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Abstract. A two-player, zero-sum, switching game is formulated for general stochastic differen-
tial systems and is studied using a combined dynamic programming and viscosity solution approach.
The existence of the game value is proved. For the proof of the related dynamic programming prin-
ciple (DDP) for the lower and upper value functions, the measurability problem, of the same kind
as mentioned in the paper of Fleming and Souganidis, is also encountered, and we are able to get
around it via a delicate adaptation of their technique. Moreover, the traditional direct method to
prove the time continuity of lower and upper value functions also gives rise to a serious measurability
problem. To get around the new difficulty, a subtle dynamic programming argument is developed to
obtain the time continuity, which in return is used to derive the DDP for random intermediate times
from the DDP with deterministic intermediate times.
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1. Introduction. Consider a differential game of the following stochastic differ-
ential system on Wiener space (2, F, P):

dy(t) = f(ty(t),a(t), b(t)) dt + g(t, y(t), a(t), b(t)) dw(t), t€ (s,1],

(1.1) o(s) = 2

with the cost functional
1
Joala(),b()) = E{ [ £ 0000, 00) e+ biy1)
(1.2) °
+ Z k(0 ai—1,a;) — Zl(Tj7 bj-1, bj)}~

i>1 j>1

Here f, g, f°, and h are given maps; w(-) is the coordinate process in €2, and its natural
filtration is denoted by F;. The subscript sz of the expectation operator E indicates
that the underlying mathematical expectation is taken under the condition that the
underlying system state process y(-) takes the value z at time s. The first player
chooses the control a from a given finite set A to minimize the payoff (1.2), and each
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of his instantaneous actions is related with one positive cost k, while the second player
chooses the control b from a given finite set B to maximize the payoff (1.2), and each
of his instantaneous actions is associated with the other positive cost .

For differential switching games, a key point in connecting value functions with
the corresponding Isaacs’ equations is to prove the following fact: It is the best way
for a player to keep his underlying switching position for some time of a positive
length, whenever he is not on his switching set. In the deterministic case, such an
assertion is easy to understand from the following almost obvious fact: If he is not
on his switching set, a player will keep away from the set for some deterministic
time interval of a positive length, as the system state evolves continuously. See Yong
[10] for details. In the stochastic case, the situation becomes complicated due to the
nature of diffusion: Even if he is not on his switching set, it is possible for a player
to arrive at his switching set in an arbitrarily short time. That is, if he is not on his
switching set, although the system state still evolves continuously, a player can keep
away from the switching set only for some random (rather than deterministic, in
general) time interval, almost surely (rather than uniformly, in general) of a positive
length. Then the intuition of the dynamic programming principle for the underlying
switching game suggests that if he is not on his switching set, the optimal action of a
player has to vary with different events, even within a very short deterministic time
period. We show in section 3 by using arguments quite different from the deterministic
case that, whenever he is not on his switching set, a player’s best action is to keep his
underlying switching position, before he escapes from a sufficiently small ball centered
at the current state, within some deterministic time interval of a positive length.

It has been widely recognized that the dynamic programming method is both
easy and efficient for the study of deterministic optimal control and differential games
within the framework of viscosity solutions. The general nonsmooth feature of inf-sup
functions is no longer a difficulty in view of the notion of viscosity solutions. However,
applications of dynamic programming to optimal stochastic controls and stochastic
differential games still encounter difficulties; the reader is referred to Bertsekas and
Shreve [1] and Fleming and Souganidis [6] for detail. It was noticed by Fleming
and Souganidis [6], in the study of classical stochastic differential games, that the
conventional proof of the dynamic programming principle for the lower and upper
value functions encounters a serious measurability issue. In this paper, we observe
that the traditional direct approach to show the time continuity of lower and upper
value functions also gives rise to a serious measurability problem. The difficulty is
circulated using a dynamic programming argument.

In this paper, the coefficients of differential games are allowed to grow linearly,
and a powerful simple test function is given to prove the uniqueness of unbounded
viscosity solutions for the associated Isaacs’ system of variational inequalities.

The rest of our paper is organized as follows. Section 2 is devoted to the for-
mulation of our stochastic switching game, the definitions of some restrictive class of
admissible controls, and strategies to be used in the following sections. Several useful
dynamic programming results and the time continuous properties are established in
section 3. The existence of the value is proved for our game in section 4.

There are some related papers which remain to be mentioned. For the optimal
switching problem, the reader is referred to Capuzzo Dolcetta and Evans in [2] in
the deterministic case, and to Evans and Friedman [4], Tang and Yong [7] and the
references therein in the stochastic case. For the switching game, the reader is referred
to Yong [10] in the deterministic case with the dynamic programming approach and
the notion of viscosity solution, and to Yamada [8, 9] in the stochastic and infinite
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time-horizon case with an analytical approach rather than the dynamic programming
approach.

2. Preliminaries. Let A = {1,2,...,m},B = {1,2,...,n}, and X be a finite-
dimensional Euclidean space. Let f : [0,1] x X x Ax B — X,g:[0,1] x X x A X
B— XxW,f0:[01]xXxAxB—-Rk:[0,1]xAxA—R, =]0,00), and
1:]0,1] x B x B — R be continuous functions satisfying the following hypotheses.

Hypothesis 1. There exists a constant L > 0 such that for all z,7 € X,t €
[0,1],a € A, and b € B,

|f(t,z,a,b) — f(t,Z,a,b)| + |g(t, z,a,b) — g(¢t,Z,a,b)| < Lz — |,
|f(t, 2, a,0)| +|g(t, 2z, a,b)| < L(1 + |z),
|f0(t,x,a,b) - fo(tvaj\va?b” + ‘h(I) - ]’L(C/C\)‘ S L|‘T - ‘C/E‘7
£°(t,0,a,b)| + [n(0)| < L.
Hypothesis 2. For all a,a,a € A,a#a#a,and 0 <s<t <1,
k(t,a,a) < k(t,a,a) + k(t,a,a),
k(t,a,a) > 0,k(t,a,a) =0,
k(t,a,a) < k(s,a,a).

Hypothesis 3. For all b,g,g € B,b #E#E, and 0<s<t<1,

I(t,b,b) < I(t,b,b) + I(t,b, ),

1(t,b,b) > 0,1(t,b,b) = 0,
1(t,b,b) < I(s,b,b).

For s, § € [0,1] such that s < §, let
(2.1) Qa5 = {w e C([s,5;RY) : w(s) = 0}.

Denote by F,; the topological o-field of € ; and consider the Wiener space
(QS,§7FS,§3PS,§)- Let

(22) Qs:Qs,lu Ps:Ps,h fs:fs,la
and

w1 = w|[s,§]a
(2.3) we = (W — W(é))hé,l],

Mw = (w1, ws).
We see that the map IT: Q; — Q, s x Q3 induces an identification
(24) QS = Qs’g X Qg

Moreover, the inverse of II is defined in an evident way: Qg = II71(Q; 5, Q). Finally,
we have

P, = Ps’g ® Ps.
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Define
(2.5) w(r,w) =w(r), (w,r)e€ N x]s,1].

Then {w(r),r € [s,1]} is a standard Wiener process.

DEFINITION 2.1. An admissible switching process for player 1 (resp., 11) on [s, 1]
with initial value ag (resp., bo) is defined to be a pair of sequences {a;,0;}i>0 (resp.,
{bi, Ti }i>0) such that each 6; (resp., ;) is an Fs -stopping time, with

s=0p<60;<---<1 as.

(resp.,, s=19 <11 <--- <1 as.),

each a; (resp., b;) is Fsp,- (resp., Fs r,-) measurable with values in A (resp., B), and

EZk(Oi,ai,l,ai) < 0 (resp.7 EZZ(Tj,bj,l,bj) < oo).

i>1 i>1

Denote by A%[s, 8] (resp., B[s, 8]) the totality of the admissible switchings for player
I (resp., I1) on [s, 8] with the initial value a (resp., b).
We shall identify {ai, 91'}2‘20 e A” [S, 1] with

a(r) = Zaiflx[f)z—h%)(r)v re [s’ 1]'

i>1

Note that in the case of 1 = 0 the term aix[s, 9,)(r) will be void, but we still
keep it in the above expression. This is due to the fact that the sequence {a;,0;}
with or without (ay, 8;1) represents two different switching controls and their costs are
different. A similar identification will also be used for {b;, 7;} € B°[t, 1].

Following Elliott and Kalton [3] and Fleming and Souganidis [6], we define in the
switching game an admissible strategy as follows.

DEFINITION 2.2. For s € [0,1] and a € A (resp., b € B), an admissible strategy
a®* (resp., B> ) with the initial value a (resp., b) for player 1 (resp., 11) on [s,1] is
a mapping a®* : UpepB[s,1] — A%[s,1] (resp., f>° : UgeaA%[s, 1] — B°[s,1]) such
that

b(r) =b(r) (resp., a(r) =a(r)) a.s. Vr € [s, 3
implies
a™ [b())(r) = @ B()](r)  (resp., B [a()])(r) = B [@()](r))

forr € s, 3].
We denote all admissible strategies with the initial value a (resp., b) for player I
(resp., I) on [s, 1] by I'*[s, 1] (resp., A®[s, 1]). We adopt the convention that

AL, 1] =a, T%1,1]=a,

(2:6) B°[1,1] =b, Ab[1,1]=0b.

Set for (s,x) € [0,1] x X,

2.7)
Va,b(syx) = inf sup Jsﬂ(a(b(-)),b(-)), V(s,x) = (Va,b(s,l'))aeA,beB;
ael*[s,1] b(-)EBY[s,1]

U™*(s,) = sup inf Jsu(al),B(a(), Uls,x) = (U"(s,2))acapes-
ﬁGAb[s,l]a(')e‘Aa[S’l]
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The matrix-valued functions V' and U are called the lower and the upper value func-
tion, respectively. If V = U, we say that the above stochastic switching game has a
value. Our aim is to study the existence of the value of our stochastic switching game.
U and V should satisfy the dynamic programming principle. However, the conven-
tional proof leads to serious technical problems related to measurability issues, which
have been noticed by Fleming and Souganidis [6] in the study of classical stochastic
differential games . To circumvent these problems, we borrow the techniques of Flem-
ing and Souganidis [6] and introduce in the following the concepts of restrictive class
of admissible strategies, m-admissible switching processes, and w-admissible strategies.

Consider s € [0,1],8 € (s,1), and b(-) € B[s, 1]. For P; s-a.s. w1 € Qs 5, the map
b(wy) : [8,1] x Q3 — B defined by

bw1)(w2)(r) = blwy, w2)(r), 7€ [8,1],

is an admissible control for player II, i.e., b(w;) € B*®)[3, 1].

DEFINITION 2.3. Let o € I'%[3,1]. If for Vs € (0,3) and Vb(-) € B%[s,1],b € B,
the map (T,w) — alb(wy)](w2)(T) is B([8, 7]) ® Fs,r-measurable for every T € [8,1],
then « is called an r-strategy with initial value a for player 1 on [s,1]. The set of
r-strategies with initial value a on [s,1] of player 1 is denoted by T'{[s, 1].

Similarly, we define r-strategies with initial value b € B on [s, 1] for player IT and
denote their collection by A[s, 1].

Set

(2.8)
Val,b(svx) = inf sup szz(a(b(-)),b(-)), Vl(s»x) = (Val,b(s’x))aeA,bGB;
a€el'{[s,1] b(-)eBY[s,1]

Uf’b(s,x) = sup inf Jsz(a(-), B(a()), Ui(s,x)= (Uf’b(s,x))aeA,beB.
ﬁGA?[S,l] a(-)eA*[s,1]

The matrix-valued functions V! and U; are called the r-lower and the r-upper value
function, respectively.

Let mg = {s =ty < t1 < -+ < tpy = 1} be a partition of [s, 1], and denote
by ||7s|| = maxi<;<am(t; — t;—1) its mesh. The notions of m-admissible switching
processes and m-admissible strategies are then defined as follows.

DEFINITION 2.4. Let a(-) = {a;,0:}i>0 € A%[s,1]. If each 0; is a ms-valued
stopping time, then it is called a w-admissible switching process with initial value
a € A on [s,1] for player 1. The set of w-admissible switching processes with initial
value a € A on [s,1] for player I is denoted by A%[s,1]. The m-admissible switching
processes with initial value b € B on [s,1] for player 11 are defined in a similar way,
and their collection is denoted by BC[s, 1].

DEFINITION 2.5. « € I'Y[s, 1] is called a w-admissible strategy with initial value
a € A on [s,1] for player 1, if it satisfies the following properties: (1) Vb(-) €
B[s,1],b € B, alb(-)] € A%s,1]. (2) Fiz b € B. If s € [tiy,ti,11), then
albr(lstigen) = lb2(Nlistigrn) Y010),b2() € B[, 1]. (3) If b(-) = (") on [s, 1),
then alb(1)](t;) = a[b(")](t;), Ps-a.s. for i € {ig +1,...,M}. The collection of -
admissible strategies with initial value a € A on [s, 1] for player I is denoted by T'%[s, 1].
The m-admissible strategies with initial value b € B on [s,1] for player 11 are defined
in a similar way, and their collection is denoted by A’ s, 1].

It is crucial, in our case of the switching game, that «[b(-)](¢;) in Definition 2.5 is
required to be independent of b(t;) for & € I'%[s,1] and i = ip + 1,..., M. Definition
2.5 differs from Fleming and Souganidis’ in that a[b(-)]|}s ¢, ,,) may depend on b(s—)
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even if o € T'%[s, 1], and this is due to the fact that the initial position of a player is
crucial in our switching game.

According to the definitions of Va{b(s,x), U (s, x), Vay(s, x), and U (s, z), we
have immediately the following two relations:

(2.9) Vap(s,2) < V2 (s,2) and UP (s, x) < U (s, 2).

Next, let us introduce some operators. For any m X n matrix-valued function
W(-,-) = (W*b(.,.)) defined on [0, 1] x X, we define for (a,b,s,z) € Ax Bx[0,1] x X

M**W](s,x) = ggg{wa’b(sar) + k(s a,a)},
Moo [W](s,z) = r;)lj;{{W“’B(s, z) — (s, b,b)}.

(2.10)

The two operators are called obstacle operators. According to the definitions, for
any (a,b,s,2) € Ax B x [0,1] x X, the following are true:

(2.11)

Before closing this section, we state without proof the following result on the
continuity in the space variable of the costs and the value functions.

PROPOSITION 2.1. (1) For any a(-) € A%[s,1],b(-) € B®[s,1],a € T3, 1], and 3 €
Ab[s, 1], the functions Js.(a[b(-)],b(:)) and Je(a(-), Bla(-)]), (s,x) € [0,T] x X, grow
linearly, are Lipschitz continuous in the space variable x, and are Holder-continuous in
the time variable s, uniformly with respect to the other variable s and x, respectively,
and uniformly as well with respect to the four parameters: «,a(-), 3, and b(-).

(2) The functions V, V1, U, and Uy grow linearly and are Lipschitz continuous in
the space variable x, uniformly with respect to the time variable s.

The time continuity of value functions turns out to be a measurability issue and
will be considered in the next section.

3. Dynamic programming and time continuity of various value func-
tions. In this section, we use the Bellman dynamic programming principle to study
the time continuity and the dynamics of various value functions related to our game.

PROPOSITION 3.1. (1) The lower value function V'(-,-) satisfies the following
suboptimality condition: For any (a,b) € Ax B,z € X, and 0 <s < §<1,

(3.1a) )
Vi(s,2) < inf  sup E{ / 00 y(r), ab())(r), () dr

T el s, 1] p()eBb[s,1]

+ Z k(0i,ai-1,a;) — Z I(75,b5-1,b5) + Vo}[b(~)](§)7b(§)(‘§ay(g))}a

91S§ Tjgﬁ

where {a;,0;} and {b;,7;} are associated with «a[b(-)] and b(-), respectively, and
ofb()](3) = afb()](5 +0),b(3) = b5 + 0).

(2) The upper value function Uy (-,-) satisfies the following superoptimality condi-
tion: For any (a,b) € Ax B,z € X, and0<s < §<1,
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(3.1b) A
Ub(s,a) > sup inf E{ / £ y(r),a(), Bla()](r)) dr

ﬁEAl{[S,l] a(-)EA?[s,1]

+ ) k(B aio1,a) = Y Uri,bio1,by) + Uf(é)’ﬁ[a(')](é)(gay(g))},

9,§§ Tj§§

where {a;,0;} and {b;,7;} are associated with a(-) and Bla(-)], respectively, and
Bla()](5) = Bla(-)](5 +0). b(s) = b(5 + 0).

Proof of Proposition 3.1. We prove only the inequality (3.1a); the inequality
(3.1b) can be proved in the same manner.

Let (s, x,a,b) be fixed, and let W, 5(s,x) be the right-hand side of (3.1a). Then,
Ve > 0, there exists o € T'{[s, 1] such that

(3.2) A
Was(s,z) > E{ / 100 y(r), alb())(r) () dr

+ Z k(0i,ai-1,a;) — Z U7j,bj-1,b5) + Vo}[b(‘)](g)b(g)(éay(g))} —€

0,<3 7 <38
for every b(-) € B%[s, 1]. Also, for each a € Abe B¢ € X,

(3.3) V)i(3,6) = nf sup  Jse(afb(+)],b());
’ a€lt[8,1] pyepb(s,1)

thus there exists a?’b € I'?[3,1] for which

(3.4) VI3 > sup Tie(a B()]b()) <.
b(-)eBP[3,1]

Next let {A; : ¢ = 1,2,...} be a partition of X by Borel sets, and choose &; €
A;(i=1,2,...). If the diameter of the A;’s is sufficiently small, then for i = 1,2, ...
and w € A;,

(3.5) )
sulalb()],b()) — Jse, (alb()],b())] < & for any b(-) € B3, 1] and a € TH[3, 1],

and

1 (2 1 (2
(36) |Vd7l‘)(svw) - Vd,g(sagi” <E.

Now we use the strategies o and a?;i),i =1,...,a € A,B € B, to construct a new
admissible strategy a € I'¢[s, 1] as follows: For (r,w) € [s,1] x Q, and b(-) € B%[s, 1],
we define
(3.7)

afb(-)](w)(r)
alb()])(w)(r) A if r <3,
O\ Z&eA,BeB X{b(8)=b,a[b(-)](3)=a} XA (ysw(g))ag;b[b(wl)Kw?)(r) ifr >3,

where w = (w1,ws) € Qs x Qg and blw;)(-) € B[4, 1] is given by b(w;)(wa)(r) =
b(wy,ws)(r).
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Consequently for any b(-) € B[s, 1], using (3.2), (3.4), and (3.6), we obtain

Was(o:) 2Eec{ [ 1200l O, b0 ar
+ Z k(@i,ai_l,ai) — Z l(Tj,bj_l,bj)

0,<3 <§
TY D XabE)=an(e)=ir XA s (3)V25 G, y(é))} —e
i=1 4cA,beB

ZEsx{ / £ y(r), alb()](r). b(r)) dr

+ ) k(bi,ai-1,a;) — Z U7jbj-1,b;5)

;<38 7;<3
o

T D Xfab()e)=ab(e)=by XA (ys,z(é))vdl,g(é,&)} — 2.
=1 e A beB

On the other hand, for ys,(8) € A;,i = 1,2,... and Vb(-) € B?'[§, 1], we derive
from (3.4) and (3.5) that

(39)  VE5(8.6) > T, (af ()], () — & > Jay, () (E ()] b)) — 2.
Combining the above inequalities, we have
Waslor) 2Euef [ 1200001, 0B00).60))
+ Z k(0;,ai—1,a;) — Z I(1j,b;-1,b;))

91§§ TjS§

(3.10) o0 1
3 a6 B { [ 100, GBOI. 000 b
-+ Z k(@i,ai_l,ai) — Z l(Tj,bj_l,bj) + h(y(l))}} —4e.
6;>35 Tj>§
Therefore,

Wan(s,x) > Jeu(a,b(-)) — 4e,
which in turn implies
Wap(s,x) > Va{b(s,m) — 4e,

and the result now follows. ]
From Proposition 3.1, we can obtain the following time continuity of V! and Uj.
PrOPOSITION 3.2. There exists L > 0 such that for any a € A,b € B,z € X,
and s,t € [0,1]

Vap(5,2) = Vil (t,2)] < L1+ [2)V/]s — ¢,

(3.11)
U (s,2) = UP*(t,2)] < L(L+ Je)/]s .
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Proof of Proposition 3.2. We prove only the %—Hijlder continuity of the r-lower
value function V! in the time variable the %—Hélder continuity of the r-upper value

function U; in the time variable can be proved in the same way.
Suppose that s < t. First, we prove the following:

(3.12) Viy(s,@) = V5y(ta) < L1+ |z))VE—s.

From Proposition 3.1 and Hypothesis 3, we derive

(3.13)
Vlb(s x)
<  sup { O(r,y(r), a,b(r)) dr — Z U(rj,b5-1,b5) + Valﬁb(t) (t,y(t))}
b(-)eBY(s,1] <t
0 b(r))dr — Y 1(t,b;_1, Vil }
Sb()zgg[ﬂ {/f (r,y(r), a, r T;t (tbj—1,b5) + Vi py (£, y(1))
< sw o B [ Pt i) +Va{b<t><t,y<t>>}
b(-)EBP[s,1]
< s B [ Psnaio)a Ve
b(-)EB?[s,1]

Note that in the last step, we have used the relation (2.11). We then have

Vlb(s x) — Vabtx)
(3.14)
< sw E, / £Or,y(r),a, b)) dr + V23, (1 y(8) — Vi () b,
b(-)EB?[s,1]

which proves (3.12) by the uniformly Lipschitz continuity of V,',(t,2) in  and the
following estimate:

E‘ysm(t) - $| < L(l + |$|) Vi —s.
Second, we prove the following:
(3.15) Viy(s,@) = VS (t2) > —L(1 + |z])VE — s.

In fact, for any b(-) € BY[t,1] and « € T'9[s, 1], we define

and

(3.16)
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Then we see that b(-) € B’[s, 1] and a(w) € T'¢[s, 1], a.s. It follows that

(3.17)
Jsa(afb(:)], 0(+))

> E{ / £ y(), alb())(r), () dr + 1(t, 0, a(t)) + Jua(a(wn) b)), B())
+ / [FO(r,y(r), a(wn) ()] (r),b(r)) — fO(r, y(r), @(wi)[b()](r), b(r))] dr}.

Here we have used Hypothesis 2. Then we see that

sup  Jea(afb(-)],0(-))

b()eB[s,1]
(3.18) = " )Slép[ . B[V (@) + 1t a,ab()](#)] = L1+ |z)VE—s
EBY[s,

> Vot ) — L1+ [z[)]s — ¢ /2,

which implies (3.15). d

Remark 3.1. It is still true to replace in Proposition 3.1 the deterministic time
§ € (s,1] with a stopping time 7 which takes its values in (s, 1]. In fact, in this version
of Proposition 3.2, it is sufficient to note that, for any (z,a,b) € X x A x B, the two

random variables Val’b(T, z) and U} ’b(T, x) may be sufficiently approximated by

N—-1 N—-1
Z Val,b<ti7x)X[t1‘,,ti+1)(T) and Z U{Lb(tivx)X[ti,t1,+1)(T)7
i= =0

respectively, by letting N be sufficiently large. Here we have used the following
notation:

For (s,z,6) € [0,1] x X x (0,00) and (a(-),b(-)) € A?[s, 1] x B’[s, 1], define

S,x

7 (a(-),b(-) := inf {t € [s,T] : e bO () — 2] > 6} AT,

where y?,(x')’b(') is the solution of the system (1.1) corresponding to (a(-),b(-)) €
A%[s,1] x B[s, 1], which will occasionally be abbreviated as ys, or simply y to simplify
the notation. It is easy to see that 72, (a(-),b(-)) is a stopping time for any triplet
(5,2,8) € [0,1] x X x [0,00) and any pair (a(-),b(-)) € A%[s,1] x B%[s,1]. To sim-
plify the notation, we shall simply write 7° for 72 (a(:),b(-)) when the dependence
on (s,z,a(-),b(-)) is not confused from the context. We also have

EOHO AT —a] <6
for s <t < 1,a(-) € A%[s,1], and b(-) € B®[s, 1]. Moreover, we have

P({s>1°})

v

=0.

lim sup
S=st g ()eAa[s,1],b(-)EBP[s,1]

@> | >
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In fact, we have

P({r® < 8}) = P({ sup. 526 b“(t)ua})

N sit<s
< > Pra(). b))

where N is the dimension of the state space X, for i =1,..., N, e; is the unit vector
of X whose ith component is one, and

PG00 = P ({ s (est 000 ) 2 ov ] )
Define
S =sup{|f(t,y,a,b)| : (t,a,b) € [s,1] x A x B, |y — x| < 6}
and
9% = sup{lg(t.y, a,b)| : (t,a,b) € [s,1] x Ax B, |y —z| < 6}.
For 6 € X, from Ito’s formula, it follows that the process
Z35(tal-),b(-))
tAT
‘= exp { <(97 Ysx(EATO) — 2 — /S f(r,ys,z(r),a(r),b(r)) dr>

_%/S ’ 19" (1, ys,2 (1), a(r), b(r))ei]? dr}, tels, 1],

is a continuous martingale, and E[Z5(t;a(-),b(-))] = 1 for any (t,a(:),b(:),0) €
[s,T] x A%[s,1] x B[s,1] x X. Therefore, using Doob’s inequality, we have for h :=
§—5A>0,80>6>0,a(-) € A%s,1], and b(-) € B®[s, 1]

Ps::z 7 (.))
1 1
<P ({ sup Z22 (t;a(-),b(+)) > exp {/\(51\7_2 —hf%) - 2)\2hg§?1|2} })
s<t<s
< exp [—A((SN% — hfl) + ;Aghlgﬁ?ﬁ] :

As h is sufficiently small, take

7% B hfg?x
A = ﬁ,
h|gs'|

and we further have

—|6N—3% — hfbo |2
Pg,ﬁali(a()’b()) < eXp{ |6N h‘fs,w' } -

2h|g3% 2
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Hence,

P{r® < 8})

lim sup ~
§=st q()eda[s,1],b(-)eBb[s,1] s§— S5

< lim sup Z P‘S : ()

3—=s+ g()eAals,1],b(-)EBY[s,1]

ot -t
2h|gg?x|2 o

IN

lim Nh~*

The desired result then follows.
PROPOSITION 3.3. (1) The r-lower value function V1(-,-) satisfies the following:
Suppose at (a,b,s,x) € Ax Bx[0,1] x X

(3.19a) Vi (s,2) > My [V (s, ).

a’

Then there exist a deterministic time so > s and a sufficiently small number
80 > 0, such that for all § € [s, sg] and § € (0, 6],

&

SAT
(3.19b) Val,b(s, x) < Em{/ fo(r7 y“’b(r)7 a,b)dr + Va{b(§ ATO, y“’b(§ A 76))}.
S

Here we have abbreviated 7° (a,b) as 7°
(2) The r-upper value functwn Ui(-, ) satisfies the following: Suppose at (a,b, s,z) €
Ax Bx[0,1] x X

(3.20a) US(s,x) < M@[UL (s, ).

Then there exist a deterministic time sy > s and a sufficiently small number 6y > 0,
such that for all § € [s, so] and 6 € (0, bo],

&

SAT
(3.20b) U&P(s,z) > Ew{ / FO>r y @t (r), a,b) dr + U (5 A 70,y (3 A 75))}.

Here we have abbreviated 10 (a,b) as 7°

Remark 3.2. Propositlon 3.3 can be viewed as a stochastic version of Theorem
3.2 by Yong [10]. However, it is by no means trivial and is of stochastic nature in
its formulation. The upper limits of the integrals in (3.19b) and (3.20b) are more
complicated than the deterministic counterparts: The former are a deterministic time
§ > s which is sufficiently close to the initial time s, stopped by the first time of
the system state process y‘:zb (steered by both players I and II with constant actions
a € A and b € B, respectively) escaping from a sufficiently small ball centered at
the initial state x, while the latter are simply a deterministic time § > s which is
sufficiently close to the initial time s. Obviously, both coincide. Our proof below is
quite different from the deterministic case and is of stochastic nature; it includes a
delicate analysis.

Proof of Proposition 3.3. We prove only statement (1); the proof of statement (2)
is similar.

If statement (1) were not true, then there would exist sequences § — 5,6 — 0+,
and ¢ — 0+ such that

8

SAT
(321) Val,b(sv 1’)78 > Esm{/ fo(sa y(87 a, b)7 a, b) d5+val,b(‘§/\7_§7 y(é/\’r(s; a, b))}
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On the other hand, using Proposition 3.2 and the idea exposed in Remark 3.1, we can
show the following analogy to Proposition 3.1 (1):

Vay(s,2) < inf sup ]Ez{/ o FOryy(r), afb())(r), b(r)) dr

T a€lg[s,1] b(-)EBP[s,1

+ Z k‘(@i,ai_l,ai) — Z l(Tj,bj_l,bj)

0 <EATIC) () TISEAT ()

+ Voo (A Tg(-),b(-)a y(5 A T§(~),b(<)))}v

where {a;,0;} and {b;, 7; } are associated with a[b(-)] and b(-), respectively; a[b(-)](5) =

ab(-)](§+0),b(38) = b(5+0), and T(f(i)’b(_) := 72 (a(-),b(:)). Therefore, we have

§/\T§1b(,>

Vi(s,2) < sup E{ / Pl y(r),a,b(r) dr
' b(-)eBY:s s

(3.22)

- Z U7 bi15b5) + Vi) B A T0 4005 y(3 A Tf,b(.)))}

a 8
Tj Ss/\‘ra’b(.)

Furthermore, by definition, we conclude that there exists b°(-) € B%[s, 1] such that
(3.23)

§/\7’ff,b5(_)
Vi (s.2) e < E{ / Pry(r), a5 () dr

— Z Z(T;,b§717b§) +Va];bg(g)(g/\,]—g’bg(_)7y(§/\Tg,bs(.)))}7

75 SEATE e

where {75,05} = b°(+).

Jjr
Set

By :i={w:b°(r A Tibg(_),w) # b for some r € [s,8 A Tg’bg(,)]},
Bf = Q\By ={w : b°(r A7 ey, w) = b V7 € [,8 AT e (5]}

Note that By and Bf depend on (6,5). Then the two inequalities (3.21) and (3.23)
yield

(3.24) E[xp,] > 0 for sufficiently small positive § and $.
Combining (3.21) and (3.23), we have

(3.25) (I) + (II) + (III) > O,
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where
(3.26)
SAT, pe '§/\T(f,b
W=e{ [ Pt [ Peaan.ana
< C((8—8)(1+ [z| +0))ExB, .
(I1) = Esz{ Z l(Tj 05 1,b§)} < Em{ Z (8 /\Tibg( ),bj 1,b§)}
E<s/\7'a be(4) E<s/\7'a be (4
(II1) = Esz[Va,be(g)(s A 7'a,bs(-)a y(s A Tg,bf(-); a,b°(+))) — Val,b(s A Tg,ba y(s A Tg,b; a,b))]

= ESI{[Va{bE(é) (§ A\ Tg’bg(_)7 y(§ AN Tg}bg(v); a, bE()))
— VA AT (3 AT ), |-
Hence, noting Propositions 2.1 and 3.2, we have

< (1) + (IT) + (TIT)

3.27
327 < AMap[V'(s,2) = Vi (s,2) + CIVE = s(1 + |z]) + 6]} Ex,

for some positive constant C', which implies that
(3.28) Mo p[V(s,2) = Viy(s,2) > —CV5 — s(1+ |z]) + 6
Letting 6 — 0+ and € — 0+, we have

Mo p[V')(s,2) > Vi (s, @),

which contradicts (3.19a). 0

Note that the time continuity of V! and U; given by Proposition 3.2 is used in
the proof of Proposition 3.3.

Denote by C%1(X,R™*") the totality of R™*"-valued uniformly Lipschitz con-
tinuous functions on X. For ¢(-) = (¢a.5(*))acapen € COL(X,R™*"), define

(3.29a)

F,p(s,8)p(x) = su inf E., / (r, b) dr
ool = s g {oumrso@) + [0, atr

Ly kwi,au,ai)—l(s,b,é)}, (a,b,2) € Ax B x X,

$<6,;<38

F(s,8)p = (Fup(8,8)9)acApen

and
(3.29b)
Ga,b(s,é)w(a:): inf sup E, {(pabs (Y / O(r,y(r),a,b(r)) dr
a€A p()eBbs,3]

(s,a,a) Z U(rj,aj— 1,a])} (a,b,) € Ax B x X;

s<T1;<3
G(s,8)p = (Ga’b(sa 8)P)acAbeB-
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It is easily shown that F(s, 3) and G(s, 8) are self-mappings on C%!(X,R™*"). There-
fore, the function V™ : [0,1] x X — C%!(X,R™*") given by
(3.30a)

VT(1Lx) = (V5 (1,2))acapen, Vap(l,2) = h(x) for (a,b) € A x B, with x € X;

V™ (s,2) = F(s,tip11) [ Fltioi,t)h(x), z€X, ifs€ [tiy,ti1),
i=io+2
is well defined. Let V", (s, x) be the (a, b)-component of the matrix V™ (s, x). Similarly,
define Uy = (U2%)4eapen @ [0,1] x X — COL(X,R™*") as follows:
(3.30b)
Ur(1,2) = (U (1,2))acapen, US’(1,z) = h(zx) for (a,b) € A x B, with z € X;

M
U.,T(S,J}) = G(Satio—i-l) H G(ti_l,ti)h(x), r e X, if s € [tio,ti0+1).
i=ig+2
We have the following.
PROPOSITION 3.4. For (a,b,s,2) € Ax Bx[0,1] x X and § € 7N s, 1], we have

Vaﬂb(&x) = inf sup sx{/ fO 7‘ y ( )]( ) b(’l“))d?“
, a€la[s,1] b(-)EBL[s,1]
(3.31a) + Z k(0i,ai—1,a;) — Z I(5,bj-1,b;)
$<6,<8 s<T1;<3

Vi or6m o (5 4 >>}

where b(-) = {bj, 7;} and a(-) = a[b(-)] = {a;,0;}, and

Utt(s,z)= sup in E{ /Sf%zy<r>,a<r>,ma<->1<r>>dr

BEAD[s,1] a(-)eAL[s,1]

(3.31b) + Z k(0i,a;-1,a;) — Z U(7j,bj-1,b;)

5<0,<5 s<T; <3
+ Ua-)Ala0IE-) (5, y(g))},

where a(-) = {a;,0;} and b(-) = Bla(-)] = {b;,7;}.

Proof of Proposition 3.4. We prove only (3.31a) here; the proof of (3.31b) is
identical and therefore will be omitted.

For a(-) € A%[s,1] and b(-) € B"[s, 1], set

Ten(a().b( {/f ry(r), a(r), b(r)) dr

(3.32) > k(Biaioi,ai) = > Ut bio1,b;)

s<60;<38 s<t; <3

+ Vals—)(s—) (3, y(8 ))}

The desired result can be derived from the following assertion: For (a,b,s,z) € A X
B x [0,1] x X and Ve > 0, there exist 8. € Ab[s, 1] and a. € T'%[s, 1] such that

(3.33) VI (,2) 2 Tualaclb()],b()) = VB() € BLls, 1]
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and
(3.34) VIy(5,7) < Jur(a(-), Befa()]) + ¢ Va(-) € T[s, 1],

In fact, the inequality (3.33) implies (3.31a) with the equality sign replaced by
“>.” On the other hand, for any a € T'%[s, 1], the pair of strategies of 8. € A%[s, 1]
and o € I'[s, 1] define a pair of switching processes a.(-) € A%[s,1] and b. € B2[s, 1]
such that

/\

(3.35) Toa(ac(-), 82) = Joa(e, b()),

and this gives the other inequality in (3.31a). We invite the reader to see Fleming
and Souganidis [6] for the details of the proof.

We conclude the proof by establishing (3.33) and (3.34). For ¢ € CO(X,R™*"),
define

wa,b(s,x,&(p,g) = inf Em{(pa(é)’g(y(é)) + / O(r,y(r), a(r),b) dr

a(-)eEA?[s,8)

+ Z k(&i,ai_l,ai)—l(s,b,g)}.

5<6;<5

(3.36)

Here y,,(-) is the solution of (1.1) with b(r) = b,r € [s, 3.

(337) Fa,b<87§><p(x) :§U.p wa,b(svxaga@?b)'
beB

If s e [tio,ti0+1) for ig € {0,1,...,M — 1}, let Dy = h,Dj = F(tj,tj+1)Dj+1, for
j = io + 17 . ,M - 1, and Ds,io = F(t,ti0+1)Dio+1. Thus,

(3.38) Dy i (x) = VT (s, 2),
and, in particular,
(3.39) Dj, () = V5 (tig, 7).
We partition X into Borel sets {A4; : i = 1,2,...} of diameter less than §, where

6 is to be specified later, and we choose x; € A;. Given v > 0, we can choose ¢ small
enough and b;.l(j_l) €Bfori=1,2,... and j =19+ 1,..., M such that

(3.40a) ?ﬂa,b(t]‘—l,xi,tj,ng?(j,l)) > Fop(tj—1,t5)Dj(z:) — 7,
and thus
(3.40b)
tj ~
Ey;_ m{ b~ Y(y(ts)) + t fo(rvy(r)ya(r)»b?(jq))dr
-1

tj71§91,<t]'
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ENe also]choose aff(jfl)(-) € A(tj1,t;) such that, for a(-) = a?;(-) and b(r) = b,r e
tj—1,t4],

tj

0 - ~ = ~
Etj—lmi{D;(t] ) (y(tj;af(jfl)(),b))—i— fO(T,y(T),af(jfl)(r),b)dr

tj,1

(3.41) + Z k(0;,ai—1,a;) — l(tjlybj;)}

tj—1<0;<t;

< Pap(tjor,xinty, Dy b) +y = D}l’b(l‘i) +7,

where for j =g + 1 we replace t;, by s. Here yy 4, (-; ag’j(-) E) is the solution of (1.1)

with the initial data (¢;_1,2;) and on the switchings a(-) = af;(-) and b(-) = b.

We need to introduce more notations. As before, we 1dent1fy w € , with the pair
(wlj,ng) for ] = io + 2, .. .,M, where w1 = 1] and Waj = W — wtj_1|[tj7171].
With this identification, the Wiener measure Ps on 5 can be regarded as the product
measure P;; ® P»; of the two probability measures P;; and P»j, which are defined on
the two measure spaces (s, ,,Fs,¢;_,) and (Q,_,,Fs,_,), respectively. In view of
this identification, we will be writing

(3.42) EP2J =F,

1T

The strategies a. € T'%[s,1] and B. € Al[s, 1] are defined as follows. Let
(a,b,s,z) € Ax B x[0,1) x X be fixed. For a(-) € A%[s,1], we define
(3.43)

Be [a( )]( ) bX[s s) + X[s tl0+1) Z buOXA

+ Z Xty t,00) (T Z%XA Ysz (L)) X{a(t,—)=a}> T € [, 1),

jih =
Bela()](1) =B[a())(1-).

where the random variable y,(-) is defined successively on intervals [s, t;,41], [t;, tj+1],
j=ido+1,...,M — 1, as the solution to (1.1) with b(r) = S.[a(-)](r). Note that
Va(-) € A%[s,1] and r € (s,1), B[a(-)](r) depends only on a(-)|[,,) and is independent
of a(r). For b(-) € B%[s, 1], we define

(3.44)
e [b(- =XIs, S)ZazzOXA "‘X[e t10+1)( r) Z lzjzg( )X a; (T )X{b(s):f,}
beB,i=1
M—-1 00 -
+ th7tg+1 Z agj(T)XAq (ysx(tj))X{b(r):{)}ﬂ" € [571);
Jj=to+1 beB,i=1
e [b(-)](1) = [b(-)](1-),

where again ys;(-) is defined successively on intervals [s,tio+1], [tj,t54+1),
j=vdo+1,...,M — 1, as the solution to (1.1) with a(r) = ac[b(:)](r). Note that
for any b(-) € B[s,1] and 7 € [s,1], ac[b(-)](r) depends on b(r).
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For either a(-) € A%[s,1] and b(-) = B.[a(-)] or b(:) € B[s,1] and a(-) = a.[b(-)],

we have

Vi (s, 2) = Joa(al-), b))

a(tj_1—),b(tj_1—
=% Y DT g (4m0)

tig+1<t; <3

(3.45) P K
+E - f (Ty ys:c(r)7a(r)7b(r))dr_ Z k(eiaai—lvai)
ti—1 tj_1<0;<t;
a(t; — ,b 3
+ Z l(Tjabj—lvbj) - Dj(t bt )(ysm(tj)) ‘ fs,tj1:| }
tj—1<7<t;
To obtain (3.33) and (3.34), it suffices to show that the following statements hold:
(3.46)
DS D ()
tj
E" [ O yen(r),alr), b(r)) dr+ Y k(05 ai-1, ;)
ti—1 tj—1<0;<t;
a(t;—),b(t;—
- > U(r7,05-1,0;) + DFO D (4 (1)) ‘fs,t“} —e(t; — tj-1),
tj71§7j<t]'

P.-a.s. Vb(-) € B[s,1] and a(-) = a.[b(-)]

Pe [/t ' FO(r, ysa(r), a(r), b(r)) dr + Z k(0;,ai—1,a;)

j—1 t]'flgai<tj

— Y Umbiaby) + DIOMET (1)) ‘ fs,tjl} +e(ty —tj—1),
tj—157j<tj
Ps-a.s. Va(-) € A%[s, 1] and b(+) = Bcla(")].

They can be derived from (3.41) and (3.40b), separately. |

It is easy to see that V[, (s,x) and U%®(s,z) grow in a linear way in the state
variable z € X, uniformly with respect to (a,b,s) € A x B x [0,T] and the partition
7. Analogous to the first part of the proof of Proposition 3.2, we can also show some
time continuity of V™ and U,. These properties are summarized into the following.

PROPOSITION 3.5. There is a positive constant L such that for s € [0,1],t €
mN[s,1],a€ Ab€ B,z € X, and y € X we have

Vi(s, @) + U2 (s,2)| < L(L+ |z)),
(3'48) |Va7jb(35‘r) - VaT,rb(Svy)l + |U7(:’b(37x) - U;:’b(&y” < L|$C - y|a
Vi (s,2) = Vi (t, @) + U0 (s,2) = UgP(t,2)] < L1+ [2|)vE = s.

Next we assume that m; = {j/Qi}f;O,i =0,1,2,....Then ||m;|| = 1/2¢, and, from

the definition of V™ and U,,,7 =0,1,2,..., and Proposition 3.4, we have
(3.49a) V(:g < V(:ll) <. <L V(:Z; <o < Vupy, (a,b) € Ax B
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and
(3.49b) Ut >Us > ... >0 > ... > U (a,b) € Ax B.

PROPOSITION 3.6. For(a,b) € AXB, letvgp = lim;_, oo V”l; and v := (Vg b)acA,beB-
Then, for s,t € [0,1] and z,y € X, we have

’Ua,b(S,x) S Va,b(57$)7
va,b(s, )| < L(1 + [=),
[va,b(s, %) = vap(t, z)| < L(1 + |z])V/[t — s],

[Va,b (8, ) — vap(s,y)| < Llz —yl.

(3.50a)

Similarly, let u™* = lim;_oo UL and u := (u™")qcapen. Then, for s,t € [0,1] and
z,y € X,
u™?(s,x) > U (s, x),

u™*(s, )| < L(1L + |a),
[u (s, 2) = u®*(t, 2)| < LA+ |2]) /]t = s,
@0 (s,x) —u(s,y)| < Llx —yl-

(3.50D)

|u
Proof of Proposition 3.6. First, we prove (3.50a). Assume, without loss of gener-
ality, that s < t. Let {t;}52, C U2 m; N[t 1] and lim;_,o t; = ¢. Then we have from
Proposition 3.5 that
|va,b(s, @) = vap(t, 7]
(351) < |Ua,b<s> !L‘) - va,b(th $)| + |Ua,b(tia l’) - va,b(t7 37)‘
< LI+ z))(Vti—s+Vti—t), i=1,2,....
This concludes the %—Hé’)lder continuity in the time variable of v, ;. Its linear growth
and uniform Lipschitz continuity in the space variable x is straightforward.
In an identical way, we can show (3.50Db). 0
Passing to the limit ||7r|| — 0 in Proposition 3.4, we obtain that two functions v
and u satisfy the following dynamic programming principle.

PROPOSITION 3.7. For (a,b,s,2) € Ax Bx[0,1] x X and § € U2 m; N (s, 1], we
have

Vgp(s,2) = lim in E,, O(r, r)) dr
o) = it L] Pt bl o) d

i—o0 a€lle[s,1]

(3.52a) + Z k(0;,a5-1,a;) — Z U7, b-1,b;5)

s<0;<5 s<T1;<3
+ Vafp())(5-),b(5—) (3; y(é))},

where b(-) = {b;, 7} and a(-) = a[b(-)] = {a;,0;}, and

u“’b(s,x) = lim sup inf {/g o0, y(r), a(r), Bla(-)](r)) dr

100 e Ab[5,1] @ (€AZ [s,1]

(3.52b) + Z k(0;,a;-1,a;) Z U7, b-1,b;5)

5<6;<3 s<1;<3
) BlaOIE) (5 }

where a(-) = {a;,0;} and b(-) = Bla(-)] = {b;, 75}
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Proof of Proposition 3.7. We only derive the equality (3.52a) from the equality
(3.31a) in Proposition 3.4. The proof of the equality (3.52b) is similar.

Since § € UZ,m; N [s, 1], we have § € m; N [s, 1] when ¢ is sufficiently large. From
Proposition 3.4, we have that, when i is sufficiently large,

Vri(s,2)= inf  sup {/ FO(r,y(r), alb())(r), b(r)) dr

a€ele[s,1] b(- )EB” [s,1]

(3.53) + Z k(0j,a;-1,a;) — Z U7jbj-1,b;5)

8§9j<§ s<T1;<3

+W@mém@ﬂaﬂwk

where b(-) = {b;, 7;} and a(-) = a[b()] = {a;,0;}.

Set, for any C' > 0,

Oc(z):={y:ly—=z[<C}, 0(z):={y:ly—=[>C}
It is easy to see from Propositions 3.5 and 3.6 that
B Valhns-y.06-)(3:9(8) = Vaps-)66-) (5, 4(3))]
< B {x0e @) YD IValh16-) 65— (8 ¥(3) = Vappr))(5-).b(s- )( 5y(3))I}

(354)  F EafXxoo@ WDV 6-)06-) 3 ¥(3) = vaps—).06-) (5 4(5)) [}
< AEsalV 05y 05— (55 y( ))—va[b(-)](g )b (8,9(3))? } {P(OE(I))}

+ Esa{Xx0c @ WEIVae6-)06-) (3:¥(8) = vappis—) .6 (5, 9(3)[}-

From Propositions 3.5 and 3.6, we have that, for any given positive constant C,

7

lim V™ (8,y) =v(8,y) uniformly in y € Oc(x),

which implies that
(3.55)
Zlin;lo Esm{Xoc(x) (9(3))‘VOZT[Z(,)](gf%b(gf)(gay(g)) — Vab())(5-).b(5—) (3, y(3 )t =0.

Moreover,

(3:56) Esul V31006 (3:(8)) = Va0 (3:9(8))1* < L(1 + Eguly(3)])
Since
Eoly(3)® < L1+ |z?),
(3.57) ly(3)° (72 |z )A . . .
P(Og(z)) < C7 Es|y(5) — =" < LO(1 + [2[7),

we see that

0 < lim sup Esm|V [b()](3=),b(5— )(5 y(8))— Valb(-)](3—),b(5— )(3 y(8)| < LC™ (1+|x|2)

lﬂooab()

for an arbitrary sufficiently large positive number C, and therefore

15— 00

(3-58) lim Su(p) Esx|v [6(-)](5—),b(3— )(5 y( )) - Ua[b(-)](é—),b(é—)(éay(g)” =0.

The last equality implies (3.52a) immediately. o
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Note that
(3.59) Vap(l, ) = u(1,2) = h(z), (a,b,x) € Ax Bx X,
It follows from Proposition 3.7 that, for (a,b,s,z) € A x B x [0,1] x X,

vap(s,7) = lm inf  sup { [ £, b)) dr

i—o00 a€le[s,1] b(- )EBb [5,1]
(3.60a)
+ > kBja51,a) = Y U, bi1,by) + h(y(l))},

s<6;<1 s<1;<1

where b(-) = {b;, 7;} and a(-) = a[b(-)] = {a;,0;}, and

s, 2) = lim  sup in {/ P y(r), a(r), Bla())(r)) dr

100 B Ab[s,1] a(- )E.A“ s,1]

+ > k(O a1,0)— Y l(Tyvbj—l,bj)Jrh(y(l))},

5<0;<1 s<t;<1

(3.60D)

where a(-) = {a;,0;} and b(-) = Bla(-)] = {bj,7;}. From the above two formulas, we
have

(3.61a) M, p[v](s,7) < vap(s,x) < M*[v](s,z), (a,b,8,2) € Ax Bx[0,1] x X,
and
(3.61b) M, p[u](s, ) < u®’(s,z) < M*Pu)(s,z), (a,b,s,2) € Ax Bx[0,1] x X.

In view of the time continuity given by Proposition 3.6, the deterministic time
§ may be replaced in Proposition 3.7 with an arbitrary stopping time which takes
values in [s,1]. That is, we have the following.

PROPOSITION 3.8. For (a,b,s,2) € A x B x [0,1] x X and any stopping time T
which take values in [s, 1], we have

vap(s,z) = lim  inf  sup E{ / " 0, y(r), afb()] (), b(r)) dr

i—oo a€le[s,1] (-)GB,bri [s,1]

(3.62a) + > k(0.a-1,05) — > U7y, bi-1,b))

S§9j<7' S§7'_7‘<T
+ Vafp()](r—),b(r—) (T y(T))},

where b(-) = {bj, 7;} and a(-) = a[b(-)] = {a;,0;}, and

whs,s) =l swp E{ £y, a(r), Bla())(r) dr
=00 B Ab[s,1] @ [s,1]
(3.62D) + > k(0 aima) = Y UTbim1 b))
550, <7 s<7;<T
@) Blatr) (1 }

where a(-) = {a;,0;} and b(-) = Bla(-)] = {b;, 75 }.
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Proceeding similarly as in the proof of Proposition 3.3, we derive from Proposition
3.8 the following.

PROPOSITION 3.9. (1) The lower value function v(-,-) := (Va,p)acApen Satisfies
the following: Suppose at (a,b,s,z) € A x B x [0,1] x X,

(3.63a) Vap(8,7) > My p[v](s,z)  (resp., vap(s,z) < M*P[](s,x)).

Then there exist a deterministic time sy > s and a sufficiently small number 8y > 0,
such that for all § € [s, so] and 6§ € (0, do],

(3.63D)

&

SAT
Vap(s,x) < (resp., >) Em{/ fo(r, y“’b(r), a,b)dr +vg (8 A o, ya’b(§ A 7'5))}.

Here we have abbreviated ¢ ,(a,b) as 7°.
(2) The upper value function u(-,-) := (u*®)ucapep satisfies the following: Sup-
pose at (a,b,s,x) € Ax B x[0,1] x X,

(3.64a) u®(s,z) < M*Pu)(s,z)  (resp., u®(s,z) > M, p[u](s, ).

Then there exist a deterministic time sg > s and a sufficiently small number 6y > 0,
such that for all § € [s, o] and 6§ € (0, do],

(3.64b)

SAT
u“’b(s, x) > (resp., <) ESZ{/ fo(r, ya’b(r), a,b) dr + ua’b(é ATO, ya’b(§ A 75))}.

Here we have abbreviated 78 ,(a,b) as 7°.

4. Viscosity solutions, uniqueness result, dynamic programming equa-
tions, and existence of the game value. In this section, we shall introduce the
generalized notion of viscosity solution for our Isaacs’ system of variational inequali-
ties. The value functions defined in sections 2 and 3 turn out to be its viscosity sub- or
supersolutions. We then prove the uniqueness of the viscosity solution and establish
the existence of the value of our stochastic switching game.

Define for (a,b,t,z,q,Q) € AX Bx[0,1] x X x X xS,

(1) H(2,0,Q) = f(twa,0)+ < 0. f(6.2,0,0) > +5tx(Qug (7,4, b)),

Here S is the set of all real symmetric transformations in X. Let C12([0,1) x X) be
the set of all continuous functions which are continuously differentiable in ¢ and twice
continuously differentiable in x.

Associated with our stochastic switching game is the following Isaacs’ system of
quasi-variational inequalities where W is to be solved:

(1) For (a,b,t,z) € Ax B x[0,1] x X,

(4.2) M, [W](t, ) < Wap(t,z) < MO [W](t, z);

(2) for (a,b,t,x) € A x B x[0,1] x X such that W, (¢, z) > M, s[W](¢, z),

(4.3) %Wa,b(t, z) + H(t, 2, VIWa 4 (t, ), V2 W, (t, x)) > 0;
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(3) for (a,b,t,x) € Ax B x [0,1] x X such that W, ,(t,z) < M**[W](t,x),

)
(4.4) aWa,b(t, z) + H*(t, 2, ViVa (t, ), VW, (L, x)) < 0;

(4) the terminal condition
(4.5) Wap(l,z) = h(z), (a,b,z) € Ax B xX.

DEFINITION 4.1. An R™*"-valued continuous function W = (Wyp)acApen ON
[0,T] x X is called a viscosity sub- (resp., super-) solution of (4.2)—(4.5) if it satisfies
(4.2) and (4.5), and moreover, for any ¢(-,-) € CH2([0,1) x X) and (a,b) € A x B,
whenever W p(+,+) — ¢(+,+) attains a local mazimum (resp., minimum) at (to,zo) €
[0,1) x X and

Wap(to, o) > My p[W](to, x0)  (vesp., Wap(to, zo) < M*P[W](to, x0)),

we have

0
Ew(to,xo) + H*"(to, z0, Vo (to, 20), Vip(to, 20)) > 0

0
(resr Syltn.zo) + F*%(t0, 0. Vltos20). Pt n)) < 0)

An R™*™-valued function W = (Wyp)acapen on [0,T] x X is called a viscosity
solution of (4.2)—(4.5) if it is both a viscosity sub- and supersolution of (4.2)—(4.5).

Propositions 3.3 and 3.9 imply the following result.

PROPOSITION 4.1. (1) The r-lower and r-upper value functions V' and U, are
viscosity sub- and supersolutions of (4.2)—(4.5), respectively.

(2) The functions v = (v,) and u = (u®®) defined in Proposition 3.6 are viscosity
solutions of (4.2)—(4.5).

Proof of Proposition 4.1. We now prove that the r-lower value function V' is a
viscosity subsolution of (4.2)—(4.5). From the definition, it follows that Val)b = h for
(a,b) € A x B. In view of (2.11), we see that V! satisfies (4.2).

Consider ¢(-,-) € C"?([0,1)x X) and (a,b) € Ax B. Assume that V', (-,-)—¢(-, )
attains a local maximum at (s,z) € [0,1) x X and

Va{b(s7m) > Ma,b[Vl](s,x).

From Proposition 3.3, we see that there exist a deterministic time sy > s and a
sufficiently small number &y > 0, such that for all § € (s, s¢] and § € (0, &], we have

SAT
Val,b(S» z) < Esa:{/ fo(ﬁ ya’b(r), a,b)dr + Val’b(é AT, ya’b(§ A 7’6))}.
S

Here we have abbreviated ¢, (a,b) as 7°. For sufficiently small § € [s, so] and § €

(0, 80], we have
(4.6) VB ATy (3 AT0) — (3 ATy (3 AT)) < V(s 2) — (s, @),

Therefore,
)

SAT
Em{/ FO(ry™*(r), a,b) dr + (3 A0 y» (8 AT°)) — (s, rc)} > 0.
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From It6’s formula, we conclude that
ST b b b 2 b
B [ [ G 00 4 0,900 00), P00 | 20
Noting (see the arguments following Remark 3.1) that
Jim ————= =0,
S§—s+ s§— S

we have
AT 9
0< Ahm+(§ — 5)71Esz {/ |:at90(7'a ya,b(r)) + Ha’b(' o ):| d?"}

X{ssfﬁ}/j [gt (ry™*(r )>+Ha’b(-~~)] dr}

o(s,x) + HY (s,x,Vg@(s,x),V2<p(t,x)).

= lim (5§ —s)"'E,,

S§—s+
0
T
Concluding the above, we see that V! is a viscosity subsolution.
Noting (3.59), (3.61a), and (3.61b), we can prove all other assertions in Proposi-
tion 4.1 in an identical way. 0

Let us introduce the following sets, which are adopted from Evans and Ishii [5].
For function v : [0,1] x X — [—o00,400] and (s, z) € [0,1) x X, define

{(p,q,Q) ERX X XS :v(t,x)
< (s, z) +p(t—s)+ (g2 —2) + 5(Qz — 2),2 — 2)
to(lt —s|+ |z —2?) as [0,1] x X > (t,2) — (s,z)},

P (s, 2) -

N

(4.7)

@ (s, 2) == { 0,¢,Q) ERXx X X8 :3(t;,x;) €[0,1] x X
(48> (p qu ) € p27+v(ti7$’i)7
(tiss, vt ), pis 40 Qi) = (5.2,0(5,2), 2, 0. Q) -

Define for (s,z) € [0,1) x X

(4.9) 0> (s, 2) = —p> T (—v)(s,2) and > w(s, 2) = —g> T (—v)(s, 2).

The following result is standard.

PROPOSITION 4.2. An R™*"-valued function W = (Wyp)acaper on [0,T] x X
is a wiscosity sub- (resp., super-) solution of (4.2)—(4.5) if and only if it satisfies
(4.2) and (4.5), and moreover, for any (t,x,a,b) € [0,1) x X x A x B, whenever
(paqu) € @2’+Wa,b(taz) (T@Sp., @277Wa,b(t’x)) and

Wap(to, x0) > My p[W](to, x0)  (vesp., Wap(to, zo) < M*P[W](to, x0)),
we have

(410) p + Ha,b(t>x7 q, Q) > 0 (resp.7 b + Ha7b(t7x7 q, Q) < O)
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Now let us make a further assumption that will play an important role in the
proof of the uniqueness result. A
Hypothsis 4. For any loop {a;, bl}{ill C A x B, with the properties that

j S mn, aj+1 = daq, bj+1 = bl,

(4.11) . ..
and either a;41 =a; or by =0 VI1<i<y,
we have
J J
(4.12) Z k(s,ai,aiﬂ) - Zl(s,bi, bi+1> #0 Vse [0, 1}.
i=1 i=1

THEOREM 4.1. Assume Hypotheses 1-4. If W and W are continuous viscos-
ity sub- and supersolutions of (4.2)—(4.5), respectively, and satisfy for (t,z,y,a,b) €
[0,1] x X x X x A x B the following:

(Wb (t, )| + [Wap(t,z)| < C(1+ |z]),

(4.13) _ -

[Wab(t,2) = Wap(t,y)| + [Wap(t,2) = Wa(t,y)| < Clz —yl,
then
(4.14) Woas(t,z) < Wap(t,z) Y(tz,a,b) €[0,1] x X x A x B.

Proof of Theorem 4.1. We prove the theorem by contradiction. So suppose that
A(a,b,t,7) € A x B x (0,1) x X such that
(4.15) Wop(E3) — Wos(t,2) =1 > 0.

Consider the following test function:

2
(@16) w(te) = TV 0 o ), () €[00 % X x X,

with parameters a > 0 and 8 > 0. We choose a sufficiently small o > 0 such that it
does not depend on the parameter 5 > 0 and that it satisfies the following:

(4.17) W(E,7,7) < g V3 > 0.

Now consider the function

(4.18)
Vb (4 2 y) = Wap(t,z)—Was(t,y)—0(t2,y), (a,bt,2,y) € AxBx[0,1]x X x X.

From (4.13), (4.15), and (4.17), we see that there is a point (ag, bo, to, Zo,yo) € A X
B x [0,1] x X x X such that

(4.19) Wb (o 20, 90) = max sup U° (¢, z,y) > \I/‘i’{’(ﬂ:—c,:i) >

acA t,x,y

N3

At this stage, we have the following two conclusions.
Conclusion 1. Following the arguments of Yamada [9, pp. 424-425], we can show
the following assertion: Without loss of generality, we may assume that

(4.20) My 0 [W](to, w0) < Wag by (to, o), M [W](toyyo) > Wag,bo (o, ¥0)-
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Otherwise, we have
(4.21) Mag by [W](to, 20) = Wagpo (to,20) o MY [W](to, o) = Wag s, (f0. 0)-

Consequently, there is by € B or a; € A such that

(4.22) Wao,bo (to, o) = Wag b, (to, ©o) — I(to, bo, b1)
or
(4.23) Wao,bg (to,yo) = Wal,bo (to,yo) + k(to, ao, a1).

On the other hand, from (4.19), we have
(4.24) Wb (o, 20,10) = W (to, To, Yo),
which implies immediately
(4.25) Wao o (t0: 20) — Wag o (t0,90) = Way o (to, @0) — Way o (o, 90)-
Therefore, we have
(4.26) 0 Z/Wiag,bo (to, z0) — /W\/al,bo(to,iﬁo) — k(to, ag,a1)
>Wao.bo (to, Y0) — Way 6o (to, Y0) — (o, ao, a1),
which shows the following:

(4.27) Wag,bo (to, o) = Way b, (to, o) + k(to, ao, a1)

if (4.23) is true. In summary, there is by € B or a; € A such that either (4.22) or
(4.27) is true. Moreover, we have

(4.28) Wag,bo (to, 2o) — Wao,bg (to,y0) = Way b, (to, zo) — Wal,bo(tmyo),
from which it follows that

(4.29) Waobo (o 20, 0) = W (tg, 20, 9) = max sup WO (t, z, y).

€A
ben HTY

Symmetrically, we have

(4.30) ao.bo (to, o, yo) = Pao.b1 (to, o, Yo) = max sup ‘I’a’b(t7 z,9).

acA tx,y

Set (a1, b1) := (ag,bo). We can repeat the above argument to start from the pair

of parameters (g, by)—which is (a1, b1) or (@1, b1)—to find a new pair of parameters
(ag, be) such that either

(4.31) W&%EQ (to, l‘o) = Wa27b2 (to, .230) - l(to, 62, bg)
or

(4.32) W&%EQ (to, o) = Wa2752 (to, o) + k(to,az,asz)
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is true. Moreover,

(4.33) Paz:b2 (to, o, yo) = Paz:b2 (to, o, yo) = max sup \Il“’b(tw,y).

€A
bep LEY

Then we can continue the procedure until we find a loop {Ezl,i)l}fill which satisfies
the properties (4.11). Summing up (4.31)—(4.32) for the loop, we get

J J
(434) Z k(S, di, ZLH_l) — Z l(S, [;i, 61‘4_1) =0.

i=1 i=1

Then we get a contradiction to Hypothesis 4.

Conclusion 2. On the maximum point (ag, bg, to, o, ¥o), we have the following
properties:

(i) There is a constant Cy, g, which depends on positive «, § such that |zo|+|yo| <
Ca,ﬂ;

(ii) from (4.13) and the following inequality:

20907 (1o, o, yo) = W (to, 0, x0) + ¥ (to, Yo, Y0),

we obtain |xg — yo| < €Cy . Hence, |x9 — yo| — 0 as € — 0, while keeping o and 3
fixed;

(iii) since Wa0-% (1, zq,y0) < h(xo) — h(yo) < C|zo — Yo, we conclude from (4.19)
that tg € [0,1) whenever € > 0 is sufficiently small.

A simple computation gives rise to the following:

8t'¢(t,.’1},y) = _ﬁae_ﬂt(l + ‘LL‘|2 + |y|2)a
Datp(t, 7, y) = @

(4'35) 8y"/)(t7x7y) = M

171 -1 I 0
2 _ 1 —Bt
w2, y) = 5 (—I I ) + 2ce (0 I) .

Then, applying Theorem 9 of Evans and Ishii [5] to the function

Wao oo (t: ) + (—Wag ) (£, ) — 0 (t, 2,1)
at the point (tg,xo,¥o), we can find py,ps € R and Q1,Q2 € S such that
(p1, 020 (to, 20, Y0), Q1) € 67 Wag (o, 20),
(p2, By (to, 20, 90), Q2) € G (—~Wag ) (to, o).
(436) P1 +p2 = 3t1/)(t0»$0, yO)v

@ 0 2 2 2
< 0 Q2> < 0y ¥ (0, o, o) +5(3(z,y)1/)(t0>$0,y0)) :

+ 2ae Py,

+ 2ae_6ty,

By the definitions of viscosity sub- and supersolutions, and in view of (4.20), we have

p1+ HP (towo, @ + 2046_&0%(»@1) >0,

(4:37) (Yo — o)

—p2 + Ha’b <t07 Yo, — - 2aeiﬁt0y07 QZ) S 0.
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Thus, we have (see (4.36))
Bae™ 01+ |wof* + |yol?)
< Hb (to,zo, M + 20 Ptog, Q1>
- H" <t07 Yo, o —z0) ; ) _ 200y, —Q2)
< %tf[(Q*Qw)(to,ﬂ?oa ag, bo) + (9" Q29)(to, Yo, ao, bo)]

To —
+ |:< 0 - yovf(t07$0;a0;b0) - f(t07y0’a0’b0)>

+ 2ae_ﬁt0 (<.’L’0, f(t07x0a ap, b0)> + <y0a f(th Yo, @, b())>>:|
+ f°(to, zo, a0, bo) — f°(to, yo, @, bo).

Set

(1) = %tr[(g*ng)(to,xo7ao7b0) + (9" Q29)(t0, Yo, ao, bo)]

(II) = <x0 ; yoaf(t()aanaOabO) - f(t05y07a07b0)>

+ 2ae™ P (g, f(to, z0, ao, bo)) + (Yo, f(to, Yo, a0, bo)))
(I11) := f°(to, w0, a0, bo) — £°(to. Yo, a0, bo).

We now estimate (I), (IT), and (IIT) separately. It is immediate that

2
8(QJE,y)w(tO7 0, %0) + €<a(21,y)w(t07 Zo, yo))

3 (1 -—I I -1
=z —Bto

(4.38) < . (I It ) + 4ae (I 7 )
+ (4ea?e™ 2Pt 4 9qe~Plo) (é 9) .

Then we have

(D

IN

C _

;\xo —yo|* + Cae™PP|zy — yo|?

(4.39) + 0 (2ea’e 0+ ae™P0) (1 + [aol* + [yol?),
. c i
(I1) < ;\xo — ol + Cae PP (1 + |xo|® + [yol?),

(I11) < Clzo — yol-
Hence, we have

Bae P (1 + |zo|? + |yo|?)

C _
(440) < ;|$0*y0|2+c|170*y0\+0046 B (lzo — yol> + 1 + |wol* + |yo]?)

+ C(2ea?e™ 2% 4 ae™ P (1 + |zo| + |yo]?).
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Letting € — 0, we get
(4.41) Bae P11 +2/z*) < Cae P14+ 2|z]?) 4+ C(2eae™ 2Pt + ae ™ PH)(1 + 2|z|?)

for some (t,2) € [0,1] x X, which immediately implies 8 < C' + Ca. Since we can
choose (8 to be sufficiently large so that 8 > C + aC', we arrive at a contradiction.
Hence, (4.14) is proved. a

Remark 4.1. Note that the stochastic nature leads to the corresponding Isaacs’
system of variational inequalities involving a second-order differential operator, and
thus the proof of the uniqueness of the viscosity solutions necessarily involves the
computation of the second-order differentials of the chosen test function, say, ¢ in our
proof. Due to this feature, the test function used by Yong [10] does not seem to carry
over to our case. Here we use a different test function. It is both simpler and more
powerful in proving the uniqueness of unbounded viscosity solutions, as is shown in
the above proof.

THEOREM 4.2. Let Hypotheses 1-4 be satisfied. Then our stochastic differential
switching game described by (1.1) and (1.2) has a value. The function VI =v =V =
U =u=U" is the unique viscosity solution of (4.2)—(4.5).

Proof of Theorem 4.2. From Proposition 4.1, we see that V! is a viscosity subso-
lution and v is a viscosity supersolution, while u is a viscosity subsolution and U" is
a viscosity supersolution. From Theorem 4.1, it follows immediately that

V5 (t,2) < vap(t,x) and u™b(t,z) <UL (t,x), (t,2,a,b) € [0,1] x X x A x B.
In view of Proposition 3.6, we have
Ve S vap < Vap, UPP>u® >0, (a,b) € Ax B.
Combining these inequalities with (2.9), we have

Ve =vap =Vap, UPP=u®*=U" (a,b)€ AxB.

a

In short form, we have
Vi=v=V, Ui=u="U.

From Proposition 4.1, we also know that « and v are two viscosity solutions of (4.2)—
(4.5). By Theorem 4.1, we have u = v.
Concluding the above, we have

Vieo=V=U,=u=U.

Therefore, our stochastic differential switching game described by (1.1) and (1.2) has
a value, and the function V! = v =V = U = u = U? is the unique viscosity solution
of (4.2)-(4.5). O
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