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Theoretical aspects of edge singularity
at surface cracks

K.T. Chau

(Department of Civil & Structural Engineering, The Hong Kong Polytechnic University, Hong Kong SAR  China)

[ Abstractf The complicated issue of the so— called veriex singularity near the comer point
of the intersection of a three—dimensional crack front and the free surface of the solid are re-
viewed and discussed. It was discovered that classical stress singularity near a crack front of
r~ “(where r is the distance measure fiom the crack tip) does not hold at the edge of the
crack at the fiee surface, but instead of the fom #*. The exponent A is a function of mode of
cracking (i.e. mode I, II or IlD), the inclination angle {3 of the crack front at the free sur-
face, the inclination angle ¥ of the crack plane with the solid surface and the Poisson’ s ratio of
the solid. Analytical resulis exist only for very special cases, whereas most existing results were
obtained through the use of very fine mesh finite element method, finite difference and hyper-
singular integral equation. Although the vertex singularity is of paramount importance in engi-
neering application, these results were not readily available in the handbooks of stress intensity
factor. Therefore, the main purpose of this paper is to summarize this importance results in a

form that can be easily used by engineers and scientists.
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1 INTRODUCTION

There is a major difference between three— dimensional internal and surface cracks. It is a well—

known result of linear elastic fracture medhanics that the stress near the crack tip exhibits a singularity of
23

r ™, where r is the distance measured from the crack tip[ . However, it was proved by Benthem'
that this classical singularity does not hold at the edge of the crack at the free surface, but instead a sin-
gularity of the fom 7 exists. The singularity exponent A is found to be a function of the mode of cracking
(i.e. mode I, TMorII), the inclination angle B3 of the crack front at the free suiface, the inclination an-
gle 7 of the crack plane with the solid surface, and the Poisson’ s ratio of the solid. The definitions of
these angles are given in Figure 1. The surface of the sample is denoted by the x— y surface, and the
solid occupies z—=0. The outward normal direction of the free surface is denoted by n whereas the tan-
gential vector on the plare of the three—dimensional crack is denoted by s. The thick arrows indicate the
uniaxial compression, which foms an angle of a with the crack line on the free surface (.e. the crack
foms an angle of ©/2— a with the x— axis).

We also have conducted some experiments on these
kinds of surface crack problem shown in Figure 1 (only the
case of ¥ = 0 have been tested). Ourmotivation of study-
ing this problem is on its application to rock mechanics and
earthquake mechanics. For such cases, the crack is also
subject to compression as shown in Figure 1, instead of
subject to tersion assumed in the area of metal and material
science. The details of these experiments will not be re-

ported here; whereas, only theoretical issue is addessed

here.
Analytical results exist only for very special cases (B Figure | The geometiy of a 3— D surface

=n/2, Y= 0), whereas most existing resulis were ob- crack under compression

tained through the use of very fine mesh finite element method, finite difference and hypersingular integral
equation. Although the vertex singularity is of paramount importance in engineering application, these
predictions of vertex singular component (or so— called Benthem singularity component) canmot be found
on any handbook of stress intensity factors (e.g. [ 4 5] ). Therefore, there is a need to report these re-
sults here. Some approximate forulas are also proposed here for the easy reference by engineers and sci-

entists. We should emphasize that these fomulas are original and proposed for the first time.
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2 VERTEX SINGULARITY

In particular, the crack tip singular stresses ate of the following form (for mode I, mode II and mode
IIT respectively):

K K
6= I A _ Ku a _ Kwm » %)
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, T = ’
ez 2= [

where o, Ty, and Ty are the tensile stiess, in—plane shear stress and anti—plane shear stress respec-

tively. The exponent A equals —1/ 2 if the crack tip is not close to the free surface. As remarked earlier,
the singularity exponent A is found to be a function of the mode of cracking G.e. mode I, I or ITI), the
inclination angle B of the crack front at the free surface, the inclination angle ¥ of the crack plane with
the solid surface, and the Poisson’ s ratio of the solid.
2.1 Crack front orthogonal to the free surface

When the free surface is approached, the predominant (or called gravest) singularity component A is
given by both Benthen! ? and Bazant and Estenssoro' ¥ .

A simple curve fitting of their results lead to the following formula for the mode I with B = 7/2 and
Y= 0:

A= 14.049v" — 12 387v"+ 4.474 8v* — 0.440 9>+ 0.109 4v — 0. 5 (©))

with the coefficient of correlation of R*=0.999 9 and the predictions by (2) for all available data from

L4

Benthem!'? and Bazant and Estenssoro' @ are no worse than 0.3% error.

For modes II and III cracks with B = w/2 and ¥ = 0.
A= 3 111v'—2.8820° + 1. 491 1v* — 0. 0604v —0. 5 3
with R?= 1 (i.e. a petfect of the data given by Bazant and Estenssoro [ 6] ).
2.2 Surface crack intersect the free surface at angle _3
When the crack does not intersect the free surface at 3=m/2, A may be estimated from the follow-
ing formula for the case of mode I with v= 0. 3 and Y=0:

A=—02417—0.073 1 4)
with the coefficient of correlation of R*= 0.999 9and B is in radian. These fomulas of singularity expo-
nents will be very useful if numerical method will be used further analyses. Note that equations (2 ~4)
are originally proposed here and can be used easily by engineers and scientists.

2.3 Critical intersecting angle of crack orthogonal to free surface
Since the intemnal stress singularity has a singularity of a singularity of » > therefores if an inter-
nal crack propagates toward a free surface, it may has a tendency to presewve such singular. For the sin-
cularity exponent A equals —1/2, a critical angle must be intersected between the crack front and the
free surface. For mode I and Y=0, using the numerical results from Bazant and Estensson' * » we pro-
pose the following approximate formula;
Beir = 0.537 6v* +0.445 3v+ 1.570 7 (5

For the same case but modes II and III, we propose the following approximate formula;

Bei= 0.837 8> —1.591 7v+ 1.570 8 6)
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where v is the Poisson’ s ratio.
2.4 Critical intersecting angles for crack inclined to free surface
For the case mode I with Y70 and v=0. 3, we have another approximation for the critical angle:

Boit = 0.116 77+ 0.55v>—0.227+1. 781 3 D

For modes II and III, the approximate fomula for the critical angle is proposed as:
Bt =— 0.4467" +0.583 97’ — 0.450 87>+ 0.0267 + 1.200 1 ®
A special case of this value has been checked with experiments on aluminum alloy 2219—T581 by Bazant

[ 4

and Estonssow' 7, and the comparison is quite good considering that real materials are not isotopic and

homogeneous.

3 (CONCLUSION

Stress singularities at the intersection between the surface crack and the free surface are investigated
here. In particular, simple approximate formulas were poposed to find the 3—D vertex singularity of the
fom #* where the singularity exponent A is found to be a function of the mode of cracking (i.e. mode I,
Il or IID, the inclination angle 3 of the crack front at the free surface, the inclination angle ¥ of the
crack plane with the solid surface, and the Poisson’ s ratio of the solid. These new formulas will be very
useful in engineering applications, especially when a crack tip element is needed to be developed at the

surface comer point for very accurate finite element analysis.

The first author is grateful to Profesor Z. P. Bazant of Northwestern University of discussing the is-
sue of edge singularity at surface crack.

[ References]

] BORBERG K B. Cracks and Fracture] M] . San Diego, USA: Academic Press 1999.

[2] BENTHEM J P. State of stress at the vertex of a quarter— infinite crack in a half— space[ J] . International Journal of
Solids and Structures 1977, 13. 479— 492.

[3] BENTHEM J P. The quarter— infinite crack in a half space: alternative and additional solutionq J| . International
Journal of Solids and Structures 1980, 16: 119— 130.

[4 MURAKAMIY. Siress Intensty Factors Handbookl M] . Vol. 2 Oxford, UK: Pergamon 1987.

[ 51 TADA H, PARISP C IRWIN G R. The Stress Analysis of Crack Handbookl M] . St Louis Del Research Corpora-
tion, 1985.

[ 6 BAZANT Z P, ESTENSSORO LF. Surface sngulaity and crack propagation J] . International Journal of Solids and
Stuctures 1979 15: 405—426.

[ F ALt i, TR, # L E]



