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Age-structured within-host HIV dynamics with multiple
target cells

By Xia Wang, Yijun Lou and Xinyu Song

HIV can infect various types of cell populations such as CD41 T cells
and macrophages. The heterogeneity of these target cells implies differ-
ent birth, death, infection rates, and so on. To investigate the within
host dynamics of HIV which can infect n different types of target cells,
a theoretical model with infection-age structure for each type of target
cells and a general nonlinear incidence rate is proposed in this manuscript.
The model, in the form of a hyperbolic system of partial differential equa-
tions (for infected target cells) coupled with several ordinary differential
equations, is shown to be biologically reasonable with the establishment
of existence, positivity and boundedness of solutions. Although the PDE
form poses novel challenges to theoretical investigation, rigorous analy-
sis is performed to show the uniform persistence of the virus when the
basic reproduction number is greater than one. Furthermore, by con-
structing suitable Lyapunov functionals, we show that the infection-free
steady state is globally asymptotically stable when the basic reproduc-
tion number is less than unity, while the positive steady state is globally
asymptotically stable when the basic reproduction number is greater than
one.

1. Introduction

Since the discovery of human immunodeficiency virus type 1 (HIV-1) in
the early 1980s, nearly 78 million people have been infected and about
39 million people have died due to HIV infection. It was estimated that
about 35 million people were living with HIV and 2.1 million people were
newly infected worldwide in 2013 (World Health Organization, 2014 [56]).
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Due to the obstacles to effective HIV control measures, including lack of
prevention, care coverage and lack of rigorous evaluations, HIV infection
still remains a serious health problem in the world. Theoretical in-host as
well as between-host models have been proposed to provide new insights
into the virus transmission and control measures, such as those in [1, 11,
32, 37, 38, 41, 48, 52|, among many others.

Most of the previous models were formulated based on the model in
[36] (see also in [34]). In recent years, the time delay between viral en-
try into a target cell and viral production was considered, by using a
model with discrete and distributed delays [16, 33], or an age-structured
model in the infected cell [31, 40, 57]. The incorporation of an age struc-
ture (generally described by partial differential equations in theoretical
models) allows us to have a good description of produced viral parti-
cles and of the infected cells mortality ([15, 49]). For example, an HIV-
1 infection model with age-structured infected cells to account for the
mechanism of AZT (Zidovudine) treatment of HIV infection was pro-
posed in [17], and the cost-effectiveness of treatments with combined
therapies involving reverse transcriptase, protease, and entry/fusion in-
hibitors could also be evaluated by age-structured models [40]. These
age-structured within-host virus models with the consideration of age-
dependent infected cell death rates and viral production rates have at-
tracted many recent investigations, see for example, the models in the
literatures [2, 3, 5, 7, 8, 13, 22, 24, 25, 26, 27, 29, 30, 44, 47, 50, 55].

When modelling the infection incidence between the virus and target
cells, the mass action term ST'(t)V (t) is almost always used. However,
debates exist for the infection incidence term, with some literatures argu-
ing that the incidence rate should not be strictly linear in each variable
over the entire range of virions V(¢) and target cells T'(¢) and nonlinear
contact rates are much more appropriate [10, 19, 20]. For example, a
virus infection rate with the Beddington-DeAngelis functional response
BTV/(1+ k1T + k2V') was adopted in [53, 57]. Georgescu and Hsieh [10]
and Wang, Zhang and Kuniya [50] considered a nonlinear infection rate in
the form of ¢(T") f(V'), where ¢(T') is the contact rate function dependent
on susceptible cell density T" and f(V') represents the force of infection by
virus at density V. Korobeinikov [19, 20] assumed the incidence rate to
be a more general form (7, V).

Most of the above-mentioned HIV infection models only focused on
the infection of CD4" T cells by HIV. However, it was reported that, in
addition to CD4™ T cells, other cells such as macrophages [18] and den-
dritic cells [39] are also susceptible to HIV infection. For example, HIV
can infect macrophages through binding of gp120 to CD4 and CCR5 re-
ceptors, and macrophages are identified to be a highly productive source
of HIV during the latter stage of viral infection [35]. In this case, with
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the consideration of different types of target cells, models with more com-
partments can be proposed, such as those in [6, 37, 42]. Recently, the
global dynamics of the steady states of HIV models with multiple target
cells was investigated in [51, 52].

In the present paper, we propose a mathematical model with age struc-
ture in the infected n types of target cell populations and general nonlinear
rates of viral infection. The model is shown to be biologically well posed
with the establishment of existence, uniqueness and nonegativeness of so-
lutions. We analyze the model by deriving the basic reproduction number
and proving the global stability of steady states. The manuscript is or-
ganized as follows. In Section 2, we formulate the mathematical model,
propose some biologically meaningful assumptions and establish prelim-
inary results on the existence and uniqueness of solutions by using an
equivalent integral formulation. The boundedness of solutions is also ob-
tained in this section. Section 3 presents the uniform persistence of the
model system. Furthermore, by constructing suitable Lyapunov function-
als, the global stability of equilibria, dependent on the basic reproduction
number, is established in Section 4. This paper ends with numerical re-
sults and a brief conclusion in Section 5.

2. The model and preliminary results

With the consideration of heterogeneity of target cells and infected cells,
for example distinct growth and infection rates [43] between macrophages
and CD4% T cells, the nonlinear infection rates, as well as the age-
structured heterogeneity of viral reproduction rates, we extend the well-
accepted in-host virus model in [37] to an age-structured model with n
types of target cells as follows:

dz;;t(t) = N — diT(t) — ha(TH(8), V(1))
avVt) [ B
— = ;/0 pi(a)Ii(t,a)da — ¢V (t), .
8Ii(t,a) GIi(t, a) . ) )
5 + P —d;(a)I;(t,a),
Ii(tﬂ 0) = hz(Tz(t)v V(t))v 1=1,2,---,n,
(| T:(0) = T} € Ry, 1;(0,a) € Ly[0,00),V(0) =V € Ry,

where T;(t) and V (t) denote the concentrations of uninfected target cells
of class ¢ (i = 1,2,--- ,n) and free virus particles at time ¢, respectively.
The variable I;(t,a) denotes the concentration of infected target cells of
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Table 1

Parameter definitions for the model system.

Parameter Definition

A Reproduction rate of the i-th uninfected target cells

d; Removal rate of the i-th uninfected target cells

hi(T;, V') Infection incidence of i-th uninfected target cells by virus
di(a) Age-dependent per capita death rate of i-th infected cells
c The clearance rate of virus

pi(a) The viral production rate of i-th infected cells with age a

class ¢ with infection age a at time ¢t. All parameters are summarized in
Table 1 for easy reference. We assume that the function p;(-) belongs to
L[0,00)\{0}, and §;(-) belongs to L[0,00), where L[0,00) represents
the set of all integrable functions from R, to [0, 00). Moreover, we assume
individuals in all ages are subject to death, that is 0 < ¢ := min{é;},
(2
where 0; := inf {&;(a)}. For system (1), there should be an inherent

a€[0,00)
relationship between the initial value and boundary value for the partial

differential equation, that is I;(¢,0) = I;(0,a) when t = a = 0. Hence, we
assume

hz(Tl(O)v V(O)) = Ii(07 0)'

The formulation of an infection incidence term h(T, V') plays an impor-
tant role in modeling virus dynamics. Biologically, the infection happens
when T and V' are positive while it vanishes when 7" =0 or V = 0. More-
over, the infection rate becomes larger when there are more target cells
T or larger viral loads V. Therefore, we impose the following two natural
assumptions:

ohi(T;, V) oh;(T;,V)

H h’L Ea ) ) fy 11 E ) .
(Hy) hi(T;,V) >0 o7, >0 57 > ( for a >0,V >0

(Ha) hi(0,V) = hi(T;,0) = 0.

Based on Assumptions H; and Ho, we have ah”’a(‘T;"O) > (0 and %%’0) =0

for T; > 0. Furthermore, the per capita infection rate @ is a decreas-

ing function on V since virus compete effectively for a limited supply of
target cells. Mathematically, we impose the following concavity property
for infection incidence terms:

0?hi(T;, V)
ov?
V >0, and

0h;(T;,0)

(Hs) for all

< 0forany T;, V > 0, or hy(T;,V) <V
oh;(T;,0)

ov

is strictly increasing with respect to T; > 0.
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In addition, in order to ensure the uniqueness of solutions, the following
technical assumption is imposed, which is well-accepted for any term in
a biological differential system:

(H4) hi(T;,V), i=1,2,--- ,n are all Lipschitz continuous on R%.

It turns out that these four assumptions are shared by many incidence
terms in various literatures, for example: Holling Type II functional re-

sponse ferbZ“; [46], Beddlngton—DeAngehs functional response %
[14], Crowley-Martin functional response % [58] and the con-

tact rate 5;7;In(1 + {45 V) [4], and so on. Later, we will show that As-
sumption Hz and other assumptions also ensure the uniqueness of the
positive equilibrium state when it exists (see Lemma 4).

2.1. Ezistence of solutions

Note that the partial differential equation in system (1) is a linear trans-
port equation with decay, and therefore by the methods of integra-
tion along characteristics, the following partial differential equation with
boundary conditions:

oli(t,a)  OLi(t,a) .
ot T o - l@llha),

Ii(tvo) = hi(Ti(t%V(t))a t>0,

can be solved with the explicit solution:

oi(a)hi(Ti(t —a),V(t —a)), ift>a>0,

Ii(t,a) = ; (2)
ALﬂ@fhmﬂ—ﬂ, ifa>t>0,
oi(la—1)

where o;(a) = exp(— fo s)ds) represents the probability that an in-

fected cell of class ¢ survives tlll age a. Therefore, the following system of
integro-differential equations is equivalent to the system (1):

( dj;;-t(t) =\ — diTy(t) — hi(Ty(8), V (), i =1,2,--- ,n,
d‘;it) - ; /OOO pi(a)l;(t,a)da — cV (1),
Li(t, a) = 03(a)hi(Ti(t — a), V(¢ — a))1e>a + Uz‘((T;(C—L)ﬂIi(O, a—1)1g>¢,

3)
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where

1, ift>a>0, 0, ift>a>0,
lino = and 1,5 =
0, ifa>t>0, 1, ifa>t>0.

We now show the local existence and uniqueness of solutions to system
(3) and hence to system (1). We would like to address reader’s attention
that our arguments on the uniqueness and nonnegativeness of solutions
(Lemmas 1 and 2) are highly motivated by recent work [5].

LEMMA 1. Let
zo = (T1(0),--- ,T,,(0),V(0), 11 (0,-),--- , I,(0,-)) € Ri“ X Lﬁ[O,oo).

Then there exists € > 0 and an open neighborhood By C R™! x L' [0, 00)
with xg € By such that there exists a unique continuous function, X :
[0,€) x By — R"™! x L7[0,00), where x(t,z) is the solution to system
(3) with x(0,z) = z.

Proof: Tt is easy to see that any solution of system (3) must satisfy
the following integral equation:

(

L;(t) = Ti(0) + /(A d;Ti(s) — hi(Ty(s), V(s)))ds, i =1,2,--- ,n,

t t
/ / pi(a)I;(s,a)dads — c/ V(s)ds,
0

oi(a)
| Iz(t7 a) O—z(a)hz(Tz(t a)? V(t a))1t>a + ai(a — t)
We set Y = C([0,&) x By, R*"*! x L"[0,00)), the set of all continu-
ous functions from [0,€) x By to R"! x L"[0,00), where ¢ > 0 and
By € R x L"[0,00) is a neighborhood containing zo, which will be de-
termined later. Let BB be a subset of Y containing functions whose ranges
lie in B € R™*! x L"[0, 00), where

B = U((TI(O)7' e 7Tn(0)7v(0)711(0a ')7 T aIn(Oa '))77)

Ii(o> a — t)1a>t-

is the closed ball of radius r centered around the initial condition with
r > 0 being determined later.
Now, we define an operator A on B as follows. Let

T = (xla T 7$naxn+17l1(')7 e 7ln()) € B07
and the vector valued function n € B as
n(sa :E) = ((n(sa :E))h ) (n(svm))nv (77(8756))71+13 (ﬁ(svx))la ) (77(5,1‘))”)

For notational simplicity, we denote n;(s,x) = (n(s,x)); for all j =
1,2,--- ,n+1and n;(s,z) = (7(s,x)); for all i = 1,2,--- ,n in the proof.
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For any n € B, define A(n)(t, z) as

(A& )1, (A& 2))nr1, (A0 (E 2))nr2(), - (AM)(E 2))2nga (1))
with

t
z1 +/ (A1 —dim(s,x) — hi(m(s,2), Mm+1(s,2)))ds
0
(A(m)(t,2)1

t
2o [ Ovn = i (5,2) =l (52, 1 (5 2) s

’ 0
(At 2)n - /
XOICEISI °

(A)(t, 2))n+2(a)

;/0 pi(a)Ti(s, x)(a)da — C77n+1(s,a:)} ds
o1(a)h1(m(t — a, ), fna1(t — a,2)) 1>

+ U;T(léa,)t) ll (a - t)1a>t

(A(ﬂ)(t7 x))2n+1(a)
O'n(a)hn (nn(t —a, *75), 77n+1(t —a, m))1t>a

+ on(a) In(a —t)1a>

on(a—t)

If there is i such that A(n) = n, then 7(s, z) is a solution to (3). We first
show A(n) € Y. In fact, since

r

<

al(a)hl(nl(t —a, $), 77n+1(t —a, x))1t>a + pu
t

>—

) oi(la—1)

< —(1— e h(|T(0) + 7], [V(0) + 7|) + [|li]| < oo,

Sel

where 0 < ¢ := min{;}, where §; := i[{)lf ){5i(a)} is defined as in the
) ac|0,00

description of model parameters, and || - || is defined as

[zl = lza] + -+ [en] + [2nia | + 11l Ljo,00) + -+ [l Lo,00)-
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Taking By = U((Ty(0), -+ ,T(0), V(0), 11(0,-), - - , [,(0,)), %), then

we have
IA(n)(t, ) — o]

-3

i=1

Tng1 = / /wma Vi (5, 2) (@ )dads—c/ D1 (5, 2)ds

<D i = Ti(0) 42 Y (Ni + il T5(0) + 7| + hi(|T5(0) + 7|, [V(0) + 7]))
=1

n=1
n

T; *T +/ - 7.771 S, m (771'(5,90),7]n+1(8,90)))d3

_l’_

ai(a)

d
oi(a—1) “

U'i(a)hi(ni(t —a,2),Mn+1(t — a,7))lt>a + lila —t)1la>e — I;(0,a)

FHlen1 = V(0) +e > p(I1:(0,a)l| +r) + e[V (0) + |
i=1

+ 30 2= (T (0) + ], [V(0) + 1)

+Z/°°ﬂlmui(a—n—Ii(o,a—t)lda

oi(a—1)

1a>¢1i(0,a —t) — I;(0,a)| da,

where p = sup {p;(a)}.
1<i<n,a>0

Note that

/oo %Lpt’li(a —t) — I;(0,a — t)|da < ||l;(-) — L;(0,-)]]
0 Uz(a t)

and

oi(a)

/0oo oi(a—1t)

oo
s/ LoseTi(0,a — 1)
0

According to the dominated-convergence theorem, we get

1a>¢1;(0,a — t) — I;(0,a)| da

g; (a)

oila—1) -1

oo
da +/ 1o>¢11i(0,a — ¢) — I;(0, a)| da.
0

o0
. , oi(a) _
%gr(l] ; 1,541;(0,a —t) oa—1) 1| da = 0.

Hence,
(o]
oi(a)

1,>:;(0,a —t) | ————— — 1| da < —

/0 at5i(0,a =) oila—1t) ¢ 16

for all t € [0, ) provided e small enough.
Let & be a continuous function with compact support in [0, 00) such
that

,
5,0,) = & < o=
150, — &l < =
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Note that the existence of &; follows from the fact that the set of all
continuous functions with compact support is dense in L'. Then

o0

La>t1i(0,a = t) = 1;(0, a)|da

/ \I 0,a \da—i—/ |1;(0,a) —{i(a)lda+/ooo |€i(a) — &i(a+t)|da

t " 1(0,0) — &i(@)lda

<> /0 110, 0) — &(a)|da + /O 1,0, 0)|da + /0 €4(a) — &4(a + B)|da

< r n r n r
16 32 32

_3r

16

Therefore,

oi(a)

Taseli(0,a —t ~1ld Lase [I:(0,a — t) — (0,

/o >t1:(0,a )Ui(aft) a+/0 >t [1i(0,a — t) — I;(0,a)| da
<L_|_3l_f

16 16 4

In summary, we have

[A()(E, ) — ol

,
<l — o] +€M1—I—6M2+Z

T
24T

for constants My, My and £ > 0 small enough.
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Thus, A : B — B. We next show that A is a contraction on B when &
is small enough. Let n, ( € B. Then

[A(m) (¢, z) — A (E, )|

t t
< / (i (s, ) — daCa (5, 2)|ds + / Ih1(C1(5,2), g1 (5, 2)) — R (71 (5, 2), 7m 1 (5, 2)) s
(0] 0

+ /0 Vi (5, ) — dnon (5, 2)|ds + /0 I (G (5, 2), G 1 (5, 2)) — Fon (1 (5, ), 71 (5, 2)) s
t _n =) . t
i(a)|77:(s,z)(a) — (i(s,x)(a)|dads c|nn+1(s,x) — Cnti1(s,x)|ds
+/O;/O ps(@)[7i (5, 2)(a) — Ci(s, 7) ()] +/0 i1 (5,) = Gnp1 (5, )]
+/O 8_Sa‘h1(771(t_a’m)7nn+1(t_avx))_hl(cl(t_afx)7<n+l(t_a’m))|da
—+...

t _
+/O 6_6a‘hn ('r]n(t —a, -77), 77n+1(t —a, 517)) - hn((n(t - a)m)z <n+1(t —a, z))|da

n n n
<e> dillni =Gl +e>_ Lillmi — Gill + €Y Lillnnt1 — Cayall
i=1 i=1

i=1

n
+ep > lImi = Gill + cellnmsr — Gl
i=1

n
o3 Lilln — Gill + s — ot
=1

with some constant M > 0. Therefore A is a contraction mapping on
B when ¢ is small enough. By the contraction mapping theorem there
exists a unique fixed point of A in B, denoted as x. Then x(¢,x) solves
the initial value problem and is continuous on [0, ] x By. [ |

2.2. Nonnegativeness and boundedness of solutions

In this subsection, we show the wellposedness of the model as a biological
system.

LEMMA 2. Any solution to (3) through a nonnegative initial value re-
mains non-negative for every a > 0 and all t > 0.

Proof: Suppose (Ti(t), -+ ,Tn(t),V(t), [1(t,), -, In(t,-)) is a solu-
tion to system (3) and hence a solution to (1) through a nonnegative
initial value on the interval [0, p], where p < 8 and [0, ) is the maximal
interval of existence guaranteed to exist from Lemma 1 (§ is allowed to
be 00). It is easy to see from (3) that T;(¢) and V (¢) are differentiable by
the fundamental theorem of calculus, and fooo I;(t,a)da is differentiable
in ¢t by the smoothness properties of convolution. We first prove that
Ti(t) >0,i=1,2,--- ,nforall t € [0, p]. Assume that 7}(t) loses its non-
negativity on [0, p] for some j, and let ¢y € [0, p] be the first time such that
Tj(to) = 0. By continuity of solutions any such value of ty must be greater
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than zero and Tj(ty) < 0. Revisiting system (1), we get Tj(to) = A\; > 0, a
contradiction. Therefore, no such ¢ exists and 7}(t) > 0 for all ¢ € [0, p].
Next, we show that V(t) > 0 and [;(t,a) > 0 for all t € [0, p], a > 0.
To do that, we first define
7= min{inf{t € [0,p] : V(¢) < 0},inf{t € [0,p] : [1(¢,") &€ L4[0,00)},- -,

inf{t € [0, p] : In(t,-) & L4+]0,00)}}.

Suppose that
T =inf{t € [0, p] : I;i(t,-) € L+[0,00) for some 7}.

Based on the last equation of (3), we have I;(7,a) > 0 for all a > 0, which
is a contradiction. Hence 7 = inf{t € [0,p] : V(t) < 0}. At the time
instant 7, we have V(1) < 0. However, according to system (1), we have
Ii(t,-) > 0, and

n

V(=3 /OOO pi(a) L7, a)da — eV (7) > 0

i=1
which leads to a contradiction. Therefore, V(t) > 0 and I;(t,a) > 0 for
all t > 0 and a > 0. Hence the solution must remain non-negative on
[0, p]. Since p < B is arbitrary, we conclude that the solution remains
non-negative on its maximal interval of existence [0, 3). |
Next, we consider the boundedness of solutions. Denote

n

G =m0 + | " Lt a)do),

=1

then

dC;Et) :Z( / 0i(a)l;(t,a)da)
Z —dz / I,(t, a)da),

where d = min{dy,--- ,d,,d}, and 0 < 0 := min{d;}, where §; :=

i[nf ){5i(a)} is defined as in the description of model parameters. There-
a€|0,00
fore, we have

limsup G(t) < Z)\ /d.

t—+00
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From the second equation of system (1), we get

dV

<Zp)\ /d —cV(t),

i=1

when ¢ is large enough, which implies that

limsup V() < L i,
t—+00 dc i1
where p = sup {pi(a)}.
1<i<n,a>0

Hence, the boundedness of solutions follows from non-negativity of so-
lutions. Furthermore, the following set attracts all nonnegative solutions
and is positively invariant for system (1):

n+1
——tN—
X:{(T17 anzvvll(')v"' 71”()) € Ry x--- X Ry XL+[0,00) X X LJ,_[0,00)

Te < TP = Xifdi, 35 (Tt [ Iia)da) < 35 Xi/d, V< B 35 ).
=1 i=1 i=1
4)
Since the function set X is invariant, in what follows, we will focus on
this set as the phase space.

2.8. Equilibria and the basic reproduction number

Let NV; be the total number of viral particles produced by the i-th type
infected target cells during its lifespan, which can be evaluated by

N; = /0 ~ pi(a)oila)da,

where 0;(a) = exp(— fo s)ds) is the probability that i-th target infected
cells survive up to age a. Denote

Ry = Zn: Ni Ohi(T,0) _ zn: Jo~ pila)oi(a)da dhi(T?, 0)
‘~ ¢ ov ; c ov
=1 =1
as the basic reproduction number of system (1), which represents the
number of virions produced by one virion in its lifespan.

It is easy to verify that the system (1) always has an infection-free equi-
librium E° = (19, , T2, VO, I9(+),--- , I2(-)) € X, where T = \;/d;,
I’()=0and i =1,2,---,n, VO = 0. If Ry > 1, then there may exist
an infection equilibrium E* = (T5,--- , T, V* IF(),--- , I}(-)) satisfying
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the equations:

N — diTF — hi(TF, V*) =0,

> | niat;@da - v o
=170

dif(@) _ o
da —di(a)I} (a),

17(0) = hi(T7, V7).

Solving the third equation of (5), we have
I (a) = I (0) exp(— / 0i(s)ds) = oi(a)hi (T, V™).

From the second equation of (5), we have

Z/ pi(a)oi(a)h(T;, V*)da = cV™,

which implies
n
> Nii(T},V*) = cV™.
i=1
In the following, we will investigate the existence and uniqueness of
positive equilibrium. To this end, we need the following Lemmas.

LEMMA 3. If f(0) =0, f'(z) > 0 and f"(x) <0, then f(%:v) > %f(x)
forallz >0 and 5 > 1.

Nest, we show the existence and uniqueness of positive equilibrium if
and only if Ry > 1.

LEMMA 4. There exists a unique positive equiltbrium

s Lno

if and only if Rg > 1.

Proof: We first prove the existence of E* when Ry > 1, which also
shows the nonexistence when Ry < 1. From the first equation of Eq. (5),
the positive equilibrium satisfies \; — d;T; — h;(T;, V) = 0, which gives
T; = ¢i(V') according to the implicit function theorem and

- oy /U or, ) <©




14 X. Wang, Y. Lou and X. Song
Plugging T; = g;(V') into the second of (5), we obtain the equation for V:

FV) =3 [ pan@hia(v),V)da - ov
=1

It is obvious that F(0) = 0, and when g;(Vo) = 0 for some V > 0, we
have F(Vp) = —cVp < 0. Since F(V) is differentiable for V' > 0, we have

that
—
0 0 dhi (T?,0)
6hi(Ti ,0) 8h1(TZ 70) ) (7 87\/% )d _
on, (19,0 ) ¥ T €
di + =57,

B ; /0°° pil@)ai(a)( oV oT;

e
c ov
=c¢(Ro —1) >0, when Rg > 1.
Thus, F'(0) > 0 implies that there exists some V* € (0,V}) such that
F(V*) = 0. Therefore, T} = ¢;(V*), and I*(a) = oi(a)hi(T},V*) also

can be computed.
Next, we claim that E* is unique. Suppose, by way of contradiction
that this is not true and there is another equilibrium

(Tla . ’TT“V,TI(.)’ R 7Tn())
Without loss of generality, we suppose there exists V > V* >0 and
V = pgV*, B > 1 such that F(V) = F(V*) = 0. By the last equation of
Eq. (5), and conditions (H;) — (H4), together with Lemma 3, we have
1— 1 —
T7,=V) > =hi(T;, V).

I (0) = hy(T7, V™) = hi(T7, 3 3
gi(V*) > gi(v) = T; when V > V* and

Since ¢j(V)) < 0, then T
hence, we obtain

1 — 1. - — 1-
I:(0) > ~hi(TF V) > —hi(Ti, V) = =1,(0), i = 1,2, ,n.
(0)> ZhlT7, V) > Zhi(T3, V) = 51:(0)
Thus, I} (a) > %fi(a) for all @ > 0, which implies that
S p@r@da S [ aT@de
v = =1 S L=l _ 1y
¢ B c B’

a contradiction. Therefore, system (1) admits a unique positive equilib-
|

rium E* if and only if Ry > 1.
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3. Uniform persistence

In this section, we investigate the uniform persistence of system (1) by
applying the results of Hale and Waltman [12] and Magal and Zhao [28].
Our arguments are highly motivated by those in [5] when showing the
relative compactness of the solution semiflow (Propositions 1 and 2) and
uniform persistence (Theorem 1). We first claim that the solution semi-
flow is compact, which maps a bounded set to a precompact set.

3.1. Relative compactness

Define the phase space X as in (4). Then X is complete. For ¢t > 0, define
the solution operator:

B(t): X = X as (t)r = ult, ),
that is,
(t)x = (Ta(t), -, Tn(t), V1), [u(t, "), -, Inlt, "))
with
z = (T1(0), -, T(0), V(0), [1(0, ), -, I,(0,)) € X.

Clearly, ®(0)z = =z, u(t,u(s,x)) = u(t + s,z) and ®(t) is a semiflow on
X.
The operator
B(t): X > X
can be divided into two operators ®i(t) and ®Py(f) such that
O(t)z=>1(t)x + P2(t)z, YVt > 0 with

Qi (t)z:=(0,---,0,0,01(t,), -, on(t,")),

and

Do(t)z = (T1(t), -+, Ta(t), V(t), Lr(t,-

~—
1
—
\_@F
N
SN—

where @; and fz are defined by

0, t>a>0,
~i t7a = )
el a) Ii(t,a):U;’(’éi)t)li(o,a—t), a>t>0,
and
~ Li(t,a) =o;(a)h;(T;(t —a),V(t—a)), t>a>0,
ey = 100 =A@ =), Vi =) "
0, a>t>0

To show the relative compactness of ®(t), we will establish the following
two results for ®1(t) and ®o(t) respectively.
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PROPOSITION 1. For anyriy > 0 andt > 0, we have || P (t)z| < ety

provided that x € X with ||| < r;.
Proof: Tt follows from (2) that

0, t>a>0,

pi(t,a) = s
Ii(O,a—t)exp(—/ dila—t+7)dT), a>t>0.
0

For any x € X with ||z|| < r1, we have

191(8)z Z/ ) exp(— /Otéi(a—t+7)d7)da
<e5t2/ 1;(0,a — t)da

<e ‘“(Hh( W+ 12(0,)])
< e x| < e Oy, V>0,

which completes the proof.

1

Based on the expression of ¢;(t,a), we can easily obtain that ®4(¢) is

compact. Next, we establish the following proposition for ®o(t).

PROPOSITION 2. For anyt > 0, ®5(t) maps any bounded set of X into

a set with compact closure in X.

Proof: By the definition of X, it is obvious that T;(¢) and V' (¢) remain

.n
in the compact set [0, (14 2) >~ A;/d]. Thus, we only need to prove that
i=1

E(t, -) remains in a precompact subset of L [0, 00), independent of initial
value z € X. To do that, it suffices to show that the following four facts

hold for Ij(t,-) (see [5, 45)):

(i) The supremum of [(°1 I;(t,a)da is finite with respect to z € X;

)
(ii) hm f y Li(t,a)da =0 umformly with respect to z € X;
(iii) hm fo ]I (t,a+h)—I;(t,a)|da = 0 uniformly with respect to z € X;
(iv) hm fo i(t,a)da = 0 uniformly with respect to z € X.

It follows from (2) and (6) that

~ oi(a)hi(Ti(t —a),V(t —a)), t>a>0,
I'(t’a):{o, a>t>0.
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Then, the assumption (Hs) in section 2 and (4) imply

oi(a)hi(Ti(t — a), V(t —a)) =oi(a)- i t)— a)(t 2 -Vt —a)
Ohi(Ti(t — a),o)
o V(t—a)

Ohi(T?,0) p
< U%’(“)T@Z)‘i'
=1

Thus, conditions (i), (ii) and (iv) hold.
It remains to show that condition (iii) is satisfied. For any sufficiently
small h € (0,¢), we have

/ooo |Ii(t,a+ h) — Li(t, a)|da

:/Ot Ti(t,a+h) — Ii(t,a)|da

:/Ot_h [hi(Ti(t —a — h),V(t —a—h))oi(a+ h) — hi(Ti(t — a), V(t — a))oi(a)|da
+/tih|0 hi(Ti(t — a), V(t — a))oi(a)|da

< /Ot—h hi(Ti(t — a— h),V(t —a — h))|oi(a+ h) — oi(a)|da

[ I a0,V = )~ hT - 0, V- )l

Ohi(T7,0) p ,
the 191% cd ; Ai

Ohi(TP,0) B~ ["
‘T@;Al/o loi(a+ h) — 0i(a)|da

t—h
+/O [hi(Ti(t —a—h),V(t—a—h))—hi(Ti(t—a),V(t—a))|oi(a)da

Ohi(T2,0) p —
h.#i )\i.
+ cd;

ov
(7)
Since o;(a) = exp(— fo s)ds) is strictly decreasing with respect to a,
we obtaln
t—h t—h
/ loi(a + h) — oi(a)|da = / (oi(a) — oi(a+ h))da
0 0
h t—h t—h
/ oi(a)da + / oi(a)da — / oi(a+ h)da
On " 0 (8)
/ oi(a)da — / oi(a)da
0 t—h
(a)

h
g/ o;(a)da < h.
0
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The Lipschitz continuity of h;(T;, V) on T; and V' implies that there exist
MZ-V, MlT such that
|hi(T3, V) = hi(T;, V)| < MYV = V], )
|hi(T3, V) = hi(T3, V)| < M |T; = T3).

Moreover, the equations for V' and T; in system (1) on the phase space X
show that there exist LY and LT such that

V(z) = V(y)| < LY|z -y,

10
I Ti(2) = Ti(y)|l < LTz — y. 1o
Therefore, from (7), (9) and (10), we have
BTt —a—h), V(t — 0~ ) = hi(Ti(t — @), V(¢ — a)
< |hi(Ti(t —a = h),V(t —a—h)) = hi(Ti(t —a = h),V(t - a))| )

+hi(Ti(t — a = h), V(t = a)) = hi(Ti(t — a), V(¢ — a))]
< (MYLY + MILT)h.

In summary, from (7), (8) and (11), we obtain
/ Ti(t,a + h) — L(t, a)|da
0

ahi(T hp ViV TrT
<2'7 Ai+ (M;”LY + M L")h
o Z + )

2 Z Ai - L g/ O MY LY+ MTLTh.

Since this upper bound is independent of x € X and converges to 0 as
h — 07T, condition (iii) holds too. Consequently, I;(,-) remains in a
precompact subset of L.[0,00) and ®5(t) maps any bounded set of X
into a set with compact closure in X. [ |

3.2. Uniform persistence

We first introduce the two definitions. A set 'y C X attracts [28] a set
I'cX,if

d(®(t)I',Tg) — 0 as t — oo,

where d is the distance from set ®(¢)I" to Tg, i.e., d(®(¢)T', ) := inf{||z—
y|| : @ € ®()T', y € T'o}. The stable manifold of a compact invariant set
T'p C X is defined as

We(T) ={z € X :w(x) # 0 and w(z) C Tv},
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where w(z) represents the omega limit set of . To obtain the uniform
persistence result, we also need the following lemma on the linear scalar
integro-differential equations.

LEMMA 5. ([5]) Consider the following scalar integro-differential equa-
tion:

Y(t) = /0 H(a)Y (t —a)da —~Y(t), Y(0) >0,

where H(-) € L1[0,00), and [~ H(a)da > v > 0. Then there exists a
unique solution Y (t), which is unbounded.

Set
A; =sup{a € (0,00) : pi(a) >0, i =1,2,---n}.

Note that, A; can be chosen as co. We can write a point in the phase
space X as

T = (xlf o 7xn,xn+1’l1(')7”' ’ln()) € X.
Define

A
X0 ={z € X :x,y1 >0and / pi(a)li(a)da > 0 for all ¢}, and
0

A

X =xX\X"={ze€ X :zp1=00r / Zpi(a)li(a)da:O for some ¢ =1,2,--- ,n}.

0

Obviously, X is an open set relative to X, where X is defined in (4).
Then we have the following claim on the uniform persistence of system

(1).

THEOREM 1. If Ry > 1, then the system is uniformly persistent with
respect to 0X°. That is, there exists a constant p > 0, such that

1itminfd(<1>(t)x,aX0) > p, Vo € XO.
—00

Proof: Note that for any z € X°, we have u(t) := ®(t)z € X°, Vt > 0,
that is, up4+1(t) > 0 and fOAipi(a)unHH(t)(a)da > 0, for all ¢ =
1,2,--- ,n. Indeed, if it is not true, then either (i) w,4i(t) = 0
which implies u,41(s) = 0 and fOAi pi(a)unt1+i(t)(a)da = 0 for all
i =1,2,---,n and s < t. Therefore z ¢ X a contradiction; or (ii)

fOAj Pj(a)unt1+4j(t)(a)da = 0 for some j and ¢, then for all s < ¢, we can
obtain either

A
Un+1(s) =0 or /0 pi(a)up+1+i(s)(a)da =0

for all i = 1,2,--- ,n according to the system (3). Therefore z ¢ XP°.
Hence, ®(t)X° c X°, vt > 0.
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Define
My={xecdX®: d(t)x € 0X°, t >0}

Then it is easy to see that

My ={(z1, - ,2n,0,01(:), -+ ,ln(:)) € X : lij(a) =0foralla < A;, i=1,--- ,n}.

Let w(x) be the omega limit set of the orbit vy (z) := {®(t)x : Vt > 0},
and set EY = (Tp,---,T},,0,0,---,0). Then we can easily obtain that
Vo € My,

w(z) = {E°} = (Ty,--- ,T4,0,0,---,0)

the infection-free equilibrium.
Since Ry > 1, there exists some § > 0 such that

En:Ni((%"(Tg‘/_a’())—é) —e>0.
=1

In order to establish the uniform persistence, we only need to show that
W(E%)N XY = 0. If not, then there exists 2 € X such that ®(t)z — E°
as t — oo. That is, for any € (0 < € < d), there exists tg > 0 such that

|®(t)x — E°|| < €, when t > t.

Hence, T;(t) > TP — ¢, and V(t) < € for all i = 1,--- ,n and t > t.
Using a time shift if necessary, without loss of generality, we can assume
Ti(t) > T; — €, V(t) < € for all ¢ > 0. Therefore, for ¢ > a, we have
T;(t —a) > T —¢, V(t —a) < e. By the assumptions of h;(T;, V) in
(Hy) — (Hy), we have

lim hz(Tz(t B a)7 V(t — a’)) B hz(Tz(t — CL), 0) _ ahz(Tz(t B a’)v 0)
V(t—a)—0 V(t—a) N ov ’

Therefore, if we choose € > 0 small enough, we have

hi(Ti(t — a),V(t — a)) S Oh;(Ti(t — a),0) s Ohi(T? — €,0) . Ohi(T = 6,0)

- )
V(t—a) oV ov oV ’
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for t > a. In this case, combining the second and third equations of
system (3), when ¢t > a, we get

(dV(t)

T Zfo Ii(t,a)da — cV ()
= ;Pi a)oi(a)hi(Ty(t — a), V(t — a))Lsada — eV (1)
> fo Zipi(a)ai(a)hi(ﬂ(t —a),V(t—a))da—cV(t)
> i 3 m(@oa) (PO - (e a)da - eV

> ZZZ pi(a)oi(a) (W - 5)V(t —a)da — ¢V (1).

Since [;° sz (a)oi(a )%da > ¢, there exists a solution w(t) going
infinity based on Lemma 5 for the following system

t n
‘“fh(f) - /0 Zpi(a)ai(a)<ah(av50) (5>w(t — a)da — cw(t).
A simple comparison argument, similar to that in [23], show the vari-
able V(t) goes infinity, which contradicts to the boundedness of solutions.
Therefore, W*(E) N X0 = §.

According to the results of [12], ®(t) is uniformly persistent, and there
exists a compact set I'’ C X° which is a global attractor for {®(¢)};>0 in
X0 [28]. Moreover, there exists y > 0 such that

liminf V(¢) > p and liminf ||;(¢,-)|| > p for all 1 <i <n.
t—00 t—00

4. Global stability

In this section, we prove the global stability of the infection-free equilib-
rium (infection equilibrium) when Ry < 1 (Ry > 1, respectively) with
the help of Lyapunov functional technique combined with the invariance
principle, highly inspired by the paper [26].

THEOREM 2. If Ry < 1, then the infection-free equilibrium E° of sys-
tem (1) is globally asymptotically stable.

Proof: Define a function
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Clearly, «;(a) is bounded and satisfies
al(a) = é;(a)a;(a) — pi(a), for all a >0,

and
Ni:ai(o):/ ps(0)e I3 3ds gg.
0

In the following, we define a Lyapunov functional W, =
Wo(T1, -+, T, V, It (4), -+, In(+)) as follows:

T.® hi(T2, V)
ZN( / M ) ani)

T;

+Z/ a;(a)L;(t, a)da + V(t).

Then Wy is non-negative and Wy(E?) = 0 at the infection-free equilibrium
E°. Calculating the time derivative of Wy along the solution of system
(1), we obtain

dW hi(T2, V) dT;(t)
3 ZN(l_vli%h( V)) dt

8[ ta dv(t
+Z/ )da—l- di)

0
—ZN( VL%+W)(Ai—diTi—hi(Ti,V)> (12)

—Z/ 81 t a) +(5i(a)Ii(t,a))da
—i—Z/ pi(a)l;(t,a)da — cV ().
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. N; Ohi(T7?,0
Note that d;T0 = \; and Ry = > —M We have
=1 ov
dWo| g (TE hi(T7, V)
dt lay ;NZdZTZ (f B 1) (1 B Vhf@.ﬂ hi(T;, V) )

n

_ZNh TZ,V)(1—V1LO+ e Tz,v Z;/O ai(a)dIi(t, a)
—Z/ ai(a)di(a) — pi(a))I;(t,a)da — cV
o h; (TZ , V)
ZNdT(i )(1_V1L0+h(TZ,V))

hi(T7,V)
_ZNh TZ,V +ZN}L Tl,v)vlirgl+m

1=1 i=1

~ 3 (@ila)Li(t, a)) ’°° + /OOO Ii(t, a)al,(a)da)

0
1=1
n oo

- Z/O (ci(a)di(a) — pi(a))Li(t,a)da — ¢V

_ZNdT(——l)(l—JE&%)

_;(ai( a)Ii(t,a)]| +ZNh (T, V) 1%%

<y vt (7 )(1—V1;0+h?;53) > (o))

—cV

a=o00

( V) hi (TP, v) h; (T?,0)
+cV (Z - th)h ha Ty, V)Vh 0 1)

i=1

By assumption (H3), we can easily obtain

0 . 0 0 ahi(Tz‘Ovo)
T ) (12 g TN (T2 N (- v ) <,
T, S ) ) T\ .01
(13)
Note that Oh (6‘;’0>/8h éV 0) # 1for T; # T2, T; > 0, V('%>(T0;)) The

equality in (13) holds only if T; = T}. Since (Hs) holds, then =572~ > 0
and h; (T, V) < V%:‘C“O) thus, we have

vV Ok (TO

dh; (T 0)

i=1

It follows from (12)—(14) that d?{“ < 0 when Ry < 1. If Ry < 1,
)

from Corollary 5.2 in Kuang [21], E° is globally asymptotically stable.
If Ry = 1, d?{" = 0 implies that T;(t) = T?, hence {E°} is the largest
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invariant set in {2}

" = 0}. By the LaSalle invariance Principle (see
for example [21]), E° is globally asymptotically stable. [ |

The following result shows that when Ry > 1 the infection equilibrium
is globally asymptotically stable.

THEOREM 3. If Ry > 1, then the infection equilibrium E* of system
(1) is globally asymptotically stable.

Proof: Let g(z) =2z —1—1Inz, z € Ry. Then function g(z) is non-
negative for any z > 0, and ¢g(z) = 0 if and only if z = 1. Define another
Lyapunov functional W = W(T,--- ,T,,V, I1(:), -+ , I,(-)) as follows:

V(t
W=W1+W2+V*g< V(*)>’

with

e (-1 [ ),
We= Z/ @i (G5 ) o

Then this functional is well-defined based on the uniform persistence of
the system. It is clear that W is non-negative and W(E*) = 0 at the
infection equilibrium E*.

The time derivative of W along the solution of system (1) yields

] )

) W
dt ly dt lq  dt V(t)

where

dWl n T* V*)
=3 (1 Tv*)m — Ty = ha(T3, V).
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and
dW I (a) oI;(t,a)
a Z/ Nz (t,a) ot d
-Z/ If“i o) — g )
- IHORYS
B Z/0 Ii(tva)>d

2, we consider the following formulation:

In order to obtain

I} (a) % (II((t();;) 3_ 1 —(ln I)I(t(a‘;) )
I (a Ii(t,a
b Ifzt(’?)%%&ma) >af (0) Iit,a)
*(a i(t,a (a i(t,a
= (1- If(t,a)>( 90 oa  I'(a) )
Thus, we have

SETITRI
o) - ) s
= L) 2 (g(f;';’a‘;))) — Si(@)i(t, @) + (o)} (@)
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From (15), we have

=1
-S|
+; /0 g(I;fo(’a‘;))(a;(a)J;(a) + ai(a) ;(“))da
+; /0 ai(a)éi(a)li(t,a)dc; —; /0 ai(a)di(a)IF (a)da
=3 Or O - ewr o)
Y| " o(F) (k) - o)) 1 (e
+;/0 al(a)éz(a)fz(t,a)da—;/o a;(a)di(a)I; (a)da
Then, it follows from (15) that
il = Le@roo(5E) - X awi@s(5),
Y| o(F) iy
Note that

S Nihi(T7, V) = &V, I(0) = hi(T7, V7).
=1
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After some complicated calculations, we obtain

_ iNidiTi* (1- 2) (1- %)
+;Nh @ v )
_ZNh (T ) (1- ?“// )
_|_ZNh (T7,V")g (Ti“//)))

hi(T;
t,a

Z/ pila tada+ZNhT“V))( )
—ZNdT(l——)(l—%)

+ZNh (T v(1- Pl V)
=1

1
TV 8
V)

+iNihi(Tf,V

h;

Tl, i
n

TZ,V hz(THV*)

)

(i
+ZNh (T, v* (
1

27

By the monotonicity of the function h;(7T;, V') with respect to T;, we have

T; hi(T7,V*)
1— L) (11— ) <.
( T)( him,V*))—O
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Furthermore, from the concavity and monotonicity of the function
hi(T;, V) on V, the inequalities

V hi(T;, V)
— <1, O<V V"
V*—}Z/Z(E’g/*)—7 )
hi(1;, V v
1< <—, V>2V*>0
S @y Sve CEY 7

hold, and we have

o(imv) =0(v)

from the monotonicity of the function g. The above argument shows
that dd—vf < 0 and the largest invariant subset of {% = 0} is a singleton
set {E*}. Hence, by the Lyapunov-LaSalle asymptotic stability theorem
[21], the infection equilibrium E* is globally asymptotically stable when

Ry > 1. |

5. Simulation and conclusions

In this section, we first present numerical simulations to validate theoret-
ical results. To perform numerical simulation, parameter values should
be appropriately chosen. We assume there are two types of target cells,
CD4™ T cells (type 1) and macrophages (type 2).

For the CD4™ T cells, we assume the functional forms for the viral
production kernel p;(a) and death rate of infected cells d;(a) take similar
forms as those in [40], that is

pi(a) = pi(1 —exp(—0i(a —a1)) and 01(a) = Ay + 1 if a > ay,
p1(a) =0 and 01(a) = Aq if 0 <a<ay,

where a; is the age at which reverse transcription is completed while 8 de-
termines how quickly p;(a) reaches the saturation level p}, A; represents
a background death rate of cells and p; is an extra death rate for pro-
ductively infected cells due to either viral cytopathicity or cell-mediated
immune responses. Other parameters are set as [40]: A\; = 10* ml~'day !,
di =0.01 day~!, ¢ = 23 day™!, hy(T1,V) = 2.4 x 107871V ml~tday !,
Ay =1 day !, a; = 0.25 day, 1 = 0.5 day !, pi = 6.4201 x 103 day !
and 67 = 1.

For the macrophages, we choose the following parameter set [9]:
Ao = 0.024 x 3.6 x 10° ml~'day—!, with dy = 0.024 day~! such that the
number of macrophage is 3.6 x 10° ml~! without infection. The death rate
for infected cells is assumed to be independent of age and d2(a) = 1/14.1
day~!. The kernel py(a) = 0.1 x exp(—3 x 0.00028a) [9]. For the infection
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term, we set ho(T2, V) = 1'0129% with ¢ being Michaelis-Menten half sat-
uration coefficient for virus in thymus (10% ml=!) and the rate of infection
of healthy macrophages being 1.19 per day [54].

When performing the numerical codes, we use the maximum age of
infected cells as 10 days [40], for both types of target cells. Then the
solutions are clearly shown to stabilize at a positive steady state for two

different sets of initial data (Figure 1) since in this parameter set, the
basic reproduction number Ry=1.4007 with R1=1.3874 and R5=0.0133,

where R; = L”p a)a’( )da oh év“ ) represent the reproduction numbers of
HIV-CD4* T cell infection (¢ = 1) and HIV-macrophages infection (i = 2)
modes, respectively. Using the similar simulation codes, we can also verify
that all solutions approach to the infection free equilibrium when the
basic reproduction number is smaller than unity (results haven’t been
shown here). From the basic reproduction numbers R; and Ry for two
different target cell types, the contribution of HIV-macrophages infection
does exist, although not so strong relative to HIV-CD4" T cell infection
with its relative contribution being very sensitive to the measurement of
corresponding parameter values.

Existing theoretical models of HIV infection have greatly improved our
understanding on the the HIV viral infection dynamics and production in
CD4™ T cells. Experiments and clinical data suggest that HIV can also in-
fect other cells such as macrophages, monocytes, dendritic cells and so on,
which is the main focus of the current manuscript. Here, we have analyzed
the dynamic behaviors of a general within-host virus model concerning
age structures in multiple infected target cells and a general nonlinear
incidence rate h;(7;, V). Since the lack of practical tools, it is normally
not easy to study the global properties of age-structured models with the
form of PDEs. In the current paper, the existence, uniqueness and rel-
ative compactness of solutions are investigated by following the idea in
[5]. By further employing the approach developed in Magal, McCluskey
and Webb [26] via constructing Lyapunov functionals, we investigate the
global stability of equilibria. The infection-free steady state is globally
asymptotically stable when the basic reproduction number is less than
or equal to unity, and the infected steady state is globally asymptotically
stable when the basic reproduction number is greater than one. Our anal-
ysis extends some existing results in the sense that the global stability was
analyzed for a model with various types of target cell populations, and the
general nonlinear rates, while some specific infection incidence assump-
tions, such as STV, F(T)G(V) and STV/(1 + k1T + k3V'), were used in
[13, 50, 57]. In addition, since our model was based on the HIV infection
models which have convergent asymptotic dynamics in the long term, the
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Figure 1. Panels (a)-(e) show the time evolution of solutions for all
variables with two different initial data sets. Panel (f) illustrates the
age-dependent steady state for infected cell loads of two different types.

result of this paper further shows that the incorporation of age-infection
does not change the global dynamics of within-host virus infection model.
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