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Abstract

This paper develops economic production quantity (EPQ)-based models with
planned backorders to evaluate the impact of the postponement strategy on a man-
ufacturer in a supply chain. We derive the optimal total average costs per unit time
for producing and keeping n end-products in a postponement system and a non-
postponement system, respectively. By comparing the optimal total average costs
of the two systems, we evaluate the impact of postponement on the manufacturer
under four circumstances. Our results show that postponement strategy can give
a lower total average cost under certain circumstances. We also find that the key
factors in postponement decisions are the variance of the machine utilization rates
and the variance of the backorder costs.
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1 Introduction

In order to meet the needs of in-
creasingly demanding customers for
more diverse products, many com-
panies have reconfigured their sup-
ply chain structures to accommo-

date mass customization. The new
structures often involve either de-
laying the delivery of the products
until after orders arrive or delay-
ing differentiation of the products to
later production stages of the sup-
ply chain. This is known as the post-
ponement strategy [11]. Postpone-
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ment, also known as late customiza-
tion or delayed product differentia-
tion, was first discussed by Alder-
son [1]. van Hoek [26] pointed out
that postponement is one of the
central features of mass customiza-
tion. Li et al. [19] selected post-
ponement as one of five major SCM
practices that have discernible im-
pact on competitive advantage and
organizational performance. Practi-
cal examples of postponement can
be found in the high-tech industry,
food industry and other industries
that require high differentiation. For
example, Hewlett-Packard produces
generic printers at its factories and
distribute them to local distribution
centers, where power plugs with ap-
propriate voltage and user manuals
in the right language are packed.
They have saved a lot of money
every year by adopting the post-
ponement strategy ([10, 17]). Simi-
larly, many food manufacturers have
moved their labeling or branding
processes closer to customers.

The empirical analysis of Li et
al. [19] indicated that postponement
may not be a an evident SCM prac-
tice compared to the other four prac-
tices. This can be true. Postpone-
ment has both advantages and dis-
advantages. The advantages include
following the JIT principles, reduc-
ing end-product inventory [5], mak-
ing forecasting easier [7, 9] and pool-
ing risk [12]. The high cost of de-
signing and manufacturing generic
components is the main drawback
of postponement [17, 20]. The im-
plementation of postponement is de-
pendent on a firm’s market charac-
teristics and the type of the prod-

ucts it produces and therefore may
not be applicable in all situations.
Thus, evaluation of postponement
structures is an important issue and
there have been many qualitative
and quantitative models for analyz-
ing the postponement strategy under
different scenarios. A comprehensive
review of this stream of research can
be found in van Hoek [26] and Wan
et al. [27]. Recent quantitative mod-
els include, but are not limited to,
those by Lee [16], Lee and Tang [18],
Garg and Tang [12], Garg and Lee
[11], Ernst and Kamrad [9], Aviv and
Federgruen [3], Ma [20], and Su [25].
They evaluated the cost and benefits
of applying postponement in a large
variety of stochastic settings. In their
models, the product demands were
assumed to be stochastic and inde-
pendent across time. Under these as-
sumptions, the benefits of postpone-
ment, in terms of inventory related
performance measures, are confined
to two factors: statistical economies
of scale and risk pooling via a com-
mon buffer [2]. The common buffer
can reduce the magnitude of system-
wide safety stocks.

If the demand is deterministic,
e.g., because there is a long-term
supply contract between the manu-
facturer and the customers, the ben-
efits due to economies of scope and
risk pooling do not exit. Recent de-
terministic models include, among
others, those by Wan et al. [28, 29].
They developed multi-product mod-
els with deterministic demand to an-
alyze postponement. There are nu-
merous studies addressing determin-
istic multi-product inventory mod-
els. The classical inventory models
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are discussed in well-known books
and others, e.g., [30]. Deterministic
multi-product models can be clas-
sified into two types: EOQ-based
models and EPQ-based models. The
multi-product EOQ model origi-
nated from Shu [23], and Nocturns
[21]. They gave the optimal order
frequency of two and multi-product
models, respectively. Silver [24] de-
veloped a simple cycle policy based
on the EOQ model with n groups of
products. Ben-Daya and Hariga [4]
reviewed some efficient heuristics for
solving the joint replenishment prob-
lem. EPQ models for multiple prod-
ucts can be classified into two types:
single machine and multiple ma-
chines. In this paper we only focus on
the single machine case. Goyal [13]
presented a procedure for obtaining
the optimal production frequencies
for a number of items that are man-
ufactured jointly. He [14] also used
a search procedure to determine the
EPQs of two items. Eilon [8] classi-
fied the production of several prod-
ucts by a single machine as a multi-
product batch scheduling problem.
Goyal and Satir [15] presented a sur-
vey of the solution procedures. Re-
cent research on the multi-product
inventory problem has focused on
models with a large variety of con-
straints and considerations of the co-
ordination of a supply chain. Most of
the above papers focused on deriving
the optimal ordering strategy. None
of them compare the total average
cost between a postponement system
and a non-postponement system, ex-
cept Wan et al. [28, 29]. Wan et al.
showed that postponed customiza-
tion of the end-products will result
in a lower total average cost and

a lower EOQ in EOQ-based mod-
els [28]. In EPQ-based models, they
showed that postponed customiza-
tion always results in a lower average
cost when the demands are met after
production is finished [29]. They as-
sumed that there are no backorders
in their EPQ models. However, back-
order plays an important role both in
theoretical analysis and actual prac-
tice. It is natural to consider EPQ-
based models with backorders to an-
alyze postponement. There are some
papers addressing the EPQ model
with planned backorders when the
end-product demand is met contin-
uously by the current production
batch [6, 22]. In these studies, the
EPQ and the optimal total average
cost per unit time for producing and
keeping one end-product were given.
To the best of our knowledge, there
has been no study that addresses the
EPQ model with backorders when
the demand is met after production
is finished.

Motivated by the above observa-
tions, we develop models in this pa-
per to fill this gap in the litera-
ture. We give the cost function and
the optimal strategy of an EPQ-
based model with planned backo-
rders when the demand is met af-
ter production is finished. We derive
the optimal total average costs per
unit time of a postponement system
and a non-postponement system un-
der four different circumstances, re-
spectively. By comparing the opti-
mal total average costs of the two
systems, we evaluate the impact of
postponement on the manufacturer.
Our results show that the postpone-
ment strategy can yield a lower to-
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tal average cost under certain cir-
cumstances. We also find that the
key factors in postponement deci-
sions are the variance of the ma-
chine utilization rates and the vari-
ance of the backorder costs. The re-
sults presented in this paper provide
insights for managers to find a trade-
off between postponement and non-
postponement.

The rest of this paper is orga-
nized as follows. In the next section
the EPQ model with planned backo-
rders and some assumptions are ex-
plained in detail. In Sections 3 and
4, four cases for analyzing postpone-
ment based on the total average cost
per unit time are discussed. Numeri-
cal examples are presented in Section
5. Conclusions are given in Section 6.

2 Notation and Assumptions

Consider a supply chain with a
manufacturer and n customers. The
manufacturer produces n different
products in response to the de-
mands of the n customers. These
products are manufactured from the
same type of raw material and the
end products have only slight dif-
ferences. These products are inde-
pendent without any supply-demand
links between them. The customers
demand rates and the manufacturers
production rates are deterministic
and constant. All the demands are
ultimately filled, although perhaps
after some delay. That is, demands
not filled immediately are backo-
rdered. The manufacturer can pro-
duce the n products independently

on n machines under different pro-
duction schedules such that there are
n EPQ decisions. It is viewed as a
non-postponement system. However,
if the customization process can be
delayed, the manufacturer can first
produce a generic product. Then the
production of the generic product
can be carried out under the same
production schedule such that there
is only one EPQ decision. It is viewed
as a form postponement system. Our
objective is to apply the EPQ-based
model with backorders to examine
whether postponement outperforms
non-postponement. There are two
scenarios to describe the model. In
the first scenario, we assume that the
end-product demands are met con-
tinuously by the current production
batch. In the second scenario, we as-
sume that the end-product demands
are only met after production is fin-
ished. In addition, we consider two
cases of backorder costs. In the gen-
eral case, we assume different backo-
rder costs for different end-products.
In the special case, we assume the
backorder costs are the same for all
the end-products. In sum, there are
four cases to be discussed, and we in-
vestigate the following four hypothe-
ses.

H1. Postponement leads to a lower
optimal total average cost per
unit time for the manufacturer
when the demand is met contin-
uously and the planned backo-
rder costs are not all equal.

H2. Postponement leads to a lower
optimal total average cost per
unit time for the manufacturer
when the demand is met contin-
uously and the planned backo-
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rder costs are the same for all
the end-products.

H3. Postponement leads to a lower
optimal total average cost per
unit time for the manufacturer
when the demand is met after
production is finished and the
planned backorder costs are not
all equal.

H4. Postponement leads to a lower
optimal total average cost per
unit time for the manufacturer
when the demand is met after
production is finished and the
planned backorder costs are the
same for all the end-products.

Definitions of the notation of this
paper are introduced below.

• i = end-product (i = 1, 2, · · · , n),
• λi = demand rate of end-product

i, λi > 0,
• µi = production rate of end-

product i, µi > 0,
• c = common unit variable produc-

tion cost, c > 0,
• k = common fixed setup cost, k >

0,
• h = common unit holding cost per

unit time, h > 0,
• p = common extra unit customiza-

tion cost, p ≥ 0,
• bi = unit backorder cost per unit

time for end-product i, bi ≥ 0,
• vi = planned backorder quantity

for end-product i, vi ≤ 0,
• Li = total cycle time for end-

product i, Li > 0,
• L′i = backorder lead-time for end-

product i, L′i > 0,
• qi = production quantity for end-

product i, qi > 0,
• C (qi, vi) = total average cost per

unit time for producing and keep-

ing end-product i with production
quantity qi and planned backorder
quantity vi, C (qi, vi) > 0,

• TC = total average cost per
unit time for producing and
keeping end-products 1, 2, · · · , n
in the non-postponement sys-
tem with production quantities
q1, q2, · · · , qn respectively,

• TCP = total average cost per
unit time for producing and keep-
ing end-products 1, 2, · · · , n in the
postponement system with pro-
duction quantity q1 + q2 + · · ·+ qn,
TCP > 0,

• IP = inventory position over time.

In addition, the following assump-
tions are made:

A1. A production cycle means the
time between the production of
two consecutive batches. The
end-product demand rate λi

and the production rate µi

are deterministic and constant.
To avoid unrealistic and triv-
ial cases, we assume µi >
λi, i = 1, 2, · · · , n. When pro-
duction starts, inventory ac-
cumulates until it is enough
for the cycle. Then, production
stops and inventory starts to
decline. When inventory drops
below zero, the product is back-
ordered (Fig. 1-4).

A2. Demands not filled immediately
are backordered and all the de-
mands are ultimately filled. The
manufacturer always uses any
inventory on hand to fill the
demands. Backorders accumu-
late only when the manufac-
turer runs out of stock entirely,
which means that all the prod-
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ucts will be backordered syn-
chronously in the postponement
system (Fig. 1-4).

A3. The inventory holding cost for
raw materials is ignored. In the
non-postponement system, we
only consider the holding cost
for the end products. In the
postponement system, we only
consider the holding cost for the
generic products. Because the
generic product and all the end-
products have only slight differ-
ences, we assume that the hold-
ing cost for the generic product
and all the end-products are the
same.

A4. The manufacturer incurs a com-
mon setup cost for setting up
a production run and an item-
specific setup cost for each
product. Because all the end-
products have only slight dif-
ferences, the item-specific setup
cost is usually much less than
the common setup cost, we can
assume that all the item-specific
setup costs are the same. For
simplicity of analysis, we fur-
ther assume that all the item-
specific setup cost are zero and
the fixed setup cost is the
only common setup cost. The
manufacturer incurs common
fixed set-up cost, k, in each
production cycle when produc-
tion starts in the postpone-
ment system or in the non-
postponement system.

A5. Because all the end-products
have only slight differences, we
assume that c and p are the
same for all the end-products,
respectively. Moreover, an extra
customization process cost is in-

curred only if the customiza-
tion process is delayed. In prac-
tice, the time for customization
is very short. For example, an
apparel manufacturer can post-
pone its color dyeing process at
the very end of the production.
The dyeing process can be fin-
ished quickly after the order are
received. So the lead time of
customization can be assumed
to be negligible for simplicity of
analysis.

In Section 3 and Section 4, we
discuss the four hypotheses in de-
tail by examining whether or not the
postponement system is more cost-
effective than the non-postponement
system.

3 Demand is met continuously

We first assume that the cus-
tomer demands are met continuously
by the current production batch.
For example, if the customers are
downstream stations of the manu-
facturer in a production line of a
factory, the customer demands may
be met continuously. Alternatively,
if the product transportation time
from the manufacturer to the cus-
tomers is short and the transporta-
tion frequency is high, we can also
assume that the demand is met con-
tinuously.
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3.1 Different backorder costs

First, we consider the general case
in which the backorder costs are not
all equal. A graph of the inventory
position of end-product i over time
in the non-postponement system is
illustrated in Fig. 1. The horizontal
axis t denotes time. The vertical axis
IP denotes the inventory position of
end-product i over time. Each cy-
cle consists of an active period when
production occurs and an idle pe-
riod following production. In the ac-
tive period, inventory increases with
a slope of µi− λi. In the idle period,
inventory decreases with a slope of
−λi. When production starts, the
manufacturer incurs a fixed setup
cost. When the inventory position is
positive, there is inventory on hand
and the manufacturer incurs holding
cost. When the inventory is nega-
tive, the product is backordered and
the manufacturer incurs backorder
cost. The production quantity qi and
the planned backorder quantity vi for
end-product i in each cycle are our
decision variables, which also deter-
mine the production cycle time Li

and the backorder lead-time L′i. The
objective of the EPQ model is to find
the optimal q∗i and v∗i to minimize
the average cost per unit time for
producing and keeping end-product
i.

The average cost per unit time for
producing and keeping end-product
i is obtained, as follows

C(qi, vi)

= cλi +
kλi

qi

+
h (ρiqi + vi)

2

2ρiqi

+
biv

2
i

2ρiqi

,

(1)

where ρi = 1− λi

µi

.

The first two terms are the vari-
able production cost and the fixed
production cost, the third term is the
average inventory holding cost, while
the last term is the average backo-
rder cost.

Minimizing Eq. (1), we obtain
the EPQ and the optimal backorder
quantity as follows

q∗i =

√
2kλi(bi + h)

hρibi

, v∗i =
−ρih

bi + h
q∗i .

The optimal average cost per unit
time for producing and keeping end-
product i is

C (q∗i , v
∗
i ) = cλi +

√
2khλibiρi

bi + h
. (2)

In the non-postponement system,
the production of the end-products
is processed independently by n dif-
ferent machines with production rate
µi, on which the end-products are
customized. The optimal total aver-
age cost for producing and keeping
the n end-products is the sum of all
the costs of products i and is given
by

TC∗ =
n∑

i=1

C (v∗i , q
∗
i )
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tem when the demand is met continuously
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= c
n∑

i=1

λi +
n∑

i=1

√
2khλibiρi

bi + h
. (3)

In the postponement system, the
customization process is delayed. Ac-
cording to Assumptions A3, A4 and
A5, the production of the generic
product can be viewed as being
processed by a single machine whose
production rate is µ = µ1 + µ2 +
· · · + µn. The unit variable produc-

tion cost is c, the fixed set-up cost is
k, the unit holding cost per unit time
is h, and the extra unit customiza-
tion cost is p. A graph of the inven-
tory position of the generic product
over time in the postponement sys-
tem is illustrated in Fig. 2. In this
figure the thick lines denote the in-
ventory position of the total generic
product and the thin lines denote
the inventory position of the generic
product used to produce product i.
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According to Assumptions A2, the
production cycle of the total generic
product and that of the generic prod-
uct used to produce product i are the
same and so is the backorder lead-
time. There is only one EPQ prob-
lem in this system. The decision vari-
ables are the production quantity Q
and the planned backorder quantity
V of the generic product in one pro-
duction cycle, which also determine
the cycle time L and the backorder
lead time L′. The objective of the
EPQ model is to find the optimal Q∗

and V ∗ to minimize the total aver-
age cost per unit time in the post-
ponement system. For simplicity, we
do not consider the extra unit cus-
tomization cost p, which will be dis-
cussed later.

In the postponement system the
total average cost per unit time (ex-
cluding the customization cost) for
producing and keeping the genetic
product is

TCP

= cλ +
kλ

Q
+

h (ρQ + V )2

2ρQ
+

B̂V 2

2ρQ

= C (Q, V ) , (4)

where B̂ =
n∑

i=1

biλi

λ
.

The detailed derivation of Eq. (4) is
given in the Appendix.

Minimizing Eq. (4), we obtain the
EPQ and optimal backorder quan-
tity, respectively, as follows

Q∗ =

√√√√2kλ(B̂ + h)

hρB̂
, V ∗ =

−ρh

B̂ + h
Q∗.

The optimal total average cost per
unit time for producing and keeping
the generic product is

TCP ∗ = cλ +

√√√√2khλB̂ρ

B̂ + h
. (5)

The difference in the optimal to-
tal average cost per unit time be-
tween the two systems is defined as
Z∗, given by (5)− (3), as follows:

Z∗ =
2kh

A

[
n∑

i=1

λi

(
ρB̂

B̂ + h
− ρibi

bi + h

)

−2
n−1∑

i=1

n∑

j=i+1

√√√√ λiλjbibjρiρj

(bi + h) (bj + h)

]
,

(6)

where

A =

√√√√2khλB̂ρ

B̂ + h
+

n∑

i=1

√
2khλibiρi

bi + h
.

It should be noted that the term∑n
i=1 λi

(
ρB̂

B̂+h
− ρibi

bi+h

)
and (6) can be

positive. For example, when i = 2,
h = 2, k = 50, c = 20, b1 = 50,
λ1 = 990, µ1 = 1000, b2 = 500, λ2 =
1, and µ2 = 1000, the difference in
the optimal total average cost (6) =
206.5 > 0 and (6)/(3) = 1.03% > 0.
Therefore, (6) can be positive, zero
or negative (Table 1). It implies that
the postponement system does not
always give a lower optimal total av-
erage cost per unit time. Thus, H1 is
not supported.

9



3.2 Same backorder costs

Now we consider a special case in
which the backorder cost bi is the
same for all the end-products. Let-
ting b1 = b2 = · · · = bn = b in Eqs.
(3), (5) and (6), we obtain the fol-
lowing results.

The optimal total average cost of
the non-postponement system is

TC∗ = c
n∑

i=1

λi +
n∑

i=1

√
2khλibρi

b + h
. (7)

The optimal total average cost
(excluding the customization cost) in
the postponement system is

TCP ∗ = cλ +

√
2khbλρ

b + h
. (8)

The difference in the optimal total
average cost per unit time of the two
systems, Z∗, is given by (8)− (7), as
follows:

Z∗ =

√
2khb
b+h

B

(
n∑

i=1

λ2
i

µi

− λ2

µ

−2
n−1∑

i=1

n∑

j=i+1

√
λiλjρiρj

)
, (9)

where B =
√

ρλ +
n∑

i=1

√
ρiλi.

By the Cauchy-Schwarz inequal-

ity, we have
∑n

i=1
λ2

i

µi
− λ2

µ
≥ 0 and

∑n
i=1

λ2
i

µi
− λ2

µ
= 0 if and only if λ1

µ1
=

λ2

µ2
= · · · λn

µn
. It should be noted that

Eq. (9) can be positive. For exam-
ple, when i = 2, h = 2, k = 50,
c = 20, b = 100, λ1 = 50, µ1 = 1000,
λ2 = 950, and µ2 = 1000, the dif-
ference in the optimal total average
costs (9) = 120.1 > 0, and (9)/(7) =
0.59% > 0. Thus, (9) can be posi-
tive, zero or negative (Table 2). H2
is not supported.

In the first scenario, H1 and H2 are
not supported. The postponement
system does not always give a lower
optimal total average cost per unit
time when the customer demands
are continuously met by the current
production batch. But we can ob-
serve that if b1 = b2 = · · · = bn = b
and λ1

µ1
= λ2

µ2
= · · · = λn

µn
, then Z∗ <

0. It implies that the variance of the
backorder costs b1, b2, · · · , bn and the
variance of the machine utilization
rates λ1

µ1
, λ2

µ2
, · · · , λn

µn
are key factors

in a postponement decision. When
there are a large number of end-
products, we can group them into
different product families based on
machine utilization rates and back-
order costs. Those products whose
machine utilization rates and backo-
rder costs are equal or close can share
a single lot size and gain a lower total
average cost.

4 Demands are met after pro-
duction is finished

Now we assume that the prod-
uct demands are met only after a
whole production batch is finished.
This scenario is more appropriate for
describing the inventory level of the
end-products that need to be moved
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to another warehouse in batches or
to be further processed in batches,
or for which instant consumption is
not possible.

4.1 Different backorder costs

First, we consider the general case
in which the backorder costs are not
all equal. A graph of the inventory
position of end-product i over time
in the non-postponement system is
illustrated in Fig. 3. In one pro-
duction cycle, there are two lines.
One increases with a slope of µi,
which denotes the inventory posi-
tion over time when product i is
being produced. The other line de-
creases with a slope of −λi, which
denotes the inventory position over
time when product i is being con-
sumed. The production quantity qi

and the planned backorder quantity
vi for end-product i in each cycle
are our decision variables, which also
determine the production cycle time
Li and the backorder lead-time L′i.
The objective is to find the optimal
q∗i and v∗i to minimize the average
cost per unit time for producing and
keeping end-product i.

The total average cost per unit
time for producing and keeping end-
product i is as follows

C (qi, vi) = cλi +
kλi

qi

+
biv

2
i

2qi

+
h

2

(
qiλi

µi

+
(qi + vi)

2

qi

)
. (10)

Minimizing Eq. (10), we obtain

the EPQ and the optimal backorder
quantity, respectively, as follows:

q∗i =

√√√√ 2kλi

h
(

bi

bi+h
+ λi

µi

) , v∗i =
−bi

bi + h
q∗i .

The optimal total average cost
per unit time for producing and
keeping n end-products in the non-
postponement system is given by

TC∗

=
n∑

i=1

C (q∗i , v
∗
i )

= cλ +
n∑

i=1

√√√√2khλi

(
bi

bi + h
+

λi

µi

)
.

(11)

Similarly, in the postponement
system we assume that the core pro-
duction is carried out by a single ma-
chine whose production rate is µ =
µ1 + µ2 + · · ·+ µn, the unit variable
production cost is c, the fixed setup
cost is k, the unit holding cost per
unit time is h, and the extra unit
customization cost is p. A graph of
the inventory position of the generic
product over time in the postpone-
ment system is illustrated in Fig.
4. The production quantity Q and
the planned backorder quantity V
for generic product in each cycle are
our decision variables, which also de-
termine the production cycle time
L and the backorder lead-time L′.
The objective is to find the optimal
Q∗ and V ∗ to minimize the average
cost per unit time for producing and
keeping generic product in the post-
ponement system. For simplicity, we

11



-

6

e
e

e
e

e
e

e
e

e
e

e
e

e
e

e
e

¯
¯
¯
¯
¯
¯
¯
¯
¯
¯
¯
¯
¯
¯
¯
¯

e
e

e
e

e
e

e
e

e
e

e
e

e
e

e
e

¯
¯
¯
¯
¯
¯
¯
¯
¯
¯
¯
¯
¯
¯
¯
¯

Li
-¾

L′i

IP

0

λi µi

t

vi

Fig. 3. Inventory position of end-product i over time in the non-postponement sys-
tem when the demand is met after production is finished

again do not consider the extra unit
customization cost p, which will be
discussed later.

Similar to the derivation of Eq. (4)
given in the Appendix, we can ob-
tain the total average cost (excluding
the customization cost) for produc-
ing and keeping the generic product
in the postponement system when
the demand is met after production
is finished as follows

TCP

= cλ +
kλ

Q
+

hQλ

2µ
+

h (Q + V )2

2Q

+
B̂V 2

2Q

= C (Q, V ) , (12)

where B̂ =
n∑

i=1

biλi

λ
.

Minimizing (12), we obtain the EPQ
and the optimal backorder quantity,
respectively, as follows

Q∗ =

√√√√ 2kλ

h
(

B̂
B̂+h

+ λ
µ

) , V ∗ =
−B̂

B̂ + h
Q∗.

The optimal total average cost per
unit time in the postponement sys-
tem is

TCP ∗

= cλ +

√√√√2khλ

(
B̂

B̂ + h
+

λ

µ

)
. (13)

The difference in the optimal to-
tal average cost per unit time be-
tween the two systems is defined as
Z∗, given by (13)− (11), as follows

Z∗ =
2kh

D

[
n∑

i=1

λih
(
B̂ − bi

)
(
B̂ + h

)
(bi + h)

+

(
λ2

µ
−

n∑

i=1

λ2
i

µi

)

−2
n−1∑

i=1

n∑

j=i+1

√√√√λiλj

(
λi

µi

+
bi

bi + h

)

12
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Fig. 4. Inventory position of the generic product over time in the postponement
system when the demand is met after production is finished

×
√√√√

(
λj

µj

+
bj

bj + h

)]
, (14)

where

D =

√√√√2khλ(
B̂

B̂ + h
+

λ

µ
)

+
n∑

i=1

√
2khλi(

bi

bi + h
+

λi

µi

).

It should be noted that the term
n∑

i=1

λih(B̂−bi)
(B̂+h)(bi+h)

and Eq. (14) can be

positive. For example, when i = 2,
h = 1, k = 1, c = 2, b1 = 1,
λ1 = 1000, µ1 = 1200, b2 = 1000,
λ2 = 10, µ2 = 12, (14) = 1.7496 > 0,
and (14)/(11) = 0.0084% > 0. Thus,
(14) can be positive, zero or negative
(Table 3). Thus, H3 is not supported.

4.2 Same backorder costs

If b1 = b2 = · · · = bn = b, accord-
ing to Eq. (14), the difference in the

optimal total average cost per unit
time of the two systems is given by

Z∗ = −
√

2kh

E




n∑

i=1

λ2
i

µi

− λ2

µ

+2
n−1∑

i=1

n∑

j=i+1

√
λiλj

×
√√√√

(
λi

λi

+
b

b + h

) (
λj

λj

+
b

b + h

)


< 0,

where

E =

√√√√λ

(
b

b + h
+

λ

µ

)

+
n∑

i=1

√√√√λi

(
b

b + h
+

λi

µi

)
.

We have shown that the postpone-
ment system always gives a lower op-
timal total average cost per unit time
than the non-postponement system
when b1 = b2 = · · · = bn = b and
the demand is met after production
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is finished. Thus, H4 is supported.

In the second scenario H3 is not
supported, but H4 is supported. It
implies that the variance of the back-
order costs b1, b2, · · · , bn is a key
factor in a postponement decision
when the demand is met after pro-
duction is finished. If there are a
large number of end-products, we
can group them into different prod-
uct families based on their backorder
costs. Those products whose backo-
rder costs are equal or close can share
a single lot size and gain a lower total
average cost.

5 Numerical Examples

We give numerical examples to il-
lustrate how postponement and the
key factors impact on the optimal to-
tal average cost of the two scenarios
we have presented in this paper. We
assume that the manufacturer pro-
duces five end-products. They can
be produced in non-postponement
system or in postponement system.
The difference in the optimal total
average cost per unit time between
the two systems is denoted as Z∗.
Z∗ < 0 means that the postpone-
ment system outperforms the non-
postponement system. Z∗

TC∗ denotes
the relative difference between the
two systems. For the five products,
the unit common variable produc-
tion cost c is 20, the common fixed
setup cost k is 50, and the common
unit holding cost h per unit time is
2 (all in appropriate units).

For the first scenario in which the

demand is met continuously, we first
assume that λ1 = λ2 = λ3 = λ4 =
λ5 = λ0 = 250, µ1 = µ2 = µ3 = µ4 =
µ5 = µ0 = 500 and that bi is variable
to examine the impact of the backo-
rder costs. The values of various pa-
rameters and the results are shown
in Table 1, from which the following
observations can be made.

• The postponement system yields
savings in the total average cost.

• The absolute values of Z∗ and
Z∗

TC∗ become smaller when the vari-
ance of the backorder costs be-
comes larger. This means that the
smaller the variance of the backo-
rder costs, the more cost-effective
the postponement system is when
the demand is met continuously.

For the first scenario, we then as-
sume that b1 = b2 = b3 = b4 = b5 =
b = 100, µ1 = µ2 = µ3 = µ4 = µ5 =
µ0 = 500 and that λi is variable to
examine the impact of the machine
utilization rates. The values of var-
ious parameters and the results are
shown in Table 2, from which the fol-
lowing observations can be made.

• The postponement system yields
savings in the total average cost.

• The absolute values of Z∗ and
Z∗

TC∗ become smaller when the vari-
ance of the machine utilization
rates becomes larger. This means
that the smaller the variance of
the machine utilization rates, the
more cost-effective the postpone-
ment system is when the demand
is met continuously.

For the second scenario in which
the demand is met after the produc-
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Table 1
Impact of backorder costs on the difference in the optimal total average costs be-
tween the two systems when the demand is met continuously

c k h λ0 µ0 b1 b2 b3 b4 b5 Z∗ Z∗
TC∗

20 50 2 250 500 100 100 100 100 100 -432.7 -1.68%

20 50 2 250 500 80 90 100 110 120 -421.5 -1.68%

20 50 2 250 500 60 80 100 120 140 -432.0 -1.68%

20 50 2 250 500 40 70 100 130 160 -430.7 -1.67%

20 50 2 250 500 20 60 100 140 180 -427.0 -1.66%

Table 2
Impact of machine utilization rates on the difference in the optimal total average
costs between the two systems when demand is met continuously

c k h b λ1 λ2 λ3 λ4 λ5 µ0 Z∗ Z∗
TC∗

20 50 2 100 250 250 250 250 250 500 -432.7 -1.68%

20 50 2 100 190 220 250 280 310 500 -421.3 -1.63%

20 50 2 100 130 190 250 310 370 500 -385.1 -1.50%

20 50 2 100 70 160 250 340 430 500 -315.9 -1.23%

20 50 2 100 10 130 250 370 490 500 -168.8 -0.66%

tion is finished, we first assume that
λ1 = λ2 = λ3 = λ4 = λ5 = λ0 = 250,
µ1 = µ2 = µ3 = µ4 = µ5 = µ0 = 500
and that bi is variable to examine the
impact of the backorder costs. The
values of various parameters and the
results are shown in Table 3, from
which the following observations can
be made.

• The postponement system yields
savings in the total average cost.

• The absolute values of Z∗ and
Z∗

TC∗ become smaller when the vari-
ance of the backorder costs be-
comes larger. This means that the
smaller the variance of the backo-
rder costs, the more cost-effective
the postponement system is when
the demand is met after produc-
tion is finished.

For the second scenario, we then
assume that b1 = b2 = b3 = b4 =
b5 = b = 100, µ1 = µ2 = µ3 = µ4 =
µ5 = µ0 = 500, and that λi is vari-
able to examine the impact of the
machine utilization rates. The values
of various parameters and the results
are shown in Table 4, from which the
following observation can be made.

• The postponement system yields
savings in the total average cost.

• The absolute values of Z∗ and
Z∗

TC∗ become smaller when the vari-
ance of the machine utilization
rate becomes larger. This means
that the smaller the variance of
the machine utilization rates, the
more cost-effective the postpone-
ment system is when the demand
is met after production is finished.
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Table 3
Impact of backorder costs on the difference in the optimal average costs between
the two systems when the demand is met after production is finished

c k h λ0 µ0 b1 b2 b3 b4 b5 Z∗ Z∗
TC∗

20 50 2 250 500 100 100 100 100 100 -752.0 -2.85%

20 50 2 250 500 80 90 100 110 120 -751.7 -2.85%

20 50 2 250 500 60 80 100 120 140 -751.1 -2.85%

20 50 2 250 500 40 70 100 130 160 -749.7 -2.84%

20 50 2 250 500 20 60 100 140 180 -745.4 -2.83%

Table 4
Impact of machine utilization rates on the difference in the optimal total average
costs between the two systems when the demand is met after production is finished

c k h b λ1 λ2 λ3 λ4 λ5 µ0 Z∗ Z∗
TC∗

20 50 2 100 250 250 250 250 250 500 -752.0 -2.85%

20 50 2 100 190 220 250 280 310 500 -749.8 -2.84%

20 50 2 100 130 190 250 310 370 500 -742.5 -2.82%

20 50 2 100 70 160 250 340 430 500 -726.8 -2.76%

20 50 2 100 10 130 250 370 490 500 -683.1 -2.60%

From the four tables and the nu-
merical examples in Section 3 and
Section 4, we can derive the follow-
ing results:

1. Under most of the circumstances,
the postponement system yields
savings in the total average cost.
But when the variance of the back-
order costs is very large, or the
variance of the machine utiliza-
tion rates is very large in the case
that the demand is met continu-
ously, it is possible that the post-
ponement system does not outper-
form the non-postponement sys-
tem. So the manufacturer must be
careful to find a proper tradeoff
between postponement and non-
postponement in such cases.

2. The smaller the variance of the

backorder costs and the variance
of the machine utilization rates,
the more cost-effective the post-
ponement system is in the two sce-
narios.

3. The cost saving in the second sce-
nario is more than that in the
first scenario. This means that it
is more appropriate to apply post-
ponement when the demand is
met after production is finished.

6 Concluding Remarks

This paper examines the impact of
postponement on EPQ-based mod-
els with planned backorders. Four
cases are considered. In the first
and the second cases, the demand is
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met instantly by the current produc-
tion batch. The postponement sys-
tem may not always outperform the
non-postponement system. H1 and
H2 are not supported. But when all
the backorder costs are equal and
all the machine utilization rates are
equal, the postponement system out-
performs the non-postponement sys-
tem. The key factors in a postpone-
ment decision are the variance of the
backorder costs and the variance of
the machine utilization rates. In the
third and the fourth cases, the de-
mand is met after production is fin-
ished. H3 is not supported but H4
is supported. The key factor in a
postponement decision is only the
variance of the backorder costs. If
the backorder costs are equal, the
postponement system outperforms
the non-postponement system. Our
analysis and numerical examples im-
ply that in most of the cases, the
postponement system outperforms
the non-postponement system. The
smaller the variance of the backorder
costs and the variance of the ma-
chine utilization rates, the more cost-
effective the postponement system
is. The end-products can be classi-
fied into different product families
based on their machine utilization
rates and backorder costs. The pro-
duction of those products whose ma-
chine utilization rates and backorder
costs are equal or close can be han-
dled by postponement. A lower total
average cost can be obtained.

Now we consider the extra cus-
tomization cost in a postponement
system. It is obvious that the aver-
age customization cost per unit time
is (

∑n
i=1 λi) p. The difference in the

optimal total average costs per unit
time between the two systems is Z∗+
(
∑n

i=1 λi) p. Postponement is more
cost-effective if Z∗ + (

∑n
i=1 λi) p < 0.

Although a number of simplifying
assumptions are made in our model,
our analysis should still be valid for
more general systems. One potential
future research direction is to study
the impact of postponement on the
entire supply chain with determinis-
tic customer demands.
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Appendix.

Derivation of Eq. (4).

Because the manufacturer always
uses any inventory on hand to fill de-
mands and because backorders accu-
mulate only when the manufacturer
runs out of stock entirely, the backo-
rder lead time of end-product i is the
same (L′1 = L′2 = · · · = L′n = L′) and
the core production rate for product
i becomes µ′i. From Fig. 2, we ob-
serve that they yield the following
equations

µ = µ1 + µ2 + · · ·+ µn
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= µ′1 + µ′2 + · · ·+ µ′n,

L′ =
−V

λ
+

−V

µ− λ
=
−V

λρ
,

L′ = L′i =
−vi

λi

+
−vi

µ′i − λi

=
−vi

λiρ′i
,

where ρ′i = 1− λi

µ′i
.

Since V = v1 +v2 + · · ·+vn, we have

L′λρ = −v1 − v2 − · · · − vn

= L′(λ1ρ
′
1 + λ2ρ

′
2 + · · ·+ λnρ

′
n),

λρ = λ1ρ
′
1 + λ2ρ

′
2 + · · ·+ λnρ

′
n,

λ2

µ
=

n∑

i=1

λ2
i

µ′i
.

Let ai = λi√
µ′i

, bi =
√

µ′i. By the

Cauchy-Schwarz inequality

(
n∑

i=1

aibi

)2

≤
(

n∑

i=1

a2
i

) (
n∑

i=1

b2
i

)
,

we have

(
n∑

i=1

λi

)2

≤
(

n∑

i=1

λ2
i

µ′i

) (
n∑

i=1

µ′i

)
.

Therefore,

n∑

i=1

λ2
i

µ′i
− λ2

µ
≥ 0,

n∑

i=1

λ2
i

µ′i
− λ2

µ
= 0

⇐⇒ λ1

µ′1
=

λ2

µ′2
= · · · = λn

µ′n
.

So we have

ρ = ρ′1 = ρ′2 = · · · = ρ′n.

In the postponement system, the to-
tal average cost per unit time (ex-
cluding the customization cost) for
producing and keeping the genetic
product is

TCP

= cλ +
kλ

Q
+

h (ρQ + V )2

2ρQ
+

B̂V 2

2ρQ

= C (Q, V ) ,

where B̂ =
n∑

i=1

biλi

λ
. 2
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