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Abstract. This paper discusses multiscale analysis for optimal control problems of linear
parabolic equations with rapidly oscillating coefficients that depend on spatial and temporal vari-
ables. There are mainly three new results in the present paper. First, we obtain the convergence
results with an explicit convergence rate for the multiscale asymptotic expansions of the solution of
the optimal control problem in the case without constraints. Second, for a general bounded Lipschitz
polygonal domain, the boundary layer solution is defined and the corresponding convergence results
are also derived. Finally, an explicit convergence rate €1/2 in the presence of constraint is reported.
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1. Introduction. In this paper we consider the optimal control governed by
parabolic equations with rapidly oscillating coeflicients. For a control v* € U,q, the
state of the system y°(v®(x,t)) is given by the solution of

) (a2 = fa,) 45w, 1), (1) €2 (0,T),

ot on “z;
(1 1) ys(vs) = go(ﬂi,t), ($,t) € I‘lO X (OvT)v
- (%)) = viagy (o) 250 — g1 @0), (@0) €T x (0.T),

Y°(v%)]t=0 = do(x), =€,

where {2 C R" is a bounded Lipschitz convex polygonal domain or a bounded smooth
domain, 09 = Ty UT'; with TyNT; = 0, and 'y and I'; are, respectively, the Dirichlet
and Neumann boundaries. ¥ = (v1,...,V,) is the outward unit normal to I';. Here
ve(z,t) is a control function; f(z,t), go(z,t), g1(x,t), and ¢o(x) are known functions;
and € > 0 is a small parameter which represents the relative size of a periodic cell.
Here and below, the Einstein summation convention is used: summation is taken over
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repeated indices. We use the notation of Sobolev spaces given in Lions and Magenes’
classical book [21].

Remark 1.1. In this paper, we assume that the coefficients a;(x,t) = a;; (£, &).
According to the relation between spatial and temporal variables, we consider explic-
itly four specific cases; i.e., k = 0, 1,2, 3; see [5]. For the sake of simplicity, we write
¥ (v°) instead of y=*(v=*) in (1.1). Other functions or functionals are similar in what
follows.

Let ¢ = e 'a, 7=¢"%t, k =0,1,2,3, and assume the following:

(A1) For k =1,2,3, a;;(&,7) are 1-periodic and 7p-periodic in &, 7, respectively,
and for k =0, a;;(&,t) is 1-periodic in &.

(A2) ai;(&7) = a;i(§,7), aiy € L=(RE x Ry).

(A3) aij (&, m)minj > oolnl?, In|* = mini, oo > 0 is a constant.

(A4) f € L2(07T§L2(Q))7 go € L2(07T;H1/2(P0))7 g1 € L2(07T;L2(P1))7 (bO S
HY(Q).

The cost function is given by

(1.2) J(o°) = / ' [ %) = zuPdad + / ' / RIREE

where Qp C Q is a control domain, U = L?(0,T; L?(2y)), the set of admissible
controls U, is a closed nonempty convex subset of U, z4 € Uyq is a given element,
v =~(z,t) > v > 0 is a given function, and v € L*>(Q x (0,7)).

The optimal control problem is to find u® € U,q such that

(1.3) Je(u®) = vfienz/flad J=(v%).
By setting A.w = —a%i(afj(x, t)gT“;)7 we have the following lemma.

LEMMA 1.1 (see [23, Thm. 2.1, p. 114]). If conditions (A2)—(A4) are satisfied,
then the optimal control u®(x,t) of (1.1)-(1.3) is characterized through the unique
solution {y=(u®), Y= (u®),u®(x,t)} of the optimality system given by

() + Ay (u) = (o) +u(2,8),  (3,) € 2% (0,7),
yE

(ua) = gO(xat)v (xat) S I‘0 X (OaT)a
(1'4) aya(ua)
Us(ys(us)) = V’Lafj('x7t)Tj = gl(xvt)a (Qj,t) S 1—‘ll X (OaT)a
YE(uf)|t=0 = do(x), €,
— Fe () + A () = 3 (uF) = zalw,1),  (w,1) € Q% (0,T),
P (uf) =0, (z,t) €l x(0,T),
(1'5) 8¢5(u5)
o (1% (uf)) = yiafj(x,t)aixj =0, (z,t)el'1 x(0,7),
V(U= =0, z€Q,
T
) € € € _ w8)dxd Yol Und,s € Una,
(1.6) /O/QU(z/J—l—'yu)(U uf)dxdt >0 Yv© € Upq, u° € Ugg
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where u® € L?(0,T; L*(Qu)), v°(u®), ¥ (u®) € L*(0,T; V), and H () C V C HY(Q).
Specifically, in the case without any constraints, i.e., Qu = Q, Uy,q = L?(0,T; L?(2)),
we have

(1.7) uf = —y f(uf), (x,t) € 2 x (0,T).

The optimal control problem (1.1)—(1.3) arises in composite media, that is, media
with a large number of heterogeneities (inclusions or holes). In such cases, the direct
accurate numerical computation of the solution is difficult because it requires a very
fine mesh. We recall that the homogenization method gives the overall behavior by
incorporating the fluctuations due to the heterogeneities.

Lions [22] first studied the homogenization method for the control problem and
the observation on the boundary for parabolic equations with rapidly oscillating coeffi-
cients, which are independent of time ¢, and derived convergence results in the periodic
case. Fabre, Puel, and Zuazua [13] investigated the homogenization method for ap-
proximate controllability of the semilinear case with Dirichlet boundary conditions by
means of a fixed point technique. Kesavan and Saint Jean Paulin [16] obtained homog-
enization results in nonperiodic cases in the framework of H-convergence and extended
them to optimal control systems governed by elliptic boundary value problems in per-
forated domains (see [17]). Donato and Nabil [12] presented the homogenization and
correctors for an approximate controllability problem of the linear heat equation with
rapidly oscillating coefficients in a periodically perforated domain. Conca, Osses, and
Saint Jean Paulin [11] studied a limit control for a semilinear elliptic equation with
a uniformly Lipschitz nonlinearity and rapidly oscillating coefficients in a perforated
domain with the control distributed on a compact subset interior to the domain (also
see [25]). The periodic unfolding method presented by Cioranescu, Damlanian, and
Griso (cf. [9]) is a significant breakthrough in this field. It has a great number of
applications; see [10]. In addition, there are many other results, e.g., see [3, 4, 26].

The numerical results have shown that the accuracy of the homogenization method
may not be satisfactory if € is not sufficiently small (see [6, 8]). Hence one hopes to
seek the multiscale asymptotic methods and the associated numerical algorithms in
a number of engineering applications. Lions [20] presented the asymptotic expan-
sions for a type of optimal control of a stiff state equation with small parameter e
and derived the convergence results. Cao [7] investigated the optimal control on the
boundary for second order elliptic equation with rapidly oscillating coefficients and
obtained the multiscale asymptotic expansions of the solution for the problem in the
case without any constraints, and the homogenized result in the case with constraints.
However, an explicit convergence rate in the presence of constraints was not derived
in [7].

Compared with elliptic equations, to the best of our knowledge there are few
results in the literature on multiscale asymptotic methods for optimal control problem
like (1.1)—(1.3). The new contributions obtained in this paper are the determination
of the convergence rate for the approximate solutions and the definition of boundary
layer solutions.

The remainder of this paper is organized as follows. In section 2, the multiscale
expansion of the solution for the optimal control problem (1.1)—(1.3) is presented. The
boundary layer solutions in the cases without constraints are defined in section 3. In
section 4, the convergence results and their proofs in the case without constraints
are provided. Finally, an explicit convergence rate in the presence of constraints is
derived. By C we shall denote a positive constant independent of €.
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2. Multiscale asymptotic expansions and regularity of the optimal
control.

2.1. Multiscale asymptotic expansions. In this section, we first present the
multiscale asymptotic expansions of the solution for the optimal control problem (1.4)—
(1.6). Following the idea of [1], the multiscale asymptotic expansions of the solutions
v (us(x,t)) and ¢ (u®(x,t)) of problems (1.4) and (1.5) can be defined as follows:

Ay (u(, 1))
0% oy
AP (u°(x,1))
0% oy
Py (u°(z,t))
0%y 0%y

yo(uo(iv?t)) + ‘ENOQ (577-) , s=1,

(2.1) vi(z,t) = ¢ y°(u’(2, 1)) + eNay (€, 7)

+ 52Na1a2 (&)

3

Y0 (u’(x, 1))

0%y,
O (u(x,t))

0%y,
PYO(u’(x,1))

0%y Oy

¥0(u’(2,1)) + eNay (€, 7)

(22) 7/)§(33at) = wO(uO(x’t)) +&Na, (577—)

+€%°Noyan (&,7) , s=2.

Remark 2.1. In (2.1) and (2.2), yi(x,t), ¥i(z,t) and y5(x,t), ¥5(x,t) are called
the first order and the second order multiscale asymptotic solutions associated with
Y (u®), ©¥°(u®), respectively.

Remark 2.2. Since the definitions of cell functions Ny, (£, 7), Najas (&, 7), @1, ag =
1,...,n are tediously long, we omit them in this paper. The details for them can be
found in [1]. For cell functions, we have the following lemma.

LEMMA 2.1 (see [1]). Let & = ‘o, 7 =%, k =0,1,2,3. It can be proved that
Noys Naya, € HYH(Q % (0,74)), a1,0 = 1,2,...,n, where Q = (0,1)", 7. = 7 for
k=1,2,3; 7. =T for k=0.

The homogenized control systems associated with (1.4)—(1.6) can be written as
follows:

Z00) + Ay () = f(x,t) + u¥(x,1), () € 2 x (0,T),
YO (u’) = go(z,t), (x,t) €Ty x (0,7T),

(2.3)
6(4°(u0)) = vid; ay;(czﬁ) —gi(z.t), (2.1) €Ty x (0,7),
¥ (u?)|i=0 = ¢o(z), z€Q,
—G0(u) + Ay (u®) = y°(u®) — za(x,1), (x,t) € 2 x (0,T),
Po(u?) =0, (x,t) €Tox(0,T),
(2.4)

&(¢0(u0)) = Vidij%:go) =0, (f,t) eI’y x (O,T),
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T
(2.5) / / (2 (u®) + yu®) (v — u®)dzdt > 0 Vv € Ung, u° € Uaa,
0o Jau

where the homogenized operator Ag = —%(&ij %), and the explicit formulas for
i 3J

the homogenized coefficients a,; are given in [1].

Remark 2.3. It can be proved that the homogenized operator A is a real
symmetric and positive-definite elliptic operator (cf. [1, 5]). Furthermore, follow-
ing along the lines of the proof of Lemma 1.1, we can prove that there is a unique
solution {y°(u®), ¥°(u®), u®(z,t)} of the homogenized optimal control system (2.3)—
(2.5), where u® € L?(0,T; L*(Qu)), y°(u°),p°(u®) € L*(0,T;V), and H}(Q) C V C
HY(Q).

2.2. Regularity of the optimal control. In order to give the multiscale
asymptotic expansions (2.1) and (2.2), the regularity of 3°(u°),¥°(u®) € H*Y(Q x
(0, 7)) is required. This regularity of the optimal control is not generally true. How-
ever, we can obtain the higher order regularity of the state function y°(u") and the
adjoint function ¥°(u®) of the homogenized optimal control system (2.3)—(2.5) in the
following specific cases.

In the case without any constraints, i.e., U,q = L*(0,T; L*(Q)), inequality (2.5)
reduces to

(2.6) ul(z,t) = =y Ha, ) (W®), (z,t) € Qx (0,T).

Since the homogenized coefficients a;; are constants or sufficiently regular, if we
suppose that 9Q € C?, 99 is a pure Dirichlet boundary, f,z4 € L*(Q2 x (0,T)),
v e H*(Q x (0,T)), go € H>'1(0Q x (0,T)), and ¢y € H'(Q), then we may verify
that ¥°(u") € H*1(Q x (0,7)), u® € H*Y(Q x (0,T)), and y°(u") € H**(Q x (0,T))
(see [23, p. 119]). Furthermore, if f,24 € H>1(Q x (0,T)), v € H>1(Q x (0,T)), go €
H3:5(00%(0,T)), ¢o € H3(R), and the compatibility relations are satisfied (see (2.20)
of [21, p. 11]), then we use Theorem 6.2 of [21, p. 37|, and obtain y°(u),¢°(u°) €
H*2(Q x (0,T)), where the compatibility relations may be expressed by

go(x, t)|t=0 = do (),
(2.7) Orgo(x,t)|t=0 = f(2,1)|t=0 — Ao(0)do(z),

go(z, t)|t=1 = za(z,t)|s=T,

where Ap(0) = Ag|:—o and the homogenized operator Ay has been defined as in (2.3).
Before giving (2.7), we used the facts uo(x,t)|(zeag’t:0) =0 and yo(u0)|(meag7t:T) =
go(x,T). They can be satisfied because of the boundary conditions of (2.3)—(2.4) and
W, 30 (), 40 (1) € H>1(2 x (0, T)).

On the other hand, we consider two specific cases with constraints as follows:

(2.8) Uyg = {v] v>0 almost everywhere in Q}

and

Upa = {v] oz, t) <v < ((x,t) almost everywhere in Q,

(2.9) Cos C1 € L=(Q % (0,T))}

In the case of (2.8), we find that

(2.10) u’(z,t) = v~ H(w, t) max(0, —°(u?)),
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and the homogenized optimal control problem (2.3)—(2.5) can be expressed by

;%yo(u% + Aoy’ (u°) = f(z,t) + max(0, —p°(u°)), (a,t) € 2% (0,T),
(2.11) = Z () + Aoy (u) = 50 (u) = za(w,1),  (2,1) € 2 x (0,T),
¥ (u?) = go(z, 1), ¢°(u’) =0, (z,t)€0Qx(0,T),
YO (u?) o = do(z), Y°(u0)t=r =0, z€Q.

If we suppose that 9Q € C?, 92 is a pure Dirichlet boundary, and z4 € L?(2 x
(0,7)), then we may verify that ¢°(u) € H*Y(Q x (0,T)) (see [23, p. 119]). If
v € HYY(Q x (0,T)), then we can prove that u® € HY1(Q x (0,7)) (see [23, p. 37
or 120]). Furthermore, if a pure Dirichlet boundary 9Q € C*, f € L%(0,T; H(12)),
24 € H*Y(Qx(0,T)), go € H35(Q2x (0,T)), ¢ € H2(Q), and the same compatibility
relations (2.7) are satisfied, then we obtain y"(u°) € H31(Q x (0,T)) and ¢°(u°) €
H*2(Q x (0,7)).

In the case of (2.9), the homogenized optimal control problem (2.3)—(2.5) can be
expressed by

40(u®) + Agy (u®) = f(,1) + ®(Co. C)P° (), (2,8) € 2 x (0,7),

— L0 (u0) + gy (u®) =y (u®) — za(w, 1), (2,1) €2 x (0,T),

(2.12) wd = @(Co,gl)po(uo), (z,t) € 2 x(0,T),
y°(u®) = go(z,t), ¢ ") =0, (x,t) €dQx(0,T),
yO(u)|i=0 = ¢o(x), ()= =0, z€Q,
where
W) i G < —pP(uf) < (G,
®(Co, ()P (u) =1 Co it —p°(u?) < o,

G1 if —p°(u®) > (1.

If ¢; € L (Qx(0,T))NL2(0,T; HY(Q)), i = 0,1, then one proves ® (o, ¢1)p° (u°) €
L2(0,T; HY(Q)) (see [23, p. 54]). Therefore we can also obtain the above regularity
results.

3. Boundary layer solutions in the case without constraints. If Q) C R"
is a bounded convex polygonal domain, then generally speaking, the assumptions
YO (u?), ¥°(ul) € H*+21(Q x (0,T)), s = 1,2, are invalid. In addition, the multiscale
asymptotic solutions y(z,t), ¥S(z,t), s = 1,2, as defined in (2.1) and (2.2) do not
satisfy the boundary conditions of the function {y®(u®),¢*(u),u®} of the original
optimal control problem (1.4)—(1.6). To overcome these difficulties, we need to define
the boundary layer solutions. To begin, we introduce the following notation: Let
Qo = U.ep ez + Q) C Q as illustrated in Figure 1, where the index set 7. = {z =
(21,...,2n) € Z", e(z+ Q) C Q}, and the unit cube @ = (0,1)™. The boundary layer
=0\ Qo, I'* = 9Qg N 99 is as shown in Figure 2, where dist(0€, ) > «.

Remark 3.1. In this paper, suppose that a whole domain €2 is a periodic structure
in all coordinate axes. If a periodic parameter ¢ is sufficiently small, then it implies
that we can choose an interior subdomain Q¢ CC 2 such that dist(0g,092) > e.
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Qo

Fi1G. 1. Interior subdomain €.

00

Fic. 2. The boundary layer Q1.

We define the boundary layer solutions given by

Gyt (us?) + Acyst (ws?) = fx,8) +ugb(@, 1), (2,1) € 2 x (0,T),

(3 1) y?b(u?b) = go(fli,t), (33, t) € F0 X (Ov T)a

' yg’b(u?b) =yi(z,t), (z,t) €™ x(0,7),
o=y (ug?)) = g1(z,t), (2,t) € T1 x (0,T),
Yot (us?) =0 = ¢o(x), =€,

— Db (ust) + A (ush) =y (ust) — zg(a,t),  (x,1) € Q1 x (0,T),

ot
g9y JUSE) =0, (z,1) €Ty x (0,T),
(B2)  yeb(uit) = gi(a,1), (at) €T* x (0,T),
o (Yt (us?)) =0, (x,t) € Ty x (0,T),
SPust) = =0, € Q,
(3.3) uSt(z,t) = =y (@, )P (ud?),
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where the operators A., 0. are as defined in section 1. One can prove that following
proposition.

PROPOSITION 3.1. For any fived s = 1,2, there is a unique solution {y=*(us?),
PP (us?), ust} of the optimal control system (3.1)—(3.3), and yS*(uS?), ¥ (us?),
us? € L*(0,T;V), where HE(Q) C V € HY(Q).

Proof. Given Qo CC Q, Q1 = Q\ Qo, for (z,t) € Qo x (0,7), y5(x,t), ¥<(z,1),
s = 1,2, are as defined in (2.1) and (2.2), respectively. We first define the following
initial-boundary value problem:

903 e _
;7 + ./4503 =0, ($,t> € x (O,T),
05(xz,t) =0, (z,t) €y x(0,T),
(3.4) 05(x,t) = ¢5(x,t), (x,t) €™ x(0,T),

0.(65) = viafy (@, )G =0, (w,8) € T3 x (0.7),

92(x,t)|t:T =0, x¢€ Q.

We change ¢ into 7' — t and can verify that there is a unique solution 65(z,t) of
problem (3.4). Subtracting (3.4) from (3.2) yields

(3_5) ( ?b(u?b) - 6‘2) =0, (:E,t) €'g x (O,T),
(et (ug?) —65) =0, (z,t) € I x (0,T),
o (PSP (us®) —05) =0, (x,t) €'y x (0,7),
(WP (ug?) = 05)|s=r =0, =€ Q.

Combining (3.1) and (3.5), following along the lines of the proofs of Lemma 1.1,
one can show that there is a unique solution {y5*, 15 — 62, u5*} for the optimal con-
trol system (3.1), (3.5), and (3.3). Therefore the proof of Proposition 3.1 is complete.

If Q@ € R™ is a bounded Lipschitz polygonal domain in the case without any
constraints, then we define the multiscale asymptotic expansions of the solutions for
the optimal control systems (1.4)—(1.6) as follows:

. _ Sz, t), (x,t) € Qq [0,T),
(3.6) Yol t) = { Z?b(x,t), (1) € O % (0.7,

c _ [ Wi t),  (x,t) € Qo x (0,T),
(3.7) Wil t) = { (et (o) € D x (0,1,

(3.8) us(x,t) = —"flwi(x,t), Ui(z,t) = —'yfl\Il‘Z(x,t),

4. Convergence in the case without constraints. In the previous section,
the multiscale asymptotic expansions of the solutions for the optimal control problem
(1.4)—(1.6) in the case without any constraints are given. In this section, we obtain
the convergence theorems for the multiscale asymptotic expansions.

We recall (1.2) and define the cost function of the homogenized control problem
(2.3)-(2.5) without any constraints as follows:

T T
@) Fo = [ [ 10w - wPdedes [ [ stdedt, 3 =@t) 250> 0.
0o Ja 0o Jau
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where Qp = Q, and u° € U,q C L*(0,T; L*(Q)) is the unique weak solution of the
homogenized optimal control problem, i.e.,

(4.2) T(W®) =inf T(v) Yo € Upg, u° € Upg.

To begin, we prove the following proposition.
PROPOSITION 4.1. Under assumptions (A1)—(A4), it follows that

(4.3) ly® = ¥’ 20,5 02(0)) = 0, € =0,
(4.4) [uf = u®|| 20, 7522(02)) = 0, € =0,
(4.5) % — ¥l L20,75220)) = 0, € — 0.

Proof. We prove (4.3) and (4.4). The proof of (4.5) is similar.
For simplicity, we set y¢(u®) = y¢, y°(u’) = 3°. Since

T
T (v) > /0 /Q’va(x,t)da:dt, v e L®(Qx(0,T)),

we infer that [[v[|z2(0,7;r2(q)) — +oo implies J.(v) — +o00. Hence we always assume
that [[u®]|z2(0,1;22(0)) < C without loss of generality.
Thanks to (As), we have
9%l L20,mv) < C
and
oy°
ot

<,

L2(0,T;V")

where H}(Q) ¢ V. C HY(Q), and V is the dual of V.
We thus extract a subsequence, still denoted by u®, y°, such that

ut — % =0 @ €Up, in L*0,T;L*)) weakly,
(4.6) ye— g , £—> 0 in L?%*(0,T;V) weakly,
c 0
%_ _3_’ e—0 in L%0,T;V’) weakly.
From (4.6), using Theorem 3.58 of [8, p. 61], we obtain
(4.7) y©— 3% e€—0, in L*0,T;L*Q)) strongly,

and consequently,

(4.8) hmjE / /|y — 24| d:vdt—i—/ / V2 dxdt = A.

For all v € Upq, from (1.2) and (4.1), by using the convergence result of the
homogenization method for parabolic equations (see (1.36) of [5, p. 241]), we get

~

(4.9) Je(v) = T (v).
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We thus obtain Jz(uf) < J(v) Vo € Uaq, and
(4.10) A< limJ.(uf) < T) Yo € Uyg.
E—r

We now show that 7° = y°(@°). Setting ¢° = y(u®) — y°(@°), recalling (1.1) and
(1.4), we get

% - %(a (x,t)%%) =u® —a" (z,t) € Qx(0,7),
(411) =0, (x,t)€lox(0,T),

oe(¢?) =0, (x,t) €Ty x(0,7),

©° | 0, z€.

Thanks to u® — @%, ¢ — 0in L?(0,T; L?(9)) weakly, by using the convergence
result of the homogenization method for parabolic equations (see Theorem 11.4 of [8,
p. 211]), we have

©* — 0 in L*(0,T;V) weakly,

where Hg(Q) C V C H' (). We thus deduce 5° = y°(a ) so that A = 7 (@9).
Hence (4.2) and A = J(@°) < J(u®) prove that @® = u®, §° = y°(u®) =
Equation (4.3) follows from (4.7).
On the other hand, J.(u®) < J(v) Vv € U,q implies
Iim J. (u®) < J(u?),

e—0

and consequently,

(4.12) lim J.(u) = J (u°).

e—0

We can check that

T T
/ / ly® — zq|*dzdt — / / ly° — zq|*daxdt.
o Ja 0o Jo

Using (4.6), we get

T 2 T
/ / (u‘S - uo) dxdt = / / [(u5)2 —2ufu’ + (uo)ﬂ dxdt -0, €—0.
0o Jo 0o Ja

Therefore the proof of Proposition 4.1 is complete.

THEOREM 4.1. Suppose that Q C R™ is a bounded polygonal convex domain or
a bounded smooth domain with a Lipschitz continuous boundary 0Q, 0Q = Ty U T
with ToNT'y = 0, Ty and T’y are, respectively, the Dirichlet and Neumann boundaries,
and Qo CC Q" cC Q. Let {y*(u®), v (u®),uc} be the weak solution of the control
system (1.4)—(1.6) without any constraints and assume that aj;(x,t) = a;;(Z &),
k =1,2,3. Let {y5,v5,us}, {YE, U, U}, s = 1,2, be defined as in (3.6)—(3.8).
Under assumptions (A1)—(A4), if f,za € L?(0,T; L2(Q)) N H>Y Q" x (0,T)), go €
L%(0,T; H/2(Ty)), g1 € L*(0,T; L*(T)), ¢o € Hl(Q) NHH(Q), s = 1,2, v =
C > 0, then we obtain

(4.13) ly°(u®) = Yl L2 0,750 () + 197 (u®) — Uil 20,110 ()
+Hu® = Ugll20,1m1 (02)) < Cs(T)d(e),
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where s = 1,2, Cs(T) is a constant independent of € but dependent onT, and §(g) — 0
as e — 0.

Proof. Under the assumptions of Theorem 4.1, using Theorem 10.1 of [18, p. 351],
we can obtain the required interior regularity of the state function y°(u°) and the ad-
joint function 1/°(u?) of the homogenized optimal control problem (2.3)—(2.5) without
any constraints. Therefore there are multiscale asymptotic solutions y and ¢ de-
fined as in (2.1) and (2.2) in a subdomain 2" CC Q. For simplicity, set y© = y(u®),
& = ¢ (u®). Using Proposition 4.1 and repeating the process of Theorem 2.3 of [5,
p. 283], we can prove

(414) ly" = ysllzo.r:m 0)) < Cs(T)0(e), 197 = USllL20.1:m1 (20)) < Cs(T)0(e),
where Qo CC Q" cC Q, and C,(T) is a constant independent of € but dependent on

T.6(e) >0ase—0.
Subtracting (3.1) from (1.4) leads to

G — e + Ay — ")+ W — s =0,
(z,t) € Q1 x (0,T),
(4.15) y*—yst =0, (x,t) €Ty x(0,T),
yg_y?b:yg_yia (CC,t)EF*X(O,T),
o(y* —ys?) =0, (z,t) €1 x(0,7),
(v° =y ")i=0 =0, z €,

where I'™* = 9Qo NI is as shown in Figure 2. Similarly, subtracting (3.2) from (1.5)
yields

— 9 (4 — u3?) + A (47 — v5?) — (v — 45?) =0,
(z,t) € Q1 x (0,7,
(4.16) Ye =g =0, (x,t) € Lo x (0,7),
¢E_¢§’b:¢€_ iﬂ (CC,t)EF*X(O,T),
o (P — =) =0, (x,t) €Ty x (0,7),
¥ =" e=r =0, x€ .

We define k°(x,t) and 2°(x,t), respectively, as follows:

O 4 Acks =0, (2.t) € 2 % (0,T),
kS =0, (x,t)elyx(0,T),

(4.17) K=y —ys, (x,t) eT* x(0,T),
oe(k¥) =0, (z,t) ey x(0,T),
/€E|t:0 =0, x¢€ Ql,

and

SO0 4 A =0, (a.8) € x (0,T),
2¢=0, (z,t)elox(0,T),

(4.18) 22 =y — S, (x,t) e T x (0,T),
0.(2°) =0, (x,t) €Ty x(0,T),
Zs|t:T:0, T € Q.

By using an a priori estimate for parabolic equations, the trace theorem, and
(4.14), we can show that

(4.19) 1550 220,111 01)) < CllY® = Yl 20,101 /2(00y)
< Olly® = ysll2o0,1sm1 (20)) < Ca(T)d(e).
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Similarly we can prove that
(420) HZE||L2(O,T;H1(91)) < C2(T)6(E)
Set 7° = y° —ySP — k®, 7 = ¢ — S — 2. Given v = C > 0, multiplying by 77}

and 7 on both sides of the first equations of (4.15) and (4.16), respectively, adding
up, and integrating on €y x (0,t’) leads to

0" on°
4.21
(4.21) //Q 8tddt+7//u aaxzddt
3 ox® on®
/ o, / /Ql ” (x,t)=— 8 3xzdxdt
t/
:/ / (K:Efrs—zsff)dxdt.
o Ja,

Since 7% |i=o = 0 and 7¢|;=7 = 0, we get

87] 377 on® on®
(4.22) / / az;( d dt+/ /Ql (@, t)— 5 o ——dzdt
T
g/ / (|/@5ﬁ5|+|z5ff|)dxdt.
o Jou

Thanks to (As), using the Young inequality, and combining (4.19), (4.20), and
(4.22) it leads to

(4.23) 171 220,75 (90)) + 17 220,751 (01)) < Cs(T)d(e).

It follows from (4.14), (4.19), (4.20), and (4.23) that

(4.24) ly® — Y5 llz0,mm ) + 1 — Sl 20,11 (@) < Cs(T)d(e).

Furthermore, combining (1.7), (3.8), and (4.24) yields
(4.25) |u® = UgllL2(0,m:m1 (2)) < Cs(T)d(e).

Therefore the proof of Theorem 4.1 is complete.

THEOREM 4.2. Suppose that 9 € C* is a pure Dirichlet boundary. Let {y(uf),
Y= (u®),u} be the weak solution of the control system (1.4)—(1.6) without any con-
straints and assume that a3;(x,t) = a;j(%, &), k =1,2,3. Letys, ¢5, u5 be the second
order multiscale asymptotic solutions defined in (2.1), (2.2), and (3.8), respectively.
Under assumptions (Ay)~(As), if f,zq € H>(Q x (0,T)), go € H25(9Q x (0,T)),
do € H3(Q), the compatibility relations (2.7) are satisfied (see also [21, p. 32]), and
v=C >0, then it holds that

(4.26) ly=(u®) = y5llL20.1v) + 197 (u®) — Y5 L20,7;v)
+u® = u§llr20.1vy < Co(T)e 2,

where HE () C V. C HY(Q), and C2(T) is a constant independent of € but dependent
onT.
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Proof. For simplicity, set y*(u®) = y°, ¥°(u®) = . As mentioned in sec-
tion 2.2, under the assumptions of Theorem 4.2, we can show that y°(u®), ¢°(u"),u° €
H*2(Qx(0,T)). Set 7° = y*—y5, #° = o= —)5. If (x,t) € Qx(0,T), from (2.1)—(2.2),
using the definitions of cell functions Ny, (£,7), Nayas (&, 7) (see [1]), where £ = e~ 1z,
T =¢"Ft, k=1,2,3, then we obtain the following equations which hold in the sense
of distributions:

T‘FAJ] +7 17T5:€F0($,t,€),

(4.27)
__5? + A€ — 1 = eFi(a,t,e),
where Fy(z,t,e), Fi(z,t,e) are the sums of functions such as N,,, Na1a2, Bg%,
ONa: o ONg ONa: o am O(UO) al+1 O(UO) amwO(UO) al+1w (
Bfi- 2’ 87’1’ 87} 2’ Bmaly--amam’ 8wal~?{8walat’ 0Ty 0Ty, 7 OToq 8wa18t’ 0 <m<
4;,0<1I<250a1,...,01,...,qp,, =1,2 ... n.
For example, for the case k = 1, we have
_ ONaya,(67) Py ) 9%y’ (u°)
FO (CE, tv 5) - 18; 8!Ea1 8!Ea2 + Na1 (57 T) 8!Ea1 ot
e 1ONwan(67)  Py°(u)
—ai(§,7) 13§2J 0T o, 0%, 0;
0 9%y (u°
g Vo) o — a6, 6 ) gl
- ay° ( %) 9%y’ (u’)
_ 1 Y g\" )
aé Noq(é-a ) +€No¢1a2(§a )8xala$agat
9y° (u°)
=€ (§,T)Nayas (fv )3$a18$a18$i8$j
0%y° (u°)

—1 owpu )
— &7 "'Nayas (&,7) Dt O,
Using Lemma 2.1 and the regularity of y°(u") and 1°(u°), we can prove that
I E 220,522 < C, o =0,1,

where C' is a constant independent of ¢.
For (z,t) € 9Q x (0,T), we have

(4.28) Y- —y; =Gy, Y° —5 =eGs,

where

9 82 07,0
61 = N6V 2L — eNyee ) L

O41

0 2.0/, 0
GZ = _Nal(gaT)a%#l) - 6Na1a2(€77)8%'

For the initial conditions or the terminal conditions, we obtain
(4.29) 0 limo = e0L, 7%= = U2,
where

0 2,0
Wl = Ny (€2 g N6V B |,
2./,,0
g,

OL

U2 = _Nal(g’ )8%0( )

|t T — ENOQO(Q
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For any fixed t € (0,7, using Lemma 2.1 and repeating the proof of (1.22) of
[24, p. 126], we can show that

1G5 |1 mr1/200) < Ce™ 2y (W)l a3,
1G51 /200y < Ce2[[90(u®)]| ga(qy-

Using Lemma 2.1 and the regularity of y%(u®),4°(u?), it is not difficult to show
that

(4.30)

(4.31) [l r2@) <O, (W2 120 < C,

where C' is a constant independent of .
Similarly to (4.17) and (4.18), we define (°(x,t) and p°(x,t), respectively, as
follows:

%%s + A(F = ceFy(x,t,e), (2,t) € 2% (0,T),

(4.32) ¢F =eG5, (z,t) € 00 x (0,T),
<€|t:0 = E\Ij;, T € Q,

_%%E + Apf =eFi(z,t,e), (z,t) € Qx(0,T),
(4.33) pt =eGs, (z,t) € 00 x (0,T),

M€|t:T = 6\115, x €.

Applying an a priori estimate for parabolic equations and combining (4.28)—(4.31)
gives

(4.34) 1C¥ M 20,m3v) < ClellFollzo0,1:22(9) + NGl L20,mm172(00)
+ el| O 2o} < C(T)eV?,

151 L2 0.mvy < CLellFill2 (0,102 (9)) + el Gall L2 (0,1 1172 (002))
+ el| 92| 2} < C(T)2.

Subtracting (4.27) from (4.32) and (4.33) leads to
) 4 A — o) 7175 =0, (a,t) € Qx (0,T),

SUE ) LA — ) i =0, (1) € 2 (0,T),
=0, (at) €00 x (0,T),

7 =0, (.0) €09 x (0.T),

(17 = ¢ )e=0 =0, (7° — p°)|e=r = 0.

Given v = C > 0, multiplying by (/¢ — (¢) and (#° — u) on both sides of (4.35);
and (4.35)2, respectively, adding up, and integrating on Q x (0,t') gives

/ /a (i — &) d:cdt—i—’y/ / ”xt jca) (;;iga)dxdt
(4.36) ——/ /5 dxdt—i—/ / as; (. 1) ”x—“)a( o 1) g
_ /O ’ /Q (¢o° = e ) o,

(4.35)
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Since (17° — (%)|t=0 = 0, (#° — u®)|i=r = 0, and (Aj3) holds, using the Young
inequality and (4.34), we obtain

(4.37) 195 — ¢ llL2(o,75v) + 17 — &l L2(0,75v) < Co(T)e"/2.
It follows from (4.37) and (4.34) that
(4.38) ly® — ysllL2o,75v) + 10 = ¥Ellz20,1v) < Cy(T)e'/?.

Furthermore, combining (1.7), (3.8), and (4.38) gives
(439) 1w = ul| 2o zivy < Ca(T)e/2.

Therefore we complete the proof of Theorem 4.2.
COROLLARY 4.1. Let {y*(u®),v°(u®),u°} be the weak solution of the control
system (1.4)~(1.6) without any constraints and assume that af;(x,t) = aij(%, %),

k= 1,2,3. Let Y5, U5, U5 be defined as in (3.6), (3.7), and (3.8), respectively.
Under the assumptions of Theorem 4.2, we have

(4.40) ly=(u®) = Y5 [l L20,70v) + [19° (%) = 5|l L2071
+|u = Us || p2(0,7.v) < Co(T)e'/?

where Co(T') is a constant independent of € but dependent of T'.

Proof. Repeating the process of (4.15)—(4.23) and using the trace theorem and
Theorem 4.2, we can complete the proof of Corollary 4.1.

COROLLARY 4.2. Let {y(u®),v°(u®),u¢} be the weak solution of the control
system (1.4)-(1.6) without any constraints and assume that a3;(z,t) = a;;(Z,t). Q C
R™ is a bounded Lipschitz smooth domain with boundary 0Q € C3, 0 = 'y UT,
with To NT1 = (0, and T and 'y denoting, respectively, the Dirichlet and Neumann
boundaries with meas(T'y) > 0. If f,zqg € HY1(Q x (0,T)), go € H*3(Ty x (0,T)),
g1 € H35(Iy x (0,T)), o € H2(), v = C > 0, and the compatibility relations (2.7)
are satisfied, then it holds that

(4.41) ly=(u®) = yill2orivy + 9 (u%) = Y5201
+H|u® = uil|L200,7v) < Ci(T)e,

where HE () C V. C HY(Q), and C1(T) is a constant independent of € but dependent
onT.

Proof. For simplicity, set y°(u®) = y° and ¥°(u®) = ¢°. As stated in sec-
tion 2.2, under the assumptions of Corollary 4.2, we can show that 3°(u°), p®(u"), u° €
H31(Q x (0,7)).

For (z,t) € Ty x (0,T), we get

(4.42) T Y U Sy &
where

Ay (u®)

0% oy

P (u°)

1 e
Js - Na1(€77—) 83:&1

) JEZ_Na1(§a7—)

Similarly to (4.31), for any fixed ¢ € (0,T"), we can show that

||J51HH1/2(F0) < Cgfl/QHZJO(UO)HH%Q),

4.43
) 120 1 /2ra) < Ce™ 210 (u®) || (-
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We observe that

g (T ) Vi) e 3 ONay 9y’ (u’)
(4.44)  o.(y5) = viay, ( 6,t) be = [Vzaw(f,t) S vidion (g,t)} G
&y’ (u”)
+5Viaij(§at)Na1(§at)W'
For (z,t) € Ty x (0,T), we have
€ e\ _ . ONg, ) ayO(UO)
Us(y - yl) = g(xvt) - [Vlalj(fat)Tfrj =+ Vlaim(fat)} Ta,
Py’ () _ . 0y (u0)
+ eviaij (§,1) Noy (fﬁm = g(z,t) = Villia, T,
ON, (&t .\ oy
(4.45) (a6 ) P i, (60 - i) H)
82 0/,,0 io 8 0/,,0
_Eyiaij(gvt)Na1 (67&8%_%3 = _I/iﬁ 1(€7t)%:i)

9%y (u°)
—ev3a5(§, 1) Nay (€, t)mx—j,
where 571 (€, ) = aia, (1) + aij (&, 1) T30 — iy,
We can verify that 51 (&, t) satisfies all conditions of Lemma 2.2 of [24, Chap. II]

by using Lemma 2.1 and the definitions of N, (§,t), a1 = 1,2,...,n. For any fixed t €
(0,T), it follows from Lemma 2.2 of [24, Chap. II] that, for any v € L?(0,T; H(Q2)),

1/2
(4.46) < Cel/? </ |va(w,t)|2dx> .
Q

/ oo (" — v, £)dTs
I

Similarly, we get

1/2
< Cel/? (/ |va(x,t)|2dx) :
Q

Therefore, we can complete the proof of Corollary 4.2 by following the reasoning
of the proof of Theorem 4.2.

Remark 4.1. In particular, if 0 is a pure Dirichlet boundary, Corollary 4.2 is
also valid.

Remark 4.2. If we replace yi, ¢§,u] with Y, ¥§, Uf in Corollary 4.2, we can also
obtain similar estimates.

(4.47)

/F 0o (4° — 45 Yol £)dTs

5. The convergence results in the case of constraints. In order to obtain
the convergence results for the multiscale asymptotic expansions (2.1) and (2.2) for
the optimal control problem (1.4)—(1.6) in the case with constraints, the higher order
regularity of the state function y°(u°) and the adjoint function ¢°(u°) of the homog-
enized optimal control problem associated with (1.4)—(1.6) is required. As discussed
in section 2.2, two specific situations with constraints are considered, i.e., (2.8) and
(2.9). To this end, the convergence theorems in this section are confined to the two
specific cases (2.8) and (2.9).
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To begin, we consider the initial-boundary value problem given by

QW% | Aowr = f(at), (a,) €Qx (0,T),

(5.1) we (1) = golz, 1), (z,t) € I x (0,T),
wa(xﬂt)|t:0 = ¢0($),

where the operators A, is given as in section 1. f¢(x,t), go(z,t), ¢o(x) are known
functions.

Similarly to (1.4), we define the multiscale asymptotic expansion of the solution
of problem (5.1) as follows:

ouw® (z,t
W@, t) + 2Nay (6, 1) 220y,
0%y,
ouwd (x,t
(5.2) we(w,t) = ¢ wl(x,t) + ENal(f,T)%
%
02w (x,t)
2 9
Noyar (6 7) 57—, =2,
+e 1 2(5 T) axa18$o¢2 s
where cell functions Ny, (§,7), Na,a,(&,7), @1, 0 = 1,2,...,n are the same as given

in (2.1) and w°(z,t) is the unique solution of the homogenized initial-boundary value
problem given by

%ul}f_o_FAOwO:fO(xvt)a (Qj,t) EQX (O’T)’

(53) wWO(x,t) = go(,1), (x,1) € A x (0,T),
W' (z,t)i—0 = ¢o(z), =€,

where the operator Ay is the same as given in (2.3), and f¢ — fO in L%(0,T; L?(2))
strongly as ¢ — 0.

LEMMA 5.1 (see Corollary 2.2 of [1]). Suppose that @ C R"™ is a bounded smooth
domain with a pure Dirichlet boundary 0Q € C3. Let w®(x,t) be the unique solution
of the initial-boundary value problem (5.1), and assume that a3;(x,t) = a;;(Z,t). Let
ws(z,t) be the first order multiscale asymptotic solution as given in (5.2) associated
with we (z,t). If f € L2(0,T; LA(Q)), f° € HY(Q2x (0,T)), go € H>1(9Q % (0,T)),
B0 € H2(Q), and the compatibility relations (2.7) are satisfied, then we have

T
(5.4) sup /Q(ws(x,t) —wi(z,t))*dz —I—/O |w® — wiH%ﬂ(Q)dt

0<t<T
< C{e+ 157 = P22}

where C is a constant independent of €, and f¢ — f° in L%(0,T; L?(Q)) strongly as
e — 0.

Using Lemma 5.1, the following proposition is obvious.

PROPOSITION 5.1. Assume that a5;(z,t) = a;j(£,t). Let w*(z,t) and w(w,t)
be the solutions of the initial-boundary value problem (5.1) and the corresponding

homogenized problem (5.3), respectively. Under the assumptions of Lemma 5.1, it
holds that

T
(5.5) sup / (w (2, 1) — w®(x, £))2dz + / " — 0O 2 gt
0<t<T JQ 0

< C{s + £ - fOI\L2<o,T;L2<Q>>}-
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LEMMA 5.2 (see Corollary 2.1 of [1]). Suppose that @ C R™ is a bounded smooth
domain with a pure Dirichlet boundary 0Q € C*. Let w®(z,t) be the unique solution
of the initial-boundary value problem (5.1), and assume that aj;(z,t) = a;;(Z, %),
k =1,2,3. Let w5(x,t) be the second order multiscale asymptotic solution as given
in (5.2) associated with w®(x,t). If f¢ € L?(0,T;L*(Q)), f° € H>1(Q x (0,7)),
go € H2 5 (0% (0,T)), ¢o € H3(R), and the compatibility relations (2.7) are satisfied,
then it holds

T
(5.6) sup /(ws(x,t) —w$(z,t))*dz +/ lw® — w;”%_[l(ﬂ)dt
o<t<T Jo 0

< Cole+ I = fOllr20,7:22(0n }

where Cy is a constant independent of €, and f¢ — f° in L?(0,T; L*(Q)) strongly as
e — 0.

Applying Lemma 5.2, we have the following proposition.

PROPOSITION 5.2. Assume that af;(z,t) = ai;(£, %), k = 1,2,3. Let w®(x,t)
and w®(z,t) be the solutions of the initial-boundary value problem (5.1) and the
corresponding homogenized problem (5.3), respectively. Under the assumptions of

Lemma 5.2, we obtain

T

(5.7) sup [ (W (,8) — w (e )2do + [0 = 0Oyt
0<t<T JQ 0

< Cofe+ 1175 = fOll20,15220)) -
Before giving the main theorems of this section, let us introduce the notation and

some lemmas. We recall the cost function J.(v) of the optimal control problem (1.1).
Let

js(v) = gs(v) +](U)a

T T
ge(v) = / / [y (v) — zq|2dxdt, j(v) = / / yvidadt.
0o Ja 0o Jau

Let Qu C Q be a control domain, U = L*(0,T; L?(2)) be endowed with the
scalar product (¢,v)y = fOT fQU Ppdxdt, and U,q C U be the set of admissible
controls. We denote by J/, ¢, j' the Gateaux derivatives of J¢, gc, and j, respectively.

LEMMA 5.3. One can prove that

where

(5:8) (7" (u) = ' (), u = V)u = yollu = vlFy, w0 € Uaa.

Proof. Using the Holder inequality, we have

T
(5.9) (7" (w) = 5’ (v) - w| < /O /Q|’Y(U —v)wldz < Mllu—vllyllwll
and

(5.10) 1G"(w) = 3" ()l < Mlu = vllu-
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Hence j'(v) is Lipschitz continuous. On the other hand,

(5.11) (' () = §' (), u = vy = j'(u) - (uw =) = §'(v) - (u =)

/ / (u — v)%dxdt > yollu — v||7.

THEOREM 5.1. Suppose that 0 C R™ is a bounded smooth domain with a pure
Dirichlet boundary 02 € C3. Let {y¢(u®), 1 (u®),us} be the unique solution of the
optimal control problem (1.4)-(1.6) with constraints, and assume that ag;(z,t) =
aij(Z,t). Let yi(w,t) and Yi(z,t) be the first order multiscale asymptotic solutions
as defined in (2.1) and (2.2), respectively. Let u(x,t) be the optimal control function
of the homogenized problem (2.3)~(2.5). If f,zq € H*(Q x (0,T)), go € H?'3 (9 x
(0,7)), ¢o € H?(Q), v > v > 0,7 € H-1(Q x (0,7)) N L>=(Q x (0,T)), and the
compatibility relations (2.7) are satisfied, then we have

(5.12) uf —ullly < Ce'/2,

T
(5.13) sup /Q (v () — i (@, 1))%de + / Iy (u) = 5 3yt < Ce,

0<t<T

T
(5.14) sup /Q(W(UE) —¢‘f(x,t))2dx+/0 19° (u®) = ¥ [ dt < Ce,

0<t<T

where C' is a constant independent of €.
Proof. Note that we set

0 5 0
E‘S:E_F.AE, EEZ_E_F.AE-
We rewrite (1.4), (1.5), and (1.6) as follows:
(5.15) Ly (u®) = f+us,
(5.16) Lo (uf) = 3¢ (uf) — 24,
(5.17) (W (u®) +yut, v —u)y >0 Yo € Upg, u® € Ugq.
Similarly to Lemma 5.3, we can prove
(5.18) (92 (" (u)) = g2 (" (v)), ¥ (W) = y*(V))u 2 0, w,v € Uaa.
From (5.17), we have
(5.19) Ti(u) v = (yu+ 9 (u), v)u.

Using (5.18) leads to
(5.20) (JZ(u) = T (v),u = vy = (y(u—v),u = v)y + (¥ (u) = ¥ (v),u - V)u
= (y(u—v),u—vjy
+(¥(u) = ¢*(v), L (y" (v) — Le(y"(v)u
= (y(u—v),u—vjy
+(9e(y™ (w) = gL(y" (v)), ¥" () — ¥* (v))u
> (y(u =), u = vy = ollu— vl
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Let us turn to the proof of Theorem 5.1.
Suppose that u° € U,q is the optimal control function of the homogenized problem
(2.3)—(2.5). We first consider the following auxiliary problems:

Loy (u®) = f(x,t) +ul(z,t), (x,t) € Qx(0,T),
)

(5.21) y“:s( =go(z,t), (z,t) €00 x(0,T),
¥ (u0)|i=0 = ¢o(x), =€,

Lopf(u®) =y (u0) — za(z,t), (2,t) € Qx (0,T),
(5.22) V(u0) =0, (x,t) € Q% (0,T),
V(U= =0, z€Q.

For a given u® € Uy,q, existence and uniqueness of the solutions of problems (5.21)
and (5.22) can be established.

Let u® and u® € Uy,q be the optimal control functions of problems (1.4)—(1.6) and
(2.3)-(2.5), respectively. From (1.6) and (5.20), we have

(5.23)  [lu —°|f < O(T!(w°) = T (u°),u" — )y
= C(TL (%), v = u®)y — C(T(u®),u® —u')y
< O(TL(W0),u® — u)y = (yu® + ¢ (u?), u® — u®)y
= C(T' (1), u® = u ) + C(0F () =0 (u), u” = u)y
<O () =P (u®),u’ — u)y
< Ol (u®) = O (u?) lerl|u® = u® s
< Ol (u®) = (W) 20,7522 ) 1u° — u® |l
and consequently,
(5.24) [ =l < Cll9° (u°) = (1)l L2(0.7:L2 (@)

where j as given in (4.2) denotes the cost function of the homogenized problem
(2.3)—(2.5), and J' is the Gateaux derivative of functional 7.
We consider the following initial-boundary value problem:

SO 4 A w) = ) — 2y () € 2 (0,T),

Pe(u’) =0, (x,t) € 9Q % (0,T),
wa(uoﬂt:T = 07 S Qa

(5.25)

and the corresponding homogenized initial-boundary value problem is written as fol-
lows:

—a—wi(t%()) + Ao (u®) = y°(u) — zq, (x,t) € Q x (0,T),

PO(u®) =0, (x,t) €90 x (0,7),
wo(uo)h:'f = 07 HS Qa

(5.26)

where the operator A. is given as in section 1, and the operator Ag is the same as
given in (2.3).

As discussed in section 2.2, under the assumptions of Theorem 5.1, we can show
that u® € HL1(Q x (0,7)), y°(u®),v°(u®) € H>Y(Q x (0,T)).
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Set f&(x,t) = y=(u®) — zq(x, t) and fO(z,t) = y°(u®) — 24(x,t) in Proposition 5.1.
From (5.22) and (5.26), using Proposition 5.1, we can show that

(5:27)  [[° (u°) = (W)l 20,1302y < {2 + 7 (1) = ¥ (W)l 220,720 }-

From (5.21), setting f¢(z,t) = fO(x,t) = f(x,t) + u®(x,t) and applying Proposi-
tion 5.1 again, we get

(5.28) = () = y° (u®) || 20,7020y < Ce'2,
and consequently,
(5.29) [9°(u) = O (u) | 20 7322(0) < O™/

Equation (5.12) follows from (5.24) and (5.29). Recalling (1.4), (2.3), (5.1), and
(5.6), applying Lemma 5.1 and (5.24), we can prove (5.13). Similarly, combining (1.5),
(2.4), and (5.28) gives (5.14). Therefore the proof of Theorem 5.1 is complete.

THEOREM 5.2. Suppose that  C R™ is a bounded smooth domain with a pure
Dirichlet boundary 02 € C*. Let {y*(uf),v°(uf),u} be the unique solution of the
optimal control problem (1.4)-(1.6) with constraints, and assume that af;(z,t) =
aij(2, %), k = 1,2,3. Let y5(x,t), ¥5(x,t) be the second order multiscale asymp-
totic solutions as defined in (2.1) and (2.2), respectively. Let u®(z,t) be the optimal
control function of the homogenized problem (2.3)—(2.5). If f,zq4 € H>*(Q x (0,T)),
go € H25 (0% (0,T)), o € H3(Q), v > 70 > 0,7 € H-1(Qx(0,T))NL>®(2x(0,T)),
y°(u) € H¥L(Q x (0,T)), and the compatibility relations (2.7) are satisfied, then we
have

(5.30) |luf — ul|jy < Ce/2?,
T
(5.31) sup / (W@, 1) — v (o 1) 2d + / ly° — 4502 @t < Ce,
0<t<T JO 0
T
(5.32) sup / (4° (2, 1) — ¥5(, £))2dz + / 105 — Y5112yt < C,
OStST Q 0

where C' are constants independent of €.

Proof. Under the assumptions of Theorem 5.2, using Lemma 5.2 and Proposi-
tion 5.2, and repeating the process of the proof of Theorem 5.1, we can complete the
proof of Theorem 5.2.

Remark 5.1. It should be emphasized that, for the two specific cases (2.8) and
(2.9), under the assumptions of Theorem 5.2, we can show that the adjoint function
PO(u®) € H*2(Q2 x (0,T)). However, for the state function y°(u°), the best regularity
one can expect is y°(u®) € H31(Q x (0,7T)) due to u® € H*1(Q2 x (0,T)). In order
to obtain the convergence results presented in Theorem 5.2, the condition y°(u°) €
H%1(Q x (0,T)) is imposed.

Remark 5.2. It should be stated that the regularity of the optimal control is a
challenging problem in general cases even for the problem with constant coeflicients.
The derived error estimates in this paper are valid provided that the regularity of
y°(u®) and ¢°(u?) is satisfied; even so, the formal multiscale asymptotic expansion is
particularly useful for developing efficient numerical methods.
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Remark 5.3. Since the homogenized coefficients a;; are constants or sufficiently
regular, we can obtain the higher order regularity of y°(u") and ¥°(u") in some specific
cases. However, for the solution {p®(u®),1*®(u®),u°} of the original optimal control
problem (1.4)—(1.6), the best regularity one can expect is u® € L*(0,T;L*(Qy)),
y©(u®), 9 (u®) € L*(0,T; V) due to the discontinuous coefficients, i.e., af; € L™(Q x
(0,7)), where H}(Q2) ¢ V C H'(Q). Therefore, for the original optimal control
problem (1.4)—(1.6), both the numerical computation and the theoretical analysis are
extremely difficult due to the low regularity on the optimal control. It implies that
the homogenization method and the multiscale asymptotic methods are necessary and
essential for the optimal control.
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