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Abstract. This paper presents a componentwise convex splitting scheme for numerical simula-
tion of multicomponent two-phase fluid mixtures in a closed system at constant temperature, which
is modeled by a diffuse interface model equipped with the Van der Waals and the Peng–Robinson
equations of state (EoS). The Van der Waals EoS has a rigorous foundation in physics, while the
Peng–Robinson EoS is more accurate for hydrocarbon mixtures. First, the phase field theory of ther-
modynamics and variational calculus are applied to a functional minimization problem of the total
Helmholtz free energy. Mass conservation constraints are enforced through Lagrange multipliers. A
system of chemical equilibrium equations is obtained which is a set of second-order elliptic equations
with extremely strong nonlinear source terms. The steady state equations are transformed into a
transient system as a numerical strategy on which the scheme is based. The proposed numerical
algorithm avoids the indefiniteness of the Hessian matrix arising from the second-order derivative
of homogeneous contribution of total Helmholtz free energy; it is also very efficient. This scheme is
unconditionally componentwise energy stable and naturally results in unconditional stability for the
Van der Waals model. For the Peng–Robinson EoS, it is unconditionally stable through introducing
a physics-preserving correction term, which is analogous to the attractive term in the Van der Waals
EoS. An efficient numerical algorithm is provided to compute the coefficient in the correction term.
Finally, some numerical examples are illustrated to verify the theoretical results and efficiency of the
established algorithms. The numerical results match well with laboratory data.
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1. Introduction. Multiphase multicomponent fluid systems are key building
blocks in many engineering and science fields in which numerous research has been
done, especially in reservoir engineering [7, 29, 32] and environmental protection such
as carbon dioxide capturing and sequestration [22, 27]. Though plenty of research
work has been done on these issues [8, 11, 19, 26, 30, 31, 33], there is still a great deal
of challenge on the understanding of gas bubbles, liquid droplets, interfaces between
gas-liquid phases, and capillary pressure taking place in the multiphase fluid systems.
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B2 X. FAN, J. KOU, Z. QIAO, AND S. SUN

These all rely on modeling and simulating correctly the physics of multiphase fluid
systems. The most critical aspect is the phenomena occurring in the interfaces [17,
18, 20, 24].

Currently, as one of three most popular methodologies to model multiphase in-
terfaces (including molecular simulation, sharp interface modeling, diffuse interface
modeling [3]), diffuse interface modeling (or phase field modeling or gradient theory)
has attracted the attention of many scientists and engineers, for example, as reported
in the literature [2, 13, 25, 28, 34], to name but a few. In these works, a simple
double-well potential is adopted, which has been qualitatively (instead of quantita-
tively) analyzed; this is inadequate for engineering practice. When a realistic model
(take the Peng–Robinson model [23] as an example) is applied for hydrocarbon mix-
tures, the interfaces can be modeled quantitatively [24]. In this setting, however, the
diffuse interface modeling becomes much more complicated and more challenging for
developing efficient, easy-to-implement, energy stable numerical schemes.

There has been some work on numerical simulation of multicomponent phase
field models. In the work by Kim, Kang, and Lowengrub [14], the authors pro-
posed a conservative, second-order accurate fully implicit discretization scheme for the
three-phase Cahn–Hilliard systems. Boyer and Minjeaud in [4] developed an energy-
decaying scheme for a three-component Cahn–Hilliard model. The quartic free energy
is adopted in their work. In our work, we take advantage of the Helmholtz free en-
ergy based on physical models, i.e., the Van der Waals equation of state (EoS) and
more realistic one, i.e., the Peng–Robinson EoS. In particular, the Peng–Robinson
EoS is most widely used in subsurface flow such as petroleum engineering modeling
and subsurface CO2 sequestration [22]. These models are generally applied for multi-
component systems. Both models are more complicated than the quartic free energy
model, and it is challenging to develop some physics-preserving (for example, energy
decaying) numerical schemes.

In the work by Qiao and Sun [24], the diffuse interface model with the Peng–
Robinson expression of Helmholtz free energy density was proposed to model the
interfaces in two-phase hydrocarbon systems. With the Peng–Robinson expression
of the Helmholtz free energy density, the model becomes very complicated even for
single-component systems. The authors there designed an efficient scheme for single-
component systems. They established a clean convex splitting of the total Helmholtz
free energy and treated the convex and concave parts separately, which stabilizes the
algorithm. The method of convex splitting of energy functional was first proposed by
Eyre [9] and has been widely investigated and has obtained lots of success, in particular
for gradient flow systems. This strategy satisfies certain physics-preserving properties
including conservation of mass and the decaying of free energy. The energy decaying
property is particularly critical, but it cannot be guaranteed with fully explicit and
even fully implicit methods. Though this convex splitting algorithm is unconditionally
stable and fast converging, it has not been systematically applied to multicomponent
multiphase fluid systems because of its challenges arising from the indefiniteness of
the Hessian matrix.

When multicomponent systems are considered, in theory it is natural to extend
the energy decaying algorithm with convex splitting. In practice, however, it is not
straightforward to extend the convex splitting from single-component to multicom-
ponent systems. The convex splitting strategy cannot be utilized for all components
simultaneously in a straightforward manner due to cross interactions among species.
In particular, the Hessian matrices for f b0 and fa0 (which will be given in subsequent
sections) might be indefinite, which can be shown at least for the case of binary
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A COMPONENTWISE CONVEX SPLITTING SCHEME WITH EOS B3

mixture systems with either the Van der Waals or the Peng–Robinson model. The
indefiniteness of the Hessian matrices is likely to be true for a mixture of three and
more components. Convex splitting of multivariable systems usually can be achieved
by two general approaches; one is through matrix splitting and the other is sequen-
tially componentwise splitting. In this work, we focus on the latter method.

In the work, we first convert a system of chemical equilibrium equations which
is equivalent to the original minimization problem (that will be provided in the suc-
ceeding sections) into a time-dependent version by adding a time-derivative term into
each equation. A componentwise convex splitting time-marching scheme is consid-
ered on the transient partial differential equations, whose solution converges to that
of corresponding steady state partial differential equations.

For the transient equations, we iterate for all components at each time step. For
each chosen component, we treat the corresponding equation using semi-implicit time
discretization through convex splitting, with all other components taking the previous
time-step values. This sequential convex splitting strategy maintains the property of
energy decaying in a componentwise way and naturally leads to the unconditional
energy stability for each time step. This method works well even with the indefinite-
ness of relevant Hessian matrices. Since this method is carried out sequentially on
components, it improves numerical efficiency and reduces the requirement on memory
storage when dealing with a large number of components. For the time-discrete sys-
tem, we adopt the Raviart–Thomas (RT) [6] mixed finite element method (which has
the appealing properties of local mass conservation and the same order accuracy for
both flux and scalar variables, and has the capability of treating general geometry)
to carry out the spatial discretization. The Newton method is employed to solve the
fully discretized nonlinear equations.

Two types of equations of state (i.e., the Van der Waals and Peng–Robinson
EoS) are considered for the Helmholtz free energy instead of the double-well poten-
tial. When the Van der Waals model gets involved, the convex splitting method
can be utilized for the mixture of hydrocarbon species, which has better quantitative
modeling behaviors than that of the double-well model. The Van der Waals model is
here mainly used for theoretical analysis of our algorithms and paves the way for the
correction term in the Peng–Robinson model, which is more realistic for hydrocarbon
mixtures. However, when the Peng–Robinson expression of Helmholtz free energy is
applied, the attraction term becomes quite complicated and brings some difficulty in
establishing numerical schemes. A physics-preserving adjustment term is borrowed
from the Van der Waals model to carry out the desired splitting. Having this correc-
tion term, the free energy can be split into summation of convex and concave parts in
a componentwise fashion and the component-wise convex splitting scheme is proposed
accordingly.

The rest of this paper is structured as follows. In section 2, the mathemati-
cal statement of the problem is addressed; it consists of the minimization of total
Helmholtz free energy corresponding to the original description of the problem, con-
verting the minimization functional into an equivalent system of partial differential
equations (chemical equilibrium equations). We review the foundations of thermody-
namics theory at equilibrium state, and a few formulas for the Van der Waals and
the Peng–Robinson expressions of Helmholtz free energy and influence parameters for
describing interface properties. In section 3, the chemical equilibrium equations are
first transformed into transient partial differential equations by adding time-derivative
terms. A componentwise, time-marching procedure and the RT mixed finite element
method are established to approximate the time-dependent equations spatially. In
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B4 X. FAN, J. KOU, Z. QIAO, AND S. SUN

section 4, some numerical examples are demonstrated to verify the established algo-
rithm; the results are shown and are compared with laboratory data. The conclusion
is drawn in section 5.

2. Diffuse interface models for multiphase multicomponent systems.

2.1. The problem statement for an equilibrium state. We consider a mul-
tiphase multicomponent fluid system comprised of M components in a container of
invariant volume occupying a domain denoted by Ω ⊂ Rd(d = 1, 2, 3) at constant
temperature T . For simplicity of analysis, the gravity is neglected in the current
manuscript. Denote by ni the molar density of the ith species. Let

n(x) = (n1(x), . . . , nM (x))
T

=
(dN1, . . . , dNM )T

dV

represent the molar densities of all species, and let n(x) = n1(x) + · · ·+nM (x). Here
dNi is the molar quantity of species i in dV , and dV is an elementary volume at
position x.

Based on the gradient theory for multiphase systems, the total Helmholtz free
energy is composed of two parts: F0 being the thermodynamics theory of homogeneous
fluids and F∇ the gradient part of inhomogeneity. So the total Helmholtz free energy
of the system is given by

F (n) = F (n; T,Ω) = F0 (n; T,Ω) + F∇ (n; T,Ω)

=

∫
Ω

f(n; T )dx =

∫
Ω

f0(n; T )dx +

∫
Ω

f∇(n; T )dx.(2.1)

In the above integral, f(n; T ), f0(n; T ), and f∇(n; T ) stand for the total Helmholtz
free energy density, the Helmholtz free energy density of homogeneous fluids, and the
Helmholtz free energy density from gradient contribution, respectively. The homo-
geneous part f0(n) = f0(n; T ) is given by the traditional thermodynamic formula
which will be provided with two specific EoS, the Van der Waals EoS and the Peng–
Robinson EoS in the subsequent sections. The inhomogeneous part f∇(n) = f∇(n;T )
is computed by

f∇(n) =
1

2

M∑
i=1

M∑
j=1

cij∇ni · ∇nj

in which the coefficient cij denotes the influence parameter. cij theoretically depends
on temperature T , and molar concentrations will be given in the subsequent sections.

In this work, only the equilibrium state of the mixture is considered. In light of
thermodynamics theory, the total Helmholtz free energy is minimized at equilibrium
state in a closed system with fixed domain and constant temperature. The math-
ematical description of the problem can be stated as follows: to seek n ∈ H such
that

F (n) = min
n̂∈H

F (n̂),(2.2)

subject to ∫
Ω

nidx = Ni, i = 1, . . . ,M,(2.3)

where H is a function space satisfying certain regularity. Equation (2.3) describes
that the total mass of each component of the mixture is constant under the assumed
conditions.
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2.2. Necessary conditions for the phase equilibrium state. According to
the thermodynamics theory, at equilibrium, the total chemical potential is uniformly
invariant in the whole domain for each species, which is mathematically expressed as

µi(x) = Ui ∀x ∈ Ω, i = 1, . . . ,M,(2.4)

where Ui ∈ R is constant. Here the total chemical potential consists of two parts,
homogeneous fluids and the inhomogeneity contribution, so

µi(x) = µ0,i(x) + µ∇,i(x) ∀x ∈ Ω, i = 1, . . . ,M.(2.5)

By thermodynamics theory, the chemical potential of homogeneous term is defined as

µ0,i =

(
∂F0

∂Ni

)
T,V,N 6=i

=

(
∂f0

∂ni

)
T,n6=i

, i = 1, . . . ,M,(2.6)

where N6=i and n6=i denote the vectors (N1, . . . , Ni−1, Ni+1, . . . , NM ) and (n1, . . . ,
ni−1, ni+1, . . . , nM ), respectively. On the basis of the variational calculus, the inho-
mogeneous part can be computed by

µ∇,i =
∂f∇(n)

∂ni
=

1

2

M∑
j=1

M∑
k=1

∂ckj
∂ni
∇nk · ∇nj −

M∑
j=1

∇ · (cij∇nj) , i = 1, . . . ,M.(2.7)

Frequently, the influence parameter cij is assumed to be independent of the molar
densities of all species, and hence (2.7) is simplified as

µ∇,i = −
M∑
j=1

cij∆nj , i = 1, . . . ,M.(2.8)

Substituting (2.6) and (2.8) into (2.5), we finally have

−
M∑
j=1

cij∆nj = µi − µ0,i(n), i = 1, . . . ,M.(2.9)

The system of (2.9) indicates the chemical equilibrium conditions under the above
assumption of cij . Using the methods of Lagrange multipliers and variational calculus
for the original system of (2.2) and (2.3) can lead to the same equations of (2.9);
see [15].

Equation (2.9) is a system of tightly coupled second-order elliptic partial dif-
ferential equations with strongly nonlinear source terms µ0,i(n) due to the strong
nonlinearity of f0, which will be given in subsequent sections. This strong nonlinear-
ity and very small magnitude values of cij yield substantial difficulty for developing
numerical algorithms. To solve this system of equations efficiently and physically
satisfactorily, it is important to establish an efficient numerical scheme for two-phase
multicomponent fluid systems.

2.3. Bulk properties of mixtures modeled by the Van der Waals EoS.
The Van der Waals EoS theoretically approximates the behavior of real fluids to some
extent, which was originally derived in statistical molecular thermodynamics [12].
Even though it is still quite idealized for a real fluid, the Van der Waals fluid is often
used for theoretical analysis and numerical testing due to its simplicity, elegance, and
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B6 X. FAN, J. KOU, Z. QIAO, AND S. SUN

physical foundation. It also plays a more important role in the correction term that
we will borrow for efficient numerical solution of the Peng–Robinson model. We now
briefly describe the relevant quantities based on this EoS in this section.

The Helmholtz free energy density f0 (n) is written as summation of two terms,
the ideal part and the excess one, so it is computed by

f0(n) = f ideal
0 (n) + f excess

0 (n)(2.10)

in which the ideal part is given by

f ideal
0 (n) = RT

M∑
i=1

ni (lnni − 1) ,(2.11)

and the excess term by

f excess
0 (n) = −RTnln (1− bn)− an2.(2.12)

T and R throughout this manuscript denote the temperature of the fluids and the
universal gas constant, respectively. The parameter a is related to interparticle at-
tractive force between a couple of particles, and b is associated with the size of each
particle. Parameters a and b and the derivation of the Van der Waals EoS from the
free energy point of view are given in Appendix A.

2.4. Bulk properties of mixtures modeled by the Peng–Robinson EoS.
The Peng–Robinson EoS is modified on the basis of the Van der Waals EoS. It is
widely applied in engineering fields, for instance, petroleum engineering. The Peng–
Robinson EoS models the behavior of real fluids more accurately, in particular for
hydrocarbon mixtures, but is more complicated than the Van der Waals model. We
describe some quantities in brief below. The Peng–Robinson expression of Helmholtz
free energy density of the homogeneous fluid has the same first two terms as those in
the Van der Waals form; the only formal difference from the Van der Waals expression
is the last term. The total free energy density for the Peng–Robinson EoS reads as
follows:

f0 (n) = RT

M∑
i=1

ni (lnni − 1)−RTnln (1− bn)

+
a(T )n

2
√

2b
ln

(
1 + (1−

√
2)bn

1 + (1 +
√

2)bn

)
.(2.13)

Parameters a and b and the EoS for the Peng–Robinson model are given in Ap-
pendix B.

2.5. Influence parameters computed by geometric mean. The influence
parameter cij characterizes phase interface properties of a pair of species i and j in
the fluid mixture. It is obtained by using mixing rules. One of the most used rules is
the modified geometric mean rule which is given by

cij = (1− βij)
√
cicj , i, j = 1, . . . ,M,(2.14)

where βij represents the binary interaction coefficient for the influence parameter.
Among these, engineering practice suggests that the geometric mean mixing rule is
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A COMPONENTWISE CONVEX SPLITTING SCHEME WITH EOS B7

most popularly adopted, that is, when βij = 0 (see [16, 21]). We apply this rule in the
current manuscript. In the equation, ci is the influence parameter of a single species
computed by (see [5, 21])

ci = aib
2
3
i

(
m1,i

(
1− T

Tci

)
+m2,i

)
, i = 1, . . . ,M,

where m1,i and m2,i are correlated by the acentric factor ωi:

m1,i = − 10−16

1.2326 + 1.2757ωi
, m2,i = − 10−16

0.9051 + 1.5410ωi
, i = 1, . . . ,M.

3. Numerical solutions of chemical equilibrium equations. In this sec-
tion we will establish an efficient numerical algorithm for the system of the chemical
equilibrium equations (2.9) which is equivalent to (2.2). The aforementioned strong
nonlinearity in the source terms of (2.9) and the extremely small values of cij give
rise to a great challenge of the numerical solution. In the iterative methods utilized to
solve the algebraic system arising from the spatial discretization of the partial differ-
ential equations, efficiency is a major concern; stability is even trickier to deal with.
We adopt the approach proposed by Qiao and Sun [24] to utilize the corresponding
transient problems for constructing an efficient and stable iterative scheme for (2.9).

3.1. The transient version of chemical equilibrium equations. For the
sake of concision, we let n = n (x, t), ni = ni (x, t) and abbreviate relevant notations
without confusion in the succeeding sections. Adding a corresponding time-derivative
term ∂ni

∂t into the left-hand side of the ith equation of (2.9), we get

∂ni
∂t
−

M∑
j=1

cij∆nj = µi − µ0,i(n(x, t)), i = 1, . . . ,M.(3.1)

The above system of partial differential equations can be uniquely solved with proper
initial conditions and boundary conditions as well as a set of specified bulk chemical
potentials µi.

Although (3.1) can be solved to determine a unique time-dependent solution,
the solution is quite sensitive to the parameters µi according to numerical tests.
Moreover, this system of partial differential equations is not mass conservative even
if the zero Neumann boundary condition is imposed. In most realistic situations, this
nonconservation will lead to the final steady state solution being single phase, which
is not what we expect.

To fix the aforementioned two issues, Lagrange multipliers µi(t) are introduced
for enforcing the mass conservation. That is, µi are considered as unknown param-
eters that depend on time but are spatially constant. As time goes infinite, µi(t)
approximates µi, and therefore (3.1) becomes

∂ni
∂t
−

M∑
j=1

cij∆nj = µi(t)− µ0,i(n(x, t)), i = 1, . . . ,M.(3.2)

The mass conservation equations accordingly are changed into∫
Ω

ni(x, t)dx = Ni, i = 1, . . . ,M.(3.3)
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B8 X. FAN, J. KOU, Z. QIAO, AND S. SUN

To close the above system, appropriate initial and boundary conditions are re-
quired. Here we adopt the zero Neumann boundary condition which indicates the
normal derivative of molar density for each component. The initial condition is pro-
vided to give the total mass amount of each species in the closed system; apparently
the total mass of a single component is constant. The initial and zero Neumann
boundary conditions are written as

∇ni · ν∂Ω = 0, i = 1, . . . ,M,(3.4)

ni = ninit
i , t = 0, i = 1, . . . ,M,(3.5)

where ν∂Ω is the outward normal to the domain boundary ∂Ω. The system of (3.2)–
(3.5) uniquely determines the solution ni(x, t) and µi(t). This time-dependent partial
differential equations system has certain physical properties described in the following
lemma.

3.1.1. Energy identity. The total Helmholtz free energy of the above system
is dissipated with time, which is mathematically stated in the following lemma. Here
the temperature of the system is assumed to be constant.

Lemma 3.1. Provided n is the solution of (3.2)–(3.5), the total Helmholtz free
energy reduces with time and satisfies

dF (n)

dt
= −

M∑
i=1

∥∥∥∥∂ni∂t
∥∥∥∥2

L2

.(3.6)

Proof. Recall the definition of the total Helmholtz free energy

F (n) =

∫
Ω

f(n)dx =

∫
Ω

f0(n) +
1

2

M∑
i,j=1

cij∇ni · ∇nj

 dx.

Differentiating with respect to t to F (n) and by integration by parts, we obtain

dF (n)

dt
=

∫
Ω

M∑
i=1

∂f0(n)

∂ni
−

M∑
j=1

cij∆nj

 ∂ni
∂t

dx+

∫
∂Ω

M∑
i=1

M∑
j=1

cij
∂ni
∂t
∇nj · ν∂Ωds

=

∫
Ω

M∑
i=1

µ0,i −
M∑
j=1

cij∆nj

 ∂ni
∂t

dx+

∫
∂Ω

M∑
i=1

M∑
j=1

cij
∂ni
∂t
∇nj · ν∂Ωds.

So with (3.4) and (3.2)

dF (n)

dt
=

∫
Ω

M∑
i=1

∂ni
∂t

(µi −
∂ni
∂t

)dx.

By (3.3) and the fact that µi(t) is spatially invariant, we get∫
Ω

µi
∂ni
∂t

dx = 0, i = 1, . . . ,M,

and therefore we can conclude that

dF (n)

dt
= −

∫
Ω

M∑
i=1

∂ni
∂t

∂ni
∂t

dx = −
M∑
i=1

∥∥∥∥∂ni∂t
∥∥∥∥2

L2

.

This ends the proof.
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A COMPONENTWISE CONVEX SPLITTING SCHEME WITH EOS B9

3.2. An efficient energy-stable scheme of the transient chemical equi-
librium equations with the Van der Waals and the Peng–Robinson expres-
sions of f0.

3.2.1. The componentwise convex splitting of f0 with the Van der
Waals model. In this section, we show that the Helmholtz free energy density with
the Van der Waals model has convex and concave parts componentwise.

Lemma 3.2. f ideal0 (n) is a convex function of molar density of each single com-

ponent, saying that
∂2f ideal

0

∂n2
i

> 0.

Proof. Recall that f ideal
0 = RT

M∑
i=1

ni (lnni − 1), so we have

∂f ideal
0

∂ni
= RT lnni,

∂2f ideal
0

∂n2
i

= RT
1

ni
> 0.

This completes the proof.

Recall that the excess Helmholtz free energy density of the Van der Waals expres-
sion consists of two parts:

fa0 = −an2,(3.7)

f b0 = −RTnln(1− bn).(3.8)

According to the Van der Waals theory, f b0 takes into account of the volume exclusion
of the particles, while fa0 results from the attraction force of molecules in the fluids.
This physical property has rigorous mathematical description in the following two
lemmas.

Lemma 3.3. The Helmholtz free energy density from the repulsion force of the
Van der Waals fluids is a convex function of the molar density of each component;

otherwise stated,
∂2fb

0

∂n2
i
> 0.

Proof. Recall that f b0 = −RTnln(1− bn), which gives

∂f b0
∂ni

= −RT
(

ln(1− bn)− nbi
1-bn

)
,

∂2f b0
∂n2

i

= RT

(
2bi

1− bn
+

b2in

(1− bn)
2

)
.

Since (1 − bn) > 0 according to the physical meaning of (1 − bn) (based on Van
der Waals theory the total volume occupied by the species is always larger than the

volume excluded by the species), bi > 0, and n > 0, we have
∂2fb

0

∂n2
i
> 0.

Lemma 3.4. The Helmholtz free energy density from the attraction force of Van
der Waals fluids is a concave function of molar density of every single component; in

other words,
∂2fa

0

∂n2
i
< 0.

Proof. The first-order partial derivative of fa0 with ni gives

∂fa0
∂ni

= −2

M∑
j=1

aijnj .
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B10 X. FAN, J. KOU, Z. QIAO, AND S. SUN

And so the second-order partial derivative of fa0 with ni is

∂2fa0
∂n2

i

= −2aii < 0.

This completes the proof.

According to the above results, we have a componentwise splitting of the Helmholtz
free energy density with the Van der Waals model into two parts:

f0 (n) =
(
f ideal

0 (n) + f b0 (n)
)

+ fa0 (n) ,(3.9)

where the first part
(
f ideal

0 (n) + f b0 (n)
)

is convex with ni and fa0 (n) is concave with
respect to ni.

3.2.2. The componentwise convex splitting of f0 with the Peng–
Robinson model. For the Peng–Robinson model, the “ideal” and repulsion con-
tributions to the Helmholtz free energy density are the same as the Van der Waals
expression, but the major difference is in the attraction term that we consider in this
section.

For convenience of analysis, we adopt the following notations. Denote
∼
b by∑M

j=1 bjnj ,
∼
ai by

∑M
j=1 aijnj , and

∼
a by

∑M
j=1

∑M
k=1 ajknknj . By the definitions of ai,

bi, and ni, they must be bounded by mini ai ≤ ai ≤ maxi ai, mini bi ≤ bi ≤ maxi bi,
and mini ni ≤ ni ≤ maxi ni, respectively. Here the boundedness of ni is because of
the finite amount of each species and the limited volume of the domain. Obviously,
∼
b must also be bounded by min

∼
b ≤

∼
b ≤ max

∼
b ,
∼
ai by mini

∼
ai ≤

∼
ai ≤ maxi

∼
ai, and

∼
a

by min
∼
a ≤ ∼a ≤ max

∼
a.

Now let

∼
f 0 (n) = f ideal

0 (n) + f b0 (n) + fa0 (n) +
1

2
Kân2 − 1

2
Kân2,

where f ideal
0 (n) = RT

∑M
i=1 ni (lnni − 1), f b0 (n) = −nRT ln (1− bn), fa0 (n) =

∼
a

2
√

2
∼
b

ln
( 1+(1−

√
2)
∼
b

1+(1+
√

2)
∼
b

)
, â =

∑M
i,j=1

√
aiajxixj , ai being computed from (A.1) in Ap-

pendix A, and K is a constant and will be derived in subsequent sections.

Remark 3.1. Here the term 1
2Kân

2 is analogous to −an2, which represents the
energy density from attraction in the Van der Waals model, but here kij = 0 in the
mixing rule. As shown, adding this term to the Peng–Robinson model is physics-
preserved and does not change the Helmholtz free energy density. More importantly,
Â = (âij)M×M = (

√
aiaj)M×M is positive semidefinite and ai = âii > 0, which plays

an essential role in our numerical algorithms.

Rearrange
∼
f 0 (n) by

∼
f 0 (n) =

(
f ideal

0 (n) + f b0 (n) +
1

2
Kân2

)
+

(
fa0 (n)− 1

2
Kân2

)
.

We have the following lemma for the first part of
∼
f 0.

Lemma 3.5. If the constant K is nonnegative, then fconv0 = f ideal0 (n) + f b0 +
1
2Kân

2 is componentwise convex with ni; otherwise stated,
∂2fconv

0

∂n2
i

> 0.
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A COMPONENTWISE CONVEX SPLITTING SCHEME WITH EOS B11

Proof. The proof is straightforward:

∂2f conv
0

∂n2
i

=
∂2f ideal

0

∂n2
i

+
∂2f b0
∂n2

i

+Kâii;

from Lemmas 3.2 and 3.3,
∂2f ideal

0

∂n2
i

+
∂2fb

0

∂n2
i
> 0, and K ≥ 0, so

∂2fconv
0

∂n2
i

> 0.

For the second part of
∼
f 0 we have the following lemma.

Lemma 3.6. If we let

K ≥ max

{
−
bi

(
2
∼
ai
∼
b − bi

∼
a

)
√

2ai
∼
b

3 ln

1 + (1−
√

2)
∼
b

1 + (1 +
√

2)
∼
b

(3.10)

−
2bi

(
2
∼
b
∼
ai

(
1 + 2

∼
b −

∼
b

2
)
− bi

∼
a

(
1 + 3

∼
b − 2

∼
b

2
))

ai
∼
b

2
(

1 + (1−
√

2)
∼
b

)2(
1 + (1 +

√
2)
∼
b

)2 , 0

}
,

then
∼
f
a

0 (n) = fa0 (n)− 1
2Kân

2 is concave with ni, namely,
∂2
∼
f

a

0 (n)

∂n2
i

< 0.

Proof. We first calculate
∂2fa

0

∂n2
i

. Recall that fa0 (n) =
∼
a

2
√

2
∼
b

ln
( 1+(1−

√
2)
∼
b

1+(1+
√

2)
∼
b

)
, so

µa
0,i =

∂fa0
∂ni

=
2
∼
b
∼
ai − bi

∼
a

2
√

2
∼
b

2 ln

1 + (1−
√

2)
∼
b

1 + (1 +
√

2)
∼
b


+

∼
a

2
√

2
∼
b

(
(1−

√
2)bi

1 + (1−
√

2)
∼
b
− (1 +

√
2)bi

1 + (1 +
√

2)
∼
b

)

and we have

∂2fa0
∂n2

i

=
∂µa

0,i

∂ni
=

aii
√

2
∼
b

ln

1 + (1−
√

2)
∼
b

1 + (1 +
√

2)
∼
b

− bi

(
2
∼
ai
∼
b − bi

∼
a

)
√

2
∼
b

3 ln

1 + (1−
√

2)
∼
b

1 + (1 +
√

2)
∼
b



−
2bi

(
2
∼
b
∼
ai

(
1 + 2

∼
b −

∼
b

2
)
− bi

∼
a

(
1 + 3

∼
b − 2

∼
b

2
))

∼
b

2
(

1 + (1−
√

2)
∼
b

)2(
1 + (1 +

√
2)
∼
b

)2 .

Eventually, we get

∂2
∼
f
a

0

∂n2
i

=
∂2fa0
∂n2

i

−Kâii

=
aii
√

2
∼
b

ln

1 + (1−
√

2)
∼
b

1 + (1 +
√

2)
∼
b

− bi

(
2
∼
ai
∼
b − bi

∼
a

)
√

2
∼
b

3 ln

1 + (1−
√

2)
∼
b

1 + (1 +
√

2)
∼
b

D
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B12 X. FAN, J. KOU, Z. QIAO, AND S. SUN

−
2bi

(
2
∼
b
∼
ai

(
1 + 2

∼
b −

∼
b

2
)
− bi

∼
a

(
1 + 3

∼
b − 2

∼
b

2
))

∼
b

2
(

1 + (1−
√

2)
∼
b

)2(
1 + (1 +

√
2)
∼
b

)2 −Kai

≤ aii
√

2
∼
b

ln

1 + (1−
√

2)
∼
b

1 + (1 +
√

2)
∼
b

 < 0.

Here we take the fact that âii = ai by the definition of âii.

According to the above results, the total Helmholtz free energy density with the
Peng–Robinson model can be split into summation of two parts:

∼
f 0 (n) =

(
f ideal

0 (n) + f b0 (n) +
1

2
Kân2

)
+

(
fa0 (n)− 1

2
Kân2

)
,(3.11)

where K satisfies (3.10), the first part f ideal
0 (n) + f b0 (n) + 1

2Kân
2 is convex, and

fa0 (n)− 1
2Kân

2 is concave with respect to ni.

3.2.3. An energy-stable componentwise convex splitting scheme. For
convenience of analysis, let nk+ i

M be a vector of
(
nk+1

1 , . . . , nk+1
i , nki+1, . . . , n

k
M

)
, the

jth element of which has the property

n
k+ i

M
j =

{
nk+1
j if j ≤ i,
nkj if j > i.

For the system (3.2)–(3.5) with the Van der Waals model we propose an unconditional
convex splitting scheme as follows:

(3.12)

n
k+ i

M
i − nk+ i−1

M
i

δt
− cii∆n

k+ i
M

i = µ
k+ i

M
i −

(
µideal

0,i

(
nk+ i

M

)
+ µb

0,i

(
nk+ i

M

))
− µa

0,i

(
nk+ i−1

M

)
+
∑
j 6=i

cij∆n
k+ i

M
j , i = 1, . . . ,M,∫

Ω

n
k+ i

M
i dx = Ni, i = 1, . . . ,M,(3.13)

∇nk+ i
M

i · ν∂Ω = 0, x ∈ ∂Ω, i = 1, . . . ,M,(3.14)

n0
i = ninit

i , i = 1, . . . ,M.(3.15)

Theorem 3.7. The semidiscrete scheme (3.12)–(3.15) is uniformly energy de-
creasing for each i; that is, for any time step size δt > 0 the total Helmholtz free
energy satisfies

F
(
nk+ i

M

)
≤ F

(
nk+ i−1

M

)
, i = 1, . . . ,M.(3.16)

Proof. A sketch for the proof here is given below. The full proof is described in
Appendix C.
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A COMPONENTWISE CONVEX SPLITTING SCHEME WITH EOS B13

Taking the inner product of −(n
k+ i

M
i − nk+ i−1

M
i ) with (3.12), we observe that

(3.17)

− 1

δt

∥∥∥nk+ i
M

i − nk+ i−1
M

i

∥∥∥2

=
(
cii∇n

k+ i
M

i , ∇nk+ i
M

i −∇nk+ i−1
M

i

)
+

∑
j 6=i

cij∇n
k+ i

M
j , ∇nk+ i

M
i −∇nk+ i−1

M
i


+

((
∂f ideal

0

∂ni
+
∂fb

0

∂ni

) ∣∣∣∣∣
n=nk+ i

M

, n
k+ i

M
i − nk+ i−1

M
i

)

+

(
∂fa

0

∂ni

∣∣∣∣∣
n=nk+ i−1

M

, n
k+ i

M
i − nk+ i−1

M
i

)

≥ 1

2

M∑
j,l=1

cjl∇n
k+ i

M
j · ∇nk+ i

M

l − 1

2

M∑
j,l=1

cjl∇n
k+ i−1

M
j · ∇nk+ i−1

M

l .

f ideal
0 (n) is convex with respect to ni, and hence(

∂f ideal
0

∂ni

∣∣∣∣∣
n=nk+ i

M

, n
k+ i

M
i − nk+ i−1

M
i

)
≥ f ideal

0 (nk+ i
M )− f ideal

0 (nk+ i−1
M ).(3.18)

Similarly, (
∂fb

0

∂ni

∣∣∣∣∣
n=nk+ i

M

, n
k+ i

M
i − nk+ i−1

M
i

)
≥ fb

0 (nk+ i
M )− fb

0 (nk+ i−1
M ).(3.19)

fa
0 is concave with respect to ni, so(

∂fa
0

∂ni

∣∣∣∣∣
n=nk+ i−1

M

, n
k+ i

M
i − nk+ i−1

M
i

)
≥ fa

0 (nk+ i
M )− fa

0 (nk+ i−1
M ).(3.20)

Combining the inequalities (3.17)–(3.20), we have

0 ≥ f
(
nk+ i

M

)
− f

(
nk+ i−1

M

)
.

Integration yields

F
(
nk+ i

M

)
≤ F

(
nk+ i−1

M

)
.(3.21)

This completes the proof.

Corollary 1. From Theorem 3.7 it is straightforward to find that the semidis-
crete scheme (3.12)–(3.15) also satisfies

F
(
nk+1

)
≤ F

(
nk
)
.(3.22)

Proof. From (3.21),

F
(
nk+1

)
= F

(
nk+ M

M

)
≤ F

(
nk+ M−1

M

)
≤ · · · ≤ F

(
nk+ 1

M

)
≤ F

(
nk+ 0

M

)
= F

(
nk
)
.
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B14 X. FAN, J. KOU, Z. QIAO, AND S. SUN

For the Peng–Robinson model, with the newly defined
∼
f 0, (3.2) is equivalent to

∂ni
∂t
−

M∑
j=1

cij∆nj = µi(t)−

µideal
0,i (n) + µb

0,i(n) +K

M∑
j=1

âijnj

(3.23)

−

µa
0,i(n)−K

M∑
j=1

âijnj

 , x ∈ Ω, i = 1, . . . ,M.

We define âi as the row vector (âij)j . For the system of (3.3)–(3.5), (3.23) we have a
componentwise convex splitting procedure given below:

n
k+ i

M
i − nk+ i−1

M
i

δt
− cii∆n

k+ i
M

i

= µ
k+ i

M
i −

(
µideal

0,i

(
nk+ i

M

)
+ µb

0,i

(
nk+ i

M

)
+Kâin

k+ i
M

)
(3.24)

−
(
µa

0,i

(
nk+ i−1

M

)
−Kâink+ i−1

M

)
+
∑
j 6=i

cij∆n
k+ i

M
j ,∫

Ω

n
k+ i

M
i dx = Ni(3.25)

∇nk+ i
M

i · ν∂Ω = 0, x ∈ ∂Ω,(3.26)

n0
i = ninit

i , x ∈ Ω.(3.27)

Theorem 3.8. The semidiscrete scheme (3.24)–(3.27) is always energy decaying
for each i, meaning that for any time step size δt > 0 the total Helmholtz free energy
satisfies

F
(
nk+ i

M

)
≤ F

(
nk+ i−1

M

)
.(3.28)

Proof. The inner product of −(n
k+ i

M
i − nk+ i−1

M
i ) with the ith equation of (3.24)

yields

(3.29)

− 1

δt

∥∥∥nk+ i
M

i − nk+ i−1
M

i

∥∥∥2

= −

µk+ i
M

i +

M∑
j=1

cij∆n
k+ i

M
j , n

k+ i
M

i − nk+ i−1
M

i


+
(
µideal

0,i (nk+ i
M ) + µb

0,i(n
k+ i

M ) +Kâin
k+ i

M , n
k+ i

M
i − nk+ i−1

M
i

)
+
(
µa

0,i(n
k+ i−1

M )−Kâink+ i−1
M , n

k+ i
M

i − nk+ i−1
M

i

)
=

 M∑
j=1

cij∇n
k+ i

M
j , ∇nk+ i

M
i −∇nk+ i−1

M
i


+

((
∂f ideal

0

∂ni
+
∂fb

0

∂ni
+Kâin

) ∣∣∣∣∣
n=nk+ i

M

, n
k+ i

M
i − nk+ i−1

M
i

)D
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A COMPONENTWISE CONVEX SPLITTING SCHEME WITH EOS B15

+

∂∼f a

0

∂ni

∣∣∣∣∣
n=nk+ i−1

M

, n
k+ i

M
i − nk+ i−1

M
i


+

〈∑
j 6=i

cij∇n
k+ i

M
j · ν∂Ω, n

k+ i
M

i − nk+ i−1
M

i

〉
∂Ω

=

 M∑
j=1

cij∇n
k+ i

M
j , ∇nk+ i

M
i −∇nk+ i−1

M
i


+

((
∂f ideal

0

∂ni
+
∂fb

0

∂ni
+Kâin

) ∣∣∣∣∣
n=nk+ i

M

, n
k+ i

M
i − nk+ i−1

M
i

)

+

((
∂fa

0

∂ni
−Kâin

) ∣∣∣∣∣
n=nk+ i−1

M

, n
k+ i

M
i − n+ i−1

M
i

)
.

Following the same steps from (3.17)–(3.20) with(
Kâin

∣∣∣∣∣
n=nk+ i

M

, n
k+ i

M
i − nk+ i−1

M
i

)
≥ Kâink+ i

M −Kâink+ i−1
M(3.30)

and (
−Kâin

∣∣∣∣∣
n=nk+ i−1

M

, n
k+ i

M
i − nk+ i−1

M
i

)
≥ −

(
Kâin

k+ i
M −Kâink+ i−1

M

)
,(3.31)

we finally obtain

0 ≥ f0

(
nk+ i

M

)
+

1

2

M∑
j,l=1

cjl∇n
k+ i

M
j · ∇nk+ i

M

l

−

f0

(
nk+ i−1

M

)
+

1

2

M∑
j,l=1

cjl∇n
k+ i−1

M
j · ∇nk+ i−1

M

l

 ,

and integration of the above inequality implies (3.28).

Corollary 2. From Theorem 3.8 it is easy to see that the semidiscrete scheme
(3.24)–(3.27) has the property of the total Helmholtz free energy

F
(
nk+1

)
≤ F

(
nk
)
.(3.32)

Proof. From Theorem 3.8,

F (nk+1) = F (nk+ M
M ) ≤ F (nk+ M−1

M ) ≤ · · · ≤ F (nk+ 2
M )

≤ F (nk+ 1
M ) ≤ F (nk+ 0

M ) = F (nk).

This completes the proof.

3.3. Numerical computation of K. In this section, we consider how to nu-
merically compute K occurring in the Peng–Robinson model. It is inappropriate to

let K be positively infinite since we need to choose a K such that
∂2
∼
fa
0

∂n2
i

is negative
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B16 X. FAN, J. KOU, Z. QIAO, AND S. SUN

and meanwhile the error introduced by this term should be as small as possible, and
therefore theoretically we should find the minimal K satisfying the conditions. We
recall the definition of K and let

(3.33)

Kmin(n) = min

K
∣∣∣∣∣K ≥ max

−
bi

(
2
∼
ai
∼
b − bi

∼
a

)
√

2ai
∼
b

3 ln

1 + (1−
√

2)
∼
b

1 + (1 +
√

2)
∼
b



−
2bi

(
2
∼
b
∼
ai

(
1 + 2

∼
b −

∼
b

2
)
− bi

∼
a

(
1 + 3

∼
b − 2

∼
b

2
))

ai
∼
b

2
(

1 + (1−
√

2)
∼
b

)2(
1 + (1 +

√
2)
∼
b

)2 , 0


 .

In the numerical scheme (3.24), K should be computed for each time step tk+1 based

on nk+ i−1
M , meaning that when computing n

k+ i
M

i (i.e., nk+1
i ), K = Kmin

(
nk+ i

M

)
.

This way, energy decaying of the convex splitting for each component i and minimal
error owning to the introduced term can be guaranteed. For efficiency, we take advan-

tage of a numerical scheme Kk+ i−1
M , l = (1 + ε)Kmin

(
nk+ i−1

M , l
)

to update Kk+ i−1
M , l,

where ε is usually a fixed real number taken from interval (0, 1). Pseudocode for

computing Kmin

(
nk+ i

M

)
is described in Algorithm 1.

Algorithm 1 Numerical Algorithm for computing K.

Data: nk+ i−1
M , ε

Result: Kmin

(
nk+ i

M

)
l = 1, nk+ i−1

M ,l = nk+ i−1
M , Kk+ i−1

M , l = max
{

(1 + ε)Kmin

(
nk+ i−1

M , l
)
, 0
}

;

with Kk+ i−1
M , l,nk+ i−1

M , l, solving the the system of equations gives nk+ i
M , l+1;

while Kk+ i−1
M , l < Kmin

(
nk+ i

M , l+1
)

do

l = l + 1;

Kk+ i−1
M , l = max

{
(1 + ε)Kmin

(
nk+ i−1

M , l
)
, 0
}

;

obtaining nk+ i
M , l from the system using Kk+ i−1

M , l,nk+ i−1
M , l;

end

Kmin

(
nk+ i

M

)
= Kk+ i−1

M , l.

3.4. The mixed finite element approximation for spatial discretization.
In the present section, we adopt the RT mixed finite element method to spatially
discretize the system (3.2)–(3.5) which has been widely applied for solving elliptic and
parabolic partial differential equations, which can guarantee local mass conservation,
as we wish here. For simplicity without loss of generality, the domain Ω is considered
as a two-dimensional domain (d = 2) divided into triangular meshes. Let Th be the
partition of Ω. Denote Γh by the interior edges of Th. There is a fixed unit normal
vector νe for each edge e ∈ Γh; it is identical with the outward unit normal vector on
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A COMPONENTWISE CONVEX SPLITTING SCHEME WITH EOS B17

the boundary of the domain. Define

V ≡ H(Ω; div) ≡
{

v ∈
(
L2(Ω)

)d
: ∇ · v ∈ L2(Ω)

}
,(3.34)

W ≡ L2(Ω).(3.35)

Denote by (·, ·) and 〈·, ·〉Γ the inner product in
(
L2(Ω)

)d
or L2(Ω) and L2(Γ), re-

spectively. Since the Van der Waals and the Peng–Robinson models have the same
representation in form, for convenience, we will formulate them in a united formula;
when the Van der Waals model gets involved, K ≡ 0.

Now a weak formulation considered uniformly for the system of (3.3)–(3.5), (3.23)
is to search for solution ni ∈W and ui ∈ V such that(

∂ni
∂t

, wi

)
= (ui, ∇wi)−

∑
E∈Th

〈ui · ν∂E , wi〉∂E

+ (µi(t)− µ0,i(n), wi) ∀wi ∈W,(3.36)

(ui, vi) =

 M∑
j=1

cijnj , ∇ · vi

 ∀vi ∈ V,(3.37)

∫
Ω

nidx = Ni,(3.38)

(ni, wi) = (ninit
i , wi), t = 0 ∀wi ∈W,(3.39)

where we choose vi such that vi · ν∂Ω = 0 on the domain boundary.
The RT space of rth order (r ≥ 0), RTr, of the partition Th is adopted to approx-

imate the subspace Vr(Th)×Wr(Th) of V×W . For a two-dimensional domain (i.e.,
d = 2), it is defined as

Vr(Th) = {v ∈ H(Ω; div) : v|E ∈ Qr+1,r(E)×Qr,r+1(E), E ∈ Th},(3.40)

Wr(Th) = {w ∈ L2(Ω) : w|E ∈ Qr,r+1(E), E ∈ Th},(3.41)

where Qm,n(E) indicates the space of polynomials of degree less than or equal to m(n)
in the first (or second) variable restricted to E. RT0 is often applied and is utilized
in our numerical examples.

We state the mixed finite element approximation to the system of (3.3)–(3.5),
(3.23) as follows: to search for ni,h ∈Wr(Th) and ui,h ∈ Vr(Th) such that

∑
E∈Th

(
∂ni,h
∂t

, wi,h

)
E

=
∑
E∈Th

(ui,h, ∇wi,h)E −
∑
E∈Th

〈ui,h · ν∂E , wi,h〉∂E

+
∑
E∈Th

(µi(t)− µ0,i(n), wi,h)E ∀wi,h ∈Wr(Th),(3.42)

∑
E∈Th

(ui,h,vi,h)E =
∑
E∈Th

 M∑
j=1

cijnj,h, ∇ · vi,h


E

∀vi,h ∈ Vr(Th),(3.43)

∑
E∈Th

∫
E

ni,hdx = Ni,(3.44)

(ni,h, wi,h)E = (ninit
i,h , wi,h)E , t = 0 ∀wi,h ∈Wr(Th),(3.45)
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B18 X. FAN, J. KOU, Z. QIAO, AND S. SUN

where we still have to choose vi,h such that vi,h · ν∂Ω = 0 on the domain boundary.
The full discretization of (3.3)–(3.5), (3.23) by combining the componentwise

convex splitting semi-implicit method with the mixed finite element approximation is

stated as follows: to search for n
k+ i

M

i,h ∈Wr(Th) and u
k+ i

M

i,h ∈ Vr(Th) such that

∑
E∈Th

nk+ i
M

i,h − nk+ i−1
M

i,h

δt
, wi,h


E

=
∑
E∈Th

(
u
k+ i

M

i,h , ∇wi,h

)
E

−
∑
E∈Th

〈uk+ i
M

i,h · ν∂E , wi,h〉∂E

+
∑
E∈Th

(
µ
k+ i

M
i − µideal

0,i (nk+ i
M )− µb

0,i(n
k+ i

M )

−Kâink+ i
M , wi,h

)
E

−
∑
E∈Th

(
µa

0,i(n
k+ i−1

M )−Kâink+ i−1
M , wi,h

)
E

∀wi,h ∈Wr(Th),(3.46) ∑
E∈Th

(
u
k+ i

M

i,h , vi,h

)
E

=
∑
E∈Th

 M∑
j=1

cijn
k+ i

M

j,h , ∇ · vi,h


E

(3.47)

∀vi,h ∈ Vr(Th),∑
E∈Th

∫
E

n
k+ i

M

i,h dx = Ni,(3.48)

(n0
i,h, wi,h) = (ninit

i , wi,h) ∀wi,h ∈Wr(Th),(3.49)

where vi,h satisfies vi,h · ν∂Ω = 0 on the domain boundary.

Proposition 1. The fully discretized componentwise convex splitting scheme (3.46)–
(3.49) is unconditionally stable; in other words, for any time step δt > 0, the following
inequality holds:

Fh

(
n
k+ i

M

h

)
≤ Fh

(
n
k+ i−1

M

h

)
,(3.50)

and furthermore,

Fh

(
nk+1
h

)
≤ Fh

(
nk
h

)
,(3.51)

where Fh

(
n
k+ i

M

h

)
is defined as

(3.52) Fh

(
n
k+ i

M

h

)
=
∑
E∈Th

∫
E

f0

(
n
k+ i

M

h

)
+

1

2

M∑
j,l=1

cjl∇hn
k+ i

M

j,h · ∇hn
k+ i

M

l,h

 dx

and Fh

(
nk+1
h

)
as

Fh

(
nk+1
h

)
=
∑
E∈Th

∫
E

f0

(
nk+1
h

)
+

1

2

M∑
j,l=1

cjl∇hn
k+1
j,h · ∇hn

k+1
l,h

 dx.(3.53)
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A COMPONENTWISE CONVEX SPLITTING SCHEME WITH EOS B19

Proof. Following the same steps of proof as in Theorem 3.8 with the fully dis-
cretized system (3.46)–(3.49) and the discrete energy (3.52) yields

Fh

(
n
k+ i

M

h

)
− Fh

(
n
k+ i−1

M

h

)
≤ − 1

δt

∑
E∈Th

∥∥∥nk+ i
M

i,h − nk+ i−1
M

i,h

∥∥∥2

≤ 0,

and the above inequality gives

Fh

(
nk+1
h

)
= Fh

(
n
k+ M

M

h

)
≤ Fh

(
n
k+ M−1

M

h

)
≤ · · · ≤ Fh

(
n
k+ 1

M

h

)
≤ Fh

(
n
k+ 0

M

h

)
= Fh

(
nk
h

)
.

This completes the proof.

4. Numerical examples. In this section, a two-phase (liquid and gas phases)
binary component fluid mixture is simulated to verify the proposed numerical schemes.
The mixture consists of methane (CH4) and n-decane (nC10H22). The temperature
of the whole domain stays constant at 450 K during the simulation. Some relevant
property parameters for the species are listed in Table 1. The binary interaction
parameters are k11 = k22 = 0 and k12 = k21 = 0.052134. The simulation is carried
out on a disk domain with diameter L = 10−8 meters based on the model of (3.2)–
(3.5). The domain is divided into 2990 triangles with 1539 nodes; see Figure 1a. The
mesh size is about 0.25× 10−9 meters. The boundary condition is exactly set as the
zero Neumann condition (3.4) on the whole boundary (i.e., the most outer circle of the
disk), meaning that there is no mass exchange between the system and environment.
The initial condition is to impose liquid molar densities of both components in the
square, and a gas mixture is filled in the rest of the domain; see Figures 1a and 1b.

Table 1
Property parameters of methane and n-decane (data from Table 3.1 on page 141 of [11]).

Component name Symbol Tc(K) Pc(MPa) Tb(K)
methane CH4 190.58 4.604 111.63
n-decane nC10H22 617.7 2.099 447.3

The time step size is uniformly taken as a relatively large one (δt = 1010 seconds)
since the numerical scheme is unconditionally stable and we want the simulation time
to go infinite approaching the steady state solution. Newton’s method is adopted as
a nonlinear solver with three iterates or with a relative error re = 10−8, which is
sufficient for our case. In our simulation, homogeneous contribution of free energy is
computed based on the Peng–Robinson model.

4.1. Simulation results.
• Molar densities and chemical potential distribution. Figures 1a–1b, 2a–2c,

and 3a–3c show the evolution of methane’s and n-decane’s molar density
distributions, respectively. Initially, the molar density of both components
(see Figures 1a and 1b) jump from a liquid to a gas phase area, which results
in an extremely large (infinite in theory) gradient term of the total Helmholtz
free energy of the whole fluid system. After five time steps shown in Figures 2a
and 3a, there exists a clear gas-liquid interface (in green online only) with a
certain thickness and the corner of the square becomes a little rounder than
that at the initial condition for both components. Simulation after 10 time
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(b)

Fig. 1. Initial condition: (a) molar density of methane; (b) molar density of n-decane.
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(a)
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(b)
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(c)

Fig. 2. Molar density distribution of methane: (a) after five time steps; (b) after 10 time steps;
(c) after 20 time steps.

steps results in the corner of the interface becoming much rounder; see Figures
2b and 3b. Finally, after 20 time steps the solution converges and the interface
becomes continuous and seems to be a perfectly small circle with very small
thickness for methane and n-decane, respectively; see Figures 2c and 3c.
Correspondingly, the homogeneous contribution of chemical potential µ0 of
both components changes with the molar densities. Figures 4a–4c and Figures
5a–5c illustrate the evolution of µ0 of methane and n-decane, respectively. µ0

is uniformly the same in the liquid and gas bulk phases. However, it varies
sharply across the interface for both species, as expected.

• Decaying of total Helmholtz free energy. It is obviously shown in Figure 6a
that the total Helmholtz free energy reduces componentwise at each time step.
From the figures we find out that at the first two steps, it plunges quickly;
after that, though still decaying (see Figure 6b), the rate of decrease becomes
slow and is numerically approaching an equilibrium state that is the solution
that we expect. This fast convergence results from the large time step size.

• Values of K. In the simulation, we dynamically calculate K as required
using Algorithm 1; all K’s during the simulation are zeros, which means that
the attraction term of f0 is concave with both CH4 and nC10H22 and the
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A COMPONENTWISE CONVEX SPLITTING SCHEME WITH EOS B21
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(c)

Fig. 3. Molar density distribution of n-decane: (a) after five time steps; (b) after 10 time steps;
(c) after 20 time steps.
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Fig. 4. Chemical potential distribution of methane: (a) after five time steps; (b) after 10 time
steps; (c) after 20 time steps.

correction term is not required. In fact, the Peng–Robinson model works well
with common-encountered hydrocarbon species in petroleum reservoir, and
consequently for most of the hydrocarbon mixtures, the adjustment term is
not expected to be used.

4.2. The effect of time step size on convergence. We first compute the
results with time step size ∆t = 106 and fine mesh (2990 elements and 1539 nodes
and mesh size ≈ 0.25×10−9 meters) as the approximate exact solution. Furthermore,
we obtain the results with two different time step sizes ∆t1 = 5×107 and ∆t2 = 5×108

on the mesh of 1060 elements and 558 nodes and mesh size ≈ 0.4× 10−9 meters. The
energy differences of these two time step sizes with the approximate exact solution
are computed, i.e.,

DFi(t) = Fi(t)− Fr(t), i = 1, 2,

where Fr(t) is the approximate exact solution, and Fi(t) is the free energy computed
with ∆ti. Following that we calculate the relative error of energy defined as

erri(t) =
|DFi(t)|
Fr(t)

, i = 1, 2.
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Fig. 5. Chemical potential distribution of n-decane: (a) after five time steps; (b) after 10 time
steps; (c) after 20 time steps.
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Fig. 6. Convergence of total Helmholtz free energy: (a) the componentwise total Helmholtz free
energy during the whole simulation; (b) zoom in of time steps 5–10.

The result is shown in Figure 7. From this figure, we can say that (1) solutions with
both larger time step sizes are convergent to the approximate exact solution; (2) using
small time step size the free energy is decreasing more in the same time interval than
larger one; however, the one with larger time step size takes many fewer time steps
to get nearly the same relative error, which promotes the computational efficiency.

4.3. Comparison of surface tension between laboratory data and com-
puted results. One application of the diffuse interface model is to predict the inter-
face tension. In this section, we calculate the surface tension for the binary mixture
we simulated. All of simulations below are carried out on the same domain and the
same mesh as in section 4.1 and time step size ∆t = 1010. Here the surface tension is

computed through the formula σ = F (n)−F0(ninit)
A provided in [24], where the interface

tension is assumed to be constant in the interface. Assume the volume of the droplet
is constant from the beginning of simulation to convergence and the liquid droplet
is a perfectly round disk when the simulation converges. We compute the interface
tension with temperature 280◦F and pressure from 2000 to 3000 psia every 200 psia;
see Figure 8a. And it is also computed at constant pressure 2800 psia and tempera-
tures at 100◦F, 200◦F, and 280◦F, respectively; the result is shown in Figure 8b. The
simulated results are compared with the laboratory data from Table 3 of [1] showing
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Fig. 7. Relative error of free energy.
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Fig. 8. Comparison of surface tension between simulations and experimental data: (a) at
temperature T = 280◦F; (b) at pressure P0 = 2800 psia.

that the computed results fit well with the measured data to some extent in range of
model, measurement, and machine errors.

5. Concluding remarks. We have studied two-phase fluids consisting of mul-
tiple components at equilibrium state in a closed system with constant temperature,
which are modeled by a gradient theory coupled with the Van der Waals and the Peng–
Robinson EoS. The Van der Waals expression can be elegantly split into summation
of convex and concave parts, one of which is borrowed to treat the Peng–Robinson
counterpart for the purpose of designing an efficient and robust numerical algorithm.
The Peng–Robinson model is more realistic in hydrocarbon mixture applications. The
model problem is derived according to the first principle of thermodynamics, which
leads to minimizing Helmholtz free energy. With variational calculus and Lagrange
multipliers, the minimization problem is equivalently transformed into a system of
second-order elliptic partial differential equations of molar density describing the bal-
ance of the chemical potential for each species. These equations have strongly non-
linear source terms introduced from the EoS.

The second-order elliptic partial differential equations are converted into a time-
dependent version by adding a time-derivative term whose solution is sufficiently ap-
proached to the original equations when the simulation time goes to infinity. Physics-
preserving properties of numerical schemes are always essential for our problem. To
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that end, a componentwise convex splitting semi-implicit scheme is proposed to solve
the transient partial differential equations; it discretizes time derivative in a sequential
way which is analogous with Gauss–Seidel iteration on time variable but utilizing con-
vex splitting. In addition to its efficiency, the scheme avoids computing the Hessian
matrices which have trouble determining its indefiniteness.

More importantly, this strategy guarantees the energy dissipation for the convex
splitting step of each component. This method performs perfectly well with the Van
der Waals expression of Helmholtz free energy. When the Peng–Robinson model is
applied, the attraction term that physically expects to be concave is not easy to
judge mathematically. A correction term is plugged into it to take advantage of the
componentwise convex splitting strategy. This term formally resembles the concave
term in the Van der Waals model and hence is physically consistent. A constant in
this correction term is introduced and is numerically updated in each time step for
reducing the error and improving the convergence rates.

Numerical examples are tested with real hydrocarbon species to test the theoret-
ical results and efficiency of our proposed algorithm. The numerical results show that
all K’s are zeros during the simulation, implying that the correction terms are not
needed. In fact, our splitting scheme for the Peng–Robinson model works well with
the common-encountered subsurface hydrocarbon mixtures in petroleum engineering.
The surface tension is calculated and compared with the laboratory data, which fits
well in range of model and measurement errors.

Our future work will include (1) considering three-dimensional problems with
gravity; (2) replacing the current EoS to investigate types of fluid mixtures other
than hydrocarbon ones; (3) establishing energy decaying matrix splitting schemes for
the Van der Waals and Peng–Robinson EoS models.

Appendix A. Parameters of the Van der Waals EoS. For pure-component
fluids, a and b for the Van der Waals EoS are derived from the critical state of the
species:

a =
27R2T 2

c

64Pc
, b =

RTc
8Pc

,

where Tc and Pc are the critical temperature and critical pressure, respectively, and
for most species they can be attained in engineering applications.

For mixtures, these two parameters are given by the mixing rules associated with
the pure species in the fluids:

a =

M∑
i=1

M∑
j=1

xixj(aiaj)
1
2 (1− kij), b =

M∑
i=1

xibi,(A.1)

where ai and bi stand for the pure-component Van der Waals parameters and xi is
the mole ratio of species i defined by xi = ni

n . kij is the binary interaction coefficient
of the Van der Waals EoS; it is given by experimental correlation and is frequently
assumed to be constant for a given binary.

According to the thermodynamics theory, the pressure of homogeneous fluids, p0,
can be computed through the corresponding Helmholtz free energy density f0(n):

p0 = p0(n, T ) =

M∑
i=1

ni

(
∂f0

∂ni

)
− f0 =

M∑
i=1

niµ0,i − f0.(A.2)
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Plugging f0 and µ0,i in terms of the Van der Waals expression into (A.2) leads to

p0 =
nRT

1− bn
− an2.

Appendix B. Parameters of the Peng–Robinson EoS. For pure-component
fluid systems, the parameters a = a(T ) and b are given by

a = a(T ) = 0.45724
R2T 2

c

Pc

(
1 +m

(
1−

√
Tr

))2

, b = 0.07780
RTc
Pc

,

where Tr is the reduced temperature defined as T
Tc

and all the other parameters but
m have the same meaning as in the previous section. The parameter m is a fitting
formula of the acentric factor ω of the substance

m = 0.37464 + 1.5422ω − 0.26992ω2, ω ≤ 0.49,

m = 0.379462 + 1.485030ω − 0.164423ω2 + 0.016666ω3, ω > 0.49.

The acentric factor can be calculated by the critical pressure Pc, the critical temper-
ature Tc, and the normal boiling point temperature Tb in the following formula:

ω =
3

7

(
log10

(
Pc

1atm

)
Tc

Tb
− 1

)
− 1.

For mixtures, a = a(T ) and b are computed by the same mixing rule of (A.1).
Replacing f0 and µ0,i in (A.2) by those of the Peng–Robinson expression, we have

the following Peng–Robinson EoS:

p0 =
nRT

1− bn
− a(T )n2

1 + 2bn− b2n2
.

Appendix C. Complete proof of Theorem 3.7.

Proof. Taking the inner product of −(n
k+ i

M
i − nk+ i−1

M
i ) with (3.12), we observe

that

(C.1)

−
1

δt

∥∥∥∥nk+ i
M

i − nk+ i−1
M

i

∥∥∥∥2

= −

 M∑
j=1

cij∆n
k+ i

M
j , n

k+ i
M

i − nk+ i−1
M

i

− (µk+ i
M

i , n
k+ i

M
i − nk+ i−1

M
i

)

+

(
µideal

0,i (nk+ i
M ) + µb

0,i(n
k+ i

M ), n
k+ i

M
i − nk+ i−1

M
i

)
+

(
µa

0,i(n
k+ i−1

M ), n
k+ i

M
i − nk+ i−1

M
i

)

=

 M∑
j=1

cij∇n
k+ i

M
j , ∇nk+ i

M
i −∇nk+ i−1

M
i

+

((
∂f ideal

0

∂ni
+
∂fb

0

∂ni

)∣∣∣∣∣
n=n

k+ i
M

, n
k+ i

M
i − nk+ i−1

M
i

)

+

(
∂fa

0

∂ni

∣∣∣∣∣
n=n

k+ i−1
M

, n
k+ i

M
i − nk+ i−1

M
i

)
+

〈
M∑
j=1

cij∇n
k+ i

M
j · ν∂Ω, n

k+ i
M

i − nk+ i−1
M

i

〉
∂Ω

=

 M∑
j=1

cij∇n
k+ i

M
j , ∇nk+ i

M
i −∇nk+ i−1

M
i


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+

((
∂f ideal

0

∂ni
+
∂fb

0

∂ni

)∣∣∣∣∣
n=n

k+ i
M

, n
k+ i

M
i − nk+ i−1

M
i

)
+

(
∂fa

0

∂ni

∣∣∣∣∣
n=n

k+ i−1
M

, n
k+ i

M
i − nk+ i−1

M
i

)

=

(
cii∇n

k+ i
M

i , ∇nk+ i
M

i −∇nk+ i−1
M

i

)
+

∑
j 6=i

cij∇n
k+ i

M
j , ∇nk+ i

M
i −∇nk+ i−1

M
i


+

((
∂f ideal

0

∂ni
+
∂fb

0

∂ni

)∣∣∣∣∣
n=n

k+ i
M

, n
k+ i

M
i − nk+ i−1

M
i

)
+

(
∂fa

0

∂ni

∣∣∣∣∣
n=n

k+ i−1
M

, n
k+ i

M
i − nk+ i−1

M
i

)

≥
cii

2

(∥∥∥∥∇nk+ i
M

i

∥∥∥∥2

−
∥∥∥∥∇nk+ i−1

M
i

∥∥∥∥2
)

+

∑
j 6=i

cij∇n
k+ i

M
j , ∇nk+ i

M
i −∇nk+ i−1

M
i


+

((
∂f ideal

0

∂ni
+
∂fb

0

∂ni

)∣∣∣∣∣
n=n

k+ i
M

, n
k+ i

M
i − nk+ i−1

M
i

)
+

(
∂fa

0

∂ni

∣∣∣∣∣
n=n

k+ i−1
M

, n
k+ i

M
i − nk+ i−1

M
i

)
,

where

cii
2

(∥∥∥∥∇nk+ i
M

i

∥∥∥∥2

−
∥∥∥∥∇nk+ i−1

M
i

∥∥∥∥2
)

+

∑
j 6=i

cij∇n
k+ i

M
j , ∇nk+ i

M
i −∇nk+ i−1

M
i


=

cii
2

∥∥∥∥∇nk+ i
M

i

∥∥∥∥2

+

∑
j 6=i

cij∇n
k+ i

M
j , ∇nk+ i

M
i

+
1

2

∑
j,l 6=i−1

cjl∇n
k+ i

M
j · ∇nk+ i

M
l

−

cii
2

∥∥∥∥∇nk+ i−1
M

i

∥∥∥∥2

+

∑
j 6=i

cij∇n
k+ i

M
j , ∇nk+ i−1

M
i

+
1

2

∑
j,l 6=i−1

cjl∇n
k+ i

M
j · ∇nk+ i

M
l


=

cii
2
∇nk+ i

M
i · ∇nk+ i

M
i +

1

2

∑
j 6=i

cij∇n
k+ i

M
j +

∑
l 6=i

cli∇n
k+ i

M
l

 · ∇nk+ i
M

i

−

cii
2
∇nk+ i−1

M
i · ∇nk+ i−1

M
i +

1

2

∑
j 6=i

cij∇n
k+ i

M
j +

∑
l 6=i

cli∇n
k+ i

M
l

 · ∇nk+ i−1
M

i


+

1

2

∑
j,l 6=i−1

cjl∇n
k+ i−1

M
j · ∇nk+ i−1

M
l − 1

2

∑
j,l 6=i−1

cjl∇n
k+ i−1

M
j · ∇nk+ i−1

M
l

=
1

2

M∑
j,l=1

cjl∇n
k+ i

M
j · ∇nk+ i

M
l − 1

2

M∑
j,l=1

cjl∇n
k+ i−1

M
j · ∇nk+ i−1

M
l .

f ideal
0 (n) is convex with respect to ni, and hence(

∂f ideal
0

∂ni

∣∣∣∣∣
n=nk+ i

M

, n
k+ i

M
i − nk+ i−1

M
i

)
≥ f ideal

0 (nk+ i
M )− f ideal

0 (nk+ i−1
M ).(C.2)

Similarly, fb
0 (n) is convex with respect to ni, and therefore(
∂fb

0

∂ni

∣∣∣∣∣
n=nk+ i

M

, n
k+ i

M
i − nk+ i−1

M
i

)
≥ fb

0 (nk+ i
M )− fb

0 (nk+ i−1
M ).(C.3)

fa
0 is concave with respect to ni, so(

∂fa
0

∂ni

∣∣∣∣∣
n=nk+ i−1

M

, n
k+ i

M
i − nk+ i−1

M
i

)
≥ fa

0 (nk+ i
M )− fa

0 (nk+ i−1
M ).(C.4)
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Combining the inequalities (3.17)–(C.4), we finally conclude that

0 ≥ f0

(
nk+ i

M

)
+

1

2

M∑
j,l=1

cjl∇n
k+ i

M
j · ∇nk+ i

M

l(C.5)

−

f0

(
nk+ i−1

M

)
+

1

2

M∑
j,l=1

cjl∇n
k+ i−1

M
j · ∇nk+ i−1

M

l


= f

(
nk+ i

M

)
− f

(
nk+ i−1

M

)
.

Integration of (C.5) yields

F
(
nk+ i

M

)
≤ F

(
nk+ i−1

M

)
.(C.6)

This completes the proof.
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