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We study first- and second-order necessary and sufficient optimality conditions for approximate
(weakly, properly) efficient solutions of multiobjective optimization problems. Here, tangent cone,
e-normal cone, cones of feasible directions, second-order tangent set, asymptotic second-order
cone, and Hadamard upper (lower) directional derivatives are used in the characterizations. The
results are first presented in convex cases and then generalized to nonconvex cases by employing
local concepts.

1. Introduction

The investigation of the optimality conditions is one of the most attractive topics of
optimization theory. For vector optimization, the optimality solutions can be characterized
with the help of different geometrical concepts. Miettinen and Mikeld [1] and Huang and
Liu [2] derived several optimality conditions for efficient, weakly efficient, and properly
efficient solutions of vector optimization problems with the help of several kinds of cones.
Engau and Wiecek [3] derived the cone characterizations for approximate solutions of vector
optimization problems by using translated cones. In [4], Aghezzaf and Hachimi obtained
second-order optimality conditions by means of a second-order tangent set which can be
considered an extension of the tangent cone; Cambini et al. [5] and Penot [6] introduced
a new second-order tangent set called asymptotic second-order cone. Later, second-order
optimality conditions for vector optimization problems have been widely studied by using
these second-order tangent sets; see [7-9].
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During the past decades, researchers and practitioners in optimization had a keen
interest in approximate solutions of optimization problems. There are several important
reasons for considering this kind of solutions. One of them is that an approximate solution of
an optimization problem can be computed by using iterative algorithms or heuristic methods.
In vector optimization, the notion of approximate solution has been defined in several ways.
The first concept was introduced by Kutateladze [10] and has been used to establish vector
variational principle, approximate Kuhn-Tucker-type conditions and approximate duality
theorems, and so forth, (see [11-20]). Later, several authors have proposed other e-efficiency
concepts (see, e.g., White [21]; Helbig [22] and Tanaka [23]).

In this paper, we derive different characterizations for approximate solutions by
treating convex case and nonconvex cases. Giving up convexity naturally means that
we need local instead of global analysis. Some definitions and notations are given in
Section 2. In Section 3, we derive some characterizations for global approximate solutions of
multiobjective optimization problems by using tangent cone, the cone of feasible directions
and e-normal cone. Finally, in Section 3, we introduce some local approximate concepts
and present some properties of these notions, and then, first and second-order sufficient
conditions for local (properly) approximate efficient solutions of vector optimization
problems are derived. These conditions are expressed by means of tangent cone, second-order
tangent set and asymptotic second-order set. Finally, some sufficient conditions are given for
local (weakly) approximate efficient solutions by using Hadamard upper (lower) directional
derivatives.

2. Preliminaries

Let R" be the n-dimensional Euclidean space and let R” be its nonnegative orthant. Let C
be a subset of R", then, the cone generated by the set C is defined as cone(C) = Uas0aC,
and int C and clC referred to as the interior and the closure of the set C, respectively. A set
D c R" is said to be a cone if cone D = D. We say that the cone D is solid if int D #§, and
pointed if D N (-D) ¢ {0}. The cone D is said to have a base B if B is convex, 0 ¢ cl B and
D = cone B. The positive polar cone and strict positive polar cone of D are denoted by D*
and D%, respectively.
Consider the following multiobjective optimization problem:

min{f(x): x € S}, (2.1)

where S C R" is an arbitrary nonempty set, f : S — R™. As usual, the preference relation <
defined in R™ by a closed convex pointed cone D C R™ is used, which models the preferences
used by the decision-maker:

Y,z€Y, y<zé&y-ze€-D. (2.2)

We recall that xy € S is an efficient solution of (2.1) with respect to D if (f(xp) — D) N
f(S) = {f(x0)}. xo € Sis a weakly efficient solution of (2.1) with respect to D if (f(xo) —
intD) N f(S) = O (in this case, it is assumed that D is solid). xo € S is a Benson properly
efficient solution (see [24]) of (2.1) with respect to D if clcone(f(S)+D - f(xp)) N (-D) = {0}.
Xo € S is a Henig’ properly efficient solution (see [24]) of (2.1) with respect to D if xy €
E(f,D’), for some convex cone D' with D \ {0} CintD'.
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Definition 2.1 (see [18, 25]). Let g € D \ {0} be a fixed element, and € > 0.

(i) x € S is said to be a weakly eg-efficient solution of problem (2.1) if (f(S) — f(x) +
€q) N (—int D) = @ (in this case it is assumed that D is solid).

(ii) x € Sis said to be a efficient eg-solution of problem (2.1) if (f(S) - f(x)+eq)N(-D\
{0}) =0.
(iii) x € Sis said to be a properly eg-efficient solution of problem (2.1), if cl cone(f(S) +
eq+D - f(x)) N (-D) = {0}.
The sets of eg-efficient solutions, weakly eg-efficient solutions, and properly eg-

efficient solutions of problem (2.1) are denoted by AE(f,S,eq), WAE(f, S, eq), and
PAE(f, S, eq), respectively.

Remark 2.2. 1If € = 0, then eg-efficient solution, weakly eg-efficient solution, and properly eg-
efficient solution reduce to efficient solution, weakly efficient solution and properly efficient
solution of problem (2.1).

Definition 2.3. Let Z C R™ be a nonempty convex set.
The contingent cone of Z at z € Z is defined as

T(z,Z) = {d € R™ : there exists t; | 0 and d; — d such that z + t;d; € Z}. (2.3)

The cone of feasible directions of Z at z € Z is defined as

F(z,Z) = {d € R™ : there exists t > 0 such that z + td € Z}. (2.4)

Let € > 0, the e-normal set of Z at z € Z is defined as

Ne(z,Z):{yeRm:yT(x—z)Se, \7’er}. (2.5)

Lemma 2.4 (see [26]). Let N, K C R™ be closed convex cones such that N N K = {0}. Suppose that
K is pointed and locally compact, or int K* # 0, then, (-N*) N Ks* #(.

3. Cone Characterizations of Approximate Solutions: Convex Case

In this section, we assume that f(S) is a convex set.

Theorem 3.1. Let x € Sand € > 0. If
F(f(),f(S))n(-eq-D\ {0}) =9, (3.1)

then x € AE(f, S, eq).

Proof. Suppose, on the contrary, that x ¢ AE(f, S, €q), then, there exist x € Sand p € D \ {0}
such that f(x) — f(x) + eq = —p. That is, f(x) = f(x) + (—eq — p). Therefore, —eq —p €
F(f(x), f(S)), which is a contradiction to F(f(x), f(S)) N (—eq— D \ {0}) = @. This completes
the proof. O
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Theorem 3.2. Letx € S.

(i) FT(F(), £(5)) N (-D\ {0)) = 0, then X € PAE(F, S).

(ii) Let € > 0, and D is solid set and g € int D. If T(f (x), f(S)) N (-eq — D \ {0}) = @, then
x € PAE(f, S, eq).

Proof. (i) Suppose, on the contrary, that X ¢ PAE(f, S), then, there exists g € —D \ {0} such
that g € clcone(f(S) — f(x) + D). Hence, there exist A\, € Ry, x, € Sand g, € D,n € N such
that A, (f (x,) — f(X) + gu) — g. Since g #0, there exists n € N such that A, > 0.

Since f(S) is convex set, clcone(f(S) — f(x)) = T(f(x), f(S)). Hence, clcone(f(S) -
f(x))n(-D\ {0}) = 0. From Lemma 2.4, there exists u € D" such that (1, y) > 0, for all
y € clcone(f(S) - f(x)).

On the other hand, from u € D°*, we have (u,q) < 0. Therefore, there exists n; €
N such that (u, f(xy,) = f(X) + gn,) < 0, and so (u, f(x,,) — f(x)) < 0, which deduces a
contradiction, and the proof is completed.

(ii) Now, we let € > 0. From T(f (x), f(S)) N (—eq — D \ {0}) = @, we have

T(f(@), f(S)) N (~int D) = §. (3.2)

In fact, if there exists p € R™ such that p € T(f(x), f(S)) N (—int D), then, from g € intD
and € > 0, there exists A > 0 such that p; = -Ap —eq € D \ {0}. Hence, —eq —p1 = Ap €
T(f(x), f(S))Nn(-eq— D \ {0}), which is a contradiction to the assumption.

Since f(S) is a convex set, clcone(f(S) — f(x)) = T(f(x), f(S)). Hence,

clcone (f(S) - f(x)) N (-intD) = 0. (3.3)

By using the convex separation theorem, there exists u € R™ \ {0} such that (u,y) > 0, for all
y €—intDand (u,y) <0, forall y € clcone(f(S) — f(x)). It is easy to get that (u,y) >0, for
all y € -D. Hence, (u,y) >0, forall y € —int D.

Suppose, on the contrary, that X € PAE(f, S, eq), then, there exists ¥ € R™ such that

y eclcone (f(S)+eq+D - f(x))n(-D\ {0}), (3.4)

and there exist i, € cone(f(S) +eq+D - f(x)), for all n € N such thaty, — ¥. That is, there
exist \, > 0,x, € S and p, € D, for all n € N such that y,, = A, (f (x,) + eq + pn — f(x)), for all
n € N. Since Y #0, there exists n; € N such that A,, > 0, for all n > ny. From e > 0, g € intD
and p, € D, foralln € N, we have eq + p, € int D, for all n € N. Therefore,

(u,yn) = A (u, f(xn) = @) + (w,q + pu) } < Au(u, f(xn) = f(X)) <O, Yn>m. (3.5)

Which implies (u#,7) < 0. On the other hand, from iy € -D \ {0}, we have (u,y) > 0, which
yields a contradiction. This completes the proof. O

Remark 3.3. 1If € = 0, then the conditions of Theorems 3.1 and 3.2 are also necessary(see [2]).
But for € > 0, these are not necessary conditions, see the following example.
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Example 3.4. LetD = R2, q = (1,1)',S = {x e R : x1 2 0,x, > 0},f : S — R?, f(x) = x,
e=1/2and X = (1/2,1/2)!, then, X € AE(f, S, eq) and X € PAE(f, S, eq). But F(f (%), f(S)) =
R? = TQ()f(Y),f(S)) Hence, F(f(x), f(S)) N (-eq— D\ {0}) #@and T(f(x), f(S)) N (-eq - D\
{0}) #0.

Theorem 3.5. Let x € S, € > 0, D be a solid set and q € intD. If there exists u € —(D* \ {0})
such that (-u,q) > 1 and u € N(f(x), f(S)), then x € WAE(f,S, eq). Conversely, if X €
WAE(f, S, eq), then there exists u € —(D* \ {0}) such that (-u,q) = 1and u € N.(f(x), f(S)).

Proof. Assume that, there exists u € —(D* \ {0}) such that (-u,g) > 1and u € N.(f(x), f(S))-
Suppose, on the contrary, that x ¢ WAE(f, S, eq), then, there exist p € —int D and x € S such
thatp = f(x)-f(x)+eq. Fromu € —(D*\{0}) and (-u, q) > 1, wehave (u, f(x)—-f(X)+eq) > 0.
Hence,

(u, f(x) = f(x)) >—(u,eq) > e. (3.6)

On the other hand, from u € N.(f(x), f(S)), we have (u, f(x) — f(X)) < e, which is a
contradiction to the above inequality. Hence, x € WAE(f, S, eq).

Conversely, let x € WAE(f, S, €q), then, (f(S) - f(X) + eq) N (-int D) = @. Since f(S) is
convex and D is a convex cone, there exists u € —(D* \ {0}) such that (u, f(x) — f(X) +€q)) <
0, for all x € S. Since g € intD, there exists u € —(D* \ {0}) such that (-u,q) = 1 and
(u, f(x) - f(x)+eq) <0, for all x € S. Therefore, (u, f(x) - f(X)) < —(u,eq) =¢, forallx € S,
which implies u € N.(f (x), f(S)). This completes the proof. O

Theorem 3.6. Let X € S and € > 0. If there exists u € —D*" such that (—u,q) > 1 and u €
Nc(f(x), f(S)), then X € PAE(f, S, eq). Conversely, assume that D is a locally compact set, if x €
PAE(f, S, eq), then there exists u € —D** such that (-u,q) =1 and u € N(f(x), f(S)).

Proof. Assume that, there exists u € —D*" such that (-u,q) > 1 and u € N(f(x), f(S)).
Suppose, on the contrary, that X ¢ PAE(f, S, eg), then, there exists p € R™ such that

p € clcone (f(S)+eq+D - f(xX)) N (-D\ {0}), (3.7)

and there exists p, € cone(f(S) + eq + D — f(x)), for all n € N such that p, — p. From
u € D" and p € (-D \ {0}), we have (u,p) > 0. Hence, there exists n; € N such that
(u,pn) > 0, for all n > ny. From p,, € cone(f(S) + eq + D — f(x)), for all n € N, there exist
A 20,x, €S, and g, € D such that p,, = A,,(f(x) + €9 + g, — f(x)), for all n € N. Therefore,
(u, f(xp)+eq+gn—f(x)) >0, for all n > n1, which combing with g, € D and (-u, ) > 1 yields
(u, f(xn) = f(X)) > —(u,eq) > ¢, for all n > ny, which is a contradiction to u € N.(f (%), f(S)).
Hence, x € PAE(f, S, €q).
Conversely, let x € PAE(f, S, €q), then,

clcone (f(S) +eq+D - f(x)) N (-D) = {0}. (3.8)

Since f(S) is a convex set, clcone(f(S) + eq + D — f(x)) is a closed convex cone. From
Lemma 2.4, there exists u € (-D)*" = —D** such that u € —(clcone(f(S) + eq+ D — f(x)))".
Since g € int D, D* and (cl cone(f(S) +eq+D - f(x)))" are cone, there exists u € (-D)*" such
that (-u,g) =1 and u € —(clcone(f(S) +eq+ D - f(X)))".
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Now, we prove that u € N¢(f (%), f(S)). Thatis, (u, f(x) — f(x)) <€, forallx € S.
From u € —(clcone(f(S) +eq+ D - f(x)))", we have

(u, f(x) - f(X)+eq+p) <0, VxeS§ peD. (3.9)

Since 0 € D and (-u,g) =1, we have
(u, f(x) - f(x)) <—(u,eq) =¢, Vxe€S. (3.10)

Which implies u € N¢(f(x), f(S)). This completes the proof. O

Example 3.7. Let D = R3, gl =1, S={xeR:x >0,x, > 0L,f:S — R, f(x) = x,
e=1/2andx =(1/2,1/2) ,then,?eWAE(f,S,e)andEePAE(f,S,e).Letu:—(1/2,1/2)T,
then (u,p) =land u € N.(f(x), f(S)) = {x e R> : 31 + x2 > —1,x1 < 0,x0 < 0}.

Remark 3.8. (i) If e = 0 and D = R, then Theorems 3.1 and 3.5 reduce to the corresponding
results in [1].

(ii) In [1], the cone characterizations of Henig’ properly efficient solution were
derived. We know that Henig’ properly efficient solution equivalent to Benson properly
efficient solution, when D is a closed convex pointed cone(see [24]). Therefore, if ¢ = 0 and
D = R, Theorems 3.2 and 3.6 reduce to the corresponding results in [1].

4. Cone Characterizations of Approximate Solutions: Nonconvex Case

In this section, f(S) is no longer assumed to be convex. In nonconvex case, the corresponding
local concepts are defined as follows.

Definition 4.1. Let g € D \ {0} be a fixed element and € > 0.

(i) x € Sis said to be a local weakly eg-efficient solution of problem (2.1), if there exists
a neighborhood V of x such that (f(SNV) - f(x) + eq) N (—int D) = @ (in this case,
it is assumed that D is solid).

(ii) x € S is said to be a local eg-efficient solution of problem (2.1), if there exists a
neighborhood V of x such that (f(SNV) - f(x) +eq) N (=D \ {0}) = 0.

(iii) x € S is said to be a local properly eg-efficient solution of problem (2.1), if there
exists a neighborhood V of x such that clcone(f(SNV)+eq+D—f(x))N(-D) = {0}.

The sets of local eg-efficient solutions, local weakly eg-efficient solutions and local
properly eg-efficient solutions of problem (2.1) are denoted by LAE(f, S, eq), LWAE(f, S, eq)
and LPAE(f, S, eq), respectively.

If € = 0, then, (i), (ii), and (iii) reduce to the definitions of local weakly efficient
solution, local efficient solution and local properly efficient solution, respectively, and
the sets of local (weakly, properly) efficient solutions of problem (2.1) are denoted by
LE(f,S) (LWE(f,S), LPE(f, S)), respectively.
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Definition 4.2 (see [4, 5]). Let ZC R™ and y,v € R™.

(i) The second-order tangent set to Z at (v, v) is defined as

1
TZ(Z,y,U) = {d €R":3t, 10, 3d, — d such that y, =y + t,v + Etidn e/, Vne N}.
(4.1)

(ii) The asymptotic second-order tangent cone to Z at (y, v) is defined as

T'(Z,y,0) = {d € R™: 3(t,, ) | (0,0), 3d, — d
(4.2)

t _ 1
such that r—"—> 0, yn=x+t,v+ Etnrndn e€eZ, Vne N}.
n

In [4-9], some properties of second-order tangent sets have been derived, see the
following Lemma.

Lemma 4.3. Let y € cl Z and v € R™, then,

() T?(Z,y,v) and T"(Z,y,v) are closed sets contained in clcone [cone (Z — y) — v], and
T"(Z,y,v) is a cone.

(i) If v¢T(y, Z), then T*(Z,y,v) = T"(Z,y,v) = 0. Ifv € T(y, Z), then T>(Z,y,v) U
T'(Z,y,v)#0. If y € intZ, then T>(Z,y,v) = T"(Z,y,v) = R™, and T*(Z,y,0) =
T'(Z,y,0) =T(y, Z).

(iii) Let Z is convex. If v € T(y,Z) and T"(Z,y,v) #0, then T*(Z,y,v) C T"(Z,y,v) =
clcone [cone(Z -y) —v] =T(v,T(Z, y)).

Definition 4.4 (see [27]). Let K C R* and ¢ : K — Rbe a nonsmooth function. The Hadamard
upper directional derivative and the Hadamard lower directional derivative derivative of ¢
at x € K in the direction d € R" are given by

ap P ~9)
h—d t

: i oo P+ ER) — 9(x)
9 x) =i jnf

P (x,d) = I}lrgl
(4.3)

Lemma 4.5 (see [7]). Let Y be a finite-dimensional space and yo € E C Y. If the sequence y, €
E \ {yo} converges to yo, then there exists a subsequence (denoted the same) vy, such that (y, —
Yo)/t, converges to some nonnull vector u € T (yo, E), where t, = ||y, — yol|, and either (y, — yo —
tau)/(1/ 2)tﬁ converges to some vector z € T*(E, Yo, u) N ut or there exists a sequence r, — 07 such
that t, /1ty — 0and (yn — yo — tarr) / (1/2)t,r, converges to some vector z € T"(E, yo, u) Nu't \ {0},
where u* denotes the orthogonal subspace to u.

In the following theorem, we derive several properties of local (weakly, properly)
approximate efficient solutions.
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Theorem 4.6. (i) Let int D # 0, then, for any fixed q € D \ {0},

LWE(f,S) ¢ (\LWAE(f, S, eq). (4.4)

e>0

Conversely, if x € S, and there exists a neighborhood % of X such that (f(SN V) - fx)) N (-eq -
intD) =0, forall € > 0, that is, x € WAE(f,SN V, €q), for all € > 0, then x € LWE(f, S).

(ii) For any fixed g € D \ {0}, LE(f,S) C (s LAE(f, S, €q). Conversely, if x € S and there
exists a neighborhood V' of X such that for any fixed g € D \ {0} and € > 0, (f(SNV) - f(X)) N
(—eq— D\ {0}) =0, then x € LE(f, S).

(iii) For any fixed q € D \ {0}, LPE(f,S) C (N\eso LPAE(f, S, €q). Conversely, if x € S and
there exists a neighborhood V of X such that for any fixed g € D\ {0} and e > 0, cone(f(S N
V) - f(x) + eq + D) is a closed set, and (clcone(f (SN V) - f(x) +eq+ D))n(-D) = {0}, then
x € LPE(f,S).

Proof. (i) Let x € LWE(f, S), then, there exists a neighborhood V; of X such that f(SNV;) -
f(x)N(-intD) = @. From g € D \ {0}, we have

f(SNVh1) - f(X)N (—eq—intD) =0, Ve>O0. (4.5)

Which implies X € (..o LWAE(f, S, €g).

Conversely, we assume that there exists a neighborhood V of X such that X €
WAE(f,Sn V, €q), for all € > 0. Suppose, on the contrary, that x ¢ LWE(f, S), then, for any
neighborhood V of Xf(SNV) — f(x) N (—intD) #0. Take V = V, then, there exist p € intD
and x € SNV such that f(x) — f(X) = —p. Therefore, if ¢ > 0 is sufficiently small, we
have f(x) — f(x) = -p = —eq — (p — €q) € —eq — intD, which is a contradiction to
X € WAE(f,S NV, eq), for all € > 0. This completes the proof.

(ii) It is easy to see that LE(f, S) C ..o LAE(f, S, €q).

Conversely, we assume that there exists a neighborhood V of X such that for any fixed
geD\{0}and e >0, (f(S nV) - f(x))n(-eq—- D\ {0}) = 0. Suppose, on the contrary, that
x ¢LE(f,S), then, for any neighborhood V of X, we have f(SNV) - f(x)N(-D\ {0}) # 0. Take
V =V, then, there exist peD\{0}andx € Sn V such that f(x) - f(x) =-p. Takeq =p/2
and € =1, then, f(x) - f(X) =-p=—-eq—p/2 € —eq— D\ {0}, which is a contradiction to the
assumption. This completes the proof.

(iii) It is easy to see that LPE(f, S) C ..o LPAE(f, S, €q).

Conversely, we assume that there exists a neighborhood V of X such that for any fixed
g € D\ {0} and € > 0, cone(f(S N V) - f(x) + eq + D) is a closed set, and (clcone(f(S N
V) - f(x) +eq+ D)) n(=D) = {0}. Suppose, on the contrary, that x ¢ LPE(f, S), then, for any
neighborhood V of X, we have cl cone(f(SNV) - f(x) + D) N (~D \ {0}) #0. Take V = V, then,
there exist A >0,p, € D\ {0},p, € Dandx € S NV such that AMf (x) = f(x) +p,) = —p,. Take
g =p1/2X and € = 1, similar to the proof of (ii) we can complete the proof. O
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Theorem 4.7. Let f be a continuous functionon S, x € S, and € > 0.

() IFT(f (%), f(S)) N (~eq — D) = 0, then X € LAE(f, S, eq).

(ii) IF T(f(®), £(S)) N (~eq ~ D) #8, and for each v € T(f (%), £(S)) N (~eq - D)

T*(f(S), f(X),v) Nv* N (~clcone (D + eq +v)) =0,
(4.6)
T"(f(S), f(x),v) Nv" N (~clcone(D +eq +v)) = {0},

then x € LAE(f, S, eq).

Proof. (i) Let T(f(x), f(S)) N (—eq — D) = @. Suppose, on the contrary, that x ¢ LAE(f, S, eq),
then, there exists x, € S and x, — X such that f(x,) - f(x) +eq € -D \ {0}, forall n € N.
Since f is a continuous function and D is a pointed cone, f(x,) # f(x), for all n € N and

f(xn) = f(x). Therefore, (f(xn) = f(X))/[If(xn) = f(O)|| = d € T(f(%), f(5))-

On the other hand, for any n € N, we have

fa)-f® 1 -
7 < TG - reof 77PN OV
(4.7)
1
_ D 0 . _1 .
C <€q+ \ }+<||f(xn)—f(§)|| >€q>
Since f(x,) — f(x) and g € D \ {0}, there exists n; € N such that
1

<IIJ‘(T—J‘(Y)II_1>€’7€D’ vnzn. (4.8)

Hence, d € —(eq + D), which is a contradiction to the assumption. This completes the proof.
(ii) Suppose, on the contrary, that x ¢ LAE(f, S, eg). Similar to the proof of (i), we have
there exists x,, — x such that

fxn) - f(%)

T =y —4€T(f(®), f(5)) N (-eq-D). _
e —r@ 2 cTU® f9)n(-eq-D) (49)

Let t, = [[f(xn) = f(X)|| and z,, = /) ((f(xn) — f(X))/t, — d), for all n € N. Similar to
the proof of Lemma 4.3, we have there exists z € R™ such that z € T?(f(S), f(X),d) Nnd* n
—clcone(eq + D +d) or z € T"(f(S), f(x),d) nd* \ {0} N —clcone (eq + D + d), which is a
contradiction to the assumptions. This completes the proof. O
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Corollary 4.8. Let f be a continuous functionon S, x € S and € = 0.
(1) FT(f(x), f(S)) N (=D) = {0}, then X is a local efficient solution of problem (2.1).
(ii) IF T(f (%), f(S)) N (=D \ {0}) #0, and for each v € T(f (x), f(S)) N (=D \ {0})

T2(£(S), f(X),v) Nv* N (~clcone (D +v)) =0,

(4.10)
T"(f(S), f(X),v) N v' N (=clcone (D +v)) = {0},
then X is a local efficient solution of problem (2.1).
Proof. The proof is similar to Theorem 4.7. O

Remark 4.9. If f(S) is convex, then the condition (ii) of Theorem 4.7 is equivalent to the
following condition

(i) T(f(x), f(S)) N (~eq - D) #6, and for each v € T(f(x), f(S)) N (—eq — D)

0¢T2(f(S), f(X),v), T'(f(S), f(x),v)nv'n (~clcone (D +eq+v))={0},  (4.11)

since T?(f(S), f(X),v) C T"(f(S), f(X),v) by Lemma 4.3(iii).
Theorem 4.10. Let f be continuouson S,x € S, and € > 0.

(i) Assume that D has a compact base B, p = ab for b € B and a > 0, and there exists 6 > 0

such that (f(S) - f(x))no6U c T(f(x), f(S)). IfT(f(x), f(S))Nn(-eq—D \ {0}) =0,
then x € LPAE(f, S, eq).

(ii) Assume that T(f (x), f(S)) N (—eq— D\ {0}) #0, and there exists p > 0 such that for each
de (T(f(x), f(S))\{0}) N (—eq — D + pU) the following conditions hold

T*(f(S), f(x),d) nd* N (—clcone (D +eq+ pU +d)) =0,
(4.12)
T"(f(S), f(x),d) nd" N (~clcone(D +eq + pU +d)) = {0},
then x € LPAE(f, S, eq), where, U denotes the closed unit ball of R™.
Proof. (i) Let T(f(X), f(S)) N (—eq — D \ {0}) = §, then, T(f (%), f(S)) N (=\eb — B) = @, for all

A > 0. The assumptions and the separation result [28, page 9] implies that for any A > 0 there
exists a neighborhood V) of 0 such that

T(f(%), £(S)) N (~\eb— B +V)) = 0. (4.13)

Suppose, on the contrary, that X ¢ LPAE(f, S, €g), then, for any neighborhood V of 0, we have

clcone <f<Sﬁ <E+ %)) - f(x) +eq+D> N (=D \ {0}) #0. (4.14)
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Therefore,
clcone (f(Sﬁ<§+%>>—f(§)+eq+D>ﬁ—B#@. (4.15)

That is, for any n € N there exist z, € clcone(f(S N (x + V/n)) - f(x) + eq + D) N (-B),
and so, for any n € N there exists AX > 0, xk € Sn (x + V/n) and pX € D such that zk =
AR(f(xK) = f(x) + eq + pk) and zk — z,. Since zX — z,, there exists k; € N such that

zk € z, + V, forall k > ky. By zK = A (F(xK) - f(X) + eq + p¥), we have
(F(xh) - f@) € zut V= Ak (eq+p), Y2k (4.16)

Let pk = pkok for pk > 0 and 0% € B, then,

k

Ak k _ Zn Ak prok ae\kb \%4
- = + - + . 4.17
1+ AKpE (r(=) - @) < T e ) g Ty 4

Let vk = —z, /(1 + AKBE) + AkBkok /(1 + AkpE), then, yX € B, since B is a convex set, and so,

)Lk
1+ Ak

aelkb N \%4
T+AKk 14+ 0kpk”

(f (x’,i) -f (@) €~Yn - Vk > ki. (4.18)

On the other hand, from x’,i € SN (x+V/n), we have x’,j — xwhenn — owand k — oo.

Since f is a continuous function, f(xX) — f(X) whenn — oo and k — oo, which combining
with the assumption (f(S) - f(x))N6U C T(f(x), f(S)) yields there exist n; € N and k,, € N
such that

F(xh) - f@®) € (F(S) - f@) N6U CT(F(R), £(S)), VK= k. (4.19)

From z,, #0, there exists Enl € N such that )L’fll > 0, for all k > Enl. Take k; = max{ knl,znl },
and let A = az\ﬁﬁ /(1+ /\ﬁﬁ ﬂﬁf) > 0. Since V is an arbitrary set, it follows that

kz
A

ko pko
1+ A B

<f (J@’Z) -f (Y)) € (-B - Xeb + V)). (4.20)

Which is a contradiction to (4.13). This completes the proof.
(ii) Suppose, on the contrary, that x ¢ LPAE(f, S, €), then, for any y > 0and n € N, we
have

clcone (f(Sﬁ <§+ #)) - f(x) +eq+D> N (=D \ {0})#0. (4.21)

Let V = yU. Similar to the proof of (i), we have for any n € N there exist Ak > 0, xk €

SN (x+ V/n), and p* € D such that zk = AK(f(xk) - f(X) + eq + pk) and zk — z,. Itis
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obvious that f(xk) # f(x). Otherwise, z,, € (eq + D) N (=D \ {0}), which is a contradiction to
the assumption that D is a pointed cone. Since z, #0 and z& — z,, there exists k; € N such
that )Lﬁ > 0 and zﬁ € z, +V, forall k > ky. From xﬁ € 5N (x +V/n), we have x,’§ — X, when
n — oo and k — oo. Since f is a continuous function and f(xX) # (%), it is easy to see that

(fQ) = FEN/IIf () = @I — d € T(f(), f(S))- From zj; = Li(f(x}) - f(X) + eq +py),

we have for sufficiently large n,k € N

fOE)-f®@  Zh-Ai(eq+p})

7G5 -r@l| [ r (<) - r@)|| (4.22)
On the other hand, we have
k- Af(eq+pl)
A% f(xii) - f(®@) || €req- bV, (4.23)
for sufficiently large k,n € N. In fact, for sufficiently large k,n € N
zk — Ak (eq + pk) zn+V —\k(eq+ D)
[ £ (=) - F® || © Ak f<x5;> _ f@” ' (4.24)
Hence,
zZh-Aileatrl) __ v
A5 £ () - £ | BT () - (4.25)

when k and n sufficiently large enough. Since y > 0 is arbitrary,

fGp) - f@) 2k - A5 (eq +pp)
lr(5) -r@|| 5] (=5) - @

—de (-eq-D+pU)NT(f(X),f(S)).  (4.26)

Let tk = |[f(xk) — f(xX)|| and zE = 2/t ((f(xk) - f(x))/tk - d). Similar to the proof of
Lemma 4.3, we have there exists z € R™ such that z € T?(f(S), f(x),d)nd*N—clcone(eq+ D+
d+pU) orz € T"(f(S), f(X),d)nd*\ {0} n—clcone (eq+ D +d + pU), which is a contradiction
to the assumptions. This completes the proof. O



Journal of Inequalities and Applications 13

Remark 4.11. If f(S) is convex, then the conditions (i) and (ii) of Theorem 4.10 are equivalent
to (i)’ and (ii)", respectively.

(i)’ D has a compact base B, p = ab for some b € B, a > 0, and T(f(X), f(S)) N (—eq -
D\ {0}) = 0.

(ii) T(f(x), f(S)) N (-eq — D \ {0}) #@, and there exists § > 0 such that for each d €
(T(fx), f(S) \ {0}) N (-eq - D + pU)

0¢T*(f(S), f(x),d), T'(f(S), f(xX),d)nd" N (-clcone (D +eq+pU +d)) = {0}.
(4.27)

Remark 4.12. The conditions of Theorem 4.7, Corollary 4.8 and Theorem 4.10 are not
necessary conditions, see Examples 4.14 and 4.15.

Now, we give some examples to verify the results of Theorem 4.7, Theorem 4.10 and
Corollary 4.8.

Example 4.13. Let D = R?, S = {(x1,x2) € R? : xo > |x1[¥?},f : S — R?%, f(x1,x2) =
(xl,xz)T,q = (1,1)T, and € > 0. We consider x = (O,O)T € S. It is easy to see that
T(f(x),f(S)N(-eq - D) = P and f(S) - f(x) c T(f(x), f(S)). That is, the condition (i)
of Theorem 4.10 is valid, and x € LPAE(f, S, eq) = PAE(f, S, eq), for all € > 0.

Ifwelet0 < e <1land X = (¢,€¥2)" € S, then, T(f(%), f(S)) N (—eq — D) #0. But the
condition (ii) of Theorem 4.10 is valid. Hence, X € LPAE(f, S, e) = PEA(f, S, €).

Lete =0, then, T(f(x), f(S))N(-D\ {0}) #0. But for alld € T(f(X), f(S))n(-D\ {0}),
the condition (ii) of Corollary 4.8 satisfies (see Example 3.7 in [7]), and X is an efficient
solution of this problem, since f(S) is a convex set. But for any g > 0, it is easy to
check that there exists d € (T(f(x), f(S)) \ {0}) Nn (=D + pU) such that T"(f(S), f(x),d) =
T2(f(S), f(X),d) = clcone(D + d + pU) = R2 In fact, for any p > 0, take d = (8/2,5/2)" €
(T(F (%), £(S) \ {0)) N (=D+BU), then, T'(£(S), (%), d) = TX(F(S), f (%), d) = clcone(D+d +
pU) = R*and d* = {y = (y1,y2)" € R? : y1+1, = 0}. Hence, the condition (ii) of Theorem 4.10
is false, and X is not a properly efficient solution of this problem.

Example 4.14. Let D = R%,q = (1,1)7, S = {(x1,22)" : x1 + %2 > 0} U {(x1,x2) € R* : x7 >
1} U {(x1,x2) € R2:xp > 1},f(x) : S — R?and f(x) = x. Take X = (0,0)", then, it is easy to
see that there exists 6 > 0 such that (f(S) — f(x)) N6U C T(f(x).f(S)) and T(f(x), f(S)) N
(—eq— D\ {0}) =0, for all € > 0. Hence, x € LPAE(f, ¢,p), for all € > 0. But X is not a global
properly efficient solution, where, U is closed unit ball of R2.

Welet0<e<landX = (¢,€) € S, then, T(f(x), f(S)) N (—eq— D\ {0})#9, for all
€ > 0, and (ii) in Theorem 4.10 is false. In fact, for any g > 0 and d € T(f(x), f(S)) N (-eq -
D+ pU) c —intR2, T2(f (%), f(S),d) = T"(f(x), f(S),d) = R?, since f(X) € int(f(S)). But
x € LPAE(f, S, €). This implies that the conditions of Theorem 4.10 are not necessary.

Example 4.15. Let D = R2, S = {(x1,x2) € R? : x2 > |x1}, f: S — R, f(x1,%2) = (x1,%2)" g =
(1,1)" and € = 1. We consider X = eq € S. Itis easy to see that ¥ € LAE(f, S, eq) = AE(f, S, eq).
But T(f(X), f(S)) N (-eq = D) = {(y1,12)" € R* : y1 < ~Ly» < ~Ly» 2 y1} #0, and the
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condition (ii) of Theorem 4.7 is false. In fact, if we take d = (-2,-2)" € T(f(x), f(S) n
(-eq-D), then, d* = {(yl,yz)T :y1+1y2 =0}, —clcone(D+eq+d) = R2and T"(f(S), f(X),d) =
{(yl,yz)T € R?: y» > y1}. Therefore, T" (£ (S), f(X),v)NvT N(~clcone(D+eq+v)) = {(y1,12) €
R%: yi+12=0,y1 <0}

Example 4.16. Let D = R2, S = {(x1,x2) € R? : xa = |x1|*2}),f : S — R?, f(x1,x2) = (x1,x2)",
q=(1, 1)7, and e > 0. We consider X = (0,0)" € S. It is easy to see that T(f(x), f(S)) N (—eq -
D) =0and f(S) - f(x) cT(f(X), f(S)). Thatis, the condition (i) of Theorem 4.7 is valid, and
x € LPAE(f, S,eq) = PAE(f, S, eq), for all € > 0.

Theorem 4.17. Let x € S, ¢ > 0and D = R™.
(i) If fL(x,d)n(—eq—int R™") = @, for any unit vector d € T(x, S), then x € LWAE(f, S, €q).
(ii) If fL.(x, d)N(—eq— R\ {0}) = @, for any unit vector d € T(x, S), then x € LAE(f, S, €q).

Where, ' (x,d) = ((f),(x,d),..., (f),, (X d)".

Proof. (i) Suppose, on the contrary, that X ¢ LWAE(f, S, eq), then, there exists xx € S\ {x},
k € N and xx — X such that f(xx) — f(X) € —eq — int R?". Let di = (xx — X)/||xx — X|| and
tr = ||xx —X||, then, tx — 0,dx — de€T(x,S)and ||d| = 1. Hence,

f) = f@ _ fE+ i) - )

tx tr

€ —eq—int R} - (tl - 1>eq. (4.28)
k

Since tr | 0, there exists k1 € N such that (f(xx) — f(X))/tx € —eq —int R}, for all k > k.
Hence,

fi(Xk)t—fi(f) teqi<0, Vie(l,...,m), k>ki. (4.29)

k

Therefore,

1

(f) (%, d) + eqi = lim higfdfi(y - tht) —fi®) o

< lim i1+ tndhn) — fi(X)

n— oo t,

(4.30)

+eq; <0, Vie{l, ..., m}

Which is a contradictions to the assumption. This completes the proof.

(ii) Similar to the proof of (i), we have there exists xx € S\ {x}, k € N and xx — X such
that f(xx) — f(x) € —eq — R \ {0}. Hence, there exists k1 € N such that (f(xx) — f(X))/tx €
—eq — R™\ {0}, for all k > k. It is easy to see that, if we take an appropriate subsequences x*
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and t’,j of xi and ty, respectively, then there exist an index iy € {1,...,m}, np € N and ko € N
such that

fi(xh) - fi(%)
th

fio (x3) = fiy(X)
k

tn

+eq; <0, Vie{l,...,m}, Yk > ko, n>ny,
(4.31)

+eqi, <0, Vk2>ko n2ny.

Therefore, (f1);(x,d) +eq; <0, foralli € {1,...,m}, and (f’); (x,d) + eqi, < 0, which is a
contradiction to the assumption. This completes the proof. O

Remark 4.18. The following necessary conditions for e-local weakly (efficient) solutions may
not be true.

X € LWAE(f,S,eq) = f.(X,d) N (-eq—intRT") =0, VdeT(x,S).

(4.32)
X€e€LAE(f,S eq) = fL.(x,d)n (-eq— R\ {0}) =0, VYdeT(x,S).
See the following example.
Example 4.19. Let f(x) = (f1(x), f2(x))" : R — R?,
1
xsin—, x#0,
fi(x) = x (4.33)
0, x=0,

fo(x) = xe=2/m,q = (1,17, S = {x € R: -2/x < x < 2/x)}. Consider the following
problem:

minf (x). (MP)

It is easy to see that X = 0 is an eg-efficient solution of (MP), but, {d € R: (f.(x,d) + eq) €
—-intR2} NT(x,S) #0. In fact,

1 ,— . . fl (th) fl (O) . . . 1
— = — = \v4 . 4.34
(fl)_(x, d) = 1}{(1]’1}11‘115 ; l}f(l)‘lkl‘llgh sin h |d|, deR ( )

(fz)',(f, d) =d, foralld € R. Itis obvious that -1 € {d € R: (f_(X,d) + eq) € —int R2}. On the
other hand, T(x, S) = R. Hence, {d € R: (f.(x,d) + eq) € -int R2} N T(x, S) #0.
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