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A study of coupled flexural-longitudinal wave motion in a
periodic dual-beam structure with transverse connection
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A theoretical study of the multi-coupling flexural and longitudinal waves that propagate in a periodic
dual-beam-type waveguide with structural connection branches is conducted. The analytical
equations of the transfer matrix method are derived for the wave transmission with consideration
given to the fully flexural and longitudinal motions that are tri-coupled at each connection. Based on
this transfer matrix method, numerical calculation is performed to investigate the characteristic
wave-types that propagate in a semi-infinite periodic structure. The complex wave-coupling
phenomena in the periodically connected dual-beam waveguide are then analyzed numerically.
Remarkably, it is found that three symmetric and three antisymmetric types of characteristic coupled
waves propagate in a periodic structure. The numerical results show that the energy contribution of
the coupled waves with respect to the source excitation depends on the forbidden band of the
wave-types and on the energy ratios and combination of wave-types. This study promotes the
fundamental understanding and prediction of coupled acoustic waves in multi-layered frame
structures. The long-term significance is that it may lead to a more effective control method for
structure-borne sound transmission in a multi-layered coupling structure.
© 2009 Acoustical Society of America. �DOI: 10.1121/1.3132706�
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I. INTRODUCTION

A number of building structures, bridges, container ship
structures, and steel-reinforced concrete constructions are
built from an assembly of a number of same or similar struc-
ture elements, of which the frames are typically coupled in
an identical manner to form a so-called “spatially periodic
structure.” The excited vibration and transmission of the me-
chanical waves in these structures—from side to side in a
bridge or layer to layer in a building—often give rise to
structure-borne noise problems in the connected spaces and
can sometimes even be harmful to the stability of the entire
structure. When they propagate through frame structures that
contain many connection branches, these structure-borne
sound waves are coupled and reflected by each connector.
The reflected and transmitted waves are then coupled and
reflected again by other connectors. This process is physi-
cally repeated and sets off infinite multi-interactions between
the coupling connections and propagating waves in a peri-
odic structure, which forms the dispersion bands of structure-
borne sound waves.

Early on, the dispersion bands of waves in periodic
waveguides were studied for the electro-magnetic waves in
solids,1 thus promoting our basic understanding of the prop-
erties of conductors, semi-conductors, and the like. Since the
late 1980s, the optical wave bands in media with periodical
modulation have been extensively studied, and these studies
have led to a number of practical applications, including the
advanced design of photonic crystals2 and waveguide
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devices.3 All of these studies have brought researchers
deeper insight into the dispersion properties of periodic
structures and have helped them to develop methods for the
theoretical calculation of wave propagation. In acoustics, the
classical problem of plane sound wave transmission in one-
dimensional periodic media can be tackled in an exact man-
ner via the transfer matrix method.4 The theoretical compu-
tations of band structures have also been well-documented
for sound waves in periodic acoustic structures by Kushwaha
and Mod.5 Enhanced wave transmission was modeled in rib-
reinforced floors about 50 years ago by using a beam that
was periodically loaded with eccentric attachments because
of wave coupling.6 Four different methods of calculating the
structure-borne sound propagation in beams with many non-
resonant discontinuities were demonstrated by Heckl,7 and
three of these methods took the coupling between longitudi-
nal and flexural waves into account. The fundamental and
central ideas in the area of periodic system characterization
was introduced by Mead.8 In this context, a quadratic and
well-posed spectral problem was studied to determine the
wave propagation constants of a periodic system. This work
was extended by Mead,9 which proposed a second order ma-
trix equation leading to the propagation constants of a peri-
odic system. Several years ago, a mathematical model for the
coupling of waves that propagate in a periodically supported
Timoshenko beam was presented by Heckl.10 Furthermore,
the propagation characteristics of coupled longitudinal and
flexural waves in beam-type transmission paths with asym-
metric loads in the form of resonant columns were theoreti-
cally analyzed11 and experimentally examined12 by Friss and
Ohlrich. However, little understanding of the fundamental

physical propagation characteristics of the coupling acoustic
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waves in multi-layered structures has been gained from these
studies. It is because they are commonly concerned with
models of a single-channel waveguide that comprises the
independent beam-type components or uncoupled wave
transmission path in the structure.

Therefore, the analytical study reported in this paper in-
vestigated the characteristics of the multi-coupling flexural
and longitudinal waves that propagate in a periodic dual-
beam-type waveguide with structural connection branches.
The propagation of waves in a semi-two-dimensional system
was adopted because the coupling interaction between the
waves at the connections and transmission paths through a
three-dimensional structure is so complicated that the theo-
retical predictions based on the series of approximations can
be very different from the actual experimental observations.
The transfer matrix method is developed by using the con-
cept based on the propagation constants8,9 of the waves in a
periodic structure so that it avoids the problems from inver-
sion of ill-conditioned matrices and the cumulative errors.
The developed method is therefore explicit and appropriate
for the calculation of the coupled waves in the periodic beam
structure.

II. THEORETICAL MODEL AND ANALYTICAL
FUNDAMENTALS

A. Simple model of a periodic dual-beam structure
with a transverse connection

This paper examines the band structure of flexural-
longitudinal wave propagation in a dual-beam coupling
structure that is periodically connected with transverse
branches. A simplified model is shown in Fig. 1. The
structure-borne sound consists of the flexural waves and lon-
gitudinal waves that propagate in two horizontal beams—A
and B are coupled at each connection with a vertical branch
Ci. The beams and branches discussed theoretically are even,
straight, isotropic, and homogeneous, and the following
physical parameters are assumed. ��1,2,3�=the density of
beams A and B and branch Ci, B�a,b,c�0=the bending stiffness
of beams A and B and branch Ci, E�A,B,C�=Young’s modulus
of beams A and B and branch Ci, k�A,B,C�f =the flexural wave
numbers of beams A and B and branch Ci, and k�A,B,C�l
=the longitudinal wave numbers corresponding to the acous-
tic speeds of the longitudinal wave c�1,2,3� of beams A and B

FIG. 1. Scheme of the semi-infinite periodic dual-beam structure and the
excitations.
and branch Ci. The characteristics of the wave-types and the
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energy transmission of the coupled flexural-longitudinal
waves in a semi-infinite periodic dual-beam structure are cal-
culated for analysis in a case study.

B. Wave transfer matrix and the propagation
constants of the characteristic wave-types

In the analytical model of this research, the coupled
wave components of the complex velocity �horizontal, verti-
cal, and rotational� and force �horizontal, vertical, and mo-
ment� vectors are used for describing the coupled wave mo-
tions and response in the dual-beam structure. For
mathematical derivation, all of the analytical equations in
this paper are based on the harmonic wave of separate fre-
quency �n with time dependence suppressed. Normally the
longitudinal and flexural waves in a beam can be expressed
in the form of the independent wave velocity components. In
addition, the longitudinal-flexural waves can be described by
the beam velocities and the corresponding forces caused by
the wave motions. At the connections of every periodic ele-
ment, the vector consisting of velocity and force components
can be related to the vector of the flexural-longitudinal waves
that propagate through the beams in a matrix form as fol-
lows:

�Vn

Fn
� = �SVF��vw� , �1�

�vw� = �vwA

vwB
� = �SVF�−1�Vn

Fn
� , �2�

where the velocity vectors of the flexural and longitudinal
wave components are expressed as

�vwA� = �vAf
+ vAf j

+ vAf
− vAf j

− vAl
+ vAl

− �T,

�vwB� = �vBf
+ vBf j

+ vBf
− vBf j

− vBl
+ vBl

− �T,

of which “�” donates the wave components propagating in
the positive x-direction, “�” donates the components going
in the negative x-direction, f , f j, and l donate the propagating
flexural, nearfield flexural, and longitudinal wave compo-
nents, respectively. The vectors of the velocities and forces
of the two beam channels, indicated by the subscripts a and
b, are expressed as

�Vn� = �Vya Vyb �a �b Vxa Vxb�T,

�Fn� = �Fya Fyb Ma Mb Fxa Fxb�T,

where Vx, Vy, and � are the x-degree, y-degree, and rota-
tional velocities in the beam, and Fx, Fy, and M are the
x-degree force, y-degree force, and moment acting on a
beam. To describe the relationship between the independent
flexural-longitudinal waves and the velocities-forces in two
beams, the waves to motions-actions transfer matrix �SVF�
takes on the matrix form:

T
�SVF� = �SV1 SV2 SV3 VF1 SF2 SF3� ,
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SVi = � DVai O6�1

O6�1 DVbi
�, SFi = � DFai O6�1

O6�1 DFbi
� , �3�

in which the matrix are derived by

DV�a,b�1 = �
1

1

1

1

0

0

�, DV�a,b�3 = �
0

0

0

0

1

1

� ,

DVa2 = �
− jkAf

− kAf

jkAf

kAf

0

0

�, DVb2 = �
− jkBf

− kBf

jkBf

kBf

0

0

� ,

DFa1 = �
jRAF

− RAF

− jRAF

RAF

0

0

� ,

and

DFb1 = �
jRBF

− RBF

− jRBF

RBF

0

0

�, DFa2 = �
RAM

− RAM

RAM

− RAM

0

0

� ,

DFb2 = �
RBM

− RBM

RBM

− RBM

0

0

�, DFa3 = �
0

0

0

0

RAl

− RAl

�, DFb3 = �
0

0

0

0

RBl

− RBl

� ,

RAM =
Ba0kAf

2

j�n
, RBM =

Bb0kBf
2

j�n
, RAF =

Ba0kAf
3

j�n
,

RBF =
Bb0kBf

2

j�n
, RAl = �1c1, RBl = �2c2.

It is clear that the y-degree velocities and forces, rotational
velocities, and moments in the beams A and B resulted from
the flexural wave motions, while the x-degree velocities and
forces in two beams resulted from the longitudinal wave mo-
tions. It should be noted that the wave-coupling effect in a

periodic dual-beam structure is caused by the vertical con-

116 J. Acoust. Soc. Am., Vol. 126, No. 1, July 2009

ution subject to ASA license or copyright; see http://acousticalsociety.org/c
nections. By introducing the dynamic continuity conditions
at the interfaces that are vertically connected with the branch
beams, the relationship between the velocities and the forces
of the coupled flexural and longitudinal waves at the connec-
tions of dual-beam structure can be characterized as a 12
�12 coupling transfer matrix that can be expressed as

�Vn

Fn
�

i

+

= �WC� � �Vn

Fn
�

i

+

, �4�

where

�Vn

Fn
�

i

−

and �Vn

Fn
�

i

+

denote the velocity and force vectors of the beam on the left
and right side of the connection points on beam A-B with Ci.
Based on the dynamic equilibrium on two sides of a branch
Ci, the wave-coupling matrix �WC� is given by

�WC� = � I6 O6

− ZCw � TCv I6
� , �5�

in which the transfer elements are given by

ZCw = � ZCl O2�4

O4�2 ZCf
� ,

ZCl = � Rcl − Rcl

− Rcl�Cl
−j Rcl�Cl

j � ,

ZCf = �
�Mc − �Mc �Mc − �Mc

− �Cf
−j �Mc �Cf

−1�Mc − �Cf
j �Mc �Cf�Mc

j�Fc − �Fc − j�Fc �Fc

− j�Cf
−j �Fc �Cf

−1�Fc j�Cf
j �Fc − �Cf�Fc

� ,

TCf = �
1 1 1 1

�Cf
−j �Cf

−1 �Cf
j �Cf

− jkCf − kCf jkCf kCf

− jkCf�Cf
−j − kCf�Cf

−1 jkCf�Cf
j kCf�Cf

�
−1

,

TCv = � TCl O2�4

O4�2 TCf
�, TCl = � 1 1

�Cl
−j �Cl

j �−1

,

Rcl = �3c3, �Cl = ekClh, �Cf = ekcfh,

�Mc =
B0CkCf

2

j�n
, �Fc =

B0CkCf
2

j�n
.

The new flexural and longitudinal waves that are excited in
the branch will result in the velocities and forces acting on
the two connection sides of the branch with the beams A and
B, so that the flexural and longitudinal waves will be coupled
there. Moreover, the transfer matrix of the longitudinal and
flexural waves propagating in the continuous beam period
�whose length=d� is given by

�vw�− = �Pwv��vw�+.
i+1 i
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�Pwv� =	
PAf O O O

O PAl O O

O O PBf O

O O O PBl


 ,

PAf =	
e−jkAfd 0 0 0

0 e−kAfd 0 0

0 0 ejkAfd 0

0 0 0 ekAfd

 ,

PBf =	
e−jkBfd 0 0 0

0 e−kBfd 0 0

0 0 ejkBfd 0

0 0 0 ekBfd

 , �6�

PAl = �e−jkAld 0

0 ejkAld
�, PBl = �e−jkBld 0

0 ejkBld
� .

It is generally understood that the flexural and longitudal
waves can propagate independently through the dual-beam
part between the connnection branches without coupling.
Therefore, the transfer relationship of the waves in the con-
tinuous beam part can be described by using the diagonal
matrices. On the whole, the coupled wave transmission in the
periodic structure can be expressed as

�Vn

Fn
�

i+1

−

= �Ue� � �Vn

Fn
�

i

−

, �7�

where the entire periodic transfer matrix is given

�Ue� = �SVF��Pwv��SVF�−1�WC� .

According to the Bloch wave theory,13 for a linear
acoustic system, when the acoustic waves are propagating
through a semi-infinite one-dimensional periodic structure,
the wave motions can be described as the characteristic
wave-types of Bloch waves. Then the relationship between
velocity vector �Vn�i and force vector �Fn�i at the two peri-
odic connection points nearby satisfies the form

�Vn��i�
− = 


j=1

N

v j,�i��� jn�, �Fn��i�
− = 


j=1

N

f j,�i��	 jn� , �8�

�v

f
�

�i+1�
= e
�v

f
�

�i�
. �9�

This represents a problem on the eigenvalue vector for the
transfer matrix �Ue�, where 
 j = � �
 jR+ j ·
 jI� are the pair
of jth eigen values—the frequency-dependent complex
propagation constants for the corresponding pair of
the N characteristic wave-types �N=6 for this periodic
structure�. Correspondingly the characteristic wave-types
are formulated by the eigenvectors �� jn	 jn�T, which take
on the form �� jn�= �XVxa

j ,XVxb
j ,X�a

j ,X�b
j ,XVya

j ,XVyb
j �T and

�	 jn�= �XFxa
j ,XFxb

j ,XMa
j ,XMb

j ,XFya
j ,XFyb

j �T. As the “attenuation
constant” of the coupled wave type, the real part 
 jR ex-

presses the exponential decay rate for the jth characteristic
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wave-type that propagates through a periodic beam element,
whereas the imaginary part 
 jI is defined as the “phase con-
stant,” of which the cosine value describes the phase transfer
of the jth characteristic wave-type that propagates through
each element. If the propagation constants of the positive-
going wave-types are defined as 
 j =
 jR+ ·
 jI�0� �
 jI�

2��, then, correspondingly, the real and imaginary parts of
the propagation constants ought to be negative. For the
frequency-dependent wave propagation in a periodic struc-
ture, the frequency domain is classified into pass bands, i.e.,
frequencies at which the coupled waves travel through the
periodic structure with little loss, and forbidden bands, i.e.,
frequencies at which the coupled waves propagating in the
periodic structure are evanescent. In an ideal case as the
damping factor is negligible, a pair �positive and negative-
going� of characteristic wave-types yield up to a pair of pure
imaginary propagation constants at any frequency within the
pass bands, which indicates that the coupled waves propagat-
ing through the periodic structure will not decay. On the
other side, the real parts of propagation constants are nonzero
at the frequencies within the forbidden bands, which indi-
cates that the coupled waves will be attenuated as propagat-
ing through the periodic structure. The zone of larger attenu-
ation constants, i.e., �
 jR� means that the corresponding
wave-type is in the stronger forbidden band of the periodic
structure. In the semi-infinite structure, only the positive-
going propagation constant 
 j =−�
 jR�− j�
 jI� is the reason-
able solution, because neither +�
 jI� nor +�
 jR� for a
negative-going wave-type is physically possible for the
phase retardation and energy decay in propagation.

III. ANALYSIS AND DISCUSSION

A. Settings and parameters used in computation

The numerical analysis and choice of the physical pa-
rameters for a semi-infinite periodic structure were designed
to investigate and reveal the coupling effects of wave propa-
gation. All of the computations and matrix manipulations
were conducted using MATLAB. Aluminum was chosen as the
beam material, of which Young’s modulus is E0=6.9
�1010 N /m2 with loss factor �=0.002 and density �0

=2700 kg /m3. The two equal beams are semi-infinite along
the x-direction and periodically connected by the transverse
beams with a same rectangular cross-section. The thickness
and width of the beam cross-section are h0=11 mm and d0

=50 mm, respectively, the periodic element length is l0

=550 mm and the length of transverse connection beam is
lc=500 mm. The results in the frequency domain computed
for the analysis and the discussion herein of the characteristic
coupled waves are normalized by using the non-dimensional
frequency parameter �n,11 which is given by

�n = �kfl0�2 = �n�12�0/E0�1/2�l0/h0� , �10�

where kf is the real wave number for the free flexural waves

that are propagating in beams A and B.
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B. Propagation constants and the nature of the
wave-types

Basically, there are six characteristic wave-types for the
coupled waves that propagate in the semi-infinite periodic
waveguide, which all contain both positive-going and
negative-going longitudinal and flexural wave motions in the
beams because of the multi-coupling at the beam connec-
tions. These characteristic wave-types can be divided into
two groups—symmetric and antisymmetric types—based on
the different phase relationships of the wave motions be-
tween beams A and B. Herein the symmetric wave-types are
named because the phase differences of the y-degree veloci-
ties between beam A and beam B are � and the phase dif-
ferences of the x-degree velocities between two beams are 0.
They are like the mirror images from the symmetry axis of
the dual-beam structure in x-direction. For the motions of
antisymmetric wave-types, the phase differences of the
y-degree velocities between beam A and beam B are 0 and
the phase differences of the x-degree velocities between two
beams are �. They are like the inverted images from the
symmetry axis of the dual-beam structure in x-direction. A
further step to describe the propagation characteristics of the
wave-types is to use the dispersion of the propagation con-
stants. The computed results for the attenuation constants 
R

and cos�
I� for the characteristic wave-types in the periodic
beam structure are plotted in Figs. 2�a�–2�c�. It can be seen
from Fig. 2�a� that the symmetric flexural-longitudinal wave
motion is governed by two types: �-I and �-II. It is found
that more attenuation zones belong to wave-type �-I, and
they fall off slowly and have broad forbidden bands. Those
that belong to wave-type �-II, which, for the most part, be-
long to the frequency region below �n=330, have pass
bands, but two strong forbidden bands from nearly �n

=25–47 and 133–177, where the attenuation constants of
�-II fall off rapidly and have sharp peaks at around two
significant symmetric resonant modes of the connecting
beam branch. It should be noted that the values of cos�
I�
are equal to 1 or −1 in most regions of the forbidden bands.
It can be seen from Fig. 2�a� that the two curves of cos�
I�
for the two wave-types overlap at certain normalized fre-
quencies where the attenuation constant is non-zero. This
implies that the propagation constants almost become com-
plex conjugates with the non-zero attenuation constant. Simi-
larly, it can be seen from Fig. 2�b� that the antisymmetric
flexural-longitudinal wave propagation is governed by two
wave-types: �-I and �-II. It is found that more attenuation
zones that correspond to the forbidden bands of type �-I fall
off slowly and have broad bands. Those of type �-II in most
regions below �n=310 have pass bands, but two significant
forbidden bands from nearly 62–72 and 219–271, where the
attenuation constants of �-II fall off rapidly and have two
sharp peaks at around two strong antisymmetric resonant
modes of the connecting beam branch.

Strong wave coupling occurs in the forbidden band gaps
of the coupled longitudinal-flexural waves, as they are
strongly attenuated through the periodic structure. In Fig.
2�c�, the attenuation constants and cos�
I� of the predomi-

nantly near-field wave-types are plotted as symmetric and
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antisymmetric types. For the predominantly near-field waves,
the attenuation constants are obviously larger than those for
the other wave-types, and all of the cos�
I� values are almost
equal to 1 or −1, which indicates that the energy of predomi-
nantly near-field waves decays dramatically as the waves

FIG. 2. Propagation constants of characteristic wave-types. �a� 
R and
cos�
I� of the symmetric flexural-longitudinal wave-types: �-I and �-II. �b�

R and cos�
I� of the antisymmetric flexural-longitudinal wave-types: �-I
and �-II. �c� 
R and cos�
I� of the symmetric and antisymmetric predomi-
nantly near-field wave-types.
propagate. As these two wave-types are in the strong forbid-
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den band regions, they can be ignored in the consideration of
structure-borne sound transmission through a periodic struc-
ture.

Figure 3 shows the indicative results of the phase behav-
ior of force-velocity vectors and further illustrates the phase
relationship of the motions and actions between two beams.
The phase vectors of the coupled flexural-longitudinal waves
at the connection between beams A and B are chosen in the
normalized frequency �n=150. Remarkably, it can be ob-
served that for symmetric wave-types �-I and II, the phases
of y-degree velocity Vy and rotational velocity � of beam A
are the reverse of those of beam B, and the phase of longi-
tudinal velocity Vx of beam A is the same as that of beam B.
In contrast, for antisymmetric wave-types �-I and II, it is
found that the phases of y-degree velocity Vy and rotational
velocity � of beam A are the same as those of beam B,
whereas the phase of longitudinal velocity Vx of beam A is
the reverse of that of beam B. As the frequency is chosen
from the pass bands of wave-types �-I and �-II, the phase
vectors of their forces and moments point in different direc-
tions than their velocities and rotational velocities, which, in
total, results in the positive energy flow constantly propagat-
ing along the periodic beams. However, the frequency is in
the forbidden bands of wave-types �-I and �-II, and almost
all of the phase vectors of their forces and moments are
perpendicular to the phase vectors of their velocity fields,
which indicates that the energy flow cannot continuously
propagate through the periodic structure because of energy
losses.

C. Excited waves in a semi-infinite periodic structure

In this section, the effect of wave coupling on the re-
sponse of an ideal semi-infinite periodic structure to two syn-
chronous point excitations is investigated via simulation us-
ing the analytical transfer matrix method. Two types of
harmonic source excitations that synchronously act on the
left side of the semi-infinite beams A and B �along the x-axis�
are considered. They are defined as the standardized syn-
chronous longitudinal �x-degree� forces of amplitude FS0

FIG. 3. Phase relationship of characteristic flexural-longitudinal wave vec-
tors in normalized frequency �n=150.
=E0S0 and the synchronous moments of amplitude MS0
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= �E0I0� / l0, where I0 is the second moment of area of the
beam elements and S0 is its cross-sectional area. The normal-
ized force/moment levels of the propagating wave-types
through the first to fifth beam elements are plotted in Figs.
4�a� and 5�a� in the conditions of being excited by the lon-

gitudinal forces and moments, which are defined as f̂ in
j

=20 log��fi,j� / �Fexcit��, where fi,j corresponds to the normal-
ized eigenvector 	 jn satisfying the condition that XFxA

j =1 is
being excited by the synchronous longitudinal forces, and
XMA

j =1 is the excitation of the synchronous moments. In
addition, the variations in the total flexural and longitudinal
energy levels of every beam element are plotted in Figs. 4�b�
and 5�b� in the forms given by

LElong = 10 log��0S0��vl
+�2 + �vl

−�2��
l0

cos2 klx · dx� , �11�

LEflex = 10 log �0S0�1

2
��v f

+�2 + �v f
−�2�l0

+ �v f
+v f

−�� cos�2kfx� · dx� , �12�

FIG. 4. Amplitude and energy transmission of coupled waves in response to
the excitation of synchronous longitudinal forces. �a� The normalized force
levels of the symmetrical wave-types �-I and �-II that propagate through
the first to fifth beam elements. �b� The total longitudinal and flexural energy
levels of the five beam elements for synchronous longitudinal force excita-
tion.
l0
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Herein the energy unit −J is suppressed because of the use of
standardized excitations.

For a periodic structure that is being excited by the syn-
chronous longitudinal forces FS0, the normalized force levels
of the symmetrical wave-types �-I and �-II that propagate
through the first to fifth beam elements are plotted and
shown in Fig. 4�a�. The near-field wave-types are neglected,
as they decay significantly after propagating through a few
elements, and the antisymmetric waves are omitted because
they cannot be excited in this case. Notably, it can be seen
from Fig. 4�a� that wave-type �-I is excited at a low level
and is attenuated significantly within the frequency regions
of about �n=0–11, 65–90, 195–256, and �n=285–320
�which belong to the main forbidden bands of �-I� as it
propagates through the structure, whereas wave-type �-II is
excited at a high level �i.e., the excited forces are near to the
source excitation forces� and propagates through the struc-
ture without significant attenuation at those frequency re-
gions. Similarly, wave-type �-II is excited at a low level and
is attenuated significantly within the frequency regions of
about �n=25–48, 136–180, and �n=330 and above �which
belong to the strong forbidden bands of �-II� as it propagates

FIG. 5. Amplitude and energy transmission of coupled waves in response to
the excitation of synchronous moments. �a� The normalized force levels of
symmetrical wave-types �-I and �-II that propagate through the first to fifth
beam elements. �b� The total longitudinal and flexural energy levels of the
five beam elements for synchronous moment excitation.
through the structure, whereas wave-type �-I is excited at a
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high level and propagates through the structure without sig-
nificant attenuation at those frequency regions. Figure 4�b�
shows the total longitudinal and flexural energy levels of the
five beam elements. It should be noted from this figure that
the total longitudinal energy is excited at a considerable level
�near to 73�, and the waves propagate through the structure
without significant energy loss at most frequency regions,
except for certain narrow zones that belong to the small for-
bidden bands of wave-type �-I or �-II. Two prominent gaps
in the curves of the total flexural energy level at the fre-
quency regions that correspond to the strong forbidden bands
of wave-type �-I can be observed, as the total flexural energy
level is mainly due to the coupling effect of the structure. On
the other hand, the total longitudinal energy level holds rela-
tively steady at most frequencies, as the total longitudinal
energy level is mainly due to the direct effect of the longitu-
dinal source exciting forces. In fact, these two prominent
gaps indicate that wave-type �-I contributes most of the en-
ergy to the total flexural energy level, compared with wave-
type �-II, at those frequency regions. This means that the
energy contribution of coupled waves with respect to source
excitation depends not only on the forbidden band of the
wave-types but also on the energy ratios and combination of
wave-types.

For a structure that is being excited by synchronous lon-
gitudinal forces MS0, the normalized force levels of sym-
metrical wave-types �-I and �-II that propagate through the
first to fifth beam elements are plotted separately in Fig. 5�a�.
The near-field wave-types and the antisymmetric waves are
again neglected. Notably, it can be seen from Fig. 5�a� that
the excited wave type �-I is excited at a low level and is
attenuated significantly within the frequency regions of about
� f =5–10, 30–40, 72–99, 132–164, and from 220 to 229,
which belong to the main forbidden bands of �-I as it propa-
gates through the structure. Besides, the wave-type �-II is
excited at a high level where the excited moments are near
the source excitation moments and the wave-type �-II propa-
gates through the structure without significant attenuation at
those frequency regions. Similarly, wave-type �-II is excited
significantly at a low level and is attenuated strongly within
the frequency regions of about � f =11–21, 218–270, and
� f =311 and above �which belong to the strong forbidden
bands of �-II� as it propagates through the structure, whereas
wave-type �-I is excited at a high level and propagates
through the periodic structure without significant energy loss
at those frequency regions. Figure 5�b� shows the total lon-
gitudinal and flexural energy levels of the five beam ele-
ments for synchronous moment excitation. A comparison of
the shapes of the curves of the total flexural energy level in
Fig. 5�b� with those in Fig. 5�a� shows that the propagating
flexural energy at frequencies approximately lower than 225
is mainly due to the transmission of wave-type �-I, whereas
the propagating flexural energy at frequencies approximately
higher than 225 is mainly due to the transmission of wave-
type �-II. Figure 5 again illustrates that the energy contribu-
tion of coupled waves with respect to source excitation de-
pends on the forbidden band of the wave-types and on the

energy ratios and combination of wave-types.
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IV. CONCLUSION

A new model based on a multi-coupling wave transfer
matrix has been developed to study the phenomena of the
coupled flexural-longitudinal waves that propagate in tri-
coupled dual-channel periodic beam-type waveguides. A
lightly damped semi-infinite structure that consists of two
equally thin semi-infinite beams connected with resonant
branches has been numerically analyzed. The connection
branches are the beams perpendicularly connected at regular
intervals. This type of waveguide can simulate a one- to
two-dimensional model of a column-beam frame for modern
steel-concrete buildings or bridges simply. The computed re-
sults of the complex propagation constants that govern the
transmission of wave-types in periodic structures have
clearly revealed the characteristics of pass and forbidden
bands and the wave-coupling phenomena. It is found that
there are six characteristic coupled wave-types that propa-
gate through such a structure, and these can be divided into
symmetric and antisymmetric groups of flexural-longitudinal
and predominantly near-field characteristic wave-types.
Their properties under different excitations are quantified
from the computed transmission of the normalized ampli-
tudes of the coupled wave-types together with the maximum
flexural and longitudinal energies along the wave-carrying
components. It has been revealed that the structure-borne
sound energy from the synchronous longitudinal excitations
at two beams mainly propagate through the periodic struc-
ture in the form of one or two types of symmetric character-
istic coupled flexural-longitudinal waves. In contrast, the
structure-borne sound energy from the synchronous rota-
tional sources that excite dual-channel beams mainly propa-
gate along the periodic structure in the form of one or two
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types of antisymmetric characteristic coupled flexural-
longitudinal waves. These results demonstrate that the en-
ergy contribution of coupled waves with respect to source
excitation depends on the forbidden band of the wave-types
and on the energy ratios and combination of wave-types.
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