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PHYSICS OF FLUIDS VOLUME 13, NUMBER 12 DECEMBER 2001
Effect of unequal cylinder spacing on vortex streets
behind three side-by-side cylinders

H. J. Zhang and Y. Zhou
Department of Mechanical Engineering, The Hong Kong Polytechnic University, Hung Hom, Kowloon,
Hong Kong

~Received 20 December 2000; accepted 27 August 2001!

The turbulent near-wake of three side-by-side circular cylinders with equal or unequal spacing has
been experimentally investigated using various techniques, including the hot wire, laser Doppler
anemometer, and flow visualization. The work aims to understand the effect of unequal cylinder
spacing on the vortex streets behind the three cylinders. When the cylinder center-to-center spacing
is identical, i.e.,T1 /d5T2 /d51.5, the flow is symmetric about the centerline, with one wide wake
behind the central cylinder and one narrow wake on each side of the wide wake. The dominant
frequency in the narrow wakes is about 5.4 times that in the wide wake. The observation is
consistent with previous reports, thus lending credence to the present measurement. AsT2 /d is
slightly increased to 1.6, a remarkable change occurs in the flow. A comparison is made between the
cases of equally and unequally spaced cylinders in terms of the pressure around the cylinders, drag,
lift, dominant frequencies, and vortex formation mechanisms. The flow topology~vortex patterns!
and downstream evolution are also discussed in detail. ©2001 American Institute of Physics.
@DOI: 10.1063/1.1412245#
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I. INTRODUCTION

Flows around multiple cylinders have received consid
able attention in the past because of its inherent importa
and practical significance in many branches of engineeri1

It is not uncommon that engineering structures are immer
in the wake of multiple structures, for example, the blades
multistage turbo-machines, tube bundles in heat exchang
marine structures, a group of tall buildings, and chimneys
is therefore important to understand the flow patterns
aerodynamic characteristics behind multiple bluff bodies
order to estimate gust-wind effects and aerodynamic for
on downstream structures or to determine the heat transf
cross-flow heat exchangers.

Flow behind two side-by-side circular cylinders has be
investigated extensively, which improves our understand
tremendously.2–9 It is now well established that when th
cylinder center-to-center spacing ratioT/d is less than 1.2,
the two cylinders act like a single bluff body, forming
single Kármán vortex street. ForT/d'1.2– 2.2, the gap flow
between the cylinders is deflected, thus generating one
row and one wide wake. The deflected gap flow is bi-sta
that is, the deflection can change its direction in a rand
way and stay in the same direction for a while. Two dom
nant frequencies have been identified. The higher and lo
frequencies are associated with the narrow and wide wa
respectively. ForT/d.2.2, two coupled vortex streets occu

The flow behind three side-by-side circular cylinde
bears similarity in many aspects, such as multiple domin
frequencies and the gap flow deflection and flopping, to
two side-by-side cylinders. This flow is, however, more co
plicated. For example, there are two gap flows that may
flect in different ways and more types of flow patterns
3671070-6631/2001/13(12)/3675/12/$18.00
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volved. Evidently, this flow is more representative of tho
behind a row of circular cylinders; many of its features a
shared by the latter.10–12Kumadaet al.13 measured the pres
sure distributions, velocity distributions and vortex shedd
frequencies of a three side-by-side cylinder wake at the R
nolds number Re5(1.0– 3.2)3104. Four typical flow re-
gimes were identified. WhenT/d was between 1.0 and
1.125, the three cylinders behaved like a single bluff bo
and one vortex street occurred. ForT/d51.125– 1.35, both
gap flows between the cylinders deflected towards one s
thus forming narrow and wide wakes. ForT/d
51.35– 2.225, the two gap flows were deflected towards
free-stream, respectively. Consequently, two narrow wa
occurred behind the two outer cylinders and one wide w
behind the central one; the narrow and wide wakes are a
ciated with high and low dominant vortex frequencies,
spectively. The two outer cylinders also had large drag, co
pared with the central cylinder. One distinct difference of t
three-cylinder flow from that of two cylinders was that th
gap flow was generally quasi-stable, unless nearT/d
52.225 where the gap flow deflection might change its
rection. ForT/d52.225– 3.75, three separate vortex stre
were seen. The flow behind three side-by-side plates beha
quite similarly.14 Guillaume and LaRue15 observed for Re
52500 three quasi-stable modes forT/d51.338– 1.730, one
quasi-stable mode with forced flopping forT/d
51.730– 1.850, and only one quasi-stable mode forT/d
51.850– 2.202. More recently, Sumneret al.8 measured the
flow patterns behind two and three side-by-side circular c
inders in a range ofT/d51 – 6 for Re5500– 3000 using flow
visualization and particle image velocimetry~PIV!. They
noted considerable variation in the reported flow patterns
given T/d. Using a combination of an X-wire and a col
5 © 2001 American Institute of Physics
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3676 Phys. Fluids, Vol. 13, No. 12, December 2001 H. J. Zhang and Y. Zhou
wire, Zhou et al.9 measured the velocity and temperatu
fluctuations at Re51800 in the two- and three-cylinde
wakes. They observed that the cross-stream distribution
the Reynolds stresses and heat flux varied significan
which was ascribed to different flow patterns, asT/d reduced
from 3.0 to 1.5.

Previous studies on multiple side-by-side bluff bod
have mostly focused on the identical bluff bodies of the sa
spacing. However, engineering structures may be arrange
a more complicated way, for example, different bluff bodie
unequal spacing, or in the staggered configuration. Pal
and Keffer16 measured an asymmetric turbulent wake gen
ated by two side-by-side cylinders of unequal diameter
different downstream distances from the cylinders. Their a
was to create and investigate the region of turbulent ‘‘ene
reversal’’ where the turbulent kinetic energy production tu
negative. Sumneret al.17 measured the flow patterns of tw
cylinders in a staggered arrangement. They observed
flow patterns and found that vortex shedding frequenc
were more properly associated with individual shear lay
rather than with cylinders. However, to our knowledge, t
effect of unequal spacing on the flow has not been well do
mented in the literature. Therefore, a number of questi
have yet to be answered. How would drag and lift on in
vidual cylinders be affected by the unequal spacing betw
three side-by-side cylinders? How many dominant vor
frequencies could occur? Furthermore, how would the fl
patterns and their downstream evolution be affected?

This work aims to investigate the effect of unequal sp
ing on the flow behind three side-by-side cylinders. To t
end, velocity fluctuations were obtained at 10d from the cyl-
inder for equal and unequal cylinder spacing using t
X-wires, with one fixed to provide a reference phase and
other moving across the wake. A phase averaging techn
is used to extract typical flow topology~vortex pattern! in the
near-wake from the velocity data. The vortex formation a
downstream evolution in each case were investigated in
tail based on the measured pressure around cylinders, v
ity measurements in the close vicinity of cylinders, strea
wise variation of dominant frequencies, and laser-illumina
flow visualization.

II. EXPERIMENTAL DETAILS

Most experiments were carried out in a closed circ
wind tunnel with a square cross-section (0.630.6 m2) of 2.0
m length, including fluctuating velocity measurements us
hot-wire and laser Doppler anemometer~LDA ! techniques
and pressure measurements around cylinders. Three
cylinders of 0.0127 m diameter were installed side-by-side
the mid-plane and spanned the full width of the worki
section~Fig. 1!. The cylinders were located at 0.2 m dow
stream of the exit plane of the contraction. This resulted i
maximum blockage of about 6.3% and an aspect ratio of
The transverse spacingT1 /d between the central and lowe
cylinders was fixed at 1.5 andT2 /d between the central an
upper cylinders was varied from 1.5 to 3.0. Detailed m
surements were performed with respect to two configu
Downloaded 26 Feb 2012 to 158.132.161.52. Redistribution subject to AIP l
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tions, that is,T1 /d5T2 /d51.5 ~symmetric arrangement!
andT1 /d51.5, T2 /d51.6 ~asymmetric arrangement!.

A. Pressure, lift, and drag measurements

One of the three cylinders was instrumented at the m
span position with a single wall pressure tap of 0.5 mm
diameter. A pressure transducer was connected to the ta
measure the wall static pressure. The cylinder was rotate
an interval of 5° to give the angular distribution of wall stat
pressure around the cylinder surface. The mean drag an
on the cylinder were evaluated by integrating the wall me
pressure around the cylinder. In this article, unless otherw
stated, the flow was measured at Re~[U`d/v, whereU`

is the free stream velocity andv is the kinematic viscosity!
55800. Measurements were also carried out on a single
inder at the same Re as the three-cylinder case so as to
vide a baseline for evaluating the effects of unequal spac
between cylinders on the flow.

B. Hot-wire measurements

While a movable X-wire probe was used to measure
streamwise and lateral velocity fluctuationsu andv, another
fixed X-wire, located at 5.5d below the center of the centra
cylinder (y50), was used to provide a phase reference
the signals from the movable X-wire. Measurements w
conducted atx/d510, wherex is the streamwise distanc
measured from the cylinder center. In order to monitor
downstream evolution of vortices, single hot-wire data w
obtained aty/d53.0 andx/d51.6, 2.2, 2.8, 3.6, 4.4, and 5.
for spectral analysis. In the free-stream, the longitudinal t
bulence intensity was measured to be approximately 0.
The hot wires were operated with constant temperature
cuits at an overheat ratio of 1.8. Signals from the circu
were offset, amplified, and then digitized using a 16-chan
~12-bit! A/D board and a personal computer at a sampl
frequency f sampling53.5 kHz per channel. The duration o
each record was 20 s.

C. LDA measurements

In order to obtain the quantitative information on th
flow field at a close vicinity downstream of the cylinder
measurements have also been made atx/d52.5 in the wind
tunnel with a two-component LDA~Dantec Model 58N40

FIG. 1. Experimental arrangement.
icense or copyright; see http://pof.aip.org/about/rights_and_permissions
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3677Phys. Fluids, Vol. 13, No. 12, December 2001 Effect of unequal cylinder spacing
two-component LDA with enhanced FVA signal processo!.
The measuring volume has a minor axis of 1.18 mm an
major axis of 2.48 mm. Thus, the measured mean velo
was estimated to have an error of less than 3% and the
responding error for the measured root mean square v
was less than 10%. The seeding of the flow was provided
smoke generated by a Dantec SAFEX 2010 fog gener
from Dantec fog fluid~standard!. The LDA system comes
with the software for data processing and analysis. The
fore, in addition to the mean field, the data could also
processed to yield information on the Reynolds stresse
the plane of mean shear.

D. Laser-illuminated flow visualization in water tunnel

Flow visualization was carried out in a water tunnel w
a square working section (0.1530.15 m2) of 0.5 m length.
Three side-by-side acrylic circular tubes with identical dia
eters of 0.01 m were horizontally mounted 0.2 m dow
stream of the exit plane from the tunnel contraction. T
blockage was 20%. For each cylinder, dye~Rhodamine 6G
99%, which has a faint red color but becomes metallic gr
in color when excited by laser! was introduced through in
jection pinholes located at the mid-span of the tube. A t
laser sheet, which was generated by laser beam swee
provided illumination vertically at the mid-plane of th
working section. The laser beam was provided by a Spec
Physics Stabilite 2017 Argon Ion laser source with a ma
mum power output of 4 W. The flow motion was record
with a digital video camera recorder~Sony DCR-PC100E!.
The video camera has a framing rate of 25 frames per
ond. The real time index is provided for each frame. For
flow visualization, Re was 150–2000. At a larger Re, the d
diffused too rapidly to be an effective marker of vortices.

III. PRESSURE, LIFT, AND DRAG

Figure 2 presents the polar plots of the pressure co
cientCp52Dp/(rU`

2 ) around the cylinders. Here,Dp is the
mean pressure difference between the wall static pres
and a reference pressure andu50 corresponds to the for
ward stagnation point in a single cylinder case@Fig. 2~a!#.
Table I lists the base pressure coefficientCpb (u5180°), the
mean drag coefficientCD ~[2D/rU`

2 , whereD is the mean
drag force! and lift coefficientCL ~[2L/rU`

2 , whereL is
the mean lift force!. The table also includes the resulta
force directionuR5tan21 (CL /CD) and the forward stagna
tion pointus , identified with the location where the pressu
is the maximum.

In the symmetrical arrangement, i.e., atT1 /d5T2 /d
51.5 @Fig. 2~b!#, the pressure distribution around the upp
cylinder appears to be a mirror reflection to that around
lower cylinder. The pressure around the central cylinde
also symmetrical about the flow centerline, i.e.,y/d50.
Compared with the single cylinder case,Cpb drops to21.49
for the upper and lower cylinders but increases to21.14 for
the central cylinder. However,CD is identical for the three
cylinders. Note that the pressure around each cylinde
quite symmetrical about the stagnation point anduR is ap-
proximately equal tous , that is, the resultant force on th
Downloaded 26 Feb 2012 to 158.132.161.52. Redistribution subject to AIP l
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cylinder is directed approximately through the forward sta
nation point and the cylinder center. The observation is
same as the previous reports for a two-cylinder case.5,18 The
anglesus of the upper and lower cylinders are 19.4° a
219.4°, respectively; the correspondingCL are 0.48 and
20.48, indicating a repulsive force between the three cy
ders. On the other hand,us is zero for the central cylinde
andCL is zero because of the symmetrical pressure distri
tion abouty/d50. It can be inferred that the flow behind th
cylinders is symmetrical abouty/d50.

FIG. 2. Polar plots of static pressureCp around cylinders. The direction o
the resultant force is given byuR5tan21 (CL /CD). ~a! Single cylinder;~b!
three cylinders:T1 /d5T2 /d51.5; and ~c! three cylinders:T1 /d51.5,
T2 /d51.6.

TABLE I. Some results of pressure measurements.

CD CL uR ~°! uS ~°! Cpb

Single cylinder 0.97 0 0.0 0.0 21.21

Three cylinders upper 1.19 0.48 22.0 19.4 21.49
T1 /d5T2 /d51.5 middle 1.19 0.00 0.0 0.0 21.14

lower 1.19 20.48 222.0 219.4 21.49

T1 /d51.5 upper 1.28 0.39 16.9 16.5 21.58
T2 /d51.6 middle 1.60 0.12 4.3 4.1 21.62

lower 0.92 20.41 224.0 223.5 21.02
icense or copyright; see http://pof.aip.org/about/rights_and_permissions
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3678 Phys. Fluids, Vol. 13, No. 12, December 2001 H. J. Zhang and Y. Zhou
In the asymmetrical arrangement, i.e.,T1 /d51.5 and
T2 /d51.6 @Fig. 2~c!#, the pressure around all three cylinde
exhibits a considerable change from the symmetrical
rangement case@Fig. 2~b!#. The pressure around the upp
cylinder is no longer a mirror reflection to that around t
lower one. The upper cylinderCpb ~Table I! is significantly
smaller. For the central cylinder, the pressure is asymmet
abouty/d50; us moves away from zero, given by 4.3°.Cpb

is almost the same as that of the upper cylinder; it redu
significantly, compared with the symmetrical case. Howev
the pressure around each cylinder appears symmetrical a
the forward stagnation point, as the case ofT1 /d5T2 /d
51.5. Furthermore,us remains nearly the same asuR . The
angleus is 16.5° for the upper cylinder and223.5° for the
lower one. Accordingly, the upper cylinderCL is smaller in
magnitude, though marginally, than the other. Due to a n
zero us , the central cylinder is associated with a positi
CL . Again, CL indicates a repulsive force between the c
inders.CD associated with the central cylinder is largest.
contrast with the case ofT1 /d5T2 /d51.5, the flow behind
the cylinders will be asymmetrical abouty/d50, as con-
firmed by the cross-flow distributions of the mean veloc
and Reynolds stresses and flow visualization data.

Kumadaet al.13 measured the flow around three equa
spaced side-by-side circular cylinders at Re5(1.0– 3.2)
3104. At T/d51.75, they observed a symmetric flow, abo
y/d50, behind the cylinders. The drag associated with
outer two cylinders was larger than that of the central cy
der. At T/d51.25, the flow was asymmetrical and the dr
of the central cylinder was larger than that of the two ou
cylinders. Similar measurements have been made
Gerhardt and Kramer19 at Re5107. The drag measured pres
ently atT1 /d51.5 andT2 /d51.6 exhibits similar character
istics as theirs atT/d51.25, though it is not clear why th
present drag measurement atT1 /d5T2 /d51.5 shows dis-
crepancy from theirs atT/d51.75. Speculatively, this dis
crepancy may be attributed to a difference in the cylin
spacing between the two measurements.

IV. MEAN VELOCITY, REYNOLDS STRESSES AND
SPECTRA

A. Flow behind equally spaced cylinders

Figure 3 presents the cross-stream distributions of
mean velocityŪ* , Reynolds normal stressesu2* , v2* and
Reynolds shear stressuv* at x/d52.5. The overbar denote
time averaging, and the asterisk indicates normalization
U` andd.

At T1 /d5T2 /d51.5, theŪ* , u2* , v2* , anduv* dis-
tributions show reasonable symmetry or antisymmetry w
respect toy/d50, internally consistent with the pressure d
tributions. Ū* @Fig. 3~a!# is significantly negative betwee
y/d520.75 and 0.75, apparently resulting from the flo
reversal. Theu2* distribution@Fig. 3~b!# displays two peaks
which occur near the flow centerline and correspond appr
mately to the maximum mean velocity gradient. Butv2*
does not show peaks at the corresponding location. Inst
v2* exhibits two peaks aty/d'62.0; at the corresponding
Downloaded 26 Feb 2012 to 158.132.161.52. Redistribution subject to AIP l
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location, Ū* displays troughs. The spectraE @Fig. 4~a!# of
the single hot-wire data measured atx/d52.5 show two ma-
jor peaks. The one atf * 5 f d/U`50.373 occurs fory/d
>2 and y/d<22, apparently linked to the peaks inv2*
because of their coinciding lateral locations. The other
f * 50.069 is near the flow centerline and is possibly rela

FIG. 3. Lateral distribution of mean velocity, Reynolds normal stresses
shear stress atx/d52.5. h, T1 /d5T2 /d51.5; j, T1 /d51.5, T2 /d51.6.

FIG. 4. Power spectraE of single hot-wire signals atT1 /d5T2 /d51.5. ~a!
x/d52.5; ~b! x/d510.
icense or copyright; see http://pof.aip.org/about/rights_and_permissions
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3679Phys. Fluids, Vol. 13, No. 12, December 2001 Effect of unequal cylinder spacing
to the two peaks inu2* . Zhou and Antonia20 compared the
turbulent near-wakes (x/d510) generated by a screen an
solid bluff bodies including circular, square, and triangu
cylinders. They noted thatv2* was larger thanu2* in the
wake of solid bluff bodies. But this was reversed in t
screen wake, resembling the case in the turbulent far-wak
a circular cylinder.21 The observation was related to a diffe
ence in the generation mechanisms of vortices. While vo
ces behind a solid body originated from the vortex shedd
those in a screen near-wake or the far-wake of a solid b
were ascribed to the shear layer instability. It seems plaus
that the peaks inu2* are due to vortices generated by t
shear layer instability and those inv2* may result from vor-
tices shed from the free-stream side of the upper and lo
cylinders.

The distributions~Fig. 5! of Ū* , u2* , v2* , anduv* at
x/d510 are totally different from those atx/d52.5, imply-
ing a drastic change in the flow topology. For the purpose
comparison, the single-cylinder data atx/d510 were also
measured and included. The single-cylinder data are in
sonable agreement with the previous report,22 thus providing
a validation for the present measurement. TheŪ* , u2* ,
v2* , and uv* distributions behind the three cylinders a
qualitatively similar to those of a single cylinder, suggesti

FIG. 5. Lateral distribution of mean velocity, Reynolds normal stresses,
shear stress atx/d510. h, T1 /d5T2 /d51.5; j, T1 /d51.5, T2 /d51.6.
Downloaded 26 Feb 2012 to 158.132.161.52. Redistribution subject to AIP l
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a single vortex street. This is confirmed later in Sec. V B
phase-averaged flow pattern. Note that thev2* profile dis-
plays a single peak for the single-cylinder case but a tw
peak for the three cylinders. The twin-peak profile may oc
if the two rows of vortical structures have a relatively lar
lateral spacing. The spectraE @Fig. 4~b!# of the streamwise
velocity fluctuationu shows a prominent peak atf * 50.069
across the wake. One minor peak atf * 50.138 is apparently
the second harmonic off * 50.069. This prominent peak in
dicates the vortex frequency.

It is of interest to note the identification of the sam
frequency in hot-wire signal spectra atx/d52.5 and 10. Fig-
ure 6 presents the spectra of hot-wire signals measure
various downstream stations (y/d53.0). Two major peaks
are identifiable. Immediately behind the cylinders, say
x/d51.6 and 2.2, the peak atf * 50.373 is most prominent
As suggested earlier and also verified later, this peak is
to vortices shed from the free-stream side of the upper
lower cylinders. Further downstream, these vortices quic
impair and totally disappear afterx/d55.2. On the other
hand, the other peak at 0.069 begins with only a faint hu
at x/d51.6, but it grows asx/d increases and become
dominant afterx/d54.4. Therefore, the vortical structure
corresponding tof * 50.069 do not seem to originate from
the shedding process. More discussion on this observa
will be made later.

B. Flow behind unequally spaced cylinders

For the asymmetrical arrangement,Ū* , u2* , v2* , and
uv* at x/d52.5 ~Fig. 3! exhibit a distinct difference from
those in the symmetrical arrangement. The flow reversal n
occurs largely behind the lower cylinder, as evidenced b
negativeŪ* betweeny/d522.2 and20.3 @Fig. 3~a!#. Ū*
displays a small trough neary/d52.2 and the correspondin
v2* @Fig. 3~c!# shows a relatively strong peak, probably b
cause of vortices shed from the free-stream side of the up
cylinder. Another tiny peak occurs neary/d522.2 @Fig.
3~c!#. It may be inferred that the flow topology is quite di
ferent from that atT1 /d5T2 /d51.5. At x/d510, the asym-

d

FIG. 6. Power spectraE of hot-wire signals at various downstream station
T1 /d5T2 /d51.5, y/d53.
icense or copyright; see http://pof.aip.org/about/rights_and_permissions



e

in-

, a

mi-

-
el

3680 Phys. Fluids, Vol. 13, No. 12, December 2001 H. J. Zhang and Y. Zhou
metry of the Reynolds stresses~Fig. 5! about y/d50 per-
sists. Interestingly, the skewness in thev2* distribution is
reversed, showing one prominent peak aty/d522.2 and
one small peak aty/d52.2. An explanation will be provided
in the following in terms of the downstream evolution of th
flow topology fromx/d52.5 to 10.

FIG. 7. Power spectraE of single hot-wire signals atT1 /d51.5 and
T2 /d51.6. ~a! x/d52.5; ~b! x/d510.
Downloaded 26 Feb 2012 to 158.132.161.52. Redistribution subject to AIP l
In correspondence to the variation inŪ* , u2* , v2* , and
uv* , the spectra of hot-wire signals also experience an
teresting change fromx/d52.5 to 10. The spectraE @Fig.
7~a!# of the single hot-wire signals measured atx/d52.5
display one major peak atf * 50.228 for y/d>1, probably
corresponding to the strong peak inv2* neary/d52.2. The
second harmonic off * 50.228 is also identifiable atf *
50.456. Another peak occurs atf * 50.518 betweeny/d
'0 and 2, possibly related to the central cylinder. Again
tiny hump is discernible at a relatively low frequencyf *
50.076 for y/d523. At x/d510, the peak atf * 50.228
@Fig. 7~b!# is still identifiable for y/d>0, though signifi-
cantly weakened. On the other hand, the peak atf * 50.076
is now discernible across the wake, and becomes very pro
nent for y/d<0. Its second harmonic off * 50.152 is also
evident.

V. FLOW PATTERNS

A. Flow visualization

At T1 /d5T2 /d51.5, photographs from laser
illuminated flow visualization obtained in the water tunn
are presented in Fig. 8~a!. They should be interpreted with
FIG. 8. ~Color! Photographs from flow visualization at~a! T1 /d5T2 /d51.5; ~b! T1 /d51.5 andT2 /d51.6. Flow is left to right.
icense or copyright; see http://pof.aip.org/about/rights_and_permissions
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caution since the Reynolds number of the flow was con
erably smaller than that (Re55800) in the wind tunnel. Fig-
ure 8~a! presents typical photos~Re5300 and 1500!. The
flow pattern immediately behind the cylinders is symmetri
about the flow centerline, in consistence with the observa
from the pressure around cylinders and the cross-stream
tributions of the mean velocity and Reynolds stresses.
listed in Table I, the base pressures of the upper and lo
cylinders are identical and smaller than that of the cen
cylinder. Consequently, the two gap flows between cylind
are deflected towards the upper and lower cylinders, res
tively, forming a wide wake in the middle and two narro
wakes on either side of the wide wake. The observation
agreeable with previous reports.8,13

The present observation of the three-cylinder wake
consistent with Guillaume and LaRue’s finding.15 Guillaume
and LaRue obtained three quasi-stable modes of the
behind three side-by-side cylinders ofT/d51.338– 1.730.
Without any perturbation, the flow structure~their Fig. 9!
was the same as that shown in Fig. 8~a!. The other two quasi-
stable modes occurred, though not always, only after a la
perturbation was applied, that is, a wide wake downstream
the upper cylinder or the lower cylinder and two narro
wakes downstream of the other two cylinders. These
modes~not shown! were also observed in the present inve
tigation when the cylinders were installed with the wind tu
nel switched on. For example, the wide wake occur
downstream of the lower cylinder if the upper cylinder w
last installed. Alternatively, the wide wake was observ
downstream of the upper cylinder when the lower cylind
was last installed. Evidently, initial conditions were differe
in the two occasions. The two modes could occur even
switching off and on the tunnel randomly, which could al
correspond to different initial conditions. However, th
chance to obtain the two asymmetric modes is much sma
than that for the symmetric mode. It may be concluded t
the symmetric mode of the flow structure is most typic
behind three side-by-side cylinders ofT1 /d5T1 /d51.5, but
the two asymmetric wake structures are possible, depen
on large perturbations or variation in initial conditions.

Vortex frequencies were estimated by the playback
recorded data and counting consecutive vortices~about 50
pairs! at x/d'2 for a certain period. It was found that th
vortices were shed at about the same frequency from
upper and lower cylinders. The normalized frequencyf s* was
about 0.373 for Re5450, 0.348, for 1500, and 0.365 fo
2000. The blockage effect on the frequency estimate
been corrected. These frequencies are consistent with th
currence of the peak atf * 50.373 in the spectrum@Fig. 4~a!#
considering the experimental uncertainty, estimated to
about 5%, in determining the frequency. It may be conclud
that these vortices are probably responsible for the peak

v2* at y/d'62.0 @Fig. 3~c!#. In the wide wake, shear layer
are seen rolling up, as marked by an arrow in the lower p
of Fig. 8~a!, thus forming vortical structures. These stru

tures are likely to be responsible for the peaks inu2* near
y/d561.0 @Fig. 3~b!#. By counting consecutive rolling-up
vortical structures, the frequency was estimated to be 0.
Downloaded 26 Feb 2012 to 158.132.161.52. Redistribution subject to AIP l
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for Re51500 and 0.076 for Re52000, approximately equa
to the frequencyf * 50.069, where a peak occurs in the spe
trum ~Figs. 4 and 6!. The observation suggests that the pe
may be due to the rolling-up vortical structures in the wi
wake.

At T1 /d51.5 andT2 /d51.6, photographs@Fig. 8~b!#
from laser-illuminated flow visualization show an asym
metrical flow pattern behind the cylinders, conforming to t
observation from the pressure@Fig. 2~c!# around cylinders
and the cross-stream distributions of the mean velocity
Reynolds stresses~Fig. 3!. As noted in Table I, the centra
cylinder Cpb is considerably smaller than that of lower cy
inder, but almost identical to that of the upper cylinder. As
result, the lower gap flow is deflected upwards, while t
upper gap flow is not deflected immediately behind the c
inders, forming one wide wake behind the lower cylind
and two narrow wakes behind the central and upper cy
ders.

The shear layer appears separated from the central
inder to form vortices, as indicated in the lower plate of F
8~b! and also by the peak atf * 50.518 in spectraE @Fig.
7~a!#. These vortices, however, quickly break up due to
interactions with the upper narrow wake as well as with
lower wide one so that the peak atf * 50.518 totally disap-
pears from the spectra atx/d510 @Fig. 7~b!#.

The vortex shedding from the upper cylinder is evide
The normalized shedding frequencyf s* was estimated, again
by counting consecutive vortices~about 50 pairs! at x/d'2
for a certain period, to be 0.211 for Re51100 and 0.224 for
1500, consistent with the major peak atf * 50.228 in spectra
@Fig. 7~a!# wheny/d.0.

The rolling-up of shear layers is identifiable on the low
side of the wide wake and its frequency is 0.07 for R
51100 and 0.075 for 1500. Because the rolling-up is limit
to a relatively small scale, the spectraE in Fig. 7~a! only
display a small hump atf * 50.076 (y/d523). The
rolling-up structure, however, grows fast in size and
strength@compare Fig. 7~a! with 7~b!# perhaps under the ef
fect of the large mean velocity gradient@Fig. 3~a!#. This ex-
plains why the peak atf * 50.076 is so prominent atx/d

510 and the reversed skewness in thev2* distribution from
x/d52.5 @Fig. 3~c!# to 10 @Fig. 5~c!#.

B. Phase-averaged flow pattern

In flow visualization experiments, the dye diffuses to
fast to be an effective flow marker atx/d510, in particular
for the relatively high Reynolds number flow. Therefore,
alternative technique, i.e., the phase-averaging metho
used for the study of the flow patterns. Vortices shed from
bluff body are characterized with a marked periodicity. In t
near or intermediate wake, a small dispersion is expecte
the spanwise spacing, lateral location, strength, and shap
the vortices. The marked periodicity persists even in
presence of neighboring cylinders. Figure 9 illustrates
v-signal from the movable X-wire along with the simulta
neously obtained referencevR-signal from the fixed X-wire
at a few typical lateral locations (T1 /d5T2 /d51.5). A
phase relationship is evident betweenv andvR signals. As a
icense or copyright; see http://pof.aip.org/about/rights_and_permissions
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matter of fact, the spectral coherenceCohvRv

~[tan21 (CovRv
2 1QvRv

2 )/EvR
Ev , where CovRv andQvRv are the

cospectrum and quadrature spectrum ofvR and v, respec-
tively! reaches almost one at the dominant frequencyf *
50.069 forT1 /d5T2 /d51.5 @Fig. 10~a!#, indicating a per-
fect correlation betweenvR and v at this frequency. For
T2 /d51.6 andT1 /d51.5, CohvRv at f * 50.076 is larger
than 0.9 fory/d,0 @Fig. 10~b!# and remains larger than 0.
for y/d.0. Therefore, theu- andv-signals were phase ave
aged.

FIG. 9. Signaln from the movable probe andnR from the reference probe
---, measured; ———, filtered.~a! y/d54; ~b! y/d50; ~c! y/d524.
Time50 is arbitrary,x/d510.

FIG. 10. Spectral coherence betweennR and n(x/d510). ~a! T1 /d
5T2 /d51.5; ~b! T1 /d51.5, T2 /d51.6.
Downloaded 26 Feb 2012 to 158.132.161.52. Redistribution subject to AIP l
The phase-averaging method is similar to that used
Matsumura and Antonia23 and Zhou et al.24 Briefly, the
v-signals from the two X-wires were both digitally band
pass filtered with the center frequency set at the domin
vortex frequency, which was identified withf * 50.069 for
T2 /d5T1 /d51.5 and f * 50.076 for T2 /d51.6 andT1 /d
51.5. Two phases of particular interest were identified
the filtered signalv f @Fig. 9~a!#, i.e.,

Phase A: v f50, and
dv f

dt
.0,

Phase B: v f50, and
dv f

dt
,0.

The two phases correspond to timetA,i and tB,i ~measured
from an arbitrary time origin!, respectively. The filtered sig
nal from the movable X-wire was used to determine t
phase of theu- andv-signals of the movable probe for ave
aging, viz.

f5p
t2tA,i

tB,i2tA,i
, tA,i<t<tB,i ,

f5p
t2tB,i

tA,i 112tB,i
1p, tB,i<t,tA,i 11 .

The interval between phases A and B was made equa
0.5T50.5/f , wheref is the vortex frequency, by compressio
or stretching; it was further divided into 40 equal interva
The difference between the local phase at eachy-location of
the movable X-wire and the reference phase of the fix
X-wire was used to produce phase-averaged sectio
streamlines or vorticity contours in the (f,y)-plane.

The phase average of an instantaneous quantityB is
given by

^B&k5
1

N (
i 51

N

Bk,i ,

wherek represents phase. For convenience, the subscrk
will be omitted hereafter.N is the number of detected per
ods, about 800 in the present context.

Figure 11 presents the iso-contours of phase-avera
vorticity and the corresponding sectional streamlines
T1 /d5T2 /d51.5. The phasef, ranging from22p to 12p,
can be interpreted in terms of a longitudinal distance;f
52p corresponds to the average vortex wavelength.
avoid any distortion of the physical space the same scales
used in thef- andy-directions in Fig. 11. Vorticity is calcu-
lated by

ṽ5
]~V̄1 ṽ !

]x
2

]~Ū1ũ!

]y
'

D ṽ
Dx

2
D~Ū1ũ!

Dy
,

whereDx52UcDt52Uc / f sampling. Uc is the average con
vection velocity of vortices, given by the velocityŪ1ũ
~50.653U` for T1 /d5T2 /d51.5 and 0.724U` for T1 /d
51.5 andT2 /d51.6! at the vortex center. The vortex cent
is identified with the location of the maximum phas
averaged vorticityṽmax, marked by ‘‘1’’ in Fig. 11~a!. Both
phase-averaged vorticity contours and sectional streaml
icense or copyright; see http://pof.aip.org/about/rights_and_permissions
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exhibit a single Ka´rmán-type vortex street. The vortex fre
quency isf * 50.069, the same as the rolling-up frequency
the wide wake, corroborating the suggestion that the vort
at x/d510 may originate from the rolling-up vortical struc
tures in the wide wake immediately behind the cylinders

For T2 /d51.6 andT1 /d51.5, the phase-averaged vo
ticity contours @Fig. 12~a!# and sectional streamlines@Fig.
12~b!# show an asymmetrical vortex street with the low
row characterized by large scale and high concentration
vorticity but the upper row characterized by small-sc
structures of a higher frequency. The maximum of the pha
averaged vorticityṽ* 5ṽd/U` is about 0.8 for the lower
row, higher than that~'0.5! at T2 /d5T1 /d51.5, probably
because the corresponding maximum velocity gradien
larger @refer to Figs. 3~a! and 5~a!#.

VI. DISCUSSION

Based on the present measurements, a summary sk
is presented in Fig. 13 of the vortex formation and dow
stream evolution in each case. AtT1 /d5T2 /d51.5, the flow
behind the cylinders is symmetrical about the flow cent
line. The base pressures of the upper and lower cylinders
identical but smaller than that of the central cylinder~Table
I!. Consequently, the gap flows between cylinders are

FIG. 11. ~a! Phase-averaged vorticity contoursṽ* 5ṽd/U` for T1 /d
5T2 /d51.5, contour interval50.077; ~b! phase-averaged sectional strea
lines constructed in a reference frame moving at a velocityUc /U`

50.653.
Downloaded 26 Feb 2012 to 158.132.161.52. Redistribution subject to AIP l
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flected towards the upper and lower cylinders, respectiv
forming one wide wake behind the central cylinder and o
narrow wake on each side of the wide wake. Vortices
shed from both sides of the upper or lower cylinder a
frequency f s* 50.373. These vortices disappear atx/d'5
~Fig. 6! probably due to interactions with the wide wake. T
dominant frequency in the wide wake isf * 50.069. The cor-
responding vortical structures do not appear generated f
the shear layer separation from the central cylinder. Pho
graphs from flow visualization indicated that these structu
originated from the shear layer rolling-up at about 2d or 3d
downstream from the cylinder, suggesting the shear la
instability to be responsible for their generation. This sugg
tion is supported by the downstream evolution of the vor
strength. The vortical structures in the wide wake grow
strength downstream~Fig. 6!, in marked contrast with those
shed from a cylinder whose strength decays asx/d
increases.25 These growing vortical structures form a sing
staggered vortex street further downstream~Fig. 11!.

At T1 /d51.5 andT2 /d51.6, the flow shows a remark
able change. A slightly wider upper gap corresponds to
increase in the gap flow velocity, which is supported by t
increasedŪ* for y/d'0.5;1.5 @Fig. 3~a!#, compared with
that atT1 /d5T2 /d51.5. Correspondingly, the pressure

FIG. 12. ~a! Phase-averaged vorticity contoursṽ* for T1 /d51.5 and
T2 /d51.6, contour interval50.106; ~b! phase-averaged sectional stream
lines constructed in a reference frame moving at a velocityUc /U`

50.724.
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the upper gap flow should decrease, inducing the upw
deflection of the lower gap flow. The upward deflected g
flow could subsequently cause the base pressure of the
tral cylinder to drop, compared with that atT1 /d5T2 /d
51.5, to a level almost the same as that of the upper cylin
~Table I!. As a result, the upper gap flow is no longer d
flected@Fig. 8~b!# and we see two narrow wakes behind t
upper and central cylinders, respectively, and one wide w
behind the lower cylinder. The vortex shedding is identifia
in the two narrow wakes and its frequency isf s* 50.228 for
the upper cylinder and 0.518 for the central cylinder, as
termined from the hot-wire signal spectrum and also verifi
by counting vortices for a period from flow visualizatio
data. In the wide wake, the shear layer starts to roll-up n
x/d52 at a frequency off * 50.076. It is pertinent to men
tion that tests have been conducted to adjust the cylin
spacing from T1 /d5T2 /d51.5 to T1 /d51.5 and T2 /d
51.54. ~The uncertainty to determine cylinder spacing w
estimated to be 0.5 mm or 0.04d, mainly due to the curvature
of cylinders.! In response to this change the flow chang
from the symmetric to the asymmetric mode. However, wh
unequal cylinder spacing~T1 /d51.5 andT2 /d51.54! was
gently changed to equal cylinder spacing (T1 /d5T2 /d
51.5), the symmetric mode of the flow could not be reco
ered. A further increase inT2 /d results in only a slight
change in the vortex frequencies, as presented in Fig. 14
the vortex frequencies in the upper narrow wake and
wide wake. The frequencyf * 50.076 is marginally larger
than that~0.069! at T2 /d5T1 /d51.5. Roshko26 proposed a
universal Strouhal number Stu5 f sdw /Uw , wheredw is the
wake width andUw5U`(12Cpw)1/2, where Cpw is the
pressure in the wake. Stu is a constant, about 0.16 in a sing
cylinder wake. The Strouhal number St was then written

FIG. 13. Summary sketch of the downstream evolution of vortex streets~a!
T1 /d5T2 /d51.5; ~b! T1 /d51.5 andT2 /d51.6.
Downloaded 26 Feb 2012 to 158.132.161.52. Redistribution subject to AIP l
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St5Stu(d/dw)(12Cpw)1/2. Evidently, dw or the shear layer
thickness and St are inversely related. Presumably, this r
tionship is also applicable for the vortical structures gen
ated by the shear layer instability. Then the slight increas
f * may be attributed to a decrease in the shear layer th
ness, which is deducible from theŪ* distributions @Fig.
3~a!#. The corresponding vortical structures again grow
strength when moving downstream. This is evident wh
comparing the spectra atx/d52.5 @Fig. 7~a!# and those at
x/d510 @Fig. 7~b!#. The vortices shed from the central cy
inder vanish quickly probably due to their weak strength a
interactions with the growing lower wide wake; the intera
tion with the upper narrow wake is likely to play a mino
role only in their vanishment@see Fig. 8~b!#. The vortices in
the upper narrow wake survive longer, possibly because
relatively weak interaction with the wide wake, than those
the narrow wakes atT2 /d5T1 /d51.5. The above discus
sion is consistent with the phase-averaged flow pattern
x/d510, which display an asymmetrical vortex street. T
lower row vortical structures of a frequencyf * 50.076 are
characterized by a larger size and higher vorticity concen
tion than those of the upper row, which retain the frequen
when shedding, i.e.,f s* 50.228.

A remark is due here on the difference in the gap flo
between three- and two-cylinder configurations. In both s
ations, the gap flows are generally deflected. However,
deflected gap flows in the three-cylinder case are qu
stable, whether the cylinder spacing is equal or not;
change in the deflection direction is not observed. T
change, however, can be caused by large perturbation
reported by Guillaume and Larue,15 variation in initial con-
ditions ~Sec. V A! and unequal cylinder spacing. On th
other hand, the gap flow deflection is bi-stable in the t
side-by-side cylinder arrangement (T/d'1.2– 2.2), and
spontaneously changes over in a random manner from
side to another.4,5 Time scale for the change-over is seve
orders of magnitude longer than that of vortex shedding

FIG. 14. Variation of the dominant frequencies with the increasing a
decreasing of (T22T1)/d. T1 /d51.5.
icense or copyright; see http://pof.aip.org/about/rights_and_permissions
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also several orders of magnitude longer than that for
instability of the separated shear flows.7 The bi-stable gap
flow is well known but the mechanism is not well unde
stood. We have seen in the three-cylinder case that a s
inequality in cylinder spacing, e.g.,T1 /d51.5 and T2 /d
51.6, leads to a remarkable change in the pressure field
hence the reorientation of both gap flows. The vortex sh
ding process is associated with a fluctuation in both velo
and pressure fields. This fluctuation is likely to be resp
sible for inducing the initial gap flow deflection. Presumab
the deflected gap flow is associated with a relatively h
momentum. As a result, the base pressure behind the c
der, towards which the gap flow is deflected, should be
and that behind the other cylinder, where fluid has a re
tively low momentum, should be high. In addition, the vo
tices shed from the cylinder in the narrow wake are gener
characterized by a high frequency and perhaps relativ
weak strength. Those generated from the shear la
rolling-up in the wide wake could be even weaker~Fig. 4!.
Therefore, the fluctuation of the velocity or pressure fie
could have a limited strength, generally not strong enoug
force the gap flow to change over from one side to anot
However, the nonlinear interaction between the two wa
may generate a rather large fluctuation of the pressure
from time to time and tip the balance, causing the chan
over of the gap flow deflection. In the three-cylinder ca
both of the deflected gap flows act to maintain the high b
pressure behind the central cylinder. It is more difficult to
the balance. Consequently, the flow field is quasi-stable.

It is worthwhile commenting on the phase relationsh
between the vortex streets behind upper and lower cylind
for T1 /d5T2 /d51.5. In order to monitor vortex sheddin
from the free-stream side of upper and lower cylinders, m
surements were conducted with two hot wires placed
x/d52 and y/d563.0, respectively. The spectral pha
angle27 @Fig. 15~a!# at f s* 50.373 between the hot-wire sig
nals obtained aty/d563.0 is near2p, suggesting a pre
dominantly in-phase relationship between the two exter
streets. This phase relation is also observed downstrea
x/d510 and y/d565.5 @Fig. 15~b!#, which is internally
consistent with the staggered arrangement of vortices~Fig.
11!. However, the in-phase relationship between the two
ternal streets atx/d52 is not necessarily related to the sta
gered arrangement of vortices atx/d510 since the two ex-
ternal streets vanish atx/d'5, as indicated in Figs. 6 an
8~a!. The phase relationship between the two external str
for T1 /d51.5 andT2 /d51.6 was not measured because t
two streets are characterized by different vortex frequenc

VII. CONCLUSIONS

The effect of unequal cylinder spacing on the vort
streets behind the three side-by-side cylinders has bee
vestigated. A slight inequality betweenT1 /d and T2 /d can
lead to a substantial change in the pressure distribution a
the cylinders. Subsequently, the drag and lift on the cylind
are different from those atT1 /d5T2 /d51.5. In each case
however, the resultant force on each cylinder is directed
Downloaded 26 Feb 2012 to 158.132.161.52. Redistribution subject to AIP l
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proximately through the forward stagnation point and t
cylinder center, as previously reported in a two-cylind
case.5,18

There is a remarkable change in the vortex formati
flow patterns, and downstream evolution. AtT1 /d5T2 /d
51.5, the flow is symmetrical about the flow centerlin
showing one wide wake behind the central cylinder and t
narrow wakes behind the upper and lower cylinders. Furt
downstream atx/d510, a single vortex street occurs. Th
flow may change from the symmetric to the asymmet
mode due to a large flow perturbation, variation in initi
condition, and slight cylinder spacing, but not vice versa.
T1 /d51.5 andT2 /d51.6, the lower gap flow is deflecte
upwards but the upper one is not deflected, forming a w
wake behind the lower cylinder and two narrow wakes b
hind the other two cylinders. The narrow wake behind t
central cylinder disappears atx/d'5, resulting in one single
asymmetrical vortex street further downstream.

The dominated frequency isf * 50.373 in the narrow
wakes and 0.069 in the wide wake forT1 /d5T2 /d51.5.
This frequency is 0.228 in the upper narrow wake, 0.518
the middle narrow wake, and 0.076 in the wide wake
T1 /d51.5 andT2 /d51.6. In both cases, the vortical struc
tures in the wide wake are generated probably due to
shear layer instability; they grow in strength up tox/d'5
and have a strong presence atx/d510. In contrast, those in
the narrow wakes originate from the vortex shedding fro
cylinders and disappear quickly, probably due to the inter
tions with the wide wake. The upper narrow wake in the ca
of T1 /d51.5 and T2 /d51.6 is exceptional. The vortica
structures appear to interact weakly with the wide wake; th
are identifiable atx/d510.

FIG. 15. Spectral phaseF between velocity signals measure at~a! y/d
563, x/d52; ~b! y/d565.5, x/d510. T1 /d5T2 /d51.5.
icense or copyright; see http://pof.aip.org/about/rights_and_permissions



he
n
o

r

l to
or

o
au

dy

ir o

ff

of

be
ids

nt
e

d

.

vio

e
w,’’

of
ch.

e

n

ns

s,’’

a

s

J.

he

-

f

at.

of
er,’’

3686 Phys. Fluids, Vol. 13, No. 12, December 2001 H. J. Zhang and Y. Zhou
ACKNOWLEDGMENT

Y. Z. wishes to acknowledge support given to him by t
Research Grants Council of the Government of the Ho
Kong Special Administrative Region through Grant N
PolyU5161/97E.

1M. M. Zdravkovich, ‘‘Review of flow interference between two circula
cylinders in various arrangements,’’ J. Fluids Eng.99, 618 ~1977!.

2L. Landweber, ‘‘Flow about a pair of adjacent, parallel cylinders norma
a stream,’’ D. W. Taylor Model Basin, Department of the Navy, Rep
485, Washington, D.C.~1942!.

3H. M. Spivac, ‘‘Vortex frequency and flow pattern in the wake of tw
parallel cylinders at varied spacings normal to an air stream,’’ J. Aeron
Sci. 13, 289 ~1946!.

4S. Ishigai, E. Nishikawa, K. Nishmura, and K. Cho, ‘‘Experimental stu
on structure of gas flow in tube banks with tube axes normal to flow~Part
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