(f, — fx) further as

L+ L) (e = f) = O+ Lie) Pa(L50) D (Go((f7 7)) = (LS 0))
= (M +Lg) P\ + L}‘:)_l/Q(M + L})Y2ga (L) (M + L)'?
L+ L5) 712D (GA (5, 0) = (Licfpr 07)) OF
= (M + LK)l/Q(AIZJr LY) 7 2ga (L) (M + L)

A+ L5) ™7 37 (G (5, 600) = (L 7)) 67
i
The property (1) of the filter function gy tells us that ||gx (L% )(A+L%)|| < 2b, which implies
the following error decomposition.

Proposition 2.7. We have
||fz*fp||p§11+127 (27)

where

I =2 H(/\I + L) 2 + LXK)—WH

(A +L%)? Z (G ({7, 07)) — (L for 87)) &7

K

and
Iy = || fx = follo-

The term H(LK +ADY2(L% + )\I)_1/2H and Iy are well estimated in [14] as follows.

Denote
2K K i
Br =~ +. > .
A m{m iENAiH}

10




Lemma 2.8. For any 0 € (0, 1), there exists a subset Us of Z™ with measure at least 1 —6/3
such that

H(LK+)\I)1/2(LX D) U?H < ( \T/RXA 1) logg, vz € Us. (28)

Proposition 2.9. For z € Uy N Us, there holds

~ Cl < \mf* + 1) i ATt3 (log 6)2T+1, for0<r<1,
=[x = follp < (29)
I elle C, < ’M—i-l) <4/<o \/7—1—)\“' ) logg)2, forr>1,

where C,., C!. are constants independent of 5, m, or \.

Proof. Tt was shown in [14] that || fx — f,||, can be bounded by
25 (b4 1+ e 1)l || (Lic + ADVA(LE + AD T2 TN for 0 < <1,

. I( LK+)\I)1/2(LX + D)7 (AzHLK x| +X“+z), for r > 1,

where (., c, 1 are constants independent of &, m, or A. Then by Lemma 2.2 and Lemma

2.8 we know that for z € Us N Us, there holds

(b4 1+4c,,1 )HupHK( \”}*—kl) X (g )7 for0<r <1,

= Follp <
e CT< —|—1><4/<;\/>+)\T+> log 2 ) , for r > 1,

which verifies our desired result by setting C|. = 273 2(b+1+c, )HupHK. O

It remains to bound [; in (27). The core analysis of the error is for the term H(AI +

L) ™25 (G (02 620) = (L 7)) 67

which will be given in the next section.

3 Analysis of the Thresholding Error

In this section, we estimate the term ||(AI + L%)~Y2 Y .(G ({5 9%)) — <L’[‘(fp>)¢§‘HK. To
this end, we first prove that with v chosen as in (26) and p € N, we have

das=0, VzeUNUyieN\S, (30)

where
S=8px={i=1,....p: X*>\,/2}.

To verify this statement, we first notice from Proposition 2.6 that

C’i}/,A,Z:O’ Vze Uy NUyi>p+1.

11



Then for i € {1,--- ,p} and i ¢ S (that is, A¥ < A, /2), we have from (18) and (21)
(15,00 <|(f7.07) — XKfp,¢z‘>} + [N (for @)
2 M\ /X*
2VMVAE o m S S ) e, (g6

vm 5 G Z20F fiN<2AF
2M V A 6m min{r T 4 6 T
SWP log — 5 + A Rl (7 ”K\fbgd + )\;,l;+ A
1+r
O+ log max{i—g,ﬁ} , if0<r§%,

<t r+ 1
> | et man{ () 5 (B)" o
where Cf = max{16xM,32x3"2"||u, ||k }. Obviously, Co > C}. Hence we have |{ o o) <3
and thereby
Gaa=0, VzeUnUyic{l, -, p}iégs.
Combining the above two cases, we know that cv)\z =0,forze U NUs, and i € N\ S.
which means (30) holds true.

Since {¢}}; form an orthogonal basis of H -, when (30) holds true, we have for z € UjNUs,

(A + L)~ Z(GM 5 07)) = (Lo, 97097

K

ST+ NG (2, 65)) — (LK fn 07)) 5

g K
1/2
- (Z(A F X7 (G (7202 — ’f<fp7¢i‘>)2>
Z \ 1/2 12
<[ j+lx<<fp,¢l>> +(Z<A+Az‘>—l (G (265 — ¢ ’;%fp,¢§‘>)2>
1€N\S i€S
= I + Lo,

where the last inequality holds due to (30).
We estimate 17 and I15 separately in the following. Denote
Ap 1
Ap,m = ma.X{/{g,\/m} . (31)
Proposition 3.1. Let p € N. Under regularity condition (7) with some r > 0, we have for
ze U NU;NUs,

)\mm{l T})\mln{r j ,0}
(224202}

min{r— o] max T 1/2
+2" )\, { 10}/\1/2 ((Zi:p-H Ai {22 }) + \/Sm> } (log §)

I < 8Hup||K/<;2T+2{ min {Ayf’ , A}ﬁ,} A4

(SIS

12



Proof. Recall f, = Lyu, =3 ;cnAjdj¢; with up = 37,y djd; and [lup||x = [[{d;}|[e2. We
first decompose I11 as

1/2

(AF)? X
1€N\S ¢

1/2

2
(A?)Q = T X
< X HA,A<< > Ajdj¢j7<z>i> (82)

1€EN\S v \j=p+1

ie{l,...p\S i=p+1

1/2

For i € N\S, one has \* < X,/2 when ¢ < p, and ¥ < A\ + ||[Lx — L} |lus < Ap + f‘”/»log 3

when i > p. So the first part in (32) can be bounded as

1/2

(5 o)

iEN\S =p+1

_ 42 6 452 6\
Smm{)\l/z <)\p+\/mlog 5) , <)\p+\/mlog 6) Al i

A, 6

Then we turn to the second part of (32).
When r < 1/2, for j =1,...,p, and i € {1,...,p}\S, the fact 2A¥ < A, < \; implies
Aj <2(Aj — XY), and that (A;‘)Q_QT)\JQ.’" < (\p/2)% 2’“)\2’" < 2%r- 2)\2 < 227(\j; — A¥)2. We also

have 2r 1-2r 2r
(X ! (P N e
A A%\ A X XA 22+, '

It follows that

1/2
HUPHK 2r x
('e{lz A ZA oty

s PI\S

1/2
A T 1
<[Jupllx <2)\f)\p) ATz (Z()‘j - )‘;‘)2 <¢ja¢f>2>

1]

A 1 4k2 6
< P NT2—1
S e e

When 1/2 < r <1, one has

x\2\2r —1y\2\2r —1y27ry2 s x T x
(NPT _ 4TI 4 )\ij<)\]20()\j—)\i)2:2)\]23()\j—)\2-)2
AN TAEN/2 T AEN/2 T A+ N/2 22+

13



Hence

1/2

Z )\ +|’L)[‘\i||K Z)\QT ¢],¢X

ie{l,....p}\S

NS
< p i —
_HupHK /72)\_'_)\1? EH( J

When 7 > 1, we have A2" < AT"7?A2 <4A772(\; — A¥)?%, and then

1/2

A2 (¢, 0F)

1/2

AR luolife N~ yor 5
D e v anD DRV TN
ie{1,pN\S b=t
1/2

< 20
= ”K,/2A+A\F

r—1 2 r—1
ﬂ)\P)‘l Z()\ X)2 <¢]’¢x>2 < 4\/5"{‘ HUPHK)‘I )‘P lo

T (P i e A2 (g
<llupll DHx, \ T i A+ A/

Now we estimate the last part of (32) which restricts ¢ > p+ 1 and j < p.

When r <1, we have

X\4r X T T— 4 r—
NNF < (A + [ Li — L [lus) A2 < (A2t fxg 210g5
and
A <BOF+ (= X2+ (N = A9,
Hence
1/2
S |up”K A2 ( x)
.Z >\+>\x Z (5. 91)°
i=p+1

< Jsup —ugllie [ X% + et flog 0
TS S U R T &5

E( T Z (N7 + = A% + (N = A1) (@5, 67)°

i=p+1 j=1

1/2

1/2

Ll 2% ., [ 6 > 4v/2k2
<V3||u,| x ()\p 2+ %Ap L log6> Z A2 + Jm og

i=p+1
When 7 > 1, we have

)\?r §22r—1 ()\27" + ()\ o )\027‘)

<22 (X 20y = X2 222 - A2

14

AT,

1

6

J
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which yields

Xy ar 4'%2 6 r— T r— X r— X
AXNT < <Ap + ﬁlog 5) 22 2207 O = AP 4 2AT T = AP
Therefore
1/2
= )\x HUPHK 27’ x
Z A+ ¥ Z/\ (956%)°
i=p+1
1/2
2k 6 r—= — 2r 2r—1 X (|12
S VR T log | 272 [upl|x Do NN Lk — Lkl
i=p+1
1/2
r—L 2K 6 > o 4/4} 6
32 QHUPHK <\/ )\p‘i’% log(s) 7/:;>1)\,L +2)\1 271 g(s
Combining all the above estimates verifies our desired bound. O

Now we turn to estimate
1/2
Iy = (Z(/\+ X THGL (7 - ’f<fm¢?>)2> :
€S
Proposition 3.2. Let p € N. Under regularity condition (7) with some 0 < r < vy, for
z € Uy NUs NUs, we have

0% 2\[M
112 S <\/m 10 5) . (33)

Proof. From the definition (3) of the soft thresholding function G, we find

~y

|Gy(0) — o] < > Vo e R.

This together with the eigenfunction relation L% ¢X = AX¢7 implies
|G (U7 65)) — (L for 07))] +[(f5,97) — /\3‘<fp, 7]

+ VAV Ax 5 8) = (o 61| -

M\Q l\D\\Q

Recall that for ¢ € S, we have \X > ’\7” It follows that

x 71/2 7z X o X X #
()\—f-)\l) ‘G7(<fp7¢z>) < Kfp’¢l>‘§2 )\+)\p/2+

1
: <)\?f§,¢§‘> — (fp: 07)]-

Then our desired result follows from Lemma 2.1. O
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4 Proof of the Main Results

In this section, we present the following general results on sparsity and error analysis of
algorithm (6) and then derive the learning rates when the eigenvalues of the integral operator

L decay polynomially or exponentially.

Theorem 4.1. Suppose that reqularity condition (7) holds with some 0 < r < v,. Letp € N
and § € (0,1). If v satisfies

14+r
Co (logGTm) i max{)‘—’; im} , for0<r < %,
PYZ 1 7'+l 1
C’o(logﬁTm) +rmax{(2‘§ 2,1m}max{22,f}2, forr>%,

where Cy is the constant given by (24), then with confidence at least 1 — &, we have
cg\mz =0, Vi>p+1

and the following error bound holds true: for 0 <r <1,

r min{r—1 ,0}
mp \Lf2 A
min { A + (2)\+)\ )mm{r 1/2}\/7

By .
1fz = foll, < 2b< =+ 1) {SHU || e R?F2

3
+27")\r 1A1/2 ((Z _p+1)\2 8 >] 10g5 5

+
+/P + QWM lo +C’ LR 1)2T+1 A2 (log 8)2
\/4>\+2)\ g% ) rlog; \/X g5 ,
while for r > 1,

B . . A, 12 \r A
1= Follo <2 (P +1) {sr\upum? = [mm{ M+ e

1/2 3
el (Snt) " ) | ot

2v2M
+\[<,/4/\+2)\ T m log >}log5+0 (

)<4/—£ \/>+/\7"+ ) (log 8)*

(35)
Here Ay, = max {%, ﬁ}
Proof. Under the specified choice of 7, by Proposition 2.6, we know that

C?W‘:Z:O’ Vze U NUs,i >p+ 1.

Putting the bounds for I11 in Proposition 3.1, for I;5 in Proposition 3.2, and for Iy in
Proposition 2.9 into error decomposition (27) and applying Lemma 2.8, we see that our
stated error bounds hold true for z € Uy N Uy N Us. But the measure of the set U; N Us N Us
is at least 1 — §, so our stated conclusion for the sparsity and error bound holds true, and

the proof of the theorem is complete. O
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Theorem 1.5 stated in the introduction is an immediate consequence of the following
more general result stated for the more general case when the eigenvalues {\;} of Lx decay

polynomially with different power indices for the upper and lower bounds as
Dyi™* < \; < Doi™ %2, Vi € N. (36)

Theorem 4.2. Assume regularity condition (7) with some 0 < r < v, and condition (56)

with 1 < ag < ag, 2a1(r—1)+3as — 1> 0 and D1,Dy > 0. Let 0 < 6 < 1. If we choose

2 1 6m\ "t e
v = CO(DQ/K: =+ 1)T+ log T m max{2,2r+1} (37)
and
A .
mo 2 A o gf 0 <r <1/2,
2a9(r+1)—1
A=3 m ECreI, if1/2 < r <1, (38)
3ag—1
m_wz%il“), ifr>1,

where Cy is the constant given by (24), then with confidence at least 1 — & we have

G =0, YmamslTZ Tl 41 <i<m (39)
and 9.5
1= Foll, < C* (log 6;n>max{r+ ,a}m_ |
where
%-1-%_21)_1, z'f0<r§%a
0=\ e Fi<r<i, (40)
%—m ifr>1,

and the constant C* is independent of m or J.
S S
Proof. We take p = [mmax{22r+1}o2 | which implies
S S S S

mmax{2,2r+1}a2 S P S 2mmax{2,2r+1}a2

and by (36) with a1 > a9 > 1,
- E _ 1
D127011m g max{2,2r+1} S Dlpfal S Ap S D2p7a2 S D2m max{2,2r+1} (41)

It follows that the choice (37) of v ensures condition (26) in Theorem 4.1. Then we can
apply Theorem 4.1 and know that with confidence at least 1 — 4, (39) and the error bounds
stated in Theorem 4.1 hold true. What is left is to derive learning rates from these error

bounds by simplifying quantities included in the error bounds.
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Note that the sum Y :° 2 in (34) for the case r < 1 and the sum Y 52 | A¥" in (35)

1= p+1 i=p+1
for the case r > 1 can be unlﬁed as y oo impt1 )\max{2 } \which can be estimated as
o0 o
Z )\I'nax{2,2r} < Z D;nax{?,?r}i—ag max{2,2r}
i <

i=p+1 i=p+1

max{2,2 _
< Dmax{2 2r}/ 02 HlaX{2,2r}d$ _ l)2 ax{ T}pl a max{2,2r}
P agmax{2,2r} — 1

DHlaX{Q’QT} 1—ag max{2,2r}
2 m, &2 max{2,2r+1}
agmax{2,2r} — 1

Concerning the quantity B, \ = 3’1 { T + /> e +>\z }, we apply the polynomial
decay (36) of {\;}32; to get

Z SA /OQ/ ———dz < Dy A~ Vez,
AN T = Dy + )\f‘m 0 Dy + x@2 ag — 1

/=1

which implies

Bm A 2K [ R S S DQO[Q
< 27 2a )
o %< ZN >_ KM~ 2\ 2(%4— a2—1>
The choice (38) of A guarantees that

By x
s + 1 S CH,&Q,DQ?

VA

where Cy ,,D, is a constant independent of 6 or m.

f )
that the stated learning rates hold true with the power index 6 given by (40). The proof of

Finally we estimate the quantities A, , and min { Lt } by (41) and (38) and find

the theorem is complete. O

We are in a position to prove our main result stated in the introduction for the case when

the eigenvalues {\;}; decay exponentially.

Proof of Theorem 1.7. It can be easily seen from the exponential decay (13) of {\;}5°; that

oo [e.o]

A 2 2
< —= < ———d
Zl)\+)\é_;D2+)\ﬁe_ 0 Dy + 287"

By setting A3% = t, we have z = logﬁ(ﬁ), and dr = 53 gﬁ 1dt It follows that

1 Do
dt = log (14 =2).
10g6/ t+D2 logﬁ/ < t+D2> log 3 Og( +A>

Take \ = Dglo@%. We have

i)\e<1lol+m<1lom
Nt " logg B logm ) = logB ©

[e.9]




and

S S Y ) A B - L ( A >+1 (42)
VA vmi \ vVimA ieN>\+)\i ~ VDy \VDy logp '

log(m+1 .
We take p = [ —2r i —s {‘fé:}rl})log 61 to give

log(m + 1) o)< log(m + 1)

1 . 43
max{2,2r + 1}log 8 — p=l+ max{2,2r + 1}log (43)
Moreover, by the eigenvalue exponential decay (13), we have
Dy 1 1
?(2771) max{2,2r+1} S )\p S D2m max{2,2r+1} (44)
It follows that
o 0 —(p+1) max{2r,2}
max{2r,2 max{2r,2 —im max{2r,2 5
Z )‘ia{r }SDQa{ ) Z g aX{an}:DQa{T ) — max{2r,2}
i=p+1 i=p+1 1-5 ’
—pmax{2r,2} max{2r,2} max{2r,
_ D;nax{QT,Z} 6 D2 miﬁ. (45)

ﬁmax{QrQ} -1 S ﬁmax{QrQ} -1

1
Finally we estimate the quantities A,,, and min{A\’/”X’p,A%%p} by (44) and the choice

)\:DQIW% as

1
(Da/? + L)m~ mz

IN

A 1
Amp:max{mg,\/m}
Ay 2 9 S S
min{ 222 A%, b < (Dafw? 4+ 1y T

VA

Combining the above estimates and Theorem 4.1, we find that the stated learning rates hold

true. The proof of the theorem is complete. ]
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