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Abstract An improved ray theory and transfer matrix method-based model for a lightning
electromagnetic pulse (LEMP) propagating in Earth-ionosphere waveguide (EIWG) is proposed and tested.
The model involves the presentation of a lightning source, parameterization of the lower ionosphere,
derivation of a transfer function representing all effects of EIWG on LEMP sky wave, and determination of
attenuation mode of the LEMP ground wave. The lightning source is simplified as an electric point dipole
standing on Earth surface with finite conductance. The transfer function for the sky wave is derived based on
ray theory and transfer matrix method. The attenuation mode for the ground wave is solved from Fock’s
diffraction equations. The model is then applied to several lightning sferics observed in central China during
day and night times within 1000 km. The results show that the model can precisely predict the time domain
sky wave for all these observed lightning sferics. Both simulations and observations show that the lightning
sferics in nighttime has a more complicated waveform than in daytime. Particularly, when a LEMP propagates
from east to west (Φ=270°) and in nighttime, its sky wave tends to be a double-peak waveform (dispersed
sky wave) rather than a single peak one. Such a dispersed sky wave in nighttime may be attributed to the
magneto-ionic splitting phenomenon in the lower ionosphere. The model provides us an efficient way for
retrieving the electron density profile of the lower ionosphere and hence to monitor its spatial and temporal
variations via lightning sferics.

1. Introduction

Lightning is the most intensive discharge process that occurs frequently in the terrestrial space. It emits a
wide band of electromagnetic waves ranging from several hertz to a few gigahertz with the main power
concentrating at very low frequency (3–30 kHz, VLF) and low frequency (30–300 kHz, LF) bands, namely a
lightning electromagnetic pulse (LEMP). On the other side, the lower ionosphere, the D/E region has an extre-
mely low electron density and a high electron-neutral collision rate, which forms a damping plasma region
that can interfere with ELF/VLF waves. Hence, LEMP can be an efficient tool to probe the variation of lower
ionosphere via its interference with the lower ionosphere. To achieve this, a model that describes accurately
the characteristics of LEMP propagating in the Earth-ionosphere waveguide (EIWG) is essential.

Most previous works on EIWG model were derived from the mode theory [Budden, 1961; Galejs, 2013;
Wait, 2013]. The mode theory calculates infinite number of independent wave modes between the
source and receiver according to the properties of top and bottom boundaries of EIWG. The field at
the receiver is the summation of fields from these modes. A widely used mode theory-based EIWG
computing program named Long Wave Propagation Code (LWPC) was firstly developed by the United
States Navy [Ferguson et al., 1989]. With a modified LWPC, many researchers succeeded in retrieving
the average electron density profile of ionosphere D region in an area through LEMPs [Cummer et al.,
1998; Cummer, 2000; Cummer and Inan, 2000; Cheng and Cummer, 2005; Cheng et al., 2006]. Relied on
the phase and amplitude predicted by LWPC, the characteristics of variation of the ionosphere D region
were also investigated through radios [Thomson and Clilverd, 2000; Thomson et al., 2007; Thomson and
McRae, 2009; Thomson, 2010].

In recent years, an improved 2-D cylindrical finite difference time domain (FDTD) model for LEMP propa-
gating in EIWG was established by the Duke group [Hu and Cummer, 2006]. With this model they studied
the characteristics of electron density distribution of ionosphere D region versus X-ray flux density during
daytime and nighttime at midlatitude region [Han and Cummer, 2010a, 2010b; Han et al., 2011]. Another
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3-D spherical FDTD model was developed to investigate the heating effect of radio and lightning events
below the ionosphere [Marshall, 2012]. The HF-heating effect in the ionosphere and the reflection and pene-
tration waves of a HF transmitter were investigated with a mode theory-based finite element model [Lehtinen
and Inan, 2008, 2009]. More recently, a large-scale computational model involving both the wave
propagation and physical heating effects was developed to study the perturbation of ionosphere from a
VLF transmitter [Graf et al., 2013]. A ray theory (wave hop)-based full-wave electromagnetic model that
calculates the ionosphere reflection taking the concern of Fresnel diffraction was developed by Jacobson
and Shao [2009; 2009]. With this model and observed LEMPs from Los Alamos Sferic Array, the reduction
effects on electron density of the lower ionosphere from thunderstorms were revealed [Shao et al., 2006;
Shao et al., 2012; Lay et al., 2014]. These results were based on the averaged lightning waveforms occurring
in a small region within 5min and a simplified inversion technique that matches the delay and amplitude of
the peak of sky wave.

In this study, we present an improved EIWGmodel that can accurately simulate the propagation of a LEMP in
EIWG through tracking all path effects of each independent ray of the LEMP, which is a growth of many
previous works on ray theory and transfer matrix method for longwave propagation in the lower ionosphere
[Wait, 1961; Berry et al., 1969; Nagano et al., 1975; Budden, 1988; Davies, 1990; ITURP, 2002; Nagano et al., 2003;
Jacobson et al., 2009]. In the model, the lower ionosphere is assumed to be a magnetized, anisotropic, colli-
sional, and cold vertical stratified plasma. The transfer matrix method [Price, 1964; Nagano et al., 1975; Nagano
et al., 2003; Zhao et al., 2010] is applied to calculate the propagation property of each ray inside the dispersive
ionosphere and therefore the reflection coefficient of each ray. Only the first- and second-order rays named
first and second within the range of 1000 km are concerned, since the rays suffer higher attenuations through
higher-order paths. The model is then applied to LEMPs recorded by a lightning detection network in central
China [Qin, 2014; Qin et al., 2015]. Good matches between the modeled and observed results are achieved.
Details of the model and its results are given in following sections.

2. Model Description

A lightning discharge can be treated as a spherically expanding EM wave source. A spherical EM wave in
EIWG can be assumed as a summation of infinite plane waves in different directions, which is known as
the angular spectrum decomposition. Each plane wave in a direction in time domain can be decomposed
into the superimposition of cosine plane waves at different frequencies. For a source and a receiver at fixed
positions, the dispersive effect in the ionosphere guides a different path for a different plane wave. The wave
at each frequency always has a quasi-specular incident angle from the source to the receiver. So, one can first
derive the transfer function for each plane wave at each frequency and its corresponding concentrated
incident angle and then superimpose them into one to get the total waveform at the receiver. In other words,
we can first calculate the amplitude and phase of the field of one beam of ray at one frequency along a
specific path from a source. The total field at a receiver is then retrieved by integrating the field of all rays
spanning all frequencies.

2.1. Parameterization of the Ionosphere

The lower ionosphere is set as a horizontally extended and vertically stratified, transitional, and collisional
cold plasma region with a constant environmental Earth magnetic field. The wave packets of lightning source
penetrate obliquely into the subionosphere. Although the ionosphere is bended we treat it as a horizontally
extended one, as the size of ionosphere area interfering with the lightning wave is quite smaller than its
sphere radius. For improving the accuracy in distant cases, the ionosphere focusing effect is accounted with
a correction factor in subsequent calculations. The ionosphere is vertically parameterized into several homo-
geneous thin layers. The electron density profile (Ne) and electron-neutral collision rate (ven) of the iono-
sphere are set as [Wait and Spies, 1964]

Ne ¼ 1:43�1013�e�0:15�z0�e β�0:15ð Þ� z�z0ð Þ m�3� �
; (1)

υen ¼ 1:8611�1011�e�0:15�z s�1
� �

: (2)

where β represents the sharpness and z0 refers to the overall altitude of Ne. υen is fixed in either daytime or
nighttime. Only the effects of electrons are considered, as that of ions can be neglected in the lower iono-
sphere [Han and Cummer, 2010a].
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Due to the Lorentz force produced by magnetic field and the damping effect by collisions, the lower
ionosphere region is anisotropic and reflective to the VLF and LF waves. All these effects can be perceived
in a susceptibility tensor matrix coupling in the numerical model of ionosphere in the next section
[Budden, 1961].

2.2. Modeling of EM Waves in the Ionosphere

There are two basic numerical methods for solving the dispersion and reflection properties of electromag-
netic field propagating in the horizontally stratified anisotropic lower ionosphere. The first one is the so-called
full-wave method, which derives the Maxwell equations into a series of ordinary differential equation with
respect to the ionosphere height z. With an initial solution at a sufficient height being provided, the whole
field at any height is then obtained by numerical integrations [Clemmow and Heading, 1954; Budden, 1955;
Pitteway, 1965; Jacobson et al., 2009]. The second one is the transfer matrix method, which divides the
ionosphere into numerous discrete thin homogeneous layers. The field propagation effect in each layer is
converted into a transfer matrix which involves the phase integration for each mode within the layer. The
whole field at any height is then acquired by a series of matrix multiplication [Johler and Harper, 1962;
Price, 1964; Inoue and Horowitz, 1966; Altman and Cory, 1969; Nagano et al., 1975; Nagano et al., 2003]. For
the narrow- and high-frequency waves propagating in the ionosphere, the Wentzel-Kramers-Brillouin
(WKB) approach is widely used [Budden, 1988]. Since the LEMP is lower frequency dominant, in this study
we adopt the transfer matrix method [Nagano et al., 1975] to divide the ionosphere into many thin layers,
the phase integration within each layer is based on the WKB solution and the four characteristic modes
are coupled with each other at the boundary between any two layers. In the air below the ionosphere, we
adopt the Ray Theory with the same incident angle finding technique used by Jacobson et al. [2009] and a
modified transfer function to treat the LEMP propagation. The whole simulation is realized with the
Matlab codes.

The geometry and coordinates for the ionosphere model are shown in Figure 1. The ionosphere is split into
700 layers from 40 km to 110 km with a thickness of 100m (as shown in Table. 1). According to Nagano et al.
[1975], for the transfer matrix method a layer thickness of ΔZ= λ/2 is corresponding to an error of 1%. As the
field frequency in this study is capped at 150 kHz (as shown in Table 1), ΔZ=100 m= λ/20 is enough for
achieving a good accuracy. Each beam of ray of the lightning wave obliquely penetrates into the plasma
region, with θ being the incident angle of the beam of ray from free air to the ionosphere and γ and Φ the
angles of the Earth magnetic field to z and to x directions, respectively. The eP and eE at the top boundary
stand for the “propagated wave” and “evanescent wave” there, respectively. In a given layer, Maxwell
equations can be converted into the following form:

Figure 1. The geometry and coordinates for modeling of EM waves in the ionosphere based on transfer matrix method,
with the indication of Earth magnetic field Be.
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d
dz

e ¼ �jk0Te; e ¼

Ex

�Ey
Z0Hx

Z0Hy

2
666664

3
777775: (3)

where T is the coefficient matrix derived from Maxwell equations in each layer. T and the wave number in z

direction ejk0 sin θð ÞΔZ� �
form a transfer matrix Kn in the layer n, which connects field vectors of its two bound-

aries as

en ¼ Kn en�1: (4)

By applying boundary conditions at each interface, the field vector at each layer can be indicated as the func-
tion of field vectors by a group of multiplications from the top in downward direction if eP and eE at the top
boundary are known (Figure 1). Due to that the only energy input into the ionosphere is the incident wave at
the bottom of the ionosphere, it is reasonable to assume that only two upward waves remain at a relatively
high altitude, which are known as “propagated wave” and “evanescent wave” [Budden, 1988]. These two
waves at the top boundary of the model can be expressed as 2 eigenvectors of T. Therefore, at the bottom
of ionosphere, we have a boundary condition which connects the incident and reflected waves as

A∏m�1
n¼1 KneP þ B∏m�1

n¼1 KneE ¼ eITM þ eITE þ eRTM þ eRTE: (5)

with the A and B and ERTM and ERTE being figured out, fields at each layer can be retrieved recursively, and the
reflection coefficients are given by

∥R∥ ⊥R∥

∥R⊥ ⊥R⊥

� �
¼

ERTM
EITM

ERTE
EITM

ERTM
EITE

ERTE
EITE

2
6664

3
7775: (6)

It should be mentioned that the reflection coefficients here represent for the phase shifting in z direction,

since the component ejk0 cos θð Þx is omitted to simplify the calculation as well as the ejωt.

2.3. Derivation of the Transfer Functions

In ray theory, EM fields at receiver are retrieved by superimposition of numbers of discrete rays through
different paths which are reflected by the ionosphere one or more times [Wait, 1961; Berry et al., 1969;
Davies, 1990].

We restrict our model range to be less than 1000 km, which is far from the caustics distance (2
ffiffiffiffiffiffiffiffiffiffiffi
2Rehs

p
,

1750 km for hs=60 km) of EIWG to avoid the effect of diffraction for simplification [Wait, 1961]. The geometry
and coordinates for EIWG model based on ray theory are shown in Figure 2. The source at ground is the

Table 1. Detailed Parameters Used for Modeling Lightning Sferics in the Region From 22°–41°N to 107°–127°E in
Central China

Notation Description Value

Δf Resolution of frequency decomposition 1 kHz
Δθ Resolution of incident angle span 0.25°
ΔZ The thickness of layer in ionosphere model (vertical resolution of the

ionosphere in the transfer matrix method)
100m

|Be| Earth’s magnetic field 4.8 × 10� 5T
γ Angle between Be and z axis 138°
Φ Angle between Be and x axis in clockwise direction 0°, 90°, 180°, 270°
σe Surface conductance of the Earth 0.005 S/m
εe Relative dielectric constant of the Earth 15
Z0 the overall altitude of Ne profile Z0 = 70, β = 0.30 for daytime,

Z0 = 84, β = 0.80 for nighttimeβ the sharpness in Ne profile
hi The height from the Earth surface to the bottom of the

subionosphere
40 km, top boundary is set to

110 km
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lightning discharge, which emits EM waves in a spherical expansion manner. Most contributions to the recei-
ver are raypaths laid in the plane containing the source and receiver and vertical to ground, which are chosen
for calculations.

The transfer function is defined and derived based on the propagation effect combining with the amplitude
factor according to classical ray theory [Wait, 1961; Berry et al., 1969; ITURP, 2002; Pal, 2015].

The phase integration along whole path including the unknown part inside the ionosphere in x direction is

well represented by e�jk0 sin θið ÞdD , as well as ∥R∥ e�jk02 cos θið Þh for z direction. Since a lightning discharge is a ver-
tical dipole as a whole, its radiated waves are dominated by traverse magnetic (TM) mode. As the receiver is
set close to the ground, only the vertical E field is of concern. For a vertical antenna, the vertical E field at
ground of first hop is given by

E1 ωð Þ ¼ 2E0 ωð Þ sin θrð Þ½ �2∥R∥FiFtFre�jk0 sin θið ÞdDþ2 cos θið Þh½ �

dR
: (7)

where h is the height from bottom of the ionosphere to the horizontal line connecting the source and recei-
ver, dG the distance of ground wave path, θi the concentrated incident angle, dR the total distance of reflect-
ing path, dD the direct distance from source to receiver, h the height from original point to bottom of the
ionosphere, and θr the angle between the incident ray to the normal of Earth at source point. Once dG, ‖R‖,
and ω of E0 are determined, θi can be retrieved by a phase unwrapping process suggested by Jacobson
et al. [2009]. The phase swapping process is to find the angle that has themaximum phase integration among
all incident angles, which is also known as the quasi-specular incident angle or the concentrated incident
angle in this study. Assuming that the wave number kx (k0 sin(θi)) or the phase velocity in x direction never
changes in each part of the model, dR is then given by dD/sin(θi).

Since we treat the ionosphere as a horizontal interface, a focusing factor Fi (an amplitude correction para-
meter) is introduced to correct the focusing effect of curvature of the ionosphere. Fi can be estimated from

geometrical optics [Wait, 1961; ITURP, 2002], and this estimate is only valid in lighting area dG < 2
ffiffiffiffiffiffiffiffiffiffiffi
2Rehs

p� �
of

the wave propagation. Here RE is the Earth radius and the quasi-specular reflection height hs is derived from
dR and dD.

Fi ¼ RE þ hs
RE

2 sin θi
2

� �
sin θið Þ

" #1
2

� RE þ hs � RE cos
θi
2

� �
RE þ hsð Þ cos θi

2

� �� RE

" #1
2

: (8)

Although hs and Fi are estimates, they make the model achieve a high accuracy as will be seen from the mod-
eling results in section 4. The Ft and Fr are the antenna factors which only start taking effect when the ground
distance is farther than 1500 km at a 60 km reflection height. Assuming them equal to 1 will always be valid at
a shorter distance (<1000 km). Similarly, the transfer function of vertical E field of second hop is

E2 ωð Þ ¼
2E0 ωð Þ sin θið Þ½ �2 ∥R

� �
FiFtFre�jk0 sin θið ÞdDþ cos θið Þ 2hþ2hið Þ½ �

dR
: (9)

Figure 2. The geometry and coordinates for EIWG model based on ray theory. There are several paths from the source to
receiver, only the most significant two are shown, the ground wave and first hop of the reflected wave.
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This transfer function indicates that there are no pure TMwaves existing in the ionosphere. The reflected field
E2(ω) includes both the TM and traverse electric (TE) waves induced by the ionosphere during the first reflec-
tion process. In equation (9), the ground is assumed to be uniform with a finite conductance σe and a dielec-

tric constant εe, resulting in RG⊥ ¼ RG∥ ¼ cos θð Þ�Δg

cos θð ÞþΔg
; Δg ¼ k0

ke

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k0

2

ke
2 sin2 θð Þ

q
for VLF/LF waves for both TM

and TE modes. In general, the RG≈ 1.

The transfer function of the ground wave is calculated by Fock’s diffraction equation [Fock, 1965], which takes
the summation of a few number of discrete mode acquired by solving the mode equations [Shao and
Jacobson, 2009]:

EG ωð Þ ¼ E0 ωð ÞW ωð Þe�jk0dG

dG
; (10)

W ωð Þ ¼ 2e�j
π
4

ffiffiffiffiffiffiffiffiffiffiffiffi
πx ωð Þ

p X∞

s¼1

e�jxts ωð Þ

ts ωð Þ � q ωð Þ2: (11)

Same to equation (9), the Earth surface is assumed to be uniform with a finite conductance σe and a dielectric
constant εe. The source and receiver both are supposed to be on ground.

The lightning discharge is assumed to be a point dipole without spatial structure. In general, the most intense
radiation field of a lightning stroke comes from the lower part of the lightning channel. And the size of this
part of channel comparing to the EIWG propagation geometry is small enough to be regarded as a point
source. Heidler’s notation is adopted to express the current waveform of the point dipole. Below is the current
adopted for simulations in section 3, where τ1 = 10 μs, τ2 = 45 μs, and n= 2:

I tð Þ ¼ I0
η

t=τ1ð Þn
t=τ1ð Þn þ 1½ � e

�t=τ2 ; η ¼ exp � τ1
τ2

n
τ2
τ1

	 
1=n
 !

: (12)

The input field E0(t) from the point-dipole source is given by

E0 tð Þ ¼ L0
4πε0c2

dI
dt

; E0 ωð Þ ¼ ∫
∞

�∞E0 tð Þe�jωtdt: (13)

The angular factor sin(θi) for a dipole radiation is not included in equation (13) but is included in equations (7)
and (9). The total field at the receiver is then given by

E tð Þ ¼ ∫
∞

�∞ EG ωð Þ þ
X∞
i¼1

Ei ωð Þ
 !

ejωtdω: (14)

Only the first hop is considered in subsequent model analysis, since sky waves nearer than 1000 km are
dominated by the first hop, and spatial inhomogeneous of the ionosphere may introduce inaccuracy on
the second hop.

3. Modeling Results for General Cases

To examine the model, we have simulated the lightning sferics under general conditions during day and
night times with it. The region chosen for simulation is from 22°–41°N to 107°–127° E in central China, where
we have a lightning sferic detection network (shown in section 4) installed.

There are three main physical parameters that dominate the pattern of lightning sky wave in themodel: iono-
sphere electron density (Ne), electron-neutral collision rate (υen), and Earth magnetic field (Be). For daytime
and nighttime in the chosen region, υen profile is assumed to be stable and does not vary with location and
time (see equation (2)) [Wait and Spies, 1964], Be vector is from the International Geomagnetic Reference
Field website [Thébault et al., 2015], Z0 and β of Ne profile are obtained by fitting equation (1) to the averaged
local electron distribution of July 2012 from the International Reference Ionosphere (IRI) model [Bilitza et al.,
2011], only in the range of 106–109 as reference, as shown in Figure 3. The exponential profile is capped at
109 m� 3 since those regions with higher Newould not interact with waves at frequencies lower than 150 kHz.

The ground conductance and dielectric constant for the simulation for the chosen region are following the
recommendations of International Radio Consultative Committee (CCIR) [ITURP, 1999]. The lightning source
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current is based on equation (12), which
has a rise time of 10μs and fall time of
45μs. Details of the parameters used in
the simulation and their descriptions
are given in Table 1. The simulation is
implemented in frequency bands from
3 kHz to 150 kHz, due to the incoher-
ence of lower ionosphere to higher-
frequency waves and the invalidation
of ray theory at lower frequencies. E0 is
filtered (3 kHz–150 kHz band pass)
before inputting into themodel to avoid
some oscillations produced by cutoff
effect in frequency domain.

Shown in Figure 4 are the simulated
lightning-induced ground waves and
sky waves for daytime and nighttime
at different ground distances with
Φ= 0° (the wave propagates from north
to south). The results show that the
lower ionosphere (D/E region) has a
strong low-pass feature and a signifi-
cant absorbing effect to high frequen-
cies. When the distance goes farther
the ratio of sky wave to ground wave
increases. The ionosphere in nighttime
has a relatively higher reflection rate

at high frequencies than in daytime, resulting in a sharper sky wave in nighttime than in daytime. This means
that a VLF/LF pulse is attenuated more through EIWG in daytime than in nighttime.

Above sferic features can be attributed to the difference in electron density of the ionosphere during
daytime and nighttime. The ionization of ionosphere D region is induced by the Lyman series-alpha
hydrogen radiation (wavelength = 121.5 nm) ionizing the nitric oxide (NO) and the hard X-ray (wave-
length< 1 nm) ionizing the N2 and O2, with solar activities as the main radiation source in daytime and
the cosmic rays maintaining it at night [Pavlov, 2013]. The electron density profile becomes sharper and
shrinks to a higher height at night when the radiation decreases. Since the higher region has a lower
neutral particle density, a lower electron-neutral particle collision rate and less attenuation effect on the
EM field accelerate electrons there. Besides, a sharper ionosphere transition region at night also shortens
the penetration depth of waves, making the attenuation decrease. As a result, the ionosphere at night
has relatively lower absorbing rate than in daytime.

Shown in Figure 5 are the simulation results similar to Figure 4, but for a fixed source-receiver distance of
500 km with different wave propagation directions. It can be seen that the angle of the wave propagation
direction to the Earth magnetic field has significant influences on the sky waves at night. During daytime,
the sky wave is more regular and almost the same for different wave propagation directions. The difference
in the Earth magnetic field only slightly changes the sky wave amplitude. During the nighttime, the sferic
waveform is more complicated. For Φ= 0°/180°, the sferic waveform has no more difference from that of
daytime except longer time delays. For Φ= 90°, there is an enhancing effect below 40 kHz and around
80 kHz, resulting in a notable increase in amplitude of the sferic waveform. Particularly, for Φ= 270° the sky
wave of the sferic tends to have double peaks rather than a single peak with enhancements existing around
50 kHz and 120 kHz. Moreover, it is worth to mention that the direction of Earth magnetic field also has a big
influence on the amplitude of sky wave during nighttime. When Φ is around 0°, 180°, or 270°, the amplitude
of the sky wave is supposed to be slightly lower than that of the ground wave, as shown in Figures 4c and 5c.
But when Φ lies in the vicinity of 270°, the first hop reflection is separated into two pulses, leading to a
decrease in its amplitude.

Figure 3. The adopted daytime and nighttime ionosphere electron
density profiles (dashed lines) for the simulation in section 3. They are
determined by fitting theWait and Spies model (equation (1)) to IRI model
(solid lines) only in the range 106 ~ 109 m� 3.
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Figure 5. Similar to Figure 4 but for a fixed source-receiver distance of 500 km with different wave propagation directions: Φ = 0° (north to south), 90°(west to east),
180° (south to north), and 270° (east to west). Other parameters are listed in Table 1.

Figure 4. Modeling results of lightning-induced ground waves and sferics for (a, c, e) daytime and (b, d, f) nighttime at
different distances (200 km, 500 km, and 900 km, respectively) for Φ = 0° (the wave propagates from south to north) for
the region of 22°–41°N to 107°–127°E in central China, in both time and frequency domains. Other parameters are listed in
Table 1.
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Jacobson et al. [2012] reported that during the nighttime an eastward propagating radio wave below 30 kHz
would be enhanced and a westward one beyond 50 kHz would be enhanced, which is a little bit different
from the present results probably due to the different regions studied. They also reported that a westward
radio wave would have a complicated or multiple-peaked pattern of first hop sky wave during nighttime.
The double-peak sky wave (dispersed sky wave) in lightning sferics (as shown in Figure 5c, green line) has
been reported before by Lay and Shao [2011a] too, but with no reasonable explanations. Based on the
modeling results in this section and observation results in next section, we suggest that both the enhance-
ment and the double-peak phenomena of the lightning sky wave during nighttime may be attributed to

Figure 6. A comparison of the sky wave patterns simulated with different ionosphere electron density profiles at a fixed distance of 500 km. (a, c, e) For β fixed to
0.3/0.8 and Z0 changing from 66 to 84 km. (b, d, f) For Z0 fixed to 70/84 km and β changing from 0.3 to 0.8, for Φ = 0°/180°, 90°, and 270°, respectively.
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the magneto-ionic splitting of LEMP in the D/E region due to the Earth magnetic field. Detailed interpretation
is given in the next section following Figures 8 and 9.

Shown in Figure 6 is a comparison of the first hop sky waves simulated with different ionosphere electron
density profiles at a fixed distance of 500 km, for sensitivity testing of the ionosphere profile versus the sky
wave. Apart from the oblivious difference between events with different propagation direction, the sky wave
waveform slightly changes with the variation of Z0 and β. The Z0 value mainly affects the delay of the sky
wave to ground wave, and the β value changes the sharpness of the first hop sky wave. Such difference in
sky wave pattern between different ionosphere profiles makes it practicable to retrieve the actual electron
density distribution of ionosphere by curve fitting the observed lightning sky wave with the model. In the
next section, a curve fitting of lightning sferic technique is introduced and practiced to retrieve the electron
density profile of lower ionosphere, for various lightning sferics measured in daytime and nighttime.

4. Modeling Results for Measured Lightning Sferics

During the summer of 2012, we built a local lightning detection network in the region of 22°–41°N to
107°–127°E in central China [Qin, 2014; Qin et al., 2015]. The receiver at each station consists of a monopole
vertical antenna with an 800Hz–450 kHz preamp circuit, a continuously recording system with a sampling
rate of 5MHz at 12 bits and a GPS system with a timing deviation of 50 ns per month, resulting in a time
accuracy of 0.2μs. The receiver is designed for sensing a 100 kA stroke at a distance of 100 km at its full range.
Since its setup a great number of lightning sferics within 1000 km have been recorded with the network.
Some of these lightning sferics are chosen for investigation with the present model. It should be mentioned

Figure 7. An example for illustration of the process of curve fitting of a measured lightning sferic with the model: (a) the
correlation coefficient map for the measured lightning sferic (black line in (b)), for a Z0 span of 65–90 km and a β span
of 0.2 to 1.0, with given source and receiver locations and Be. Themaximum correlation coefficient occurs at Z0 = 71 km and
β = 0.6, and the best curve fitting is shown in red in Figure 7b.
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that different frequency bandwidth of a receiver may lead to different measured waveform of a lightning sky
wave. For example, the waveform in Figure 8a of this paper is different to Figure 2f of Haddad et al. [2012]
which was measured with a Fast Antenna having a bandwidth from several ten hertz to several megahertz.
The relatively higher lower cutoff frequency of the receiver makes the measured waveform in this paper lack
of some ELF components. Since the model in this paper is only suitable for waves with frequencies higher
than 3 kHz, the receiver bandwidth will not affect the model application.

For a measured lightning sferic with given source and receiver locations, the propagation paths of its ground
wave and sky wave are known, and the Earth magnetic field (Be andΦ) corresponding to the sky wave reflec-
tion area is predetermined. The lightning source input electric field (E0) is acquired by first cutting down the
ground wave part (EG) from the measured sferic waveform and then transform the EG back by an inversed
ground wave transfer function as

E0 ωð Þ ¼ EG ωð Þ* W ωð Þe�jk0dG

dG

	 
�1
: (15)

With the acquired E0 as the input, the sferics (ground plus sky waves) at the receiver for all possible iono-
sphere electron density profiles (Ne: β and Z0) are calculated with the model to build a library. A correlation
coefficient map is then made by comparing the measured sferic to each calculated sferic in the library. The
one having the maximum correlation coefficient (leading to the best fitting of the measured lightning sferic)
is considered as the most accurate model prediction, and the corresponding β and Z0 inputs are considered
as the ionosphere electron density profile for the concerned sky wave reflection area.

Figure 8. Model fitting results for lightning return stroke sferics measured with a VLF/LF lightning detection network in central China. Return strokes in daytime in
ranges of (a) 280 km, (c) 450 km, and (e) 958 km. Return strokes in nighttime in ranges of (b) 189 km, (d) 463 km, and (f) 999 km. The Earth magnetic field is set
according to the source and receiver locations of each return stroke sferic. The best model fitting is found by tuning the ionosphere electron density profile in the
range of β: 0.1–1.0 and Z0: 65–90 km.
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Comparing to previous inversion techniques of the electron density profile of lower ionosphere, Thomson
derived the profile with the received amplitude and phase from narrowband long radio waves [Thomson,
2004, 2005; Thomson et al., 2007; Thomson, 2010]; The Duke Group fitted the profile according to frequency
domain features [Cheng and Cummer, 2005; Cheng et al., 2006; Han and Cummer, 2010a, 2010b; Han et al.,
2011]; Shao and Jacobson retrieved the profile by matching the time delay and amplitude of one inversed
sky wave peak in modeling output with the observed waveform [Shao et al., 2012; Lay et al., 2014]. The
present work directly utilizes the curve fitting of the observed sky wave waveform in time domain to inverse
the ionosphere electron density profile. Shown in Figure 7 is an example for illustration of above stated curve
fitting process, where (a) is the correlation coefficient map for the measured lightning sferic (black line) in (b),
for a Z0 span of 65 to 90 km and a β span of 0.2 to 1.0, with given source and receiver locations and Be. The
maximum correlation coefficient occurs at Z0 = 71 km and β = 0.6. The best curve fitting is shown in red
(Figure 7b). The same curve fitting technique is then applied to several sferics measured at daytime and
nighttime at different distances and their results are shown below in Figures 8–10.

Shown in Figure 8 are the model fitting results for several lightning return stroke sferics measured with the
network in central China. Figures 8a, 8c, and 8e are for three LEMPs in daytime, and Figures 8b, 8d, and 8f
are for three LEMPS in nighttime. It can be seen that the measured waveforms match reasonably well with
the model fittings. Particularly, the sky waves in nighttime show more complicated patterns than those in
daytime, as predicted with the model in section 3 above. The fitting results in Figures 8e and 8f have some
mismatches after the first hop peak. This is due to that the second hop and subsequent hops might be
superimposed on the first hop when the distance is farther than 800 km, but the model just takes account
the first hop.

Figure 9 is similar to Figure 8, but is focused on lightning sferics with a double-peak reflection (dispersed sky
wave) measured during nighttime. It should be particularly mentioned that both our simulations in section 3
and observations in this section show that a nighttime sferic only with a Φ around 270° usually has such a
pattern, as shown in Figures 8d and 8f and 9a and 9c, while the one with a Φ around 90° only has a slight
oscillation around its peak, as shown in Figures 9b and 9d. A nighttime sferic with a Φ around 0° or 180°
usually is similar to a daytime one, i.e., has only one inversed peak in its waveform.

Based on the modeling results in the previous section and the observed results in this section, we suggest
that the double-peak sky wave in nighttime might be a result of magneto-ionic splitting effect in the lower

Figure 9. Similar to Figure 5 but focused on lightning sferics with a double-peak (dispersed) sky wave pattern observed in nighttime. Events, which are in ranges of
(a) 316 km and (c) 448 km and with Φ around 270°, show obvious double-peak patterns. Events, which are in ranges of (b) 260 km and (d) 489 km with Φ around
90°, only have a slight oscillation but a significant enhancement in amplitude at their sky wave peaks.
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ionosphere due to the Earth magnetic field [Budden, 1988]. The Earth magnetic field splits the LEMP into two
characteristic mode wave packets as it propagates within the ionosphere. For a westward LEMP in nighttime
(Φ around 270°, as shown in Figures 8d and 8f and 9a and 9c), the Earth magnetic field makes the two char-
acteristic modes significantly different in their phase propagation paths, thus a double-peaked pattern of sky
wave is formed. For a LEMP propagating at an inverse direction (Φ around 90°, as shown in Figures 9b and 9d
and 6c and 6d), the Earth magnetic field makes the two characteristic modes no more different in their phase
propagation paths, resulting in a single peaked but enhanced and wider pattern of sky wave. Further analysis
of this phenomenon will be our next work.

Shown in Figure 10 are the results for events with much more complicated sferic waveforms like first return
strokes during nighttime. Although these cases are nomore than 300 km in distance, the ground wave can be
split easily from the sky wave due to the relatively large time delay between them at this distance.

All above results indicate that the present model can serve as an effective tool for long-term monitoring of
lower ionosphere in good temporal and spatial resolutions with a lightning sferic detection network.

5. Summary and Discussion

An improved ray theory and transfer matrix method-based model for simulation of a LEMP propagating
in the EIWG is proposed. The model includes the representation of lightning source, parameterization of
the ionosphere, establishment of the transfer function representing all effects of the ionosphere on the
LEMP, and determination of the attenuation mode of ground wave of the LEMP. The lightning source
is treated as an electric point-dipole standing on ground. The transfer function for the sky wave is
established based on ray theory and transfer matrix method. The attenuation mode of the ground wave
is solved from mode equations. With given ionosphere parameters, the model is able to predict the light-
ning sferic reflected from the ionosphere. With a given lightning sferic, the model is able to retrieve the
properties of the ionosphere. The model is adequate for lightning sferics in ranges within 1000 km and
in VLF/LF bands.

To test the model, we have simulated the lightning-induced ground and sky waves under general conditions
for both daytime and nighttime. The results show that the ionosphere has a strong low-pass feature and
significant absorbing effect to high frequencies. The ionosphere in nighttime has a relatively higher reflection
rate at high frequencies than daytime. In daytime, the lightning sky wave shape is regular and similar for
different wave propagation directions. But at night, the sky wave shape is more complicated and changes
with the wave propagation direction.

Figure 10. Similar to Figure 8 but for some events with much more complicated sferic waveforms like the first return strokes during nighttime.
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The model has also been applied to 14 lightning return stroke sferics measured in both daytime and
nighttime in ranges of 200–1000 km. By using the ground wave as the input, all the measured sferics,
either simple or complicated waveforms, are well fitted with the model through tuning the ionosphere
electron density profile. It should be noted that both our simulations and observations show that the
lightning sferic waveform in nighttime is more complicated than in daytime. Particularly, when a LEMP
propagates from east to west at night, its sky wave waveform tends to be a double peak (dispersed) one
rather than a single peak. While most previous studies often treated the sky wave of lightning sferic with only
one inversed peak [Lay and Shao, 2011b; Shao et al., 2012; Lay et al., 2014], we speculate that the double-
peaked (dispersed) sky wave in westward lightning sferic in night and the enhanced sky wave in eastward
lightning sferics in night may be caused by the magneto-ionic splitting effect of Earth magnetic field on
LEMP in cold plasma in the lower ionosphere. More detailed analysis of this phenomenon is going to be
implemented in our future work.

The model performs a high resemblance to lightning sferics in both daytime and nighttime under different
ionosphere conditions. It provides us an efficient way to retrieve the distribution of electron density of the
ionosphere and hence to monitor the change of the ionosphere with LEMPs. Furthermore, the two para-
meters, Earth magnetic field and collision rate of electron-neutral particle in the ionosphere, are found to
have significant influences on the pattern of lightning sferics. The double-peak (dispersed) sky wave events
at night are particularly sensitive to these two parameters. With this finding, the model may be applied for
detecting the anomalous variation of the geomagnetic field and neutral particle precipitation in the iono-
sphere with lightning sferics.

Comparing to the present model, the mode theory-based model [Cummer et al., 1998; Cheng et al., 2006;
Marshall and Inan, 2010] has a limit that it relies on the top boundary to be consistent along the whole path,
which may lead to the unknown inaccuracies caused by the natural spatial inhomogeneity of the ionosphere.
The present model only depends on the state of the ionosphere at the reflection point, thus making it a
suitable tool to monitor the ionosphere in a higher time and space resolution with lightning sferics.
Although the FDTD model [Hu and Cummer, 2006; Marshall, 2012] is a powerful tool with great precision,
burdensome computing makes it almost impossible to solve the inversion problem especially under situa-
tions that the parameter library is huge. The Jacobson’s full-wave model [Jacobson et al., 2009; Shao et al.,
2012; Lay et al., 2014] is also an efficient tool to probe the ionosphere, but their technique retrieving the iono-
sphere electron density profile could be further improved. They retrieved the ionosphere electron density
profile by matching the time delay and amplitude of the inversed sky wave peak modeled with that observed
[Shao et al., 2012; Lay et al., 2014], which may cause ambiguity when applying to the double-peaked sky wave
in nighttime. While in the present work we directly use the curve fitting of the observed sky wave waveform
with the modeling result to inverse the ionosphere electron density profile.
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