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DEVELOPING FINITE ELEMENT METHODS FOR MAXWELL’S
EQUATIONS IN A COLE-COLE DISPERSIVE MEDIUM*

JICHUN LI, YUNQING HUANG!, AND YANPING LIN?®

Abstract. In this paper, we consider the time-dependent Maxwell’s equations when Cole—Cole
dispersive medium is involved. The Cole-Cole model contains a fractional time derivative term,
which couples with the standard Maxwell’s equations in free space and creates some challenges in
developing and analyzing time-domain finite element methods for solving this model as mentioned in
our earlier work [J. Li, J. Sci. Comput., 47 (2001), pp. 1-26]. By adopting some techniques developed
for the fractional diffusion equations [V.J. Ervin, N. Heuer, and J.P. Roop, SIAM J. Numer. Anal.,
45 (2007), pp. 572-591], [Y. Lin and C. Xu, J. Comput. Phys., 225 (2007), pp. 1533-1552], [F. Liu,
P. Zhuang, V. Anh, I. Turner, and K. Burrage, Appl. Math. Comput., 191 (2007), pp. 12-20], we
propose two fully discrete mixed finite element schemes for the Cole—Cole model. Numerical stability
and optimal error estimates are proved for both schemes. The proposed algorithms are implemented
and detailed numerical results are provided to justify our theoretical analysis.
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1. Introduction. In electromagnetics, if a medium’s permittivity or permeabil-
ity depends on the wave frequency, then this medium is called dispersive medium.
Biological tissue, ionosphere, water, soil, plasma, radar absorbing material, and opti-
cal fiber are some examples of dispersive media. Therefore study of wave propagation
in dispersive media is a very important subject.

In the early 1990’s, engineers started the investigation of numerical simulation of
wave propagation in dispersive media. The early numerical techniques were limited to
the finite-difference time-domain (FDTD) methods, which have a major disadvantage
for complex geometry problems. In 2001, Jiao and Jin [12] introduced the time-domain
finite element method (TDFEM) for solving Maxwell’s equations when dispersive
media are involved. Their method is based on a second-order vector wave equation
obtained from the Maxwell’s equations. In 2003, Lu, Zhang, and Cai [20] developed a
time-domain discontinuous Galerkin (DG) method for solving dispersive media models
written in first-order Maxwell’s equations. Since 2006, various TDFEMs [1, 11, 13,
14, 15, 28] have been developed and analyzed for three popular dispersive media
models: the cold plasma model, the Debye model, and the Lorentz model. However,
all of the above mentioned TDFEMs developed so far cannot be easily extended to
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the so-called Cole-Cole dispersive medium model [24, 27] as we mentioned in our
previous work [13]. The Cole-Cole model contains a fractional derivative term, which
is quite different from the standard dispersive media models such as plasma, Debye,
and Lorentz models.

In this paper, by combining many techniques we developed for the standard dis-
persive media models [13] with those developed for the fractional diffusion equations
[8, 18, 19], we propose two fully-discrete schemes for solving the Cole-Cole model:
one implicit (the Crank—Nicolson type) and one explicit (the leap-frog type). De-
tailed stability analysis and error estimates are carried out. The proposed algorithms
are implemented and numerical results supporting our analysis are provided. Though
there exist many excellent work on finite element analysis and implementation for
Maxwell’s equations in free space (e.g., papers [2, 3, 5, 6, 10, 16, 29], books [7, 9, 22],
and references cited therein), to the best of our knowledge, no finite element schemes
have been investigated and analyzed for the Cole—Cole model.

We like to remark that there is some numerical work done in the FDTD frame-
work for a Cole-Cole dispersive medium (e.g., [4, 25, 26, 27] and references cited
therein). Generally speaking, the FDTD methods can be classified into two big cate-
gories: one way is to approximate the induced polarization via a time convolution of
the electric field [4]; another way is to introduce some numerical scheme to approxi-
mate the auxiliary differential equation (ADE) obtained for the induced polarization
and the electric field [25, 26, 27]. Compared to the convolution approach, the appli-
cation of ADE based approach is quite easy and straightforward. Our scheme here
is ADE based, and is different from [25, 26, 27], which employs several Debye terms
to approximate the Cole—Cole model. Hence the resulting methods are quite time
consuming, and precise stability and convergence estimate are yet unavailable.

The rest of this paper is organized as follows. In next section, we introduce
the Cole-Cole model and carry out the stability analysis. Then in section 3, we
develop two fully discrete mixed finite element schemes: one implicit (the Crank—
Nicolson scheme) and one explicit (the leap-frog scheme). Numerical stabilities are
proved for both schemes. Section 4 is devoted to the error analysis of both schemes.
Optimal convergence rates in both time and space are proved under proper regularity
assumptions. Detailed numerical results consistent with the theoretical analysis are
presented in section 5. Finally, we conclude the paper in section 6.

In this paper, C' (sometimes with subindex) denotes a generic constant, which
is independent of the finite element mesh size h and time step size 7. Let (H%(f2))3
be the standard Sobolev space equipped with the norm || - ||, and seminorm | - |4. In
particular, || - [|op will mean the (L?(£2))3>-norm. We also use some common notation

H(curl; Q) = {v € (H*(Q))%;, V xwve (H*Q))>},

Hyo(curl; ) = {v € H(cur;2); nxv=0 on 00},
where o > 0 is a real number, and 2 is a bounded and convex Lipschitz polyhedral
domain in R? with connected boundary 99 and unit outward normal n. When o = 0,
we simply denote HO(curl; Q) = H(curl; Q). Furthermore, H (curl; Q) and H®(curl; §2)
are equipped with the norm

1/2

[9]l0,curt = (J0]12 + [eurl v]2)"?,
1/2

9]l acun = (o)) + eurl v]2)"?

Finally, we denote C™(0,T’; X) the space of m times continuously differentiable func-
tions from [0, 7] into the Hilbert space X.
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2. The Cole—Cole dispersive medium model. In a Cole-Cole dispersive
medium, the relative permittivity is expressed as

(2.1) €r(W) = €00 + (€5 — €00) /(1 + (JwT0)%), 0<a <1,

where €., €5, 79 are, respectively, the infinite-frequency permittivity, the static per-
mittivity, and the relaxation time. Furthermore, j = y/—1 denotes the imaginary
unit, and w denotes a general frequency. Note that the Cole-Cole model requires that
€s > €xo-

In the frequency domain, the induced polarization field P, and the electric field
E are related by the expression

(2.2) P = o€, — €c0) E = eo(es — €00) /(1 + (jwT0)*) E,

where €q is the permittivity in the free space. Assuming a time-harmonic variation of

exp(jwt) (i.e., E(x,t) = Re(exp(jwt)E(x))), we can transform (2.2) into time-domain
as follows:

0*P(t
(23) 5 P 4 Pi) = coles — ) B(),
where a(;l;(t) represents the Letnikov fractional derivative given by
0°P(t) 1 d [t _ 1 d [t
2.4 = — t— YP(s)ds = ———— YP(t—s)ds.
(24) ote I‘(l—a)dt/o( 8) 7" P(s)ds P(l—a)dt/os (t=s)ds

Here « € (0,1) is the differentiation order, and T'(+) is the gamma function.
On the other hand, using (2.1), P can be defined as [24, eq. (2.3)]

(2.5) P(x,t) = /0 ot —s)E(x,s)ds, t>0,

where &,(t) = L71{ %} is the Cole-Cole time-domain susceptibility kernel.

Here £~! denotes the inverse Laplace transform. Equation (2.5) implies that the
initial value P(z,0) = 0.
Substituting the constitutive relations

D =¢cye E+ P, B=puH

into the general Maxwell’s equation

0B oD
VXE——E, VXH—E,
we have
OF oP
(2.6) EOGOOE—VXH—Ea
OH
(27) MOW =-V x E,

which, along with (2.3), form the governing equations for the Cole—Cole dispersive
medium model. In the above, E is the electric field, H is the magnetic field, pg is the
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permeability of free space. To complete the problem, we assume a perfect conducting
boundary condition

(2.8) nxE=0 on 90Qx(0,T),

and the initial conditions

(2.9) E(x,0) = Eo(x), H(x,0)=Hy(z), P(x,0)=Py(x)=0 xcQ,
where Eqg and H( are some given functions.

We recall that a real valued kernel 3(t) € L1(0,T) is called positive-definite [21,
eq. (1.2)] (also [17]) if for each T' > 0, § satisfies

T t
(2.10) / (b(t)/ Bt — $)é(s)dsdt >0 ¥ 6 C[0,T).
0 0
Hence S is positive-definite if and only if
(2.11) Re B(jw) = /Oo B(t) cos(wt)dt >0 ¥ w >0,
0

where B denotes the Laplace transform of 8. Note that

I'(l—a) (1—-a)r
T 08T

/ t~% cos(wt)dt =
0

which is positive for any o € (0,1) and w > 0. Hence the kernel 5(t) = t~¢ is
positive-definite.

For the Cole—Cole model, we have the following stability.

LEMMA 2.1. Assume that E(t), H(t), P(t) are the solutions of (2.6)-(2.7) and
(2.3) satisfying the boundary condition (2.8) and the initial condition (2.9), then we
have

co(es — €oo) (€ocoo | E()IF + ol H(#)I5) + | P(1)I5
(212) < eoles — €xo)(coeaa [ E(O)F + pol H(0)I[5) + [|1P(O)[§ ¥ ¢ € [0, T].

Proof. Multiplying (2.6) by E, integrating over {2, and using boundary condition
(2.8), we have

OFE oP
(213) €0€xo <E,E) — (H,V X E) + <E,E) = 0

Similarly, multiplying (2.7) by H and integrating over 2 yields
OH
Adding (2.13) and (2.14) together, we obtain

oP
(2.15) (cocool EJ2 + ol EEJ2) + (—E) —o.

ot

DN =
S
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Note that
9°P(t) 9P(t)
( ot 7 ot >
1 Cu b OP(t—s) , OP(t)
“Tl-a) (’5 P(O”/OS o o )
1 ¢ Cu OP(s) OP(t)
(2.16) _mfo(t—s) <Q 55 ot dsc)ds,

where we used the fact that P(0) = 0.
Multiplying (2.3) by %—f, integrating over {2, and using (2.16), we have

(2.17)

Multiplying (2.15) by ep(€s — €s0) and adding to (2.17) leads to

1 d 1d
eoles = o) 5 (cocse | I + o EEIR) + 5 1P
t
T _,O0P(s) . OP(t)
(2.18) Ti—a) (/0 (t—s) s ds, 5 <0,

where we used (2.16) in the last step.
Integrating (2.18) with respect to ¢ from ¢ = 0 to ¢ concludes the proof. O
Furthermore, we can prove that Gauss’s law holds true if the initial fields are
divergence free. More specifically, we present the following lemma.
LEMMA 2.2. Assume that the initial fields are divergence free, i.e.,

(2.19) V.-Ey=0, V-Hy=0, V-Py=0.

Then for any t > 0, the electric field E, the magnetic field H, and the polarization
field P are divergence free.

Proof. Taking the divergence of (2.7) and using the assumption V - Hy = 0, we
easily have V - H(t) = 0.

Similarly, by taking the divergence of (2.6) and using the assumption (2.19), we
have

(2.20) V - (eoexc E + P)(t) = 0.
By taking the divergence of (2.3) and using (2.20), we obtain

o0 0% €s B
75 %(V -P(t) + ;V -P(t) =0,

multiplying by %V - P(t) and integrating over 2 leads to

(221) 1o <‘9a v Pw), 2v. P(t)) + & (v p), 2v. P(t)) ~0.

ate ' ot €oo ot

Finally, integrating (2.21) with respect to ¢ from ¢ = 0 to ¢ and using the fact that
the first term will be nonnegative due to the positive-definite kernel, we can conclude
the proof. O
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3. Two fully discrete schemes. Before deriving a finite element scheme, let
us first consider a weak formulation for our model problem governed by equations
(2.6)—(2.7) and (2.3). Multiplying them by some test functions, then integrating
over {2 and using the boundary condition (2.8), we can obtain the weak formulation
for (2.6)—(2.7) and (2.3): Find E € C(0,T; Ho(curl; Q)) N C*(0,T; (L2(Q))3), H €
CL(0,T; (La(2))3) N C(0,T; (La(2))3) and P € C(0,T; (L2(2))?) such that

(3.1) €0€00 (%—f,qﬁ) + <8a—l;,¢> —(H,Vx¢)=0 V ¢e Hy(curl; ),

(32 o (%—Ifw) C(VXEA)=0 ¥ e (L),

33 7 (Gend) + (P.d) =l -~ cx)B.9) V6 (La(0)

For simplicity, we assume that 2 is partitioned by a family of regular tetrahe-
dral meshes T" with maximum mesh size h. Considering the usual low regularity of
Maxwell’s equations, we consider only the lowest order Raviart-Thomas—Nédélec’s
mixed spaces [23]:

(3.4) Vi ={vy € H(div;Q) : vp|g =cx +dgz ¥V K e T"},
(3.5) U, ={u, € Hlewl; Q) : uplg =ax +bg xx VK eTh},
(3.6) UY ={u, €Uy: nxu,=0 ondN},

where ax, bx, cx are constant vectors in R3, and dg is a real constant.

To construct a fully discrete scheme, we divide the time interval (0,7") into M
uniform subintervals using points 0 = ty < t; < --- < tpy = T, where t = k7.
Moreover, we denote u* = wu(-, k7) and the following finite difference operators:

sruf = (uf —uFY) /7w = (W b 2
3.1. The Crank—Nicolson scheme. Before formulating our finite element

scheme, we need to approximate the fractional derivative 821;@) . Recall the definition

(2.4) and taking the time derivative into the integral, we have (cf. [18])

PEH), 1 o [Y 9P(s) .
Wh:tk - m;l__l 85 . (tk — S) dS

k

N 1 OP(s) L —a
~ F(l—oz); Ds _/tj =)0
1 K P(t) - P(tj_1) [ w
- F(l—oz); (t)) : ( 1)/tj_1(tk_s) ds
1 S P(t) - P(ti,) -1 —
CT(1-a) JZ:; T (1-a) T
k N . Tlfa
_ F(l]-_ a) Z P(t]) TP(tjfl) - a((k — i+ 1)17a . (k _j)lfa)
j=1
s kel
(37) = m Z(P(tk—l) - P(tk—l—l))blv
1=0
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where in the last step we used the identity (1—«)I'(1—a) = I'(2—«) and the notation
b= (1+ 1) =t
It is easy to check that
1=bg>by>--->b;>0, by >0 asl — .

When k = 1, (3.7) becomes LL (1) ~ 5= (P(r) — P(0).

Now we can formulate a Crank—Nicolson type finite element scheme for (3.1)-
(3.3): Given initial approximations Ey, Hy, P9 forallk > 1find E}, P} ¢ U), H} ¢
V}, such that

(3.8)  cocoo(0,EL, ¢) + (6, P, 0) — (H},V x ) =0 ¥ ¢ € UL,
(3.9)  uo(6-HE, ) +(Vx By d)=0 VeV,

(310) L@ P+ P .6) + (P d) = coles — ex)(Ejd) V6 €U,

where ¢ P} (k > 1) is the approximation of ‘?Tf(tk) given by (3.7), while

Op P, =1y “[= P}, + eo(es — ex0) B},

which is obtained from (2.3) by setting ¢t = 0.

In practical implementation, the scheme (3.8)—(3.10) can be realized as follows:
First, from (3.10), we represent PZ using EZ and past history of P; then substitute
P} into (3.8), and solve the resulting equation along with (3.9) for both Ef and HY.
The solvability of the system for both EZ and H ],3 can be proved in the same way as
in our previous work [15].

THEOREM 3.1. For the solutions E}, Hy, Py (n > 1) of (3.8)—(3.10), we have
the discrete stability:

(311) coles — coo)leocool R I3 + o | T3
" 1 To\ % n _ 2
P+ 15— () 2 [[Ph -2,
k=1
< Cleoles — eoc) (o ER 3 + o [ 3) + [ PR

Remark 3.1. By dropping the summation term S 1_, | Py — P} ||2, the stability
of Theorem 3.1 becomes

co(€s — €co) [cocoo | ERIF + pol HLLIIG] + 1 PR3
< C [eo(es — €x)(€ocoo | B4 1[5 + mol HBIIZ) + | PRIE]
which has the exact form (if C' = 1) as the stability obtained in Lemma 2.1 for the
continuous case.

Proof. Choosing ¢ = %(Eﬁ +EY) in (3.8), ¢ = %(Hﬁ + H; ™) in (3.9), then
adding the results together, we obtain

1 _ 1 _
(312) Seoe (I1BEIR — 15 1R) + 500 (IELIE — 1 E513)

1
+5 (Ph-PI Bl + EfT) =0,
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From (3.7), we have

2 (orPh+0p P

1 70\ [$= k1 k—1-1 - k—1-1 k—2—1
sy () (S r e S (et p
(3.13) = m : (%)a lpi -Py ]:Zj (P]Z_l_l - P]Z_2_l) (be +big1) |,

substituting into (3.10) with ¢ = Py — P¥™! we obtain

1
2I'(2 — )

) [iPz P 3 (P P e P - PH]
=0

1 1
+ 5 (IPHIE = IPE1IE) = eo (s — ) (Ph — P B + B} 7).

(3.14)

Multiplying (3.12) by €g(es — €0 ), then substituting (3.14) into the resultant, we
have

1 _ _
5e0<es — ecc) [eocco (IBEIZ = IEEIZ) + po (1EEEIE — 1 EE 1)
1 T0\ & _
pk _Pkl) (_) Pk _ pk-12
+3 (IPRIB = 1P 13) + g = () 1Ph = PE7I3

k—
Pk 1-1

815) = 5= (1) X ((

=0

l\’)

T P ki) P - PR

When k = 1, due to the special definition of 3 PY, the last term of (3.15) becomes
%(P% —eo(€s — €x) EY), Py — P31, in which case (3.15) easily leads to

1 TO\ &
cofes = ) [cocoe | BRI + ol ETLIE] + IPLIE + p—o - () 1L — PRIB
(3.16) < Cleo(es — o) evenc BRIZ + ol EILIZ) + | PR3]

When k = 2, (3.15) becomes

1
560( — eoo)leocoo (| ER11§ = 1 ERIIZ) + po(|HL 5 — (1, 13)]

3 (IPRI3 = IPLIR) + 5rg—ay - () 1P - PhI3
:ﬁl_a)'(?)a ((PZ—P?I) (bo+bl),P}21—P;11),

which, coupling with (3.16), completes the proof of (3.11) when n = 2.
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When k > 2, the last term in (3.15) should be estimated as follows:

k—2

(PE = PE) sty 25— P
=0

k—1

= ((Pi - Pi_l) (br—1-j +b—j), P}, — Pffl)
j=1
k-1 1 ‘ ‘
< 3 [l PRI+ iy 0071 - PG

j=1
which can be bounded using the known estimates of [|[P] — P} |21 < j <k — 1.
By induction method, we complete the proof. O

Next we investigate the error caused by the approximation of partial fractional
derivative (3.7).

LEMMA 3.2. Let 9¢ P be the approzimation of %C;f (t) given by (3.7), then

0P

(3.17) TS

(tr) — OFPF| < Cr27, k>1.

Proof. Let t; 1 = §(t;_1 +t;). By Taylor expansion, we can have

1
2

OP(s) P(tj) — P(tj1) _ (s—t, 1
0s T e

)PSS(tj—%) + O(T2)a

using which we obtain

2L (1)~ o7 P}
1 b [oP(s) P(tj)— P(tj_1) .
_F(l—a)gtjl[ ds - }(tk—s) ds
k t

= ﬁ; tj_l(s —tj 1)tk —5)"“ds - Pus(t;_1) +0(7?)
— 1 : (t, —s)t—@ t tj (ty — s)t—

L(1—a) a (8 a tﬂ'—%) T 1-q =t /tj_l ﬁdsl

Pss(tj,%)‘FO(TQ)

1 k 7.2—04
“Ti-a) Z{ “ oyl DT A 1)
,7_27(1 ow -
) [(k+1—5)* = (k- j)* ]}Pss(tj_;)+0(72)

__i {k1a+2[ k—1 lfoz_’_ k—29 1a+---+11a]—ik2o‘}
T2 —a) (k—1) (k —2) 5o

Pss(tjfé) + 0(7—2)’
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which, coupling with the result [18, Lemma 3.1]
e 42[(k—1)'+ (k—2)" 4 41179 - ——

concludes the proof. O

3.2. The leap-frog scheme. Similar to (3.7), we can approximate the fractional
o> P(t)

derivative —5;=— by
9°P(t) e A \ ,
(3.18) — ~fasa (P = P30 YEz L
t:tk+l a =0

2

When k = 0, from (2.3), we can have the approximation

0P (t)

(3.19) o

~ Ty @ [—P% + eoes — eoo)E,ﬂ .

t=t

[N

Now we can formulate a leap-frog scheme for (3.1)—(3.3): Given initial approxi-
1 1 1 1
mations EZ, H), PZ for all k > 1 find E} "2, P} € U, H} € V,, such that

k+3 k—3%
E, * - E,
€0€co faqﬁ

Pk+% _Pk—%
(3.20) +<h—h,¢> —(H’,z,vms):o V¢ e U,

-
(3.21) o (Mw) + (v x E’,j*%,q/}) -0 Yoevy,
(3.22) & (5;*192*%,(5) n (Pff%, ) = €o (e — eno) (Eff%, b)) véeu,
where 5E‘P:+% is the approximation of 8(:;&“) at t = (k+ %)7 given by (3.18).
In practical implementation, the leap-frog scheme (3.20)-(3.22) can be realized

as follows: At each time step, we first solve (3.21) for H}: then solve (3.20) for E:+%

1 1
after substituting P:Jrz from (3.22) into (3.20); finally, update P:Jr? through (3.22).

THEOREM 3.3. Let ¢, = 1/ /ugeo be the speed of light, and cin, is the constant
in the inverse estimate

(3.23) [V x Pnllo < Cinvh*1”¢h”0a Y € V.

Assuming that the time step satisfies the condition

(3.24) 7 = min (ﬁh, 1) :

CyCinvy

1 1
then for any n > 1, we have the discrete stability for the solutions (EZ+2, I8 PZ+2)
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of (3.20)(3.22):

n

+1
co(es = coo) |€ococl| B ¥ I3 + ol LRI

n+3 1 0\ N || phtd k-1
+ [Py, 2|\3+m(7) P =P R
=1

312 012 312 312
< C [eoles — eoo) (cocscl BRI + ol HRIZ) + 1P 3 + IV x B3] -

1 1
Proof. Choosing ¢ = 7'(E:Jr2 + E: ) in (3.20), ¢ = 7(H} + HF ™) in (3.21),
then adding the results together and using the identity

(Vx B, 2 H+HY) - (HLV (B B )
— (v x E’;‘%,Hﬁj—l) - (v x Eff%,Hﬁj) :
we obtain

(3:25) eocoo (1B} 713 = IEL ¥ IZ) + o (IETEIZ — 1S 113)
+r[(vx E’;‘%,Hf;l) -~ (vx Eff%,H’,;)}
+ (P - P B ) =0
From (3.18), we have

~ 1 . 1
s (op Py 40Pyt
k

- () [S R

=0
S k—3_1

+> (Pt —PhQ)bl]
=0

_ L (T_O)a Pk+§ _Pk_i
r2—-a) \r h h
k—2
k—1-1 k—3-1
(3.26) + (Ph 2l _phs )(bl+bl+1)].

=0

Furthermore, from (3.22), we have

~ 1 . 1 - 1 1. 1 1.
s (00 Py +0p PR 0)+ (PR 4+ P 0) = e (e — ) (BLTF + B 7L0)
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k+3 k—3 .
in which we choose (b P, * - P, *, weobtain

1 T0 k+1 k—112

- - P 2 _P 2

ey (2 e -2
2 k—21-1 k—23—1 kel k—1

(3.27) > (PR =P ) i), PYT - P
=0
2
(HP’““ —HP:_% 0) = €o(es — €x0) (E§+%+E 5 phts - P, 7).

— €x), then substituting (3.27) into the resultant, we

Multiplying (3.25) by €q(es
have
12 k—112 2 2
-|l& |k, - =]
0 H h o) +MO< "o b o

€o(€s — €x0) [Goeoo <HE]Z+2
) s () 2

 (Je - e
0
= €o(€s — €c0)T KV X E]ZJF%,HZ) — (v % E’Z*%’Hﬁ—l)}

(3.28)  — ﬁ (?)a —2 ((P:—%—l _P:—%—l) (s +bz+1),P]Z+% B P:_%),
z

k+3 k—%
- Py

2
h

0

E

Il
=]

Summing up (3.28) from k = 1 to n, we have

= 2 =
coes = ) [eae (5721 = B2 ]) + o (182203 - 2
112

n+1 1 1 TO\ ¢ " k41 k— L1
R+ rame () e - Pl
<H h )+F(2—a) T ]; h h

n+l n 1 0
— eoles — €oo) [(v x B} 2,Hh) - (v x EfL,Hh)}

329) 1t (2) X (P P G P
k=11=0

0

+3 k—1
- P, .

By Cauchy—Schwarz inequality and the inverse estimate (3.23), we have

T(VXEthz,HZ) ST'Cinvh_luE e H nHO
=T Cinh '\/NOH Z”o
n 1 revCineT 2 Ho 2
3.30 <— ~ BT —(7) LN & T
(3.30) < geoe Sy (Y
Substituting (3.30) into (3.29), and using a similar technique as in the proof of
O

Theorem 3.1, we can conclude the proof
4. The error estimates. To prove the optimal error estimate for the leap-frog

scheme, we need the following lemma.
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LEMMA 4.1 (see [13, Lemma 2.3]). Denote u* =u(-, k7). For anyu € H?(0,T; L*(Q)),
we have

2
1 tk+l 3 tk+l
O ot =2 [ Fueas| <[ fuao)lis
T tk*% 0 tk—%
2
1 tr 3 ty
(i) |juf"2 — —/ u(s)ds|| < TZ/ [[uce(s)[5ds,
T Jtp_ 0 te—1
1 1 tk+1 2 7_3 tk+1
(iit) |5 (uf +ubt) ——/ u(s)ds|| < —/ et () [5ls,
2 T Jt 0 4 23

1 1 [te+d 3 [Tkl
o) |5 (2 rared) = 2 [ P uas) < T funds) s
t t

1
k=3

-1 0

For error estimates, we also need Nédélec interpolation operator II;, and the stan-
dard L? projection operator Qp,. For any v € H?(curl;Q), 4 < v < 1, the Nédélec
interpolant [23] II,v € Uy, on the lowest-order Raviart—-Thomas—Nédélec (RTN) space
Uy, can be defined on each tetrahedron K € T" by the degrees of freedom fe v-Ton
each edge e of K, where 7 is the unit vector along the edge e. Furthermore, we have
the following interpolation error estimate (e.g., [22, eq. (5.42)]):

1
(4.1) [Jlo—=Hpv|o+||V x (v—=IILv)|0 < CA||V||y,cart Vv € HY (curl; Q) v € (5, 1} .

On the other hand, for any w € H?(Q), the (L%(2))? projection Qru € Vj
satisfies

(Qru —u,¢,) =0 V ¢p € Vy.

Furthermore, we have the projection error estimate

1
(42) lu— Quullo < CH[lull, Yu e HY(Q), v (5,1].

THEOREM 4.2. Let (EZ+%,HZ, PZ+%) be the finite element solutions of (3.20)—
(3.22), and let (E"Jr%,H”,P”JF%) be the analytic solutions of (2.6)—(2.7) and (2.3).
Then under proper regularity assumption of the solutions, there exists a comstant
C > 0, independent of both the time step size T and the mesh size h, such that

y
1
- Hlo+ P2 - P ).
where 7y is the reqularity constant from (4.1).
1
Remark 4.1. When the initial errors ||E% —E} ) curl = |H® — HY o = ||P% -

max (HE”"”% — En+%
n>1 h

a1
IH - Ho+ [P - Py

<O +72 )4+ C (HE3 —E;

0,curl

1
Py

0,curl = O(RY + 727%), we have the optimal error estimate

1 1
max (|| B™*4 — B 3 lo + | H" — Hyllo + |P™*F = P2 lo) < C (07 4+ 7272).
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Proof. Integrating (3.1), (3.2), and (3.3) with respect to t over I, = [tkfé,t,ﬁ%],
I A and I, 1 respectively, we have

Eftz _gh2 Ptz _ pka 1
€06 <—¢ ") - (— H(s)ds,V x ¢>>
T T T Iy

(43) =0VoeU,

HY — g1 1
(4.4) o (f’d) + ;/Ik

(e tk+1aOZP( N
v
T(/t . ,¢> / P(s

(4.5) =eoles —€xo0) %/I E(s)ds, ¢ | Y ¢eUy.

V x E(s)ds,y) | =0V ) € Vy,

Let us denote & = I, E* — EY ,nf = Q,H" — H}, x} = 11, P* — P} Subtracting
(3.20)(3.22) from (4.3)-(4.5), we obtain

k+3 é_ = k+3 k—3
€0€c0 <7ha¢> + <Xhiv¢> - (T]}]fav X QZS)
T T

((HhEk+% — EM3) _ (I,E" % - BF %) ¢>

T

= €0€c0o

+

<(Hth+% _ Pk+%) _
-

(1, P4 - PP ¢>

4 (=2 [ BT o) (Mw>
+(V 67 8) = o ((Qth —H)- (TQ’LH“ - Hkl),w)
(4.7) +(V><HhEk_"—— V x E(s)ds, | ,
% (90074.8) + (4 8) —oles — ) (617.6)
= | 1I,P"2 — 1 P(s)ds, ¢

1 1 ~
—€o(€s — €00) ,E"2 — —/ E(s)ds, ¢
T

(4.8) + e (53thk+% — P*3 4 Lokt qé) ,
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where LocFt1 is defined as

trt1 0“P(s)
/t 9an ds).

k

Loc"tt = 5§"Pk+% - l(
-

(4.9)

Choosing ¢ = T(fZJr% —l—f,]:i%) in (4.6), ¥ = 7(nf +ny1) in (4.7), and adding the
results together, we have

2 2 192
) = o (s = sk~ 1)

k+1 2 k—1
e ([l , -

k+1 k—1 K+ k—1
+(Xh 2 =X 275}1 2+€h 2)

=T [(V x flfé,m’f) - (V X 6 E )}

+ €oeoo ((HhE’“% - Ek+%) - (HhEk—% - E’“—%) et +§’,§‘%)
n ((thkﬂ’% _ Pk+%) _ (thkfé _Pkfé) ks +§Z*%)

—r <H’“ 1 H(s)ds, v (5,’?% +§’,§‘%))

T JI,

+T<v X (HhEk—% —Ek—%) 1V x EF3

1
(4.10) —- V x E(s)ds,nf + n,’jl).
I

ke—

N=

Adding (4.8) with different indices k + 1 and k — 3, we have

~ k+1 ~ k—L1 ~ k+1 1 - k+1 k—L1 ~
T(? (81?)(}1 2"'8?)(}1 27¢)+(Xh 2+Xh 2;¢)_60(€s_600)(€h 2+€h 2;¢)

1 1 ~
I, PHs — = / P(s)ds | + [11,P* 2 — = / P(s)ds | ,¢
T L T Iy

1 1
— eoes — €0o) [T EF2 — —/ E(s)ds + I, E* 7 — —/ E(s)ds, ¢
T L T Iy

+ 75 (9 (L PE - PR

T Pki%) + Loc**! + Lockil,qz).
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. < k+3 k-1 . .
Choosing ¢ = x,, > — X, ° in (4.11) and using (3.26), we have
2

1 T\ || k+L  k—1]? k1|2 k-1
N T v
['(2-a) (7‘) h Xn g THXR Tl TRl

k+1 k—1 k+1 k—1
_60(65_600)(h 2+§h 27Xh 2_Xh 2)
1 TN ("= [ kit k-8 k+3 k-3
= =a () (200 =0 ) b g™
1=0
k+3 k—3
h T Xn

1 1
+ |1, PR — —/ P(s)ds I, PR — —/ P(s)ds, x
T Ik+% T Ik—%

1
— coles — €x0) | TTLEFT2 — —/ E(s)ds + 11, E*3
T Ik+l
2

SIS

1 -
- —/ E(s)ds, X} * — )
T Ik_l
2
+ 7 (O (P E = PR 4 g (1, PRE - P
e i)

(4.12) + Lock*t 4 Loc*™!, x} Xn

By Lemma 3.2, we obtain

tk+1 Ha
1/ 0 Ps)
t

Lock+! — japkts _
e % T Je, 0s%
- . 0%P(ty, 1 1 [t | gop 0Pt 1
_gepEtd (k+2)__/ 9°P(s) (k+2) ds
0s® T Ji, s as

= 0(r*"%) + 0(r%) = O(r*~*),

where we used the fact that

: / ) — Sty s = ; / [(5 = i) illay)) + OG?) ds = O,

T tr

By (3.18), (3.7), and (4.1), and the facts that k7 < T and b, < 1, we have

>
|
—

b

—Q

Ja k+3 _ pk+3 T _
o (m.PHE — i) | ey 2o 1P = Pllwo rzoy ™

IN
Il
o

—Q

T
= mch’y ||Pt ”LOO(O;T;H"’ (curl;2))-

Multiplying (4.10) by €o(€s—€xo ), adding the result to (4.12), then using Lemma 4.1
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and estimates (4.1) and (4.2), we obtain

k+1]|? k—112 2 12
oles — eoc) [m (th -l O)MO (llmk s = 11k 1\|0)]
L O AR 2 [ 2 i ?
+I‘(Z—Oz) (7' Xn Xn 0+ Xn Tl Xn Tl

1 1
<r|(Vxa k) - (Ve )] eole —ex)
'y k+3 k
+7-Ch (HEt||Loo(07T;H’Y(Cur1;Q)) + HPtHLOO(O,T;H”f(curl;Q))) Hfh + gh

k+ L _1
‘gh 2+§h 2

1
2

3
+ C7°||V x HHC2(O,T;L2(Q))

0
+ (T ORIV x E||L°°(07T§H'*(CUT1§Q)) + CTBHV x Ech(O,T;Lz(Q))) ||775 + 77];_1”0

k-2
2 70\ k—1-1 k—3 1 k+1 k—1
re—a) \r ; X Xh o I1Xn Xh

k+1 k—
+ (OT2||PHC2(O,T;L2(Q)) +Oh’y”PHL“’(O,T;HW(curl;Q))) HXh Xy C

0

0
k+1 k—1
+ (CT2HEHC2(O,T;L2(Q)) + Cm||E|‘L°°(07T;H7(curl;ﬂ))) HXh feXxp

0
TO\ & 1
+ (?) : m[CmHPtHLoo(o,T;Hw(curl;Q))

1 k—%

—a k+
+ 72 Plleso ] [T = xh

o
The rest of the proof is similar to the stability analysis carried out in Theorem
3.3. O
Remark 4.2. By similar techniques, we can prove the optimal error estimates for
the Crank—Nicolson scheme. More specifically, let (E}, H},, P},) be the finite element
solutions of (3.8)—(3.10), and let (E™, H", P") be the analytic solutions of (2.6)—(2.7)
and (2.3). Then under proper regularity assumption of the solutions, there exists a

constant C' > 0, independent of both the time step size 7 and the mesh size h, such
that

max(||[E" — Ejlo + [[H" — Hyllo + |[P" — Pjlo)

<CMh"+7) +C(|E° - Ej|

0,curl + ”HO - H?L”O + ”PO - P?L”chrl)v
where v is the regularity constant from (4.1).
If we choose the initial approximations for the Crank—Nicolson scheme (3.8)—(3.10)
as follows:
EY =11,E°, P =11,P°, H?=Q,H°,

then we have the optimal error estimate

max(|E" — Ejllo+ |[H" = Hyllo + | P" = Pillo) < C(h7 +7°7°).

Remark 4.3. We like to remark that the above error analysis holds true for
other RTN mixed finite element spaces. For example, when the underlying solutions
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of (2.6)—(2.7) and (2.3) have enough regularity, we can use the following RTN cubic
elements [22, 23]: for any k > 1,

(4.13)
Vi, = {v, € H(div; Q) : vplx € Qrr—1,5-1 X Qr—1k5-1 X Qr—14-11 VK €T"},
(4.14)

Uy = {u, € Hlewl; Q) : uplx € Qr_1.hk X Qro1.6 X Qrip VK €T,

in which case, the optimal error estimates become

1
max (HE’”% — EZ+2
n>1

n+i
FIH — =+ [P - P

0) <C (hk + 7'270‘) ,

and

max([|E" — Epllo + [H" = Hjlo + |[P" = Pilo) < C(h* +7°7%)

for the leap-frog and Crank—Nicolson schemes, respectively.

5. Numerical results. In this section, we will present some numerical results
obtained by both the leap-frog scheme (3.20)—(3.22) and the Crank—Nicolson scheme
(3.8)—(3.10). For simplicity, we perform the computation for a two-dimensional (2-D)
problem by assuming that the electrical field E is a vector, while the magnetic field
H is a scalar. Note that proofs of our error estimates still hold true by introducing
2-D curl operators:

VE= (El,EQ).

/
(5.1) VXHZ(aH 8H), v g2 Ok

N dr Oy
Consider a 2-D domain = [0, 1], we partition it by a family of regular rectan-

gular meshes T" with maximum mesh size h. In our test, we use the following mixed
spaces:

Vi ={n € L*(Q): tnlx € Qoo VK €T"},
Uy = {¢, € Hcwr; Q) : ¢k € Qo1 x Quo VK € T"}.
Here Q;; denotes the space of polynomials whose degrees are less than or equal to

1,7 in variables x, y, respectively. It is easy to see that V x Uj, C V}, still holds.
For clarity, we choose all physical coeflicients in (3.20)—(3.22) to be one (i.e.,

€000 = o = T0 = €0(€s — €xo) = 1) and add a source term (f*, ) to (3.20) so that
we have the following analytical solutions for testing the convergence rate:
2

H(z,y,t) = - F'l-—a)(1-a)(2- )3 —-a)

1
37 4 §t3] - 27T COS TX COS TTY,

2

P(x, y7t) = t2'w($,y), E(x, y,t) = F(l _ a)(l — a)(Z — a)

e +t2] w(z,y),

— coswz sin Ty

where w = ( sin wx cos Ty

). The corresponding source function

f(wvyat):%_f‘f'aa—Pt,—VXH
= ; l—o
- {F(l—oz)(l—a)t +at
2 1
o [T(l —a)(l—a)2 —04)(3—a)t3 + gtB] }w(ﬂf,y)-
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Solving (3.22), we obtain

k41 TT(2— ) k4l
52) P, ?=———"__' E,"°
5:2) By TeT(2—a)+1 "
1 pr- 1 - kféfl b
+Tar(2—a)+1 Ph ;( P )l’

where constant b, = (I + 1)17« — 172,
Substituting (5.2) into (3.20) with added source term, we have

(1—1—%) ( k+27¢)
() et v o (10) + (Frpt) (7 )

ToT(2—a)+1

1 & k+1-1 k—1—1
(5:3) +m<2(m ~ P )W)-

=1

In summary, in our implementation, the leap-frog scheme (3.20)—(3.22) is realized
as follows: Choose initial values

E? =1,E(0.57), P? =11,P(0.57), HY = QnH(0),

then at each time step,
Step 1: Solve (HF,v) = (HF ', 4b) — 7(V x E}
Step 2: Solve (5. 3) for EkJr2

Step 3: Update Ph +3 using (5.2).

We solved this problem using a fixed 7 = 0.005 on various meshes. The obtained
error estimates are presented in Tables 5.1 and 5.2 for the fractional-order parameter
a = 0.5 and a = 0.7, respectively. Our results confirm the theoretical convergence
rate

SIS

) Y € Vi, for HE.

1
max (HE’”% — EZJrE

n>1

1
FIH — =+ [P - Pyt

22—«
O) < O(h+1279),

which is O(h) for sufficiently small 7. The time convergence rate O(72~%) cannot
be validated due to the CFL constraint (3.24), which makes O(h + 727%) always
dominated by the spatial error O(h). In Tables 5.1 and 5.2, the convergence rate is
calculated as r = In(Errap/Erry)/In2, where Errq, and Err, are errors obtained
on a coarse mesh and a fine mesh (with half of the coarse mesh size), respectively.
Ezxample 1. In this example, we present our tests for the Crank—Nicolson scheme
(3.8)-(3.10). Substituting (3.7) into (3.10) and solving for P}, we obtain

Co—1 —

4) PrF=
(5.4) C. i1

k-1 k—1—1
- (P =P

+ ) (B ),

where we denote C = (22)* - e
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TABLE 5.1
L? errors obtained with fized T = 0.005 and o = 0.5.

h H error Rate E error Rate P error Rate
% 0.922304190560348 | — 0.288689879688438 | — 0.114946505563886 | —

% 0.468519608152406 | 0.9771 | 0.143027284829818 | 1.0132 | 0.057092467484029 | 1.0096
1—16 0.235184727611048 | 0.9943 | 0.071339302014101 | 1.0035 | 0.028496902545996 | 1.0025
3—12 0.117708098349557 | 0.9986 | 0.035647572089714 | 1.0009 | 0.014242303383554 | 1.0006
6—14 0.058868519678121 | 0.9996 | 0.017821021910717 | 1.0002 | 0.007120518397762 | 1.0001

TABLE 5.2
L? errors obtained with fized T = 0.005 and o = 0.7.

h H error Rate E error Rate P error Rate
i 1.063336516637811 | — 0.313468283366440 | — 0.114974024401720 | —

% 0.540351999003493 | 0.9766 | 0.155045896248337 | 1.0156 | 0.057086537054800 | 1.0101
1—16 0.271268268741503 | 0.9942 | 0.077296371374641 | 1.0042 | 0.028491619022295 | 1.0026
3—12 0.135770875194541 | 0.9985 | 0.038619417038869 | 1.0011 | 0.014240420530257 | 1.0005
6—14 0.067902540859465 | 0.9996 | 0.019306160204807 | 1.0003 | 0.007121793125438 | 0.9997

Substituting (5.4) into (3.8) with an added source term ( fkf% , @), we have

<60600 + M) (Efm(b) - %(Hiav X (b)

Co+1
- <€0600 B 60(66'17:-610.») (EIZ_1=¢) + % (Hﬁ_l,v X (b) +7 (fk—%’¢)
- =,

(5.5)  + + o > (bt bio) (P’;;l - PZ*H) P

—P
Catl " " Catli
For implementation, we rewrite (3.9) as
T _ T _
(5:6) 5 (VxBEw) + o (HE ) = o (HE w) = 5 (V< B v).

In summary, the Crank—Nicolson scheme (3.8)—(3.10) with an added source term
is implemented as follows: At each time step,

Step 1: Solve a system formed by (5.5) and (5.6) for E} and HY.

Step 2: Update P} using (5.4).

We solved the same problem as Example 1 using the Crank—Nicolson scheme
with various time step and mesh sizes. Selected numerical results are presented in
Table 5.3 for the fractional-order parameter a = 0.7 with a fixed time step size
7 = 0.001 running 1000 time steps on various meshes. Results of Table 5.3 confirm
the theoretical convergence rate

max (| E" — Ejllo+ |[H" — Hyllo + | P" = Pjllo) < C (h+7°77),

nz

which is O(h) for sufficiently small 7. The time convergence rate O(72~%) is not
that clear due to the mesh size limitation on our computer; see our results listed in
Table 5.4 for errors of P obtained with h = % and various time steps.

Ezxample 2. Since our numerical results from Examples 1 and 1 couldn’t confirm
the time convergence rate O(72~%) due to the mesh size limitation, in this example,
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TABLE 5.3
L2 errors obtained with fized T = 0.001, a = 0.7, and various meshes.

h H error | Rate E error | Rate P error | Rate

L | o618 | — 0.4426 | — 0.1639

é 0.5401 0.9752 | 0.2186 1.0177 | 0.0810 1.0168

% 0.2712 0.9939 | 0.1089 1.0053 | 0.0405 1.0

3% 0.1358 0.9979 | 0.0544 1.0013 | 0.0203 0.9964

6—14 0.0679 1.0 0.0272 1.0 0.0102 0.9929
TABLE 5.4

L? errors of P obtained with fired mesh h = 1/256, a = 0.7, and various time step T.

T 1/2 1/4 1/8 1716 | 1/32 | 1/64
P error | 0.0910 | 0.0414 | 0.0177 | 0.0077 | 0.0039 | 0.0019

TABLE 5.5
L? errors of P obtained for a = 0.7 with different T.

T 1/8 1/16 | 1/32 | 1/64 | 1/128 1/256 1/512 1/1024
P error 0.0249 | 0.0104 | 0.0043 | 0.0017 | 7.1170e-4 | 2.8980e-4 | 1.1788e-4 | 4.7919e-5
Rate O(r") | — 1.2506 | 1.2742 | 1.3388 | 1.2562 1.2962 1.2977 1.2986

we solve the problem

0*P(t)

(5.7) =

+ P(t) = E(t),
which is a simplified version of (2.3) and no spatial error is involved. Here we assume
that F(t) is a fixed source term, where E(t) = ﬁtz_o‘ + 12 such that the exact
solution of (5.7) is P(t) = 2.

We use the same scheme (5.4) for solving P. The errors obtained using fixed
a = 0.7 and various time step size 7 are given in Table 5.5, which clearly shows the
rate O(727%), especially when 7 becomes quite small.

6. Conclusions. In this paper, we developed two fully discrete finite element
schemes for solving the Cole—Cole dispersive medium model, which is described by
the Maxwell’s equations plus a fractional time derivative term. The stability and
optimal error estimates are then proved for both schemes. Finally, we implemented the
proposed algorithms and presented many numerical results justifying our theoretical
analysis.
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