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The orientation of fibers in simple two-dimensional flows is investigated. According to different
ranges of the Péclet number, Pe, defined as the ratio of a characteristic rotational speed of fibers and
the orientational diffusivity, three methods are developed: characteristic method for Pe=�, regular
perturbation method for Pe�1, and spectral method for everything else. All the methods subtly
utilize the evolving solution of the rotational dynamics of fibers, which is also given in this paper.
Especially, the adoption of spherical harmonics in the spectral method eliminates the singularity of
the Fokker–Planck equation in spherical coordinates, and provides high precision and efficiency.
The evolving solution of orientation distribution with Pe=� is obtained through the solution of
rotational dynamics. Using a regular perturbation method, the solution of orientation distribution
with Pe=� is extended for the condition of Pe�1. This paper provides systematical and high
efficient techniques to deal with the fiber orientation. © 2007 American Institute of Physics.
�DOI: 10.1063/1.2815718�

I. INTRODUCTION

Fiber suspension flows are significant for both scientific
research and industrial application. A fiber is a slender body,
and it can be treated as a high aspect ratio cylinder or ellip-
soid. The aspect ratio rc is generally defined as the ratio of
the maximum and the minimum characteristic sizes of a
body. Because of fiber’s high aspect ratio, fiber suspensions
show obvious anisotropy. The anisotropy is usually treated
by an ensemble average method. In the method, a fiber is
endowed with an orientation distribution �. Then the aniso-
tropic effect of fiber suspensions on flows is depicted by the
orientation distribution.

There are two main aspects in the research of fiber sus-
pensions flows. One aspect is to investigate the movement of
fibers in flows. This research field belongs to low Reynolds
number hydrodynamics.1 Because fibers are very small, the
flow around a fiber can usually be seen as a creeping flow in
moving coordinates aligned with the fiber’s mass center. The
rotation of fibers has much more important meanings than
the translation. A lot of research work has been done on the
orientation of fibers in different flows.2–7 Recently, the orien-
tation of fibers in turbulent flows also involved many
investigations.8–13 The other aspect is to investigate into the
new properties of flows caused by the addition of fibers. This

research field belongs to rheology. It is basically the addi-
tional stress induced by the fiber suspensions, which makes
the fiber suspension flows exhibit special rheological
properties,14,15 such as the drag reducing,16,17 shear
thinning,18 etc. In his serial works,19–21 Batchelor developed
a well-known model about the additional stress �a,

�a = � f��pppp� − 1
3I�pp��:� ,

�pppp� = � pppp�dp , �1�

�pp� = � pp�dp

in which p is the fiber orientation vector, � is the deformation
rate tensor, and I is the second order unit tensor. The model
contains an apparent viscosity � f, which is related to the
aspect ratio and the volume fraction of the fibers. Shaqfeh
and Fredrickson22 derived an expression for the apparent vis-
cosity of semidilute suspension using a diagrammatic renor-
malization technique.

It should be mentioned that there is another popular way
to deal with the orientation of fibers. Instead of directly solv-
ing the fiber orientation distribution � to obtain the second
order and the fourth order orientation tensor, �pp� and
�pppp�, new evolution equations about �pp� and �pppp� are
developed.23,24 But an artificial relationship between �pp�
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and �pppp� must be given to close the new evolution equa-
tions. The basic idea is the same as that in the famous tur-
bulence model theory. The approximation inevitably encoun-
ters the closure problem. Various closure approximations
have been developed.25–27 Under some specific flow condi-
tions, some closure approximations agree with the experi-
ments very well.28 However, under some other specific flow
conditions, the closure approximations give incorrect
results.29–31 Albeit the closure approximations generally have
relatively higher computational efficiency than the distribu-
tion based method, yet the former has lower precision and
narrower field of application compared with the latter.

In this paper, we first review Jeffery’s equation32 about
the rotation of fibers in Stokes flow. Then, we discuss the
relationship between the rotational dynamics of fibers and
the orientation distribution of fibers. It is demonstrated that
rotational dynamical equation is not subordinative to the
Fokker–Planck equation, which is used to model the orien-
tation distribution. In Sec. III, the rotational equations of
fibers in simple 2D flows are solved. Subsequently, using the
fiber rotation solution, three methods �spectral method, char-
acteristics method, and regular perturbation method� are de-
veloped to solve the Fokker–Planck equation for the three
ranges of Péclet number, respectively. The orientation of fi-
bers in simple 2D flows is systematical treated.

II. BASIC EQUATIONS

A. Deterministic rotational dynamics of fibers

For external flow around a particulate, if the Reynolds
number defined as the characteristic length of the particulate
and the relative velocity between the particulate and the local
fluid is near zero, then the flow can be approximated by the
steady Stokes equation.

There are only a few flows around the special shaped
particulate that can be analytically solved. The ellipsoidal
particulate is one of the most important cases, because the
harmonic analysis of the Laplacian can be used to deal with
the nonslip boundary condition in an ellipsoidal coordinate
system.33 Meanwhile, the ellipsoid is the generalization of
various simpler shapes, i.e., sphere, prolate, and oblate spher-
oid, etc. A high aspect ratio ellipsoid can also be used to
approximate a slender fiber in extreme conditions. Jeffery32

first studied the motion of an ellipsoid in Stokes flow, and he
found that the force acting on the ellipsoid reduces to two
couples, one tending to make the ellipsoid adapt to the same
rotation as the surrounding fluid, and the other tending to set
the ellipsoid with its axes parallel to the principle axes of
distortion of the surrounding fluid. The discovery was veri-
fied by the subsequent experiment of Taylor.34 Furthermore,
Bretherton35 extended Jeffery’s conclusion to a revolution
body, and demonstrated that the orientation of the axis of
almost any body of revolution is a periodic function of time
in any unidirectional flow. For a fiber, Jeffery’s result induces
the following equation:

ṗ = � · p + ��� · p − �:ppp� ,

where p is the unit vector aligned with the fiber axis, the dot
over the variable denotes the time derivative, �= ��u†

−�u� /2 is the vorticity tensor, �= ��u†+�u� /2 is the defor-
mation rate tensor, �= �rc

2−1� / �rc
2+1�. It is wothwhile to

point out that Dinh and Armstrong36 obtained a similar
model for the fiber orientation evolution using the method of
averaging Green’s function. Their model can be considered
as a simplification of the Jeffery’s model.

B. Fiber orientation distribution

According to their experimental results, Folgar and
Tucker37 claimed that the ensemble average of fiber orienta-
tion could be simulated by a phenomenological model, the
Fokker–Planck equation

H� = 0 �2�

where, the Fokker–Planck operator H is defined as

H� =
��

�t
+ �p · ��ṗ − D · �p�� . �3�

Here, the subscript p in the � operator denotes that the op-
eration is on the fiber orientational configuration space, and
it is omitted below for brevity; the second order tensor D is
an apparent diffusivity.

The Fokker–Planck equation is a popular model to simu-
late the probability distribution of a stochastic process. Equa-
tion �2� in fact corresponds to a stochastic differential equa-
tion about the fiber rotational dynamics

dps = ṗdt + BdW , �4�

in which dW is a multivariate Wiener process, and B satisfies
the condition BBT=D. The stochastic part introduces diffu-
sion into the determinant dynamical equation. The diffusion
may be caused by Brownian movement, or by the hydrody-
namical fluctuation induced by the existence of other fibers
or even by turbulence. In this paper, we do not deal with the
stochastic differential equation. There are many good rel-
evant monographs, such as Refs. 38 and 39. The determinant
dynamical equation corresponds to the nondiffusive Fokker–
Planck equation, which is called the Liouville equation in
classic mechanics.40 It seems that there is a broad misunder-
standing about the relationship between the fiber rotational
dynamical equation and the orientation distribution, for
many researchers think that the former is just an adjoint
equation of the latter. In fact, the fiber rotational dynamical
equation includes much more information than the Fokker–
Planck equation. The former describes the system in detail,
whereas the latter gives only averaged results.

III. DETERMINISTIC FIBER ROTATIONAL DYNAMICS

In this section, the fiber rotational dynamical equation is
solved. The solution is the precondition of the “characteristic
spectral method” introduced in the next section, and also
provides a simple expression for the nondiffusive orientation
distribution. Since the fiber is not stretchable, it is natural to
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take spherical coordinates to depict the fiber orientation. A
sketch is given in Fig. 1. Meanwhile, we denote �u /�y= �̇,
�v /�x=k�̇, �u /�x= j�̇, and �v /�y=−j�̇, u and v are veloci-
ties in the x and y directions, respectively. In the former
substitution, the incompressible condition has been taken
into consideration. Then the dynamic equation expands to

the following form:

	̇ = 1
2 ���k + 1�cos�2	� + k − 1 − 2�j sin�2	���̇ , �5�


̇ = 1
4� sin�2
��2j cos�2	� + �k + 1�sin�2	���̇ . �6�

Integrate Eqs. �5� and �6�, then

	 = arctan�	− 2�j + tanh
arctanh� tan�	0���k + � − k + 1� + 2�j
��

� +
1

2
�̇t��
�����k + � − k + 1�−1� , �7�


 = arctan� sin�
0��2�j sin�2	0� − ��k + 1�cos�2	0� − k + 1

cos�
0��2�j sin�2	� − ��k + 1�cos�2	� − k + 1
� , �8�

where 
0 and 	0 are the initial values, and

� = �2��k + 1�2 + 4j2� − �k − 1�2. �9�

The � is discriminant to judge the fiber movement: ��0
corresponds to asymptotic movement; �
0 corresponds to
the periodic movement. As for asymptotic movement, the
following formula gives the asymptotic angle:

	d = arctan
− 2�j ± �

��k + 1� + 1 − k
. �10�

The asymptotic angle has two values, one corresponding to
an unstable position and the other corresponding to an
asymptotic stable position. As for the periodic movement,
the following formula gives the period

T =
4�

�̇���
. �11�

Both the asymptotic angle and the period can be ex-
tended to denote the angle corresponding to an extremum of
angle velocity in the periodic case and the relaxation period
in the asymptotic case, respectively.

The authors41 presented a detailed derivation and a thor-
ough discussion of the above results. Here, only a few con-

clusions are reviewed for better understanding of the fiber
orientation distribution. Two groups of general fiber orienta-
tion orbits are shown in Fig. 2, one for the periodic case and
the other for the asymptotic case. The well-known Jeffery
orbit is a special instance there of the extremum �the dotted
line in Fig. 2�a�� is in the direction of the x axis. Although the
orbits clearly depict the fiber’s rotational movement, they do
not present some novel properties of the evolution of the
orientation distribution. Figure 3 shows the evolution of an
approximately evenly distributed initial orientation42 in a
simple shear flow, i.e., k=0, j=0. First, it should be pointed
out that the period of orientation distribution is only half of
the fiber rotational movement because the two ends of a fiber
are identical. In addition, the distribution is symmetric �only
for periodic case�, so only 1 /4T is necessary to depict the
orientation evolution. As the orbit implies, the distribution in

FIG. 1. Schematics of the coordinates. The bold line segment denotes the
fiber orientation vector.

FIG. 2. Typical orientation orbits. �a� Periodic orbits k=−0.5, j=−0.5; �b�
asymptotic orbits k=0.5, j=0.5.
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the extremum direction gets the highest value. However, the
distribution still gets local extremum other than in the extre-
mum direction during the process of evolution. The conclu-
sion is also true in other flow conditions.

It is a direct thought to evaluate the distribution through
a statistic sample of abundant fiber rotational orbits. There
are a lot of works on statistical methods.43,44 But generally
speaking, the statistic method has relatively lower computa-
tional efficiency and accuracy than a distribution based
method. That is because on the one hand the orientation dis-
tribution varies severely, which makes the sample difficult;
on the other hand, the statistical method takes too many ef-
forts to obtain much unnecessary information, because the
distribution based method does not distinguish the movement
of different fibers in detail, but the statistic method does. In
the next sections, we will show how to subtly utilize the
solution of fiber rotation to obtain the distribution solution.

IV. SPECTRAL METHOD

In spherical coordinates, a normal finite difference or
finite element method will encounter great numerical diffi-
culties near the two pole points, where the CFL number gets
extraordinarily large and the convergence is constrained.45 In
this section, we will present a spectral method that is of high
precision and efficiency on the whole sphere. In the spectral
method, there are three main steps: First, suppose that the
orientation distribution function � can be expanded with the
base functions of spherical harmonics and undefined coeffi-
cients; secondly, use the Galerkin method to obtain a group
of equations about the coefficients; finally, solve the equa-
tions about the coefficients to obtain the final spectral solu-
tion. The detailed derivation is given as below.

Suppose that � has an approximation �N in the form of

�N = �
n=0

N

�
m=−n

n

amn�t�Yn
m�	,
� , �12�

where Yn
m�	 ,
� are the spherical harmonics

Yn
m�	,
� = 
eim	Pn

m�cos 
� , if m � 0

�− 1�meim	Pn
−m�cos 
� , if m 
 0


 �13�

and Pn
m�cos 
� are the associated Legendre functions. The

complex form of eim	 is just a simple denotation for cos�m	�
and sin�m	�. Substitute �N into the Fokker–Planck equation,
then we have

H�N = FR�	,
;amn� , �14�

where FR is the residual function.
Define an inner product as

�f �g� � �
0

� �
0

2�

fg sin 
d	d
 , �15�

then the spherical harmonics satisfy the following orthogonal
relation:

�Yn
m�	,
��Yk

l �	,
��

= �0, if n � k or m � l

�n + m�!
�n − m�!

2�m�

�2n + 1�
, if k = n,l = m � �16�

where

�m = 
2, if m = 0

1, if m � 0.

 �17�

Take the inner product of both sides of Eq. �2� with Yk
l and

impose an additional condition �FR �Yk
l �=0 to minimize the

residual, then we obtain a series of equations about the un-
defined coefficients amn,

�H�N�Yk
l � = 0. �18�

H�N contains three physically different terms: unsteady
term, convective term, and diffusive term. The inner products
of the terms with a test function Yk

l are treated respectively
below.

A. Unsteady term

Since the time derivative does not influence the space
variables, then according to the orthogonal relation �16� the
inner product has the simple expression as

��̇N�Yk
l � =

�k + l�!
�k − l�!

2�l�

�2k + 1�
ȧlk. �19�

B. Diffusive term

In the Fokker–Planck equation, the diffusivity D is gen-
erally a second order tensor. From a mathematical point of
view, D is a nonsingular matrix and can always be diagonal-
ized. So it is natural to assume the diffusivity tensor has only
nonvanishing diagonal components D
 and D	. However, the
diffusivities are supposed to be dependent on the fiber orien-
tation distribution.46,47 Then the Fokker–Planck equation be-
comes nonlinear and generally needs an iterative solving
process. As an approximation, it seems reasonable to assume
that the diffusivity is only dependent on the solution of the
nondiffusive Fokker–Planck equation. According to this as-

FIG. 3. Orientation evolution of approximately evenly distributed initial
orientation in simple shear flow. �a� 1 /40T; �b� 1 /20T; �c� 1 /8T; �d� 1 /4T.
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sumption, the diffusivities D
 and D	 will be functions of 
̇
and 	̇, because the nondiffusive Fokker–Planck equation can
be solved in the terms of 
̇ and 	̇ �see Eq. �35��. Since the
solution of 
̇ and 
̇ has been given in the time dependent
form, the diffusivities D
 and D	 can be transformed into the
forms that are independent of the coordinates 
 and 	. Thus
the diffusive term in the Fokker–Planck equation has the
following form:

� · �D · ��N� = �
n=0

N

�
m=−n

n �− n�n + 1�D


+
m2�D
 − D	�

�sin 
�2 �amn�t�Yn
m�cos 
� . �20�

It is observed that the above equation is singular at 
=0 and

=� if D
 and D	 are not equal. To avoid the singularity,
assume D
 and D	 are equal and can be denoted as D. There-
fore, the diffusive term is simplified as follows:

� · �D · ��N� = D�
n=0

N

�
m=−n

n

− n�n + 1�amn�t�Yn
m�cos 
� .

�21�

The above formula is well-known, and it is one of the key
features which make the spherical harmonics especially suit-
able for the Laplacian diffusion problem in spherical coordi-
nates. Then the inner product of the diffusive term with the
test function Yk

l is

�� · �D · ��N��Yk
l � = − k�k + 1�

�k + l�!
�k − l�!

2�l�

�2k + 1�
alk�t� .

�22�

C. Convective term

In Eq. �18�, the convective term � · ��p� requires extra
treatment. For better understanding, the inner product of the
convective term with the test function Yk

l is expanded below,

�� · �ṗ�N��Yk
l � = �

0

� �
0

2�

� · ��
̇e
 + 	̇e	�

��
n=0

N

�
m=−n

n

amn�t�Yn
m�Yk

l sin 
d	d
 . �23�

The double integral does not generally present as a simple
form as that in the unsteady term or in the diffusive term,
because of the involvement of 
̇ and 	̇. A numerical integra-
tion is usually adopted in most spectral methods.

In this paper, we resort to an analytical method to deal
with the inner production. The orthogonality of the spherical
harmonics is the key point to simplify the inner production.
One way to take advantage of the orthogonality is using the
theorem of integral by parts, which leads to a group of inte-
gral equations involving the unknown inner product term.
Another way is to integrate the term directly. Notice that in
Eqs. �5� and �6�, 
̇ and 	̇ involve only trigonometric func-
tions, and that the spherical harmonics are actually polymers
of trigonometric functions; then a direct integration term by

term is always feasible. In fact, the direct integration method
becomes a typical Fourier analysis process, and the
orthogonality of the Fourier series can be used. But the or-
thogonality of the Fourier series has limited efficiency. There
are a great many terms remaining, but the Fourier series are
essentially not efficient for the Laplacian problem in spheri-
cal coordinates.

Now that we have solved 
 and 	 in the form of time t,
the 
̇ and 	̇ are functions of time and independent of 
 and
	. Then the integral in Eq. �23� can be greatly simplified as
the result of the orthogonality of the spherical harmonics.
This goal can be achieved after solving the dynamical sys-
tems �5� and �6�. It seems to be an extra burden to solve the
additional dynamical system, but the overwhelming gain is
the simplicity of the final results of the double integral. If the
initial distribution of the fiber orientation is isotropic, i.e., a
fiber has random initial orientation, which is most possible in
reality, then the inner product can be simplified further.

Suppose the fiber orientation distribution has an initial
value ��0�=1 /4�, then

�
n=0

N

�
m=−n

n

amn�0�Yn
m�	,
� =

1

4�
. �24�

Take the inner product of both sides of the above equation
with Yk

l and use the orthogonal condition, and it gives

amn�0� = � 1

4�
, if n = 0, m = 0

0, otherwise.
� �25�

From the above results, it can be deduced that if anm�t� is not
explicitly or implicitly coupled with a00�t�, then it will be
consistently zero. This conclusion will simplify the analysis
greatly.

Suppose 
̇ and 	̇ does not depend on 
 and 	, then

� · ��
̇e
 + 	̇e	�cos�m	�Pn
m�cos 
��

= �n − m + 1�
̇ cos�m
�Pn+1
m �cos 
�

− �n
̇ cos�m	�cos 
 + m	̇ sin�m	��Pn
m�cos 
�

�26�

in which we have chosen cos�m	�, the real part of eim	 in the
spherical harmonics. The imaginary part sin�m	� does not
exist because of the initial condition �25�. Substitute Eq. �26�
into Eq. �23�, and use the orthogonality between cos�m	�
and cos�l	�, and it has

�� · ��Nṗ��Yk
l � = �

0

�

�
n=0

N

aln�t���n − l + 1�
̇�lPn+1
l �cos 
�

− �n
̇�l cos 
�Pn
l �cos 
��Pk

l �cos 
�sin 
d
 .

�27�

Since the Legendre polymers is in fact the trigonometric se-
ries in disguise, then the integral above can be easily evalu-
ated using the trigonometric combination formula and the
orthogonal relation of the trigonometric series. It is found
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that the integral vanishes if n+k is an even number. The
integration can be easily treated by a mathematical software,
such as MAPLE. Recall the conclusion that anm�t� is consis-
tently zero except that it is explicitly or implicitly coupled
with a00�t�, so only a0n should be taken into consideration.
For convenience, we simply denote it as an. It is worth
stressing that the direct integral method �Fourier series
method� mentioned above does not hold the simplicity,
within which amn�t� is coupled with much more nonvanish-

ing terms akl�t�. Generally, the strong coupling slows down
the convergence rate of the approximation series and pro-
duces stiff equations which is hard to be treated numerically.

D. Dynamical system of coefficients

Substituting the above results of unsteady, diffusive, and
convective terms into Eq. �18�, produces the dynamical
system

�
ȧ0

ȧ1

ȧ2

ȧ3

ȧ4

]

� = �
0 0 0 0 0 . . .

− 3
4�
̇ − 2D 3

32�
̇ 0 3
256�
̇ . . .

0 − 15
16�
̇ − 6D 15

64�
̇ 0 . . .

− 21
32�
̇ 0 − 147

128�
̇ − 12D 1617
4096�
̇ . . .

0 − 45
66�
̇ 0 − 1395

1024�
̇ − 20D . . .

] ] ] ] ] �

��
a0

a1

a2

a3

a4

]

� �28�

subjected to the initial conditions of Eq. �25�. It is easy to see
that a0 holds the exact solution a0=1 /4�, which corresponds
to a zero order approximation. In the coefficient matrix on
the right-hand side, the elements that are farther and farther
away from the diagonal get smaller and smaller. That is be-
cause of a weak coupling between faraway orders in the
expansion. It is also found that when D is large enough, the
matrix is diagonally dominant, which guarantees the numeri-
cal stability. We will manifest it in the next section.

E. Numerical solution

1. Error estimation

It is extremely important to estimate different errors in
numerical simulations. There are three kinds of errors in a
typical spectral method: Truncation error, discretization er-
ror, and interpolation error.45 The interpolation error is the
error made by approximating a function by a series of inter-
polation or collocation points. In this paper, the integral in
the inner product is exact, and it is not necessary to approxi-
mate the integral by a series of collocation points which is
inevitable in the pseudospectral method; so there is no inter-
polation error in our method at all. As for the present study,
the truncation error is the error between the true � and the
truncated approximation �N, the discretization error is the
error between the true an and the approximated an by ne-
glecting the higher orders in the dynamical system �28�.

A small discretization error essentially requires that the
dynamical system �28� is stable under small perturbations
when truncated at arbitrary order. The dynamical system is
linear with the time dependent coefficient matrix. A classic
stable analysis is to introduce a new variable to substitute the
time and to convert the original system into a one-order
higher autonomous dynamical system, and then judge the

stability according to the eigenvalues of the new system. The
analysis process is too complex for the present study, so we
simply evaluate different order truncations to check the sta-
bility. Figure 4 gives the two different order approximations
of a1 evolution under the periodic case and asymptotic case,

FIG. 4. The a1 value computed by different truncation orders with Pe=1. �a�
Periodic case: k=−0.5, j=−0.5. �b� Asymptotic case: k=0.5, j=0.5.
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respectively. In both cases, there is no observable difference
between the low order N=1 and high order N=5 approxima-
tions. This means that the discretization error is very small.
To better illustrate the quick convergence of the coeffi-
cient series, Fig. 5 gives the relative magnitude of the coef-
ficient series. It is found that the coefficients fluctuate be-
tween even and odd orders; they converge at the average
order O�exp�−ka /n��, where ka is an average slope rate of
ka=n log an+ �n+1�log an+1 /2. When n is small, the coeffi-
cient series converge very fast, when n approaches infinity,
and the convergence rate of the series approaches zero. The
convergence rate also relies on the Péclet number �defined as
Pe= ��̇����� /D in this paper�. The smaller the Péclet number,
the faster the series converges �see Fig. 6�.

A small truncation error requirement is directly related to
the convergence rate of the coefficients series an. A higher
order of convergence means adopting fewer terms to satisfy
the prescribed error demand. The two subfigures of Fig. 7
show the different order approximations of the orientation
distribution in a periodic case and an asymptotic case, re-
spectively. In Fig. 7�a� it shows that the first order approxi-
mation overestimates the maximum of the distribution by
about 20% and overlooks some details, i.e., the small valleys
before the peaks which is presented in higher order approxi-
mations. Recalling the nondiffusive scattered points picture
of the distribution evolution in Fig. 3, it shows that the dis-
tribution gets the maximum along 	=0 at time 1 /4T, and it
also implies that the distribution is not monotonically in-
creasing or decreasing, which is coincident with the results

in Fig. 7�a�. In Fig. 7�b�, the first order approximation only
deviates the high order approximations a little bit, while the
tenth order and the fifteenth order approximations are almost
the same. Although the distribution evolution is investigated
only at one space point in both cases, the orientation distri-
bution evolution at the specified point undergoes almost the
greatest changes �compared with points of the same 	 coor-
dinate�. It is believed that the tenth order approximation will
give very good results over the entire configuration space.
When the distribution is smooth enough, the first order ap-
proximation is precise enough, which has the analytical form

a1 = −
3

16
exp�− 2Dt��

0

t


̇ exp�2Ds�ds . �29�

It can be easily evaluated using a numerical integration
method.

2. Orientation distribution

We have shown some properties of the orientation dis-
tribution when discussing the approximation error in the last
subsection. Here we will have more detailed discussions. All
the solutions are given by the tenth order approximation and
are considered to be accurate. Figure 8 shows the orientation
distribution under different Péclet numbers for periodic and
asymptotic cases. In the two cases, the distributions become

FIG. 5. The magnitude of the coefficients series with Pe=1. The line with
circles denotes a periodic case k=−0.5, j=−0.5; the line with stars denotes
an asymptotic case k=0.5, j=0.5.

FIG. 6. Average convergence rate under different Péclet numbers.

FIG. 7. Different order approximations of the evolution of orientation dis-
tribution. �a� Periodic case: k=0, j=0; 	0=0, 
0=� /3. 	0=0 is at the ex-
tremum direction. �b� Asymptotic case: k=0.5, j=0.5; 	0=−0.27�, 
0

=� /3. 	0=−0.27� is very close to the unstable asymptotic direction 	d

=−0.30�.
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flatter when decreasing the Péclet number, which coincides
with the physical intuition, i.e., higher diffusion leading to
more homogeneous distribution.

The distribution in Fig. 8�a� corresponds to deterministic
periodic rotation of fibers. It is obvious that the distribution
is not precisely periodic any more. In fact, the distribution
relaxes to a quasiperiodic “constant state” after a relaxation
time Tr. The relaxation time is determined by the Péclet
number. The higher the Péclet number, the longer the relax-
ation time. It seems to be a proper way to define the relax-
ation time as Tr=Pe�T. It is also found that the peak of the
distribution shifts to the left when decreasing the Péclet num-
ber. This lag effect may also be seen as the result of the
relaxation time difference. Figure 8�a� only gives the distri-
bution evolution at the point 	0=0.18�, 
0=� /3. Numerical
solution at other points �not shown in the paper� manifests
that the orientation is almost homogeneously distributed
along the 	 direction, while it is single-peak distributed
along the 
 direction, and especially, the distribution at 
0

=0 and 
0=� /2 has a constant value 1 /4� all the time. The
results seem a little peculiar, because the diffusion should not
suppress the distribution fluctuation completely. It is found
that the peculiarity originates from the homogeneous initial
distribution 1 /4� that we have taken. Because of that, the
variable 	 has been canceled in the spherical harmonics, and
only 
 is left in the dynamical system �28�. However, 
̇ is
zero at 
0=0 and 
0=� /2, so the distribution is constant
there.

The distribution in Fig. 8�b� corresponds to the deter-
ministic asymptotic rotation of fibers. It is found that the
distribution approaches the homogeneous initial value after
the relaxation time. This is very different from the nondiffu-
sive distribution, which is expected to decrease to zero ex-
cept at the stable asymptotic point where it will blow up.
First increasing and then decreasing the behavior of the dis-
tribution at the transitional interval is the competitive result
of the convective and the diffusive effects. Near the unstable
asymptotic direction, the distribution tends to increase with
time. However, the distribution tends to decrease with time
next to the stable asymptotic direction. Since the point 	0

=−0.27� is very close to the unstable asymptotic direction
	d=−0.30�, the distribution presents the behavior of first
increasing and then decreasing in the transitional interval.
Because of the same reason as for the periodic case, the
distribution is constant all the time at 
0=0 and 
0=� /2.

V. CHARACTERISTIC METHOD

A. Nondiffusive solution of the orientation
distribution

The spectral method we have presented has the merits of
good precision and high computational efficiency.48 But as
we have pointed out in Sec. IV E 1, the spectral method can-
not deal with the problems under very high Péclet number,
especially, the Péclet number being infinite, i.e., nondiffusion
condition, which is also very important in theoretical re-
search and application. However, we have demonstrated that
the fibers’ rotational dynamics is equivalent to the orientation
distribution in the sense of the weak solution of the distribu-
tion. Since the deterministic rotational equations of fibers
have been solved in Sec. III, there should be some simple
way to obtain the distribution solution. Notice that the non-
diffusive Fokker–Planck equation in spherical coordinates
has the form

��

�t
+

cos 


sin 


̇� + 
̇

��

�

+

	̇

sin 


��

�	
= 0. �30�

It is a first order partial differential equation �PDE�, which is
always solved by the characteristic method.49 Using the
characteristic method, the corresponding characteristic equa-
tions are

d

ds
t�s� = 1, �31�

d

ds

�s� = 
̇ , �32�

d

ds
	�s� =

	̇

sin 

, �33�

d

ds
�0�s� = −

cos 


sin 


̇�0. �34�

Substitute Eqs. �31� and �32� into Eq. �34�, and then
integrate the latter, the result is

FIG. 8. The evolution of orientation distribution with different Péclet num-
bers. �a� Periodic case: k=−0.5, j=−0.5; 	0=0.18�, 
0=� /3. 	0=0.18� is
at the extremum direction. �b� Asymptotic case: k=0.5, j=0.5; 	0

=−0.27�, 
0=� /3. 	0=−0.27� is very close to the unstable asymptotic
direction 	d=−0.30�.
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�0�t� = C exp	�
0

t

−
cos 


sin 


̇ds�

= C exp	�

0




−
cos 


sin 

d
�

= C
sin 
0

sin 

, �35�

where the integral constant C=��
0 ,	0 ,0� is decided by the
initial condition.

During the derivation of the characteristic solution, Eq.
�33� has not been used. However, the characteristic method
gives the solution along the characteristics, and the charac-
teristics are not the rotational orbits of fibers. It is Eq. �33�
that makes the characteristics and the orbits different. Equa-
tion �33� has the formal solution

	c = 	0 + �
0

t 1

sin 
�s�
ds . �36�

Here, 
 is given by Eqs. �7� and �8�.
Figure 9 shows examples of orientation distribution evo-

lution along the characteristics in both periodic and
asymptotic cases, and Fig. 10 shows the corresponding char-
acteristics. Figure 9�a� shows the distribution is precisely pe-
riodic as the fiber’s rotation. The distribution gets maximum
at the extremum position. However, the corresponding char-
acteristics �Fig. 9�b�� exhibit chaotic behavior. This is be-
cause the 	 coordinate of the characteristic �denoted as 	c

below� has changed from the 	 coordinate of the orientation
orbit by a factor 1 /sin 
, which leads to the period of 	c does
not have a common multiple with 2� any longer. This is a
very interesting result and has not been found before, as far
as the authors’ knowledge. As for an asymptotic case, all
characteristics approach the equator, where the distribution
approaches constant value. When the characteristics first
cross the asymptotic direction 	d, the distribution obtains its
maximum. It is worth pointing out that in a statistical
method, this kind of distribution can be hardly observed.
Since almost all points are attracted to one point in the
asymptotic direction, except those initially lying in the
asymptotic direction. This can be verified clearly by the pic-
ture of the scattered points that we have presented in Sec. III.
The asymptotic case is singular, so a statistical method can-
not give an accurate solution.

Szeri and Leal50 have used a so-called double Lagrang-
ian method to obtain the orientation distribution �Eq. �2.10�
in their paper�

��
0,	0,t� = ��
0,	0,0�
sin 
0

sin 

� ��
,	�

��
0,	0�
�−1

�37�

where �·� denotes the Jacobian determinant, 
 and 	 are so-
lutions of the rotational orbits of fibers. But the result con-
flicts with our derivation. We will discuss it in detail below.

According to the theorem of changing variables, it has

�
S

��
,	,t�d
d	 = �
S�

��
0,	0,t�� ��
,	�
��
0,	0�

�d
0d	0.

�38�

FIG. 9. Nondiffusive orientation distribution evolution along the character-
istics. �a� Periodic case: k=−0.5, j=−0.5; 	0=� /2, 
0=� /3. �b� Asymptotic
case: k=0.5, j=0.5; 	0=0.67�.

FIG. 10. The characteristics and orbits �corresponding to Fig. 9�. �a� k
=−0.5, j=−0.5; 	0=� /2, 
0=� /3. The closed bold line denotes a periodic
orbit. The circles indicate the initial position of the characteristic. The slim
line denotes the characteristic after the time of 10T. It exhibits chaotic
behavior in the same 
 bandwidth with the orbit. �b� k=0.5, j=0.5; 	0

=0.67�. The dotted lines denote the asymptotic orbits, the solid lines denote
the characteristics. The little circles denote the starting points of orbits and
characteristics.
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Here S and S� are the initial integral domain and the corre-
sponding transformed integral domain, respectively. The
equivalence above exists universally if only the Jacobian de-
terminant is nonzero. Additionally, if 
 and 	 are the solution
of rotational orbits, then it has

��
0,	0,t� = ��
,	�� ��
,	�
��
0,	0�

�−1

. �39�

This is the result of the Liouville theorem �p. 366 in Ref. 51�:
The volume of an arbitrary region of phase space is con-
served if the points of its boundary move according to the
canonical equations. Suppose that the distribution ��
 ,	�
satisfies Eq. �35�, then Eq. �39� gives the same result as Eq.
�37�. Then the conflict arises. Since the characteristics and
the orbits of the fibers do not coincide with each other, it is
not possible that both Eqs. �35� and �37� are correct. We have
used a classic method and only several lines’ deduction to
obtain the characteristic solution �35�, while Szeri and Leal
had developed a novel explanation �double Lagrangian
method� and used several pages’ deduction to obtain the re-
sult �37�. So we doubt that Szeri and Leal have confounded
the orbits and the characteristics somewhere during their cal-
culation. In case we are wrong in explaining the solution
�35�, the former discussion can be seen as an alternative and
simple way to deduce Szeri and Leal’s result.

B. Weak diffusive solution of the orientation
distribution

It is a natural expectation that the orientation distribution
with weak diffusion will only deviate slightly from the ori-
entation distribution without diffusion. Leal and Hinch52 had
taken a regular perturbation method to solve the orientation
distribution of fibers in simple shear flow. In this section, we
take a similar method to obtain the weak diffusive solution of

the orientation distribution in any simple planar flows. Ac-
cording to the weak diffusion assumption, the diffusivity D
can be rewritten as �D�, where D�=D /� has the same order
as ṗ, and ��1 is a small parameter. Suppose that the orien-
tation distribution � has the following asymptotic expansion:

� = �0 + ��1 + �2�2 + ¯ . �40�

Here, �0 is the solution of the nondiffusive Fokker–Planck
equation �30�, �1 and �2, etc. are unknown high order ap-
proximations. Inserting the expansion �40� into the Fokker–
Planck equation �2� and balancing the same order term of �,
we obtain an equation about the first order approximation �1,

��1

�t
= − � · �ṗ�1� + D� � · ��0 �41�

in which we have used the condition that �0 satisfies Eq.
�30�. Recursively, a series of high order approximations can
be obtained. All the equations obtained in the recursive ap-
proximation process are first order PDEs, and they can be
solved by the characteristic method. Besides, the equations
have a very useful common property that they all have the
same characteristics. It can be easily seen from Eq. �41�,
which has the same form as that satisfied by �0 except for an
additional known term. The additional term does not influ-
ence the characteristics at all. This can be proved correct
recursively for higher orders.

Since we have obtained the characteristic solution of �0

in the subsection above, inserting it into the characteristic
equation of �1, we have

�̇1 =

̇ cos 


sin 

�1 + CD�

sin 
0

�sin 
�3 . �42�

Subjected to the initial condition �1�0�=0, the equation
above has the following solution:

�1�t� = �sin 
�t� − sin 
0��
0

t 4CD� sin 
0

�sin 
�s� − sin 
0��3 sin 
�s� − sin�3
�s���
ds

= �sin 
�t� − sin 
0��

0


�t� 4CD� sin 
0

�sin 
 − sin 
0��3 sin 
 − sin�3
��
̇
d
 . �43�

According to the assumption above, D� / 
̇ is O�1�. Under
this condition, �1�t� is well-behaved in spite of the singular-
ity of the integral in the equation. Because when 
�0 or 


��, it has 3 sin 
−sin�3
��0, then the expression above
can be simplified to a model t�0

t s−1ds. The model converges
to zero as t approaching to zero, which can be proved by
evaluating the limit, limt→0t�0

t s−1ds. In a numerical treatment
of �1�t�, it is convenient to separate �1�t� into a piecewise
function. When t
�0, let �1�t�=0; when t��0, let �1�t� be
the form of Eq. �43� except changing the lower integral

bound from 0 to �0, where �0 is a small threshold value to
control the precision of the integral.

It should be pointed out that the regular perturbation
solution has some limitations. During the derivation, it is
required that D� and 
̇ are the same order of magnitude. But
this seems seldom satisfied in practice. When 
̇ is small, the
orientation distribution should be large. In the region having
a relatively large orientation distribution, the diffusivity may
be also large. The limitation of the regular perturbation
method originates from the problem itself, which in fact
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needs a singular perturbation method to deal with. Using a
first order PDE �nondiffusive distribution� to model a second
order PDE �weak diffusive distribution� is generally not fea-
sible. Gardiner in his book38 presented a typical singular per-
turbation process to solve the Fokker–Planck equation with
weak diffusion. We have not applied it to the present prob-
lem, however, we suspect that it is feasible to the problem.

VI. CONCLUSION

The orientation distribution of fibers in simple 2D flows
is solved by three methods: Characteristic method for Pe
=�, regular perturbation method for Pe�1, and spectral
method for everything else. They can be used to evaluate the
orientation of fibers in various 2D flows. As the high preci-
sion of these methods, they can also be used to verify various
closure approximations of the second and the fourth order
tensors, �pp� and �pppp�.

In this paper, a fiber’s rotation in simple 2D flows is
analytically solved. It is found that the fiber will rotate peri-
odically or turn to an asymptotic direction according to dif-
ferent flow conditions. Since the rotational dynamics of fi-
bers is equivalent to the evolution of orientation distribution
with Pe=� in the sense of the weak solution of the distribu-
tion, which is shortly demonstrated in this paper, then the
orientation distribution is obtained from the solution of the
rotational dynamics by the characteristic method.

A highly precise and efficient spectral method is devel-
oped for Pe�O�1�. The application of spherical harmonics
as the base functions of the spectral method eliminates the
singularity of the Fokker–Planck equation in spherical coor-
dinates, which is unavoidable in other numerical methods,
such as finite difference method and finite element method.
Meanwhile, the creative application of the evolution solution
of fiber’s rotational dynamics in the spectral method has
greatly simplified the computation. Even an analytical first
order spectral approximation is obtained. High order ap-
proximations are given by a well-behaved dynamical system,
which can be easily computed to give precise results for
various specific planar suspension flows.

A regular perturbation solution is given for Pe�1,
which covers the gap of the Péclet number between Pe
�O�1� and Pe=�. The applicable conditions of the regular
perturbation solution are also discussed.
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