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Superconducting charge qubits: The roles of self and mutual inductances
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We study the essential roles of self and mutual inductances in superconducting charge qubits and propose a
scheme to couple charge qubits by means of mutual inductance. We also show that the Hamiltonians can be
exactly formulated in compact forms in the s;ﬁmepresentation for both single- and double-qubit structures.
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Based on the principles of quantum mechanics such aand double qubits. From the quantum computing point of
quantum parallelism and entanglement, quantum computesgew, this is important since using these compact forms, the
are expected to be capable of performing certain tasks whic@volution of the systems can be conveniently described.
no classical computers can do in practical time scales. Early Single-qubit structureFor the single-qubit structufe®
physical realizations of quantum computation were pershown in Fig. 1a), the Hamiltonian of the system without
formed in optical cavities,trapped iong, and nuclear spins including self-inductance energy is given by
in bulk solutions® These systems have the advantage of high
quantum coherence, but cannot be integrated easily to form H=4E,(n—CVy/2e)*~E (P)cose, (1)
large-scale circuits. On the contrary, there exists better po- . . )
tential to realize large-scale quantum computers by implewhere Ec=€%2Cy, with Cy=C+2C;, is the single-
mentations of qubits in solid-state systems based on electrd¥article charging energy arieh(®) = 2EJ cos@®/dy) is the
spins in quantum dots or nuclear spins of donor atoms in €ffective Josephson coupling. The numbenf the extra

silicon® Cooper pairs on the island and the average phase drop
Recently, superconducting chaf§eand phase qubits®  =(¢1+#,)/2 are canonically conjugate. The gauge-

have attracted much attention because of possible large-scale

integration and relatively high quantum coherence. In par- (a)

ticular, recent experimental realizations of a single charge

qubit'! prove that it is promising to construct quantum com- ol @ |0

puters by means of superconducting charge qubits. The next EG | léo,c

immediate challenge involved is to realize two-bit gates by v o

coupling single charge qubits in a feasible way, since two-bit C—,_—v

gates in combination of one-bit operations provide a com- -

plete set of gates required for quantum computatfdnter-

bit coupling can be implemented by coupling the single ] [ 1 (b

charge qubits to a common inductor to formla@ circuit,’

but the interbit coupling terms calculated in Ref. 7 only ap- b @

plies to the case when the phase conjugate to the total charge ! :

on the external capacitors of both single qubits fluctuates [ | | |

weakly. Here, motivated by the work of Moot al.® we T -

propose a scheme to couple charge qubits by mutual induc- ]— Vi Ve 'I:

tance. In our calculations, self and mutual inductances will
be taken into account and their essential roles are demon- g5 1. Superconducting charge qubita) Single-qubit struc-
strated. Even for charge qubits separated far apart, mutuglre, where a superconducting island is coupled by two Josephson
inductive coupling can still be implemented by means of theynnel barriergeach with capacitance, and Josephson coupling
superconducting flux transporter as originally designed bynergyE9) to a segment of a superconducting ring and through a
Mooij et al? for superconducting phase qubits. Furthermore gate capacitance to a voltage sourceb) Double-qubit structure,

we show that the Hamiltonians can be exactly formulated invhere the interbit coupling is realized by mutual inductance be-
compact forms in the spig-representation for both single tween left and right SQUID loops.
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invariant phase dropg; and ¢, across the junctions are | =21, cose[sin 7dy/Dg)cog wL1/ D)

related to the total flux ®=dy+LI1 through the )
superconducting-quantum-interference-de8®UID) loop +eog TPy /Do)sin(7LI/Dy)]

by the constrainty,— ¢, =27D/ D, wheredy is the exter- @ 1/ 7L1\2  1/aLl\4
nal flux, L the self-inductance of the loop, ade,= h/2e the =21, COS(p[ sin( uﬂl_ _'(77_ T+ Tr_)

flux quantum. The circulating current in the SQUID loop is @ 21\ @ 41\ @q

given by | =2l sin(m®/d®g)cose, wherel .= wE}/®,. Here a®\[ [ wLI 1(wL1\3
we consider the charging regime wil, much larger than - +cos< D ) (T) - 5(?) + .. “
the Josephson couplingS, so large fluctuations im are 0 0 B

suppressed and the charge states play a dominative role. 5
Also, we assume that the superconducting dajs larger
thanE. andE.>kgT so that quasiparticle tunneling is pro-
hibited. As the external gate voltagés approaches (2

Substituting Eq(4) into Eq. (5) and comparing coefficients
of cod'e on both sides, one can obtain the coefficiemis

+1)e/C, charge statefn) and|n+1) become degenerate. a;=sin(7dy /D),
The Josephson coupling strongly mixes them. However, in
the vicinity of Vy=(2n+1)e/C, other charge states have a,=(27LI /®g)sin( 7Py /Py)cogd 7Dy /DPy),

much higher energies since the energy difference between
In—k) (In+k+1)) and|n) (In+1)) is ~4EKK(k+1) for g —(27LI /D)2 sinN 7Dy /D)[1— siR(7dy/D)],
k=1,2,3.... In thecharging regime witte .> Eg, transition
to higher charge states is hence negligible.

For the special case of extremely small self-inductadce,
reduces to the classical variabbg,. In the spin% represen-  Similarly, the effective Josephson couplinge;(®)

tation based on the charge stafes=|n) and||)=[n+1),  =2EScosdy/Py+7LI/Dy) can also be expanded as the
the reduced two-state Hamiltonian can be cast’into Taylor series
1 o0
H=8(Vx)o,~ 5Es(Px)0y, ) E;(®)=2E9> b,code. (6)
n=0

wheree (Vy) =2E[CVx/e—(2n+1)]. Hamiltonian(2) has  Rewriting E,(®) as
two eigenvaluesE. = + 1 [4s%(Vy) + E5(Py)]*2 and the

corresponding eigenstates are EJ(CID)ZZES[COQ 7Oy /Dy)cog LI/ D)
vy > LE(Dy) —sin(7dy/Dg)sin(7LI/Dg)]
7 VA[e(Vx) —E.PHE}(®y) | 8(Vx) ~E-

' - mox|[,_ 1 (7Ll 2 1(mL1\?
] e N | R oo Bl o

In the spins representation, we have ces3o, and the
D\ [ (Ll 1 [aLl 3+
—SIn (Do CDTO - y (}TO R I

circulating current in the superconducting loop Is
=1.sin(mPy/Pg)oy. The expectation values of the circulat-
ing current for these two eigenstates are given by

(7)
1 Ej(Dy)sin(mdy/Pg) and substituting Eq(7) into Eq. (6), one can obtain the co-
L=V IV =F—— > e efficientsb,, :
[4e(Vx) +E5(Px)]
which are identical to the results derived directly from the bo=CoL7Px /Do),
thermodynamic relatioh.. = —JE_. /9Py _ .
For the general case, self-inductance needs to be included by == (2mLIc/Do)si?(mDx /Do),
and the circulating current in the SQUID loop obeys the . ).
relation by=— § (27LI /@) ?si?(m®y /Do) cog mDy /D),

| =21.cose sin(mdy/Py+ wLI/Dy). @

This equation implies thdtis a continuous function of cas  From Egs.(4)—(7) it follows thata,~ (27L1./®o)" " * and
and it can be expanded as the Taylor series by~ (27LI./®)". The serieg4) and (6) converge rapidly
since the flux generated by the circulating current is typically
much smaller than the flux quantufhi.e., L(1)~LI <®,.

oo

_ -1
I—ZICcos<anl an cos' “¢. (4) In the spin} representation, c8%=1/22" and co& ¢
=0,/2°"*1. The circulating current given in E¢4) thus sim-
Equation(3) can also be rewritten as follows: plifies to
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I=l(aoyt+B), (8) *

I . . . li=2lgcose; > af)q,codgicode;.  (16)
and the Hamiltonian of the single-qubit structure in ER, m,n=0

. . -. 2 .
after including self-inductance energi/|?, is reduced to Similar to the single-qubit case, expandingand |, in Eq.

H=e(V —E% v— (Ll /D ’ 9 (15) as series and substituting E@.6) into them, one can
eVar Bl y=(mhlo/Po)aBloy © Sbtain the coefficiental). :
where .
af=sin(mdy;/ Do),

o o0

Aon+1 Azn+2 2n )
a= nZO 22n ! _E 22n+1’ y:n:O ﬁ (10) ag_lj)_:(z’]TMij|Cj/(DO)COi’iTq)Xi/(bo)sirKW@XJ'/(I)O),

In Eq. (9), we have dropped the term which only leads to a a(2i(§=(27rLiIci/dbo)sin(w(I)Xi/<I>O)cos(7rd>Xi/<I>0),
shift of the energy. Retained up to terms second order in the
expansion parameterL|./®,, Hamiltonian(9) becomes

H=g(V,)o,— E° cos( WCDX) Also, the effective Josephson coupling<E;;(P;)
Wre D, =2EY, cos@®; /), i=1,2, can be expanded as Taylor se-
5/l \2 [ wdy res
- = sir? oy (11 .
2\ Dy b,
o o . Eyi(®)=2E% > b{cod"p code;, (17
This is in general a good approximation since typically m,n=0

LI./®y~10"3. If the applied gate voltag¥y is set toV
=(CZnil)e/C, thens(vi[))zo.qrhe Hami%[oéian e reduceq @nd the coefficients()), can be obtained similarly:
to H=—EJ[y— (7Ll /®o)aB]oy and the system evolves bl =

according to the unitary transformation cos P/ Po),

Ulb(T):eiEg’[y—(wuc/@O)aﬁ]mxm_ (12) bid=— (2Ll /Do) SIP(mDx; /D),
When®y=0, y— (7Ll ./®y)aB~1. The typical switching =—(27TMIJ cj/®o)SIN(TDy; /Do) siN(mDy; /D),

time during a one-bit operation is of the ordietEg. For
typical experimental value (ES~ 1 K,onearrivesatavery ..o
short operation time~0.1 ns’
Double-qubit structureWhen two single-qubit structures  |n the spin representation, the circulating currents in the

are put togethefFig. 1(b)], mutual inductance becomes rel- |eft and right superconducting loops are cast to
evant. The Hamiltonian of the system with self and mutual

inductances included is given by li=lei(aio+ BioD+ yaVaQ)+ 6), (18)
5 where
H= 2, [4Eci(n—CiVxi/2e)*~Ey(®))cosg ],
o i 12 i azk+221+1
1 a= o 2(k+’l) ’ - S22’
+§i§’2Lili2+M12I1I2, (13 ki=o 2 ki=o 2
. . . : S0) ”
wherei=1,2 denote, respectively, the left and right single- : ak+12+1 E a2k+221 (19)
qubit structures and Y K=o p2k++1” o= o p2krn+1’
Di=Dy;+Lili+Myl;. (14)  while the Hamiltonian of the double-qubit structure is given
b
In Eqg. (14) and below,i,j=1,2 withi#], andM;,=M,; is Y
the mutual inductance between left and right SQUID loops
shown in Fig. 1b). HZ_ZZ[Si(Vxl o) —Ejol ]+ MoMe®,  (20)
The circulating currents in the left and right superconduct- =t
ing loops where
li=2lcicosgisim®yx;/Po+ m(Lili+Mijl;)/Pol, (15) Ej1=(ES A1+ E%By) — Ll 2 (a1 81+ Bry1) — Lol B2y

are continuous functions of cgs and cosp,, and they can T B202) = Mudlerl ol @102+ Buyat viazt 6182),
be expanded as (21
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Ejp=(E}B1+ELAL) —LilZ (a1 y:+ B161) — Lol 2p( @26,

+B2v2) —Mid il co( @1y, + B192+ y1 82+ 61a2),
(22
and

le:i;Z [Lilgi(aiﬂi+ Vi 5I)_E8|CI]+ MlZI ClICZ(alaz

+B1B2t v102F 8172). (23
In Egs.(2)—(23), A;, B;, andC; are given by

[ [

G a5 B
Y PP ICE MR P CICE DR

- b2k2+1

2:0 52(k+)+1’ =12 (24
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The two-bit operations are realized by evolving the system
according to the unitary transformation

Upp(r)=e H7h, (27)

When the external fluxes are setdg;=®y/2, i=1,2, Ej;
~0 andIl;,~3M )l 1. The typical switching time in a
two-bit operation is of the orderi/3M sl q1lco. Since
M 12' c1™ 1073(130 and | 2= ’7TE32/(I)0, one haS ¥ 12' Cll c2
~102ES,. For the typical experimental value &3,~ 1K,
the two-bit operation time is also very short and is about
~10ns.

In Ref. 7, interbit coupling is realized by connecting the
single charge qubits to a common inductor to form an LC
circuit, but it is assumed in the derivation of the interbit
coupling term that the phase conjugate to the total charge on
the external capacitors of both single qubits must fluctuate
weakly. In contrast, an interbit coupling teffhy oMo is

Retaining the Hamiltonian up to the second order in expanexactly derived in our approach. As for the case when the

sion parameters, we have

_ Dy 5[ wLil\? 7Dy
_ g0 % 2 ilei) . Xi
Bai EJ'C"S( ®, Hl 2“ P, )S'”2< %)

WMIJICJ 2 i ’TI'(DXJ (WMIJICJ
+(—<I>0 sir? b, || "oy

arl: | 7Dy 27Dy
jlcj Xi| . Xj
X( Bq )ta’( By )s'”( By )] =
a.nd H12: 3M 12' Cll Czsin(’ﬂ'(pxj_/q)o)sin(’ﬂq)leq)o).
Choosing the applied gate voltages to bg;=(2n
+1)elC;, i=
is reduced to

H=—Eyo)~Epo@+ 1000 (26)

1,2, one hag;(Vy;) =0 and the Hamiltonian

two charge qubits are far apart, mutual inductive coupling of
the two qubits can still be effectively realized by means of
the superconducting flux transporter as designed by Mooij
et al® for phase qubits.

In conclusion, the essential roles of self and mutual induc-
tances in SQUID charge qubits are studied and a scheme to
couple charge qubits is proposed by means of mutual induc-
tance. It is shown that the Hamiltonians can be exactly for-
mulated in compact forms in the spinrepresentation for
both single- and double-qubit structures. Using these com-
pact forms, one can conveniently describe the evolution of
the systems in the quantum computing language.
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