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Abstract. In this paper we consider the multiscale analysis of a Steklov eigenvalue equation
with rapidly oscillating coefficients arising from the modeling of a composite media with a peri-
odic microstructure. There are mainly two new results in the present paper. First, we obtain
the convergence rate with €1/2 for the multiscale asymptotic expansions of the eigenvalues and the
eigenfunctions of the Steklov eigenvalue problem. Second, the boundary layer solution is defined.
Numerical simulations are then carried out to validate the above theoretical results.
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1. Introduction. In this paper we discuss the multiscale analysis of the Steklov
eigenvalue equation in composite media given by

Louf =0 in Q,
(1.1) u® =10 on Iy,
o (u®) = A°uf on Iy,

where 2 C R™, n = 2,3, is a bounded smooth domain or a bounded Lipschitz polyg-
onal convex domain with a periodic microstructure and whose boundary is denoted
by I =TqUT; with Iy NT; = (). Here £. denotes a second-order partial differential
operator with rapidly oscillating coefficients given by

o= (w0 () 2 v (2)

and

0:(9) = viai; (g) %(i,
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where U = (v1,...,Vy) is the outward unit normal to I'y and € > 0 is a small period
parameter. Here and below we use the Einstein summation convention on repeated
indices.

We make the following assumptions:

(A1) Let ¢ = e 'z, and assume that a;;(£), ag(§) are 1-periodic functions in &.

(A2) L is uniformly strongly elliptic; i.e., there is a positive constant 7 which is
independent of € such that

€z 2
aij (;) min; > Yo|n|

V(01 mn) € R, [n]* = mim; and all z € Q, ag(2) > 0.

(As) ai(2) =a;(2).

(Ad) aiy(2), ao(2) € L=(R).

Remark 1.1. For the composite media with a periodic microstructure, conditions
(A1)-(A4) are reasonable.

Problems with an eigenvalue parameter on the boundary appear in many physical
situations (see, e.g., [11, 14, 19]). For example, problem (1.1) arises in the separation
of variables approach for parabolic or hyperbolic equations with dynamical boundary
conditions [19] or in the dynamics of liquids in moving containers [11], i.e., sloshing
problems. Other interesting problems include those of the vibrations of a pendulum
[1] and those of the eigen oscillations of mechanical systems with boundary conditions
containing the frequency [19, 14]. There are many others (see [5] and the references
therein).

Courant and Hilbert [15] presented early results on the Steklov eigenvalue prob-
lems. Osborn [26] developed a general approximation theory for compact operators.
Bramble and Osborn [9] presented a Galerkin method for the approximation of the
Steklov problem for a non self-adjoint second-order differential operator. Andreev and
Todorov [4] gave the isoparametric finite element approximation of Steklov eigenvalue
problems for second-order, self-adjoint, elliptic differential operators. Several eigen-
value problems arising in physics and engineering, as well as their approximations,
are presented in [29, 7].

This paper discusses the Steklov eigenvalue problems in composite media. In such
cases, the direct accurate numerical computation of the solution is difficult because
of the very fine mesh required. We recall that the homogenization method gives the
overall behavior by incorporating the fluctuations due to the heterogeneities.

Vanninathan [28] investigated a homogenization method for a spectral problem
with Steklov boundary conditions on periodically distributed holes inside the domain
Q. For boundary homogenization of the Steklov eigenvalue problems, a number of
results have been obtained in different papers, e.g., for vibrating systems with con-
centrated masses in [24] and for the limiting behavior at low frequencies for vibrating
systems with stiff and/or thin heavy bands around curves in [17] and [18]. Tonescu,
Onofrei, and Vernescu [20] considered a three-dimensional elastic body with a plane
fault under a slip-weakening friction. The fault has e-periodically distributed holes,
called (small-scale) barriers. In each e-square of the e-lattice on the fault plane, the
friction contact was considered outside an open set T, (small-scale barrier) of size
re < g, compactly enclosed in the e-square (see Figure 2 of [20]). The asymptotic be-
havior as € tends to 0 for the friction contact problem was studied and different limit
problems were derived. In [10], Bucur and Tonescu discussed the asymptotic behavior
of the first eigenvalue as € — 0, leaving the limiting behavior of the associated eigen-
function and of the rest of eigenvalues and eigenfunctions as open problems. Pérez
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[27] studied the asymptotic behavior of the eigenvalues and the associated eigenfunc-
tions of an e-dependent Steklov type eigenvalue problem posed in a bounded domain
Q of R?, when € — 0.

Numerous simulation results have shown that the numerical accuracy of the ho-
mogenization method may not be satisfactory if € is not sufficiently small (see, e.g.,
[12, 13]). This is the motivation for the multiscale asymptotic methods and the asso-
ciated numerical algorithms.

In [21, 25], the authors introduced the general theory of spectral properties of a
sequence of abstract operators and gave numerous applications in asymptotic anal-
ysis of the eigenvalue problems arising in the theory of homogenization except for
the Steklov eigenvalue problem. Allaire and Conca [2, 3] investigated the asymptotic
behavior of the spectrum of a mathematical model that describes the vibrations of a
coupled fluid-solid periodic structure (see, e.g., [14]). They used the Bloch wave ho-
mogenization method and two-scale convergence method to prove that in the limit as
the period goes to zero, the spectrum is made of three parts: homogenized spectrum,
Bloch spectrum, and the so-called boundary layer spectrum. Also they obtained a
“completeness” result of all possible asymptotic behaviors of the sequence of eigen-
values in the special cases.

Remark 1.2. We observe the general theory of abstract spectral operators of
[21, 25] and there are two crucial points. First, Lemma 1.1 of [25, p. 264] plays
an important role in asymptotic analysis of the eigenvalues, where the key point is
to use that fact that embedding of H(2) C L2(Q) is compact. For the Steklov
eigenvalue problem, since H'(Q) is not in L?(99) or in L?*(I';), we cannot directly
use Lemma 1.1 of [25, p. 264]. Second, Theorem 1.7 of [25, p. 274] is the foundation
for investigating the asymptotic behavior of the eigenfunctions. The basic idea is
to transfer the error estimates of the eigenfunctions into those of the corresponding
boundary value problems. Since an eigenvalue parameter is on the boundary for the
Steklov eigenvalue problem, we cannot directly employ Theorem 1.7 of [25].

There are two main new contributions in the present paper. First, we obtain the
convergence rate with !/2 for the multiscale asymptotic expansions of the eigenvalues
and the eigenfunctions of the Steklov eigenvalue problem. Second, the boundary layer
solution for the Steklov eigenvalue problem will be defined; see (2.42). For a general
bounded Lipschitz polygonal convex domain €2, since the corresponding eigenfunctions
are not sufficiently smooth, the construction of boundary layer correctors is necessary
and important. It should be emphasized that the problem and the definition of the
boundary layer spectrum of [3] are essentially different from those of this paper.

The paper is organized as follows. In section 2, we introduce the multiscale asymp-
totic expansions of the eigenvalues and the eigenfunctions for the Steklov eigenvalue
problem (1.1) and define boundary layer solutions. The main convergence results
for the multiscale asymptotic expansions (see Theorems 2.1 and 2.2) are derived. In
section 3, we give some numerical case studies as validation for the theoretical results.

2. Multiscale asymptotic method. In this section, we present the multiscale
asymptotic method for the Steklov eigenvalue problem (1.1) and derive the conver-
gence theorem.

Let V be the closed subspace of H!()) given by

V=H"(QTy) ={ve H(Q), | v=0 on Ty}

Obviously H}(Q) c V € H*(Q). Assume that the space L?(I'1) is equipped with the
scalar product (¢, 1) = fF1 ¢1pdo. The bilinear form on V x V associated with L. is
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given by

B x\ 0¢p OV x
“4¢"“-—/Q(%J(g)zh%5;;+“0(g)¢¢)d”
Let (A\°,u®) be the exact Steklov eigenpair of problem (1.1) in the weak formulation:
(2.1) as(u,v) = A (u°,v) YoeW

From the assumptions (A2)—(A4), we can easily infer that

BOH’UH%,Q < U“E(va)v |a5(u,v)| < ﬁl”“" 1,Q||v| Lo Yu,veV,

where (g, 51 are positive constants independent of €.

Then from the classical theory of abstract elliptic eigenvalue problems (see, e.g., [29],
[7]), we can prove the following lemma.

LEMMA 2.1. Under the assumptions (A1)—(A4), problem (2.1) has a countable
infinite set of eigenvalues, all having finite multiplicity, without a finite accumulation
point. If o = 0, then it holds that

0=AM<A<A<- <A <= 00
IfTg # 0, then it holds that
O< A< Xh< - <<= 00,

where each eigenvalue occurs as many times as given by its multiplicity. Furthermore,
the orthonormal eigenfunctions u, k > 1 form the basis of a Hilbert space L*(%).

We next seek the multiscale asymptotic expansions of the eigenvalues and the
eigenfunctions of problem (1.1). Setting & = e *a and following the terminology of
[8], x,& are called “slow” and “fast” variables, respectively. We define

oul (z
) = ) + N, (6 2D,
22) aUO(;) *ul (z)
u3 (%) = W(@) + eNay () 5= + " Nowes (O 55—, k> 1.

The cell functions N, (§), Nayas (§) are defined in turn as

0 ONy, 0
5 (05075 ) =~ (wn9). €<
(2:3) No, (&) is l-periodic in &,
fQ NOtl (f)dé. = 07
and
0 ONu,as 0
% <aij(€)T(£)) = —a—é(aml(f)Nm(f))
) 7 )
0Ny, .
(24) - aalj(g)Tg(g) — Gajoan (5) + Gayan; 5 € Q7
J
Noya, (&) is 1-periodic in &,
fQ Na1a2 (f)df = 07
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8Na2

where (o, a, = fQ(ama2 (&) + an.q(8) )df, a1, ae = 1,2,...,n, and the refer-
ence cell Q@ = (0,1)".
The homogenized problem associated with the Steklov eigenvalue problem (1.1)

is then given by

0
Lu) = _9 <dij8uk—($)) + (ag)ud(r) =0 in €,

8331' 8xj
(2.5) ud(x) =0 on Ty,
dup(x) _ (0,0
I/l(All —/\ ( ) on Fl, ]€21,
/ 833j
where U = (v4,...,vy,) is the outward unit normal to the boundary I'i, (a;;) is the

homogenized coefﬁmentb matrix, and (ag) f 0 ap(§)dE.

Remark 2.1. For convenience, we choose the reference cell @ = (0,1)"™ in this
paper. In fact, for a general case, we refer the reader to [8].

Remark 2.2. uf ,(«) and u§ () are called the first-order and second-order multi-
scale asymptotic solutions of the kth eigenfunction for the Steklov eigenvalue problem
(1.1), respectively.

From (2.2), we find

20) eetui0) = v (1) 25D 92l 4, )] 240
2,,0
ey (ONoy O g bk, k> L
(2.7) o=(uz ) = viag (g) %27;@ = [Viaij(f)aN;igj(f) + Vzaml(f)} agff)
+e [Viaij (5)8]\%75;@ + Vil (§) Nas (5)} %
+ €210 (§) Nayas (f)%, k>1,
where 7 = (v1,...,1,) is the outward unit normal to I';.

We consider the Steklov boundary conditions on I'y and assume that
(2.8) Ua(uik) = /\ikuika UE(U;Jc) = )‘g,kug,k on Iy,
where XS, = A" +eat”, a5 =AY + A + 423 k> 1.

We seek the higher- order correction terms of the elgenvalues of the Steklov bound-
ary conditions on I';. From (2.8);, we compare coefficients of powers of ¢ and get

Pullr) _ 0,0 0l ()

2.9 i3 (€)Na AN, I
(2.9) Vi (§)Nay (§) 5—— 02,070, k() + (&) . on I
where 7 = (v1,...,v,) denotes the outward unit normal to I';. We thus have
(2.10)

T z\ 9ul(= 0 z\ oul(x
(o L (2N, (2) R @ N o, Ny (2) E o}
k - .

Jr, (Wi Zdo
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(0,1) (1,1) (0,1) 1 (1,1)
(1f2, 1/2)
1

1 1

A, 2
A,
0,0 1 1,0
(0,0) (1,0) ¢ ) 3 ¢ )
Fic. 2.1. The symmetry of Q. Fi1a. 2.2. The sides of Q.

From (2.8)2, we obtain the first-order and second-order correctors of the eigen-
values of problem (1.1), denoted by /N\,(gl) and 5\,(3), ie.,

(2.11)
(1) 0 2 _ 8N0¢1042(€) ) azug(x) 0
W [ e = [ neg© 52 s, @M 5w
_ 10 8uk z) g >
Al /rlNC“ oo WO (x)do, k>1,
and
5(2) 0 2, 53“2(@ 0
5 [ @20 = [ v (ONuan©) 5, 5ok Tl
1 (0) 52“2(5”) 0
(212) W [ Nosoal )55 )

0
S50 [ N @GR @, k1.
I'y ay

By using (2.10)—(2.12), we study the behavior of higher-order correction terms
of the eigenvalues of problem (1.1) in the special cases. To this end, we make the
assumptions on the coefficients a;;(£) as follows:

(H1) aii(§),7=1,...,n, are symmetric with respect to the middle hyperplanes
Aq, g=1,...,n, of the unit cell Q = (0,1)" as illustrated in Figures 2.1 and 2.2.

(Hz) a;5(§), ¢ # j, are antisymmetric with respect to the middle hyperplanes
Ag, g=1,...,n, of the unit cell @ = (0,1)". In particular, the choice a;; =0, i # j,
satisfies this condition.

Remark 2.3. The conditions (Hy) and (Hs) imply that the composite media sat-
isfy geometric symmetric (or antisymmetric) properties in a periodic microstructure.

Remark 2.4. Suppose that Q is the union of entire cells, i.e., Q = Uzele e(z+
@), where the index set I. C Z" such that e(z + Q) C Q and Q = (0,1)". Let
)\,(Cl), 5\,(:), :\,(f), k > 1, be the correctors of the kth eigenvalue as defined in (2.10),
(2.11), and (2.12). If (A1)—(A3) and (Hy)—(Hz) are satisfied, then we can prove that
AD =0, A = AP — 0, k > 1. We thus get [\ — AV < C(k)e? for any kth
eigenvalue of problem (1.1) in the special cases. The numerical results presented in
section 3 demonstrate this; see Tables 3.2 and 3.5.
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Next we give the main convergence theorems for the multiscale asymptotic method.
It should be emphasized that we do not need the conditions (H;)—(Hz) in the following
convergence theorems.

THEOREM 2.1. Suppose that Q C R™, n = 2,3, is a bounded smooth domain with
the boundary 02 € C**2, s = 1,2. The boundary is denoted by 0Q = Ty U T with
ToNIy =0. Let (A, u5) be the kth eigenpair of the Steklov eigenvalue problem (1.1),

and let /\](CO) and ug . be respectively the approzimate solutions as given in (2.5) and
(2.2) associated with X, u. If the conditions (A1)—(A4) are satisfied, then we have
the following estimates:

(2.13) s =AY < ck)e?, k>

If the multiplicity of the eigenvalues /\,(CO) is equal to t, then

(2.14) a5, — uS pllie < Cs(k)e?, s=1,2, k>1,

where 45, is a linear combination of the eigenfunctions of problem (1.1) corresponding
to AL, . s Npqy—1- In particular, if the eigenvalue /\,(CO) is simple, then

(2.15) luf, — uSplle < Co(k)e' 2, s =12, k>1,

where C(k), Cs(k) are constants independent of .
Proof. We first consider the Dirichlet—Neumann boundary value problem as fol-
lows:

Law® =0 in Q,
w® =0 on Ty,
x\ Ow®
e
€

(2.16)

%j:g(x) on I'.

The variational form of (2.16) is to find w® € V = H(Q,T'g) such that
(2.17) ac(w®,v) = (g,v), g€ L*T) YweV.

Since the bilinear form a.(u,v) is V-elliptic, this problem is uniquely solvable.
Moreover, as the boundary 92 € C3, for g € L?(I'1) the solution w® is in H(£2). We
define the solution operator B, : L?(I'1) — H'(2) by B.g = w®. Now let us consider
the operator Tz : L?(T'1) — L?(I'1) as the restriction of B. on I'y. a

We denote by uf a nonzero eigenvalue of Tz and by 2¢ € L?(I';) the associated
eigenfunction, normalized with respect to the L?(I';). Then T:2° = puf2° and

1 1
(2.18) ac(B:2%,v) = (25,v) = E<7;Z€7U> = E(Bsza,v% veV.

One can verify that 7; : L2(T'1) — L?(T'1) is a linear self-adjoint compact operator
in a Hilbert space L?(I'1); see [9, 4].

We first prove Theorem 2.1 for s = 1. If assume that Ty = @, from (1.1), (2.8)-
(2.14), then we get

(2.19) { Louf, =F, zeq,

o (uf ) — Nus, = G, x €09,
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where
aNal 0 82 0
F§ = [ty = i (€)= 050 25 = (a0 HD
33 0 ) 0
— €a5(§) Nav, (5)3%#];%2% + (ao(&) — (ap))ul(x) + cag(€) Na, (€) g;if)
and
ONa, . oul
Gj=vi |:aio¢1 (€) + ai; (5)78f 4(5) - aml] g;“c(j)
82 0 8 0
te {Viaij(f)Nal(f)mui’“é? - A,(CO)NM(O;;—(%)} :
o J aq

Here do, and (ag) are as given in (2.12), and v = (v1,...,1,) is the outward unit

normal to 9€2.
Now we recall cell problems (2.3) and (2.4). Under the assumptions (A;)—(A44),
it can been proved that (see Theorem 1.1 of [22]; also see [6, 23])

(220) HNalHWLOO(Q) < Ca HNOtlazHWL“’(Q) < C’

where Q = (0,1)", a1, aa = 1,2,...,n, and C is a positive constant independent of

. Since [, [ia, — tia, (€) — aij(€) 5 — L (a55(6) Na, (€))1d€ = 0 and [, (ao(€) -
(ap))d€ = 0, using Lemma 1.6 of [25, p. 8], we have

(2.21) 1E5 0,0 < Ci(k)e,

where C; (k) is a constant independent of ¢.
We set 3791 (€) = [aja, (€) + ai;(§) aj\gxgj(g) — @iq, ] and check that 371 (¢) satisfies
the conditions of Lemma 2.2 of [25, p. 137]. It follows from Lemma 2.2 that

(2.22) 1G5 llo.00 < Ci(k)e'/2,

where C; (k) is a constant independent of ¢.
Let v}, be the weak solution of

Logf = FE, zeq,
(2.23) { o.(45) =0, e o,

where 0. (v) = I/iaij(%)agij). We get

(2.24) { L5, =0, z€Q,

0 (@5 1) — AVas, = Gy + A" wg, x e o,

5 E — € 13
where a4 , = uf , — Yy

s

From (2.21) and (2.23), it follows that

(2.25) l7lh,0 < Ci(k)e
and
(2.26) lVillo.00 < Cllvglle < Ci(k)e,

where C1(k) is a constant independent of ¢.
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The variational form of (2.24) is given by
(2.27) 0z (15 4, v) = N (@5 o 0) = (G5 + A W) eV,

where (g,v) = [, 9(z)v(z)do.
For zf € L?(0N), setting af , = B:zy, (2.27) can be written as follows:

(2.28) ac (B2, 0) — N(T25,0) = (G + A5, ),
ie.,
(2.29) (z5,0) = NUToz2, o) = (G + A0, v).

If /\](go) #£ 0, then we set ,u,(co) = ﬁ and get
k

(2:30) (T2 — w5 0) = (G5 + N0), v).
By setting v = T.Z5 — ,u,(co)zk € L%(09) in (2.30) and using (2.22)—(2.26), we derive

~ O ~
2.31) 17235 — 511 g < CL(R)2oll0 00 + Ca(R)ello]lo o0
< Cu (k)20 o0

and consequently

(2.32) 7225 (k)e'/?,

where C;(k) is a constant independent of ¢.
To apply Lemma 11.2 of [21, p. 340], we set

H=IL00), A=To,u=73, p=p, B=Cik)e"/2.

Since 7; : L?(0) — L2(99) is a linear self-adjoint compact operator in a Hilbert
space H = L?(09), using Lemma 11.2 of [21, p. 340], there exists an eigenvalue Hr ()
of the operator 7. such that

1,0y — 1| < C(R)eM2,

ie.,

I im)*l - ()\;(40))71| < CO(k)et/?.

In order to apply Lemma 1.6 of [25, p. 270], we set H. = Ho = L*(9N2) with the
real valued scalar product (u,v) = [, uvdo and let R. : L*(0Q) — L?(9Q) be an
identity operator.

We consider the spectral problems for the operators 7. and Ty:

Tovg = psvs, k=1,2,..., v e L*09Q),
(2.33) PS>y > > s >
<Ulsvv1sn> = 5lm;
Tovl = u,(co)v,?, k=1,2,..., )€ L*%),
0 0 0
(2.34) ()>U()>"'2H;(€)2"'a

<’U? ) ’Um> 5lm7
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where 7; and 7 are associated with problem (1.1) and the corresponding homogenized
problem (2.5), respectively, d;,, is the Kronecker symbol, the eigenvalues p5 and

,u,(co) form decreasing sequences, and each eigenvalue is counted as many times as its
multiplicity. Here (u,v) = [, uvdo.

We can directly verify that the conditions (C1)—(C4) of [25, pp. 266-267] are
satisfied. Using Lemma 1.6 of [25, p. 270], we have puj — u,(co), k=1,2,...,ase — 0.
Since puf = %, u,(co) = ﬁ, it leads to Aj, — A,go), k=1,2,...,ase¢ — 0. So, for a
fixed k, there is a small kneighborhood of point )\](Co) which contains a eigenvalue Aj,
such that A7,y = Ay, We thus obtain

A=A < CRE? k=12,

where C(k) is a constant independent of .
By using Lemma 11.2 of [21, p. 340] again, we get

(2.35) 155 — Zllo.00 < C1(k)e'/?,

where ¥ is a linear combination of the eigenfunctions of problem (2.33) corresponding
to pg, ..., p5 .1 and Cy(k) is a constant independent of ¢.
From (2.17), for any g € L?(992), we have

Bollw|fq < as(w,w?) = (g, w®) < |lgllo,00llwf[|1,0,
ie.,

(2.36) (B

1o = [[wlle < Cgllosa-

We set uj, = B0y, 45, = Bz} Since B. : L*(9Q) — H' () is a bounded linear
operator, we obtain

a5, = @5 klle = 1B:(0F = Z)llue < Cll5; = Zllo.oe < Ci(k)e'?,
and consequently

Lo+ IWillue < Ci(k)e'/? + Ci(k)e < Ci(k)e'/?,

a5, — ui kllue < llag —ai,

where @, is a linear combination of the eigenfunctions of problem (1.1) corresponding

to AL, ..., Af4_1- In particular, if the eigenvalue )\,(CO) of (2.5) is simple, then we can
choose uf, = couy,, co = const, such that

luf, = uixllie < Ci(k)e'’?,

where C; (k) is a constant independent of ¢.
On the other hand, if we assume that Ty # 0, from (1.1), (2.8)—(2.14), then we
have
Leui, =F5, z€,
(237) uik = (ba(x)a HASS POa
Us(u‘ik) — )\,(Co)ujk =G, zely,

where F§ and G§ have the same forms as in (2.19), where v = (v4,...,vy) is the
0

outward unit normal to the boundary I'y, and ¢.(x) = Ny, (f)%um’“—(m)
ay
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Let ¢; be the solution of

LG =0, 2€Q,
(2.38) ¢ = (), zeTo,
0.(¢5) =0, zeTly.

Following the idea of Oleinik, Shamaev, and Yosifian (see [25, pp. 126-127], we obtain
| écll1 /2,0, < Ch (@51/27

and consequently

(2.39) I6E L0 < Cligellayzr, < Crlk)e!.

Subtracting (2.38) from (2.37) yields

Es(uik () =F5, ze€q,
(2.40) uik — ¢ =0, zely,
o (U — C) — A (5, — G5) = G5+ A¢E, w el

From (2.40), repeating the process of the proof in the case I'g = (), we have
A% = A < Ok)e 2,
|45, = (= Do < Ci(k)e/.
Hence we use (2.39) and obtain

Lo+ 16l < Cri(k)e'/?,

lag, — ui gl < llag — (uix = Gl

where C; (k) is a constant independent of ¢.

It remains to prove the theorem for the case s = 2. Its main process is the same
as the case with s = 1. The important difference is the formulation of problem (2.19).
For simplicity, we assume that I'o = (. From (1.1), (2.8)—(2.14), we have

(2.41)

Leus, =Fe, ze,
o (us ) — Mus , = G5,z € o,

where
&uj) (z)
0x;0x;0Tq, ~ €ai; (€)

9] 930
- Ea_é-i(aij (f)Noaag (6))8%8;% — 62aij (f)ANoqoé2 (é’)

ONayas(§)  0Puj(z)

06  0xi0%q,0%q,

2 ud(w)
02020 q, 0Tq,

Fe = —¢€a;j(§)Na, (§)

and

Ge = |:Viaij (f) 8]\(;02(5) + Viia, (5) . Vi&ia1:| 8u2($)
INayas (€)
0¢;

+ EQViaij (f)NOQOQ (f)

oul (x
e AON (O 2D 2yON e

0%y,
0uj (x)

+e l:l/iaij(f) +Viaia1(§)Na2(€):| Oz O
O3ul(z)
0x;0Tq, 0Tq,

0% (x)

0T, 0T 0,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/10/14 to 158.132.161.103. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

284 L. CAO, L. ZHANG, W. ALLEGRETTO, AND Y. LIN

Q, oQ

Qo Q

N

Fi1Gg. 2.3. Interior subdo-
main €.

Fic. 2.4. The boundary
layer Q1.

If assume that u,(co) € H*(2), thanks to (2.20), then we can show that [|[F€[jp.q <
Cy(k)e. By using Lemma 2.2 of [25, p. 137] again, we get ||G%|jo.00 < Ca(k)e'/?,
where Cy(k) is a constant independent of . Repeating the process of the proof for
the case s = 1, we can complete the proof of Theorem 2.1.

Remark 2.5. 1If Q is a bounded smooth domain in R™ with the boundary
o0 € C*T2 where s = 1,2, then one can prove that ul € H*T?(Q) (see, e.g.,
[4, Theorem 1]. However, generally speaking, for a general bounded Lipschitz polygo-
nal convex domain, the condition ug € H**2(Q), s = 1,2, is invalid. To overcome this
difficulty, we need to define the boundary layer correctors. To begin, let us introduce
the notation. Let Qy = U.er ez + Q) C Q as illustrated in Figure 2.3, where the
index set I. = {z = (21,...,2n) € 2", e(2+Q) C Q} and the unit cube Q = (0,1)".
The boundary layer Q; = Q\ Qg is as shown in Figure 2.4, where dist(9%, 9Q) > 2e.

We define the boundary layer solutions uiZ(a:), s=1,2, k> 1, given by

e,b .

Esus7k =0 in Qq,
eb
(2.42) (O on Ty,
’ eb _ e T*
us,k - us,k on )
e,by _ (0) e,b

oe(ugy) = Ay ugy, on Iy,

where I'* = 9Qy N 91 and the operators L., 0. have been defined in section 1. /\](go)
and ug ; are given in (2.5) and (2.2), respectively.

Next we study the existence and uniqueness of solution for the boundary layer
equation (2.42). Let 7} be the unique solution of

Leng =0, in 04
n, =0 on To,
(2.43) .. -
Np = ug on ,

o(n7) =0 on Iy.

Subtracting (2.43) from (2.42) gives

(2.44) uly —mp =0 on ToUT™,
oy =) = A (@WSy —mp) = Amg on T
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Consider the Steklov eigenvalue problem in € C  as follows:

Lewi =0 in 0,
(2.45) wi =0 on LoulI™,
oowl = A\Pwg  on Ty

Using Lemma 2.1, we can obtain a result similar to that of problem (1.1). Denote
by Ag the set of all eigenvalues for problem (2.45). If we assume that

(2.46) M ¢ A3,

then (2.44) has one and only one solution by using Fredholm’s alternative theorem,

where A}go) = A}go) () is kth eigenvalue of problem (2.5). Furthermore, (2.42) has one
and only one solution.

Now we show that the assumption (2.46) is true in the specific case. We prove
)\go) ¢ A5, where )\go) = )\go) (Q) is the first eigenvalue of problem (2.5).

LEMMA 2.2 (first Krein-Rutman theorem; see [16, p. 188]). Let K be a repro-
ducing cone, with interior K %0, and let B be a strongly positive compact operator
on K. Then the spectral radius of B, r(B), is a simple eigenvalue of B and B*, and
their associated eigenvectors belongs to K and K*. (More precisely, there exists a
unique associated eigenvector in K (resp., K*) of norm = 1. Furthermore, all other
eigenvalues are strictly less in absolute value than r(B).

PROPOSITION 2.1. Let \; = Aj(9), /\50) = )\go) (Q) be the first eigenvalues of
(1.1) and (2.5), respectively. If |T'o| > 0, where |I'y| denotes the Lebesgue measure of
Iy, then it holds that

(2.47) O g pe

Proof. Given Q1 C Q and [(2\ Q1)| = |Q0| > 0, where |Q| denotes the Lebesgue
measure of a domain €y. Denote by Aj(£2), Xi’b(Ql) the first eigenvalues associated
with problems (1.1) and (2.45), respectively. The variational principle implies that
X5 (Q) < ATP(Qy). Suppose that A5(Q) = AS°(Qy) = p. Then the eigenfunction
corresponding to problem (2.45) with eigenvalue p expanded by zero values on (2\ Q1)
is an eigenfunction in 2. This implies that the eigenfunction vanishes at some points
of Q. However, if apply the first Krein-Rutman theorem (see Lemma 2.2) to the
Steklov eigenvalue problem (1.1) under the assumption |I'g| > 0, then we infer that
u§ > 0 in Q. This is contrary to the result that the eigenfunction vanishes at some

points of Q. Hence we get AS(Q) < X5°(Qy).

Using (2.13) (see Theorem 2.1), we have [Aj(£2) — /\:(LO)(Q)| < Cel/?. If assume
that € > 0 is sufficiently small, then we can obtain )\go) (Q) < X2%(Qy). Therefore the
proof of Proposition 2.1 is complete. O

Remark 2.6. It follows from Proposition 2.1 that )\go) ¢ A5, From (2.42)-
(2.45), using Fredholm’s alternative theorem, we can conclude that the boundary

layer equation (2.42) has one and only one solution uzll’ € H'(Q) for any fixed
s=1,2.
We define the multiscale asymptotic solution given by
ui)k(x), z € Qo,
(z) =

(2.48) N
ok uii(x), x € Q,
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where s = 1,2, k > 1, and «S . (z) and uiZ(x) are given in (2.2) and (2.42), respec-
tively. / )

THEOREM 2.2. Suppose that Q C R™, n = 2,3, is a bounded Lipschitz polygonal
conver domain, whose boundary is denoted by 02 = To ULy with TonT; = 0.
Let (g, uy) be the kth eigenpair of problem (1.1), and let US,(x) be the multiscale

solutions as defined in (2.48) associated with us, where Qo CC Q, Q1 = Q\ Qo,
and dist(08, 0QY) > 2¢. If the conditions (A1)—(A4) are satisfied, then we have the
following estimates:

(2.49) A A < k)2, k>

If the multiplicity of the eigenvalues /\](CO) is equal to t, then

(2.50) 13 — Usilie < Colk)e'?, s=12, k>1,

where U5, is a linear combination of the eigenfunctions of problem (1.1) corresponding
to AL, .o, Apqy_1- In particular, if the eigenvalue /\,(CO) is simple, then

(2.51) Juf, — U pllie < Co(k)eY?, s=1,2, k>1,

where Cs(k) is a constant independent of .

Proof. Generally speaking, for a bounded Lipschitz polygonal convex domain, the
condition u) € H*2(Q), s = 1,2, is invalid, where u is the kth eigenfunction for
the homogenized Steklov eigenvalue problem (2.5). In this case, since we cannot get
(2.19) and (2.41) in the sense of distributions, the estimates from Theorem 2.1 fail.
To this end, we have to define the boundary layer solutions (see (2.42)). How to use
the boundary layer solutions to derive the similar results of Theorem 2.17 The key
step is to show that

15 — u kllio, < Clk)e’?,

where Q¢ CC Q, @ is a linear combination of the eigenfunctions of problem (1.1)

corresponding to A7, ..., Af,_q, if )\,(CO) is an eigenvalue of the homogenized Steklov
problem (2.5) of multiplicity ¢. O
To begin, we introduce the following subdomains:

A ={zxeQ: if dist(z,00)>e/2},
K.={zeQ: if dist(z,00) < 2},
K. ={xeQ: if e<dist(z,00) < 2e}.
It is obvious that Q9 CC @' cC Q. We can infer that u) € H*"2(Q'). Let us
introduce the cutoff function m.(z) defined by
me € D(Q),
me =0 if dist(z,00) <e,
(2.52) me =1 if dist(x,00Q) > 2e,

P
a‘ Tel <o) i=1,2,...,n.
8{Ei
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Without loss of generality we assume that Iy = (. For Vo € HY(Q), from (2.52)-

(2.53), (2.3)—(2.5), we can directly get
(2.54)

ac (05 1, ¢) Z/Qaz'j (g) 895;( )859(51)61 +/Q (g) Le(@)p(n)de
- [[as 202D 4ot [ (anpabrptes
Pald) ] 24100,

+/ma< )[aw( €) + ai(©)

65,, 5!Ej 8:51
Na1 &) . 1 0ul(x) dp(x)
- )+ &) "5 “”} oz; 0w
ama Buk( x) Op(x)
Now (€) 0%o, Ox; du

ONa, (€) dui(z) Op(z)
(95] &val sz de

0%uj(z) Op(x)
4_6/m5 )i (¢ (f)ax](‘?xal ox;

+ / (a0(E) — {a0)) ul(2)p()da
Q
oul(x)

0T o,

e [ me(@)an@) Vo, (6 G ola),
where a;; and (ag) have been given above.

We recall the homogenized Steklov eigenvalue problem (2.5), and its variational
form is as follows:

UO X
es) aijaa’;(j 1288 e+ [ (ayibaotoits =X [ uba)etaldo,

By using the Green formula and the definition of the cutoff function m.(x), from
(2.3), we observe that
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ON., ] ouwd(x) 0
[ meta) @) iy 22 — 0| ZE O g,
ome(z) [ ON., ] oud
= [ a0+ oo e iy | T c(o)aa
9 ON,. (6) . 1 0ul
et [ mele)ge 5(©) + O P | 2T oy
(256) ’ aN (é—) p‘ aQuO(x) ’
/ me(w) o (€) + ap (O T S — | T o
Ome(z) [ AN, o
[ 220 a0+ o) — ggymm
[ INay (&) . ] P*ud(a)
/mE _aij(f)—kaip(f) 7%, —aij_ &vik&vj o(z)d.
Combining (2.55) and (2.56), we rewrite (2.54) as follows:
(2.57) ac (05 0 0) = MO 1 0) = TE(0) Voo € HY(Q),
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where (05 ., ¢) = fpq, 05 1(2)p(x)do, and
(2.58)

Tiple) = [ 2

o Oz

8]\(]902 ©_ w} 81(;%(,%)%%)6133
ONo,(6) . ] b
[ meto) @) + (022 — | T oty

ON,, (&) . ] 0ud(x) dp(x)
+ /Q(l —me(z)) {aij(g) + aip(§) &, - aij] 8kxj Oox;

a5(©) + (@

dx

8ma(9€)
+/Qs o2, aij(§)Na, (§) Ora, O

dx

If welet g(x, &) = sag;mgm) [a;j (§)+aip(€) a]\fa"‘é(f) —d;;], then all conditions of Lemma 1.6

of [25, p. 8] can be satisfied. By applying Lemmas 1.6 and 1.5 of [25], we get

me(z N . ud (x
D i) + a2 — o) T oty

1/2

(2.59) Flg

< Ce7'e|ud 2.k llelh i < Ce2(ludlls.erllele.

Similarly, applying Lemma 1.6 again gives

(2.60) } /Q me () [aij (&) +aip(§) 8]\g>gp(€) B %} %Z%EZ)

< Celluplls.e el e

o(x)dx

From (2.52), we know

dx

ONo,(6) ] Oul(x) O(e)
[0 =l o€ + a5l — a, | ZHE O

_ N 0 ONG, (&) L ] Qup(x) Dp(a)
_/Ks(l—ma(x)) {aw(ﬁ)—i—aw(&) e aw] 8; L,

(2.61)

. ONg ~ .
Applying (2.20), we have [|(a;;(€) + aip(€) 52 — 3))llo.cc@ < C. By using

Lemma 1.5 of [25, p. 7], we thus derive

ONo,(©) _, ] 0ullx) D(r)
[0 =) o€+ a0 T lE) — | ZHE O

_ ke MO, ] 0w d()
= [ et )+ o) T | ZE O

< Clluglln k. lellx. < CeY2(lufllz.allello-

(2.62)
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From (2.52) and (2.20), we can directly prove that

ome(z) oud(z) Op(z)
(2.63) /Q6 gz, 41N () a:im s

< Clludllnx: el < Ce?[udllz.orllelie

dx

and

~Das ONg, (€) Oul(z) Op(x) N
. [ meta) = 1y P O TR 25(0) |

< Clluplhr.llelh k. < Ce'2(lugllzallele.

From (2.52) and (2.20), it is obvious that

*u (x) dp(x)
0z;0Tq, Oz

(2.65) < Cellupll2 v llell10.

. /Q me(2)ai; (€) N (€)

Since [, (a(§) — (a))d€ = 0, it follows from Lemma 1.6 of [25, p. 8] that

(2.66) < Celluyl.allele.

/Q (a0(€) — (ao))ul (@) p(z)dc

From (2.52) and (2.20), one can directly show that

Ouj () 0
) ¢ [ mel@)an(€)Ne, (©FE D p(a)ds| < el el
< Celugllie el e.
Combining (2.58)(2.67) gives
(2.68) |\ TEx (@) < Ce' o]0

Set 07, = Be(] i, where the solution operator B, has been defined above. Recall-
ing (2.18), (2.54) is written as follows:

(2.69) (o @) = MUTe o 0) = Tiale).
Repeating the process of (2.29)—(2.34) and using (2.68), we get
(2.70) xS — A < O (k)2

If the multiplicity of A}go) is equal to ¢t and assuming that ¢ > 0 is sufficiently
small, we can prove that (also see [25, p. 272]

2.71 AN <o (VR =k kbt —1,
g k
where A7, ..., A} ,_, are associated with /\](go) == /\1(321:717 respectively.

For j=k,...,k+t— 1, we can verify that

£

as(uj - Gikv (p) = Q¢ (ujv (,0) - as(oikv QO)

2.72
= = X5(u5, ) = A (u, ) = TEi ().
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In (2.72), taking ¢ = u5 — 65 ;, and noting that (u5, 65 ;) = (u5,u9), (u, ug) =1,

(ul,u?) = 1, we can obtain

(273)  ac(us — 65 pus —65,) = (A5 — ALY (S, us — 65 ) — T (uS — 65,).

30 %
Using (A2z), (2.68), (2.71), and the trace theorem, we get
”/0||U§ - 91%”%9 < aa(“§ — 07 o u5 — 9%1@)
(2.74) < CG)e?{lullo.onllus — 05 1)
< C1(5)e"/?||us — 65 )]

000 + 1w = 05 )l }

19
and consequently
(2.75) lu§ — 6 ke < CL(j)e' >,
We recall (2.2), (2.52), and (2.53). Since Q¢ CC Q, dist(90,9Q) > 2¢, we have
(2.76) lu§ — i klla, < CL()e"?,

where C1(j) is a constant independent of ¢ but dependent of j.
Let @ be a linear combination of the eigenfunctions of problem (1.1) correspond-

ing to AL, ..., AL 4y, e, Uy, = Efi,i_l cjus, ;t,i_l c; = 1. We thus have
(2.77) 175 — i gl < Cr(k)e?,

where C1 (k) is a constant independent of € but dependent of k.
Following the lines of the proof of (2.76), we can similarly prove that

(2.78) 15, — w5 gllgy < Ca(k)e!?,

where Cs(k) is a constant independent of € but dependent of k.
For x € 4, from (1.1) and (2.42), we have

Lo(uf —uly) =0 in

ui—ui:Z:O on T,

(2.79) uf —uly =g —u, on T
oc(uf, —uy) — MO (uf — uly)

= (A8 — Ay on Ty,

where s = 1,2 and uf ;, uj, are called the first-order and second-order multiscale
asymptotic solutions for uj,.
Repeating the process of (2.37)—(2.40) and using the trace theorem gives

o) g = uftllne, < CoB){ 15— ug wllajer- + 105 = A}
2.80

< Cum{llag — v e, + X5 A1

where @;, is a linear combination of the eigenfunctions of problem (1.1) corresponding
to AL, ..., Af—; and Cs(k) is a constant independent of .
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Thanks to (2.70), we obtain
(2.81) a5, = uZhllo, < Cs(k)e"?,

where s =1, 2.
From (2.75), (2.78), and (2.81), using the triangle inequality, we get

(2.82) |ag — US| 1.0 + 15 — ulbllie, < Co(k)e'/?,

1.0 < [lag — ug i

where s = 1,2, Cs(k) is a constant independent of € but dependent of k. Therefore
we complete the proof of Theorem 2.2.

Remark 2.7. If assume that Q C R™, n = 2,3, is a bounded smooth domain with
boundary 02 € C°2, where s = 1,2, then Theorem 2.2 is valid too.

Remark 2.8. We recall Theorems 2.1 and 2.2 and their proofs. Since we apply
Lemma 11.2 of [21, p. 340], it only can be proved that the convergence rates of the kth
eigenvalue and eigenfunction are both of order £'/2. However, the numerical results
presented in section 3 clearly show that the accuracy of the eigenvalue is much better
than that of the corresponding eigenfunction.

3. Numerical tests. We recall (2.2) and (2.48) and summarize the above theo-
retical results as follows. The multiscale finite element method for solving the Steklov
eigenvalue problems consists of the following parts:

Part I. Compute cell functions Ny, (§), Naya,(§) in a reference cell @Q = (0,1)™.

Part II. Solve numerically the homogenized Steklov eigenvalue problem (2.5) on
the whole domain € in a coarse mesh.

Part III. Solve directly the boundary layer equation (2.42) in a fine mesh.

1,0
Part IV. Calculate numerically the higher-order derivatives % by using
aq aq

T
the finite difference method (see [12]), where u{(z) is the kth eigenfunction of the ho-
mogenized Steklov eigenvalue problem. We remark that one cannot directly compute
higher-order derivatives from their finite element solutions.

To validate the developed multiscale algorithm and to confirm the theoretical
analysis reported in this paper, we present numerical simulations for the following
case studies.

We consider the Steklov eigenvalue problem in composite media as follows:

9 (. (%) dug(z) TN o
_a—xz (azj (6) axj ) +a0(5)uk(x)—0’ xEQ’
(3.1) us(x) =0, €Ty,

x\ ouf(x
Vi (g) 8’;2 ) = Aup(z), zely, k>1,
where Q) C R", n = 2,3, is a bounded Lipschitz polygonal convex domain; the bound-
ary 00 = ToUT'; with Ty N Ty = 0; and & = (v1,...,v,) is the outward unit normal
to 092

Ezample 3.1. In (3.1), assume that Q = (0,1)? is a periodic structure as illus-
trated in Figure 3.1, the reference cell Q) is as shown in Figure 3.2, I’y = {(x1,22)] 0<
r1 < 0.2,20 =0.2 —$1} @] {($1,$2)| 0<z1<0.2,20 = 08+!E1} U {(x1,$2)| 0.8 <
T < 1,20 = 1.8—331}U{($1,332)| 0.8 <z < 1,332 = $1—0.8}, Iy = {($1,$2)| 0.2<
X1 S 08, Xro = 0} U {(%1,132” xr, = 1, 0.2 S X9 S 08}U {($1,$2)| 0.2 S X1 S
0.8, z2 = 1} U{(x1,22)] z1 =0,02 < 25 < 0.8}, and v = (v1,1») is the outward
1

unit normal to I';. We take ¢ = =L
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Fic. 3.1. Domain Q. F1a. 3.2. Unit cell Q.

L
UL
\

TABLE 3.1
Comparison of computational cost in Case 3.1.1.

Original problem | Cell problem | Homogenized equation | Boundary layer
Elements 18400 800 1150 11200
Nodes 9361 441 616 5880

In (3.1), let ag(£) = 0 and d;; be a Kronecker symbol.

Case 3.1.1. aij0 = 51']‘, aij1 = 0015ZJ

Case 3.1.2. aij0 = 51']‘, aij1 = 0001513

In this paper, in order to show the numerical accuracy of the proposed method,
we need to know the exact solution of the original Steklov eigenvalue problem (3.1).
Since the coefficients of problem (3.1) are discontinuous, it is extremely difficult to
seek its exact solution. To overcome this difficulty, we replace the exact solution
with the finite element solution in a fine mesh. Now we employ the linear triangular
elements to solve the original problem (3.1) in a fine mesh. It should be mentioned
that in engineering applications, this step is not necessary and one can directly use
the method presented in this paper to solve problem (3.1). We observe four parts of
our method and believe that it has competitiveness for numerically solving problem
(3.1) in the more complicated thee-dimensional structure of composite media.

Here we use the linear triangular elements to compute the cell functions Ny, (£),
Naya, (§) defined in (2.3)—(2.4) and to solve the homogenized Steklov problem (2.5)
and the boundary layer equation (2.42), respectively. The numbers of elements and
nodes are listed in Table 3.1.

The numerical results of several eigenvalues and eigenfunctions of the related prob-
lems in Example 3.1, Case 3.1.1 are illustrated as in Tables 3.2 and 3.3, respectively.
The A, k = 1,2,3,4, are the finite element solutions of four minimal eigenvalues

of the original problem (3.1) in a fine mesh, and A\, k = 1,2,3,4, are the finite
element solutions of the corresponding eigenvalues of the homogenized Steklov eigen-
value problem (2.5) in a coarse mesh. The functions u$(x), k = 1,2, 3,4, are the finite
element solutions of the eigenfunctions associated with four minimal eigenvalues of
problem (3.1) in a fine mesh, while u?(x), k = 1,2,3,4, denote the finite element
solutions of the corresponding eigenfunctions for the homogenized Steklov eigenvalue
problem (2.5) in a coarse mesh. Finally, Ui, (), Us (), k = 1,2,3,4, are respec-
tively the first-order and second-order multiscale finite element solutions based on the
expansion (2.2). Set eg = uf, — ul, €15 = uf — Uf s €26 = up, — U3

Ezample 3.2. In the second case study, we assume that = (0,1)3 is a periodic
structure as illustrated in Figure 3.3, and the reference cell ) is as shown in Figure 3.4.
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Comparison of computational results in Case 3.1.1: four minimal eigenvalues.

TABLE 3.2

k | Original problem | Homogenized solutions | Relative error

1 1.778715 1.740666 0.021858

2 2.410815 2.397551 0.005532

3 2.410815 2.397551 0.005532

4 2.649853 2.656357 0.002448
TABLE 3.3

Comparison of computational results in Case 3.1.1: eigenfunctions.

lleo, Il 2 llex,kll 2

llea,kll 2 lleo,k Il 1
L H

ller, kIl g1 llea kIl 1

2 | 105402

103 kMl 2 Nud 1l 1

105 ot | 105 0

0.053723 | 0.017170

0.017380 | 0.547313

0.110316 0.111782

0.077907 | 0.017476

0.017273 | 0.478182

0.058563 0.058872

0.078021 | 0.017343

0.017435 0.471127

0.059898 0.059838

Wl N =]

0.107685 | 0.023138

0.024143 | 0.543290

0.100363 0.107822

FiGg. 3.3. Domain Q2.

Fic. 3.4. Unit cell Q.

293

In (3.1), let Ty = @ and ao(%) = 0, and we recall that d;; is a Kronecker symbol.

v = (v1,v2,vs3) is the outward unit normal to 9. We take e = =

Case 3.2.1. We set

aij(§) = {

Qi1 = 0.001(5@‘ in

1
1

B,

aijo = 0;; otherwise,

where the equation of the ellipsoid B is

2
5) _q

2 2
(& —20-5) n (2 —05) 4 (&3 —20-

a

and a =b=c=0.32.

b2 c

3

In a standard approach, we first apply the linear tetrahedral elements to solve the
original problem (3.1) in a fine mesh. Then we employ linear tetrahedral elements and
bilinear cube elements to compute the cell functions N, (§), Naya, (€), defined in (2.3)
and (2.4), and the homogenized Steklov problem (2.5), respectively. The numbers of
elements and nodes are listed in Table 3.4.

The numerical results of several eigenvalues and eigenfunctions of the related
problems in Example 3.2 are listed in Tables 3.5 and 3.6, respectively. It should be
noted that we use respectively u (z), uf (), u3 ,(2), €2k, k > 1, to denote the finite
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TABLE 3.4
Comparison of computational cost in Case 3.2.1.

Original problem | Cell problem | Homogenized equation
Elements 117504 1836 48000
Nodes 22637 425 9261
TABLE 3.5

Comparison of computational results in Case 3.2.1: four minimal eigenvalues.

k | Original problem | Homogenized solutions | Relative error

1 0.000000 0.000000 0.000000

2 1.068041 1.065780 0.002121

3 1.069354 1.071169 0.001694

4 1.090259 1.091308 0.000961
TABLE 3.6

Comparison of computational results in Case 3.2.1: eigenfunctions.

lleo, kIl 2 lle1,kllp2 lle2, k1l 2 lleo, kIl 1 lle1, ke ll 1 lle2, kIl 1
Nudll, 2 Tuf T2 Tug , T2 Tulll 71 llug g1 Mg Te1
0.005686 0.001033 0.001110 0.077042 0.019482 0.020374
0.00742 0.004887 0.004929 0.077742 0.022302 0.024378
0.007964 0.005669 0.005684 0.077634 0.022293 0.023908

=l wiN| 3

element solution of the kth eigenfunction for problem (3.1) in a fine mesh, the first-
order multiscale finite element solution, the second-order multiscale finite element
solution, and the absolute error of the second-order multiscale finite element solution.
It should be emphasized that since a whole domain {2 is the union of entire cells, here
we do not need to define the boundary layer solution (2.42).

Remark 3.1. The numerical results that are illustrated in Tables 3.2 and 3.5,
show that the eigenvalues of the homogenized Steklov eigenvalue problem (2.5) in a
coarse mesh are close to those of the original Steklov eigenvalue problem (3.1) in a
fine mesh. This is an interesting phenomena. It implies that in order to calculate
the eigenvalues for the Steklov eigenvalue problem (3.1) in composite media, we only
need to compute the associated eigenvalues for the homogenized Steklov eigenvalue
problem in a coarse mesh.

Remark 3.2. The numerical results illustrated in Tables 3.3 and 3.6 validate
the theoretical results of Theorems 2.1 and 2.2. From the numerical simulations for
the two case studies, it is seen that in the high-contrast case, the homogenization
method fails to provide satisfactory results. The first-order and second-order multi-
scale approaches, however, do yield the high-accuracy numerical results. In order to
obtain the convergence rate with €!/2 for the first-order and the second-order multi-
scale method (see Theorems 2.1 and 2.2), we need to assume that v} € H3(Q2) and
u) € H*(Q), respectively. For a general bounded Lipschitz polygonal convex domain,
roughly speaking, v € H3(Q2) and u) € H*(Q) are invalid. On the other hand, gener-
ally speaking, the multiscale asymptotic expansions (2.2) do not satisfy the boundary
conditions of the original Steklov problem (1.1) in a general domain regardless of a
bounded smooth one or a bounded Lipschitz polygonal convex one. To overcome the
above difficulties, the boundary layer solutions are introduced and the convergence
rate with £1/2 is derived in this paper (see Theorem 2.2). In a word, the boundary
layer correctors are necessary and essential in the high-contrast case and in a bounded
Lipschitz polygonal convex domain.
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Remark 3.3. Finally, we observe the numerical results listed in Tables 3.3 and
The results with s = 1 and s = 2 are very close. This clearly shows that the

first-order asymptotic method is the best choice, and we do not need to use the second-
order asymptotic method for the Steklov eigenvalue problem in this paper. However,
it should be emphasized that the second-order asymptotic method is necessary and
essential for other spectral problems; see [12].
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