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Numerical study of three-dimensional flows around two identical
square cylinders in staggered arrangements
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With the aim to understand air pollutant dispersion among high-density, high-rise buildings, this
paper presents the numerical results of three-dimensional flows around two identical square
cylinders �TISCs� in staggered arrangements at a Reynolds number of 250 and zero incident angle
when the angle between the incoming velocity vector and the line connecting the centers of the
cylinders is 45°. The dependence of the drag and lift, their root mean square values, and the Strouhal
number on the horizontal spacing have been evaluated. It was found that the correlation coefficients
between the drag and lift of the upstream square cylinder �SC-I� were close to unity, with those for
the downstream square cylinder �SC-II� exhibiting a wavy form along the spanwise direction. The
wavelength and the magnitude are closely related to the cylinder spacing. Secondary vortex coherent
structures as well as the primary vortex structures were reported and discussed. © 2006 American
Institute of Physics. �DOI: 10.1063/1.2194077�
I. INTRODUCTION

Flows around two identical square cylinders �TISCs� are
idealized representation of airflows around buildings and
many other engineering structures. Flows encountered
around buildings can vary from low Re number creeping
flows to fully developed turbulent flows, depending on wind
conditions. The study of the TISC flow at low Reynolds
number conditions is related to the understanding of the dis-
persion of indoor air pollutants, and particularly pathogen-
laden aerosols around high-density, high-rise buildings, as
witnessed in the recent SARS outbreak.1 Owing to the effect
of the gap flow between the two square cylinders, the near-
wake interference, and the possible far-wake emergence, cer-
tain important flow characteristics need to be explored. How-
ever, the corresponding numerical work remains scarce,
while more recent studies were conducted on circular cylin-
der flows, and most of them are experimental work.2 It was
reported that for the flow around two staggered identical cir-
cular cylinders in cross-flow, there exist nine patterns when
the center-to-center pitch ratio varies from 1 to 5, and the
angle of incident changes from zero to 90°, with Reynolds
number ranging from 850 to 1900. It was suggested that the
vortex shedding frequencies are more properly associated
with individual shear layers rather than with individual cir-
cular cylinders; more specifically, the two shear layers from
the downstream cylinder often shed vortices at different fre-
quencies.

The presence of gap flow effects results in complicated
patterns of multiple cylinders flow, not only in the primary
flow but also in the secondary flows when the Re is beyond
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the critical transitional value. Therefore, the spacing between
the cylinders and the orientation relative to the freestream are
dominant features that affect the flow interference, which
might lead to the ineffectiveness for most methods used in
suppressing the vortex shedding from multiple cylinders.3–6

The spacing effect on the multicylinder wake flow has been
measured and reported extensively,7–10 but the relevant situ-
ation is either for side-by-side or tandem cylinder arrange-
ment. Furthermore, in most of these studies3–10 the associa-
tion of the vortex shedding with the individual shear layers
has not been well distinguished. In addition, it is possible for
the two shear layers to shed vortices at different frequencies,
but the cause of the different vortex shedding modes still
requires further exploration.

In this paper, we focus on the numerical investigation of
the flow past two identical square cylinders at a Reynolds
number of 250. The purpose is to examine the influence of
the cylinder spacing on the flow-induced forces and vortex
shedding frequencies, and the effect of the primary wake
interference on the secondary flow structures.

II. GOVERNING EQUATIONS AND NUMERICAL
METHOD

A. Governing equations

For the wake flow around TISCs, as schematically
shown in Fig. 1, it is convenient to present equations in
nondimensional variables. Choose the units

�L� = d, �T� = d/uin, �1�

where uin is the oncoming flow velocity, and d is the side
length of the square cylinder. The Reynolds number of the
problem considered is Re=duin /�, with � being the kine-

matic viscosity of the fluid. The governing equation in a

© 2006 American Institute of Physics6-1
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three-dimensional �3D� Cartesian coordinate system �x ,y�
can be written as the incompressible Navier-Stokes equa-
tions:

ux + vy + wz = 0, �2�

ut + uux + vuy + wuz = − px + �2u/Re, �3�

vt + uvx + vvy + wvz = − py + �2v/Re, �4�

wt + uwx + vwy + wwz = − pz + �2w/Re, �5�

whose vector forms are

� · u = 0, �6�

ut + �u · ��u = − �p + �2u/Re. �7�

The solutions of the governing equations �6� and �7� should
be sought under appropriate boundary and initial conditions.
For the boundary conditions �BCs� on the square cylinder
walls, nonslip BC is used, which means that

u = 0, v = 0, w = 0, �8�

while for the BC at the outlet, similar to the treatment uti-
lized by Sohankar et al.11 and Saha et al.,12 we use the

13

FIG. 1. Schematic of flow past two identical square cylinders in stagger
arrangement: �a� side view and �b� top view.
Orlanski type
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ut + ucux = 0, vt + ucvx = 0, wt + ucwx = 0. �9�

In regard to the nondimensional form, we choose uc=1. At
the inlet section, we have

u = 1, v = 0, w = 0. �10�

However, on the lower and upper side boundaries of the
computational domain, we use

uy = 0, v = 0, w = 0. �11�

The initial condition is given by

u = 1, v = 0, w = 0. �12�

The periodical condition is used on the spanwise boundaries.
Such periodical condition can be simply expressed as

u�x,y,z,t� = u�x,y,z + A,t� , �13�

where A is the depth of the computation domain as given in
Fig. 1�a�.

B. Numerical method

The solutions for the 3D unsteady Navier-Stokes equa-
tions were sought by using the accurate projection algorithm
PmIII developed by Brown et al.,14 with a nonuniform stag-
ger grid. The intermediate velocity components were calcu-
lated excluding the pressure gradient terms. The correspond-
ing pressure Poisson’s equation was solved by the
approximate factorization one �AF1� scheme15 at first, and
then by the stabilized biconjugate gradient method
�Bi-CGSTAB� given by Von der Vorst16 to improve the so-
lution accuracy. The convective terms in the governing equa-
tions are spatially discretized by the third order upwind finite
difference scheme, with the viscous diffusion terms by the
second-order central difference scheme.

The computational convergence criterion for pressure it-
eration was chosen as the grid-number averaged global re-
sidual as low as 3.0�10−8. The advantage of this joint itera-
tion method is it has higher accuracy than those obtained by
the AF1 method alone. The Bi-CGSTAB has been used alone
for the pressure field prediction �Yang et al.17�. However,
many more steps are needed to obtain the pressure field. In
the Bi-CGSTAB method, for the convenience of code con-
struction, Jacobian-type preconditioner was used, since the
symmetric successive overrelaxation �SSOR�-type precondi-
tioner as given by Pennacchio and Simoncini18 is more com-
plex in coding, even though it was reported that the SSOR-
type preconditioner has the best performance of solution
convergence.

To detail the finite difference scheme, we take the pro-
cess of discretization for the term uux in Eq. �3� as a special
example. Assume the velocity component �uijk� is located at
�xi−1/2 ,yj ,zk� the standard point �xi ,yj ,zk�, �i �i=1,4� are the
finite difference coefficients that can be derived from Taylor
expansion, then, for the case of positive velocity component

uijk�0, the third-order upwind scheme can be expressed as

ense or copyright; see http://pof.aip.org/about/rights_and_permissions
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�uux�ijk = uijk�− ��1 + �2 + �3�uijk + �1ui−1,jk + �2ui−2,jk

+ �3ui+1,jk� − �4uijk�uxxxx�ijk. �14�

Expressing hi=xi−1/2−xi−1/2−1, according to the Taylor expan-
sion of the velocities at point �i−1, j ,k�, �i−2, j ,k�, and �i
+1, j ,k�, we have the following coefficients of the scheme

�2 =
s3

3 + s3
2

hi�
, �3 = −

s2
2 − s2

3

hi�
, �1 = − �2s2

2 − �3s3
2, �15�

�4 = ���1hi
4 + �2�hi + hi−1�4 + �3hi+1

4 �/24, for uijk � 0,

0, otherwise,
�
�16�

where s2= �hi−1+hi� /hi, s3=hi+1 /hi, and �=s2s3�s2−1��s3

+1��s2+s3�. The upwind scheme expressed by Eq. �14� has
at least a third-order accuracy in discretization, since the co-
efficients �i�i=1,2 ,3� have the order of O�1/hi�. Similar
expressions can be derived for the upwind differencing of
other convective terms in the momentum equations �3�–�5�.
It is noted that the fourth-order derivative of u can be dis-
cretized by the central difference approach, which is used for
treating the diffusion terms in the governing equations. The
overall solution procedure has been reported elsewhere,19

with the main difference occurred in the discretization of the
convective terms.

The numerical method was first assessed by comparing
the St number and the time averaged drag for the single
square cylinder flow with published results in 3D simulation
reported by Sohankar et al.11 and Okajima.20 Using the grid

191�131�31 and time step 0.004, the present method has

Downloaded 26 Feb 2012 to 158.132.161.52. Redistribution subject to AIP lic
predicted that St and drag are 0.144 and 1.66, respectively, as
shown in Fig. 2�a�, for the single cylinder flow at Re=250
with a blockage of 5.6%. The measured St for this particular
situation is about 0.142; the predicted St and drag by Sohan-
kar, et al.11 are, respectively, 0.158 and 1.43; with the values
of 0.150 and 1.73 predicted by Saha et al.12 in the situation
of a blockage ratio 10%. As shown in Fig. 2�b�, the second-
ary flow field at the instant of 200 for the single square
cylinder flow at Re=250 has a vortical structure with a span-
wise wavelength of about 1.2d, certainly containing small
vortices. The comparison with experiment and the recent nu-
merical results is satisfactory.

The computational domain for the flow past two square
cylinders is shown in Figs. 1�a� and 1�b�. The distance from
the inlet section to the front side of the upstream SC denoted
by xu is set as 6.0, while the distance from the rear side of the
downstream SC-II to the flow outlet section denoted by xd is
set as 15, with the values of yb and yu set as 8.5. Hence, the
width of the computational domain B can be expressed as
�2d+T+yb+yu�, the blockage of the flow in the present cal-
culation can be expressed as 2d /B, while the transverse spac-
ing T is equal to longitudinal spacing H for the case of 45° of
cylinder arrangement. The spanwise depth A is set as 11. In
the simulation, the small mesh size near a SC sidewall is
about 0.01, and the grids in the spanwise direction were uni-
form.

The grid independence inspection for the 3D flow simu-
lation was carried out prior to extensive numerical simula-
tion, for the case of H=1.0. Using the grid 181�155�41,
the St number and the spanwise-averaged time-mean drag

FIG. 2. �a� Evolution of the lift and
drag coefficients for the flow past a
single square cylinder. �b� Contours of
vorticity component ��y� in the plane
of y=0.5 at the instant of t=200 for
the case of Re=250. Note that the
dashed curves in part �b� are labeled
by vorticity ranging from −1.0 to −0.1,
with the relevant solid curves labeled
by vorticity ranging from 0.1 to 1.0;
the vorticity increment is 0.2. Note
that the time has a unit of d /uin.
are, respectively, StI1=0.118, StI2=0.255, StII=0.118, CDI
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=1.631, and CDII=2.070, with the relevant values StI1
=0.118, StI2=0.247, StII=0.118, CDI�1.635, and CDII

=2.157 for the grid 181�155�26. This means that the re-
sults are almost independent of the spanwise grid number. It

TABLE I. Summary of results for the numerical simulation of flow around
the time spanwise-averaged drag and lift, respectively, while CD� and CL�
the SC-I, and “II” refers to the SC-II.

H Grid �t CDI

0.25 181�135�41 2.5�10−3 2.173 −

0.5 181�139�41 4�10−3 1.834 −

0.75 181�147�41 4�10−3 1.677 −

1.0 181�155�41 4�10−3 1.631 0

1.25 181�161�41 4�10−3 1.600 0

1.5 181�163�41 4�10−3 1.616 0

2.0 181�163�41 4�10−3 1.644 0

2.5 181�173�41 4�10−3 1.667 0

3.0 191�183�41 4�10−3 1.710 0

H Grid �t CDII

0.25 181�135�41 2.5�10−3 2.145 −

0.5 181�139�41 4�10−3 2.061 −

0.75 181�147�41 4�10−3 2.117 0

1.0 181�155�41 4�10−3 2.070 0

1.25 181�161�41 4�10−3 2.319 0

1.5 181�163�41 4�10−3 2.291 0

2.0 181�163�41 4�10−3 2.244 0

2.5 181�173�41 4�10−3 2.165 −

3.0 191�183�41 4�10−3 2.095 0

FIG. 3. �a� Evolution of the lift and drag coefficients for the flow past the
TISC. �b� The diagram of power spectra for the evolution of lift coefficients
on the TISC for the case of Re=250 and H=1. Note that the time has the
unit of d /uin, and the frequency has the unit of uin /d. The two peaks of the
solid curve are labeled with StI1 and StI2, with the peak of the dashed curve
labeled with StII.
Downloaded 26 Feb 2012 to 158.132.161.52. Redistribution subject to AIP lic
is noted that StI1 and StI2 are, respectively, the St numbers
corresponding to the vortex shedding from inner and outer
shear layers of upstream square cylinder �SC-I�, while StII is
the St number relevant to the vortex shedding from the
downstream square cylinder �SC-II�. CDI and CDII represent
the time-mean spanwise-averaged drag of cylinders SC-I and
SC-II, respectively.

It is indicated that it is the upstream rather than the
downstream cylinder that has duplicated frequencies of vor-
tex shedding. This, however, is different from the visualiza-
tion in staggered circular cylinder flows,2 where it was found
that the duplicated frequencies of vortex shedding occur on
the downstream circular cylinder. Nevertheless, the power
spectra for the lift on both square cylinders shown in Fig.
3�b� support that there are two St numbers for the vortex
shedding from the upstream SC-I. The presence of the two St
numbers at H=1.0 is likely caused by the particular stag-
gered arrangement of the two identical square cylinders,
which forms an oblique gap jet impinging in the near wake
of the upstream SC-I; therefore, the flow in the inner shear
layer of SC-I has to separate with a higher frequency than
that separating in the outer shear layer of SC-I.

III. RESULTS AND DISCUSSION

The TISC flows were investigated numerically by solv-
ing the 3D incompressible unsteady Navier-Stokes equa-
tions, using the numerical approach presented in the forego-
ing sections. It was assumed that the transversal spacing T
between the two identical SCs is the same as longitudinal
spacing H, indicating that the angle between the incoming
velocity vector and the line connecting the centers of the

s at Re=250. Note that H is the longitudinal spacing, CD and CL represent
sent the spanwise-averaged rms of drag and lift. The subscript “I” refers to

CDI� CDI� StI1 StI2

0.239 0.279 0.0819 0.0819

0.136 0.177 0.0819 0.0819

0.082 0.126 0.118 0.118

0.061 0.126 0.137 0.255

0.067 0.240 0.137 0.200

0.066 0.324 0.137 0.182

0.037 0.336 0.164 0.164

0.045 0.409 0.155 0.155

0.080 0.575 0.146 0.146

CDI� CDI� StII

0.245 0.600 0.0819

0.292 0.631 0.0819

0.250 0.821 0.118

0.219 0.725 0.137

0.229 1.300 0.137

0.255 1.339 0.137

0.218 1.388 0.146

0.206 1.428 0.146

0.205 1.415 0.146
TISC
repre

CLI

1.348

0.475

0.021

.155

.184

.132

.067

.042

.019

CLII

0.109

0.076

.018

.014

.040

.011

.010

0.006

.017
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cylinders is 45°. The computation for the TISC flow at Re
=250 was done on a PC with an internal memory of about
1 GB in two temporal stages, each containing around 20 000
time steps; the time step is generally 0.004, and the compu-
tation should be terminated at the instant t=160. For one
case, the required CPU time is approximately 84.3 h. Nine
cases of the TISC flows for different values of longitudinal
spacing H were considered in this study, as seen in Table I.

The TISC flow at Re=250 involves the same vortex dy-
namical phenomena, such as vortex transition in mode A and
mode B and the vortex dislocations in the secondary flow
patterns. In addition, the vortex pairing, splitting, and envel-
oping �VPSE� flow patterns occurred in the spanwise vortex
fields. Mode A would appear to be due to an elliptical insta-
bility of the primary vortex core during the process of shed-
ding, which causes a spanwise waviness.23 The deformation
of the primary vortices in a wavy fashion results in the local
spanwise formation of vortex loops, which become stretched
into streamwise vortex pairs. The spanwise length scale of
these vortex loops for single square cylinder flow is around
5.2d �Luo et al.24�, with a value of 3d�4d for the single
circular cylinder flow.23 It appears that the mode B structure
is caused by an instability that scales on the thickness of the
vorticity layer lying in the braid region. In the case of mode
B, the primary vortex deformation is more spanwise-uniform
than for mode A, and the streamwise vortex structure has a
markedly smaller spanwise wavelength of around 1.2d for

FIG. 4. �a� Spanwise-averaged drag and
FIG. 5. �a� Rms of spanwise-averaged drag and �b

Downloaded 26 Feb 2012 to 158.132.161.52. Redistribution subject to AIP lic
single square cylinder flow,24 with a value of about 1d for
single circular cylinder flow.23

The vortex dislocations in the wake flow transition re-
gimes are generated between spanwise cells of different fre-
quency when the primary vortices move out of phase with
each other. The dislocations are found to be generated at the
sites of particular vortex loop, typical of mode A instability,
and evolve spontaneously along the span, independent of the
end conditions.23 VPSE is a particular flow pattern found in
the staggered circular cylinder flow, identified with respect to
the primary vortex structures observed in the near wake.2

With the vortex dynamical phenomena briefly explained,
the numerical results of this study will be presented and dis-
cussed in three parts: �a� drag, lift, and St, �b� spanwise cor-
relation coefficients �SCCs� of the drag and lift, and �c� the
flow fields.

A. Drag, lift, and St

For the flow around TISCs in a stagger arrangement, the
combined effect of gap flow and wake flow interference ren-
ders the spacing H a primary dominant of time-mean
spanwise-averaged drag and lift. Since the TISC is in stag-
gered arrangement, as illustrated in Fig. 1, the gap flow,
which is composed of the central jet and the two shear flow
layers in the inner side of the TISC, transfers more momen-
tum into the near wake of the upstream square cylinder

t as functions of longitudinal spacing H.
�b� lif
� lift as functions of longitudinal spacing H.

ense or copyright; see http://pof.aip.org/about/rights_and_permissions
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�SC-I�, resulting in a comparatively small drag and lift on
SC-I, as compared with those on the downstream square cyl-
inder �SC-II�, as given in Table I. It also affects the vortex
shedding behaviors on both square cylinders. For some par-
ticular spacing values, the numerical results have confirmed
the visualization-based indication that vortex shedding
should be viewed as being from the different shear layers of
the cylinders.2

FIG. 6. Plot of St as a function of longitudinal spacing H. Note that the
bifurcation of StI indicates that there are two primary modes of vortex shed-
ding on SC-I, the higher value of StI is corresponding to the vortex shedding
from the inner shear layer of SC-I, with the lower one relevant to vortex
shedding from the outer shear layer of SC-I.

FIG. 7. Plot of spanwise correlation coefficients of drag and lift as a func-

tion of spanwise coordinate �z� for Re=250: �a� H=0.5 and �b� H=1.0.

Downloaded 26 Feb 2012 to 158.132.161.52. Redistribution subject to AIP lic
Figure 3�a� shows the spanwise-averaged drag and lift
for the TISC flow in staggered arrangement at Re=250 and
spacing H=1.0, with Fig. 3�b� illustrating the corresponding
power spectra based on the lift evolution and obtained by
Hilbert transformation.21 Mainly responsible for the im-
pingement of the gap flow in the lower wake, the lift on SC-I
oscillates in lower magnitudes and duplicates the main fre-
quencies, suggesting that at this particular spacing �H=1.0�
the vortex shedding from the inner and the outer shear layers
of SC-I corresponds to duplicate St, denoted by StI1 and StI2.
According to the results of visualization for the flow around
two identical circular cylinders, StI1 and StI2 should be, rel-
evant to the vortex shedding from, respectively, the outer and
inner shear layers of SC-I. However, for SC-II, there is only
a single value of St number, since the value of the main peak
in the lift power spectrum is much higher than that of the
second peak located at a frequency of about 0.2, by approxi-
mately one order, as seen in Fig. 3�b�.

Figures 4�a� and 4�b� show the time-mean spanwise-
averaged drag and lift as functions of the longitudinal spac-
ing. From Fig. 4�a�, it is seen that the drag on SC-I is gen-
erally smaller than that on SC-II, except for the case of
smallest spacing �H=0.25�, for which the time-mean
spanwise-averaged drag on SC-I �CDI� is approximately
identical to that on SC-II �CDII�. The curve of drag CDI is
smoother, compared with the curve of drag CDII. The former
has a valley and the latter has a peak at the spacing of about

FIG. 8. Plot of spanwise correlation coefficients of drag and lift as a func-
tion of spanwise coordinate �z� for Re=250: �a� H=1.5 and �b� H=2.0.
H=1.25, showing that there are two different trends of drag

ense or copyright; see http://pof.aip.org/about/rights_and_permissions
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variation with the spacing. Clearly, the drag CDII curve indi-
cates a more sensitive response to the change of spacing.

As seen in Fig. 4�b�, an evident repulsive transverse
force on SC-I occurs due to the impacting of the gap flow,
when the spacing is smaller than 0.75. For larger spacing, the
wake interference might make the two cylinders mutually
attracting. Such effect becomes more significant when the
spacing is around 1.25. This to some extent can explain why
ocean ships in motion should avoid navigating too closely.

Similarly, as evidently illustrated in Figs. 5�a� and 5�b�,
the values of the root mean square of the spanwise-averaged
drag and lift on the SC-II are more sensitive to the cylinder
spacing, and larger as compared with those relevant to SC-I.
With the increase of spacing, both the curve of the rms of
CDI and the curve of the rms of CDII are wavy, and the
former has a local peak at the spacing of about 1.25, while
the latter has both local peaks occur at the spacing of about
H=0.5, and 1.5 �Fig. 5�a��. As seen in Fig. 5�b�, the values of
the rms of CLII are much larger than those of SC-I.

It is noted there are local valleys on the curves of CDII,
the rms of CDII, and the rms of CLII at the spacing of about
1.0, suggesting that at this particular spacing there are active
wake interference and particular secondary flow structures.
The observed dependences of drag and lift on the cylinder
spacing suggesting that the gap flow and the wake interfer-

ence certainly play dominating1 roles in the TISC flow.
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On the other hand, the plotting of the St number of vor-
tex shedding from SC-I as a function of spacing shows a
bifurcation at certain spacing values, such bifurcation does
not occur for the St of vortex shedding from SC-II �Fig. 6�.
Figure 6 suggests that the visualization-based conclusion of
Sumner et al.2 would be partially correct, since the St bifur-
cation merely appears at certain spacing. The present nu-
merical results tend to conclude that it is the vortex shedding
from the upstream cylinder rather from the downstream cyl-
inder that has duplicated St numbers. Furthermore, because
the StI1 relevant to the vortex shedding from the outer shear
layer of SC-I is the same as that of the St for SC-II when the
spacing is ranged from 0.25 to 2.0, this would mislead to a
view that there is only one St for SC-I in the situations of the
spacing ranged from 1.0 to 1.5. In addition, the difference
between the numerical results and the visualization is likely
to originate from the distinct vortex separation behaviors; for
TISC flows, there are fixed separation points, while for stag-
gered circular cylinder flow, the vortex separation from the
cylinder wall has varying points.

B. Spanwise correlation coefficients

The spanwise correlation coefficients of drag and lift are

FIG. 9. Contours of the vorticity com-
ponent �x for the case of Re=250 and
H=1 at the instant of t=80. These
contours are shown, respectively, in
four different secondary flow planes
defined by x=3.5, 6.5, 9.5, and 12.5 in
different parts from �a� to �d�, the
variation range and the increment of
the vorticity component are given by
��x min,�x max,��x�= �−1,1 ,0.2�, with
the zero vorticity contour removed.
signs of the presence of the secondary flow in the cross sec-
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tion, indicating that in different vertical planes, the primary
flow might be nonidentical. The evaluation method of the
SCCs has been described in Ref. 22.

Figure 7�a� indicates that, for the spacing H=0.5, the
SCC of drag and that of lift on SC-I have wavy distributions
along the spanwise direction, and values are in the range
from 0.94 to 0.98. Such small variations of the SCC values
suggest that the secondary flow in the very near wake of
SC-I is rather weak. However, the values of the SCC of lift
on SC-II are slightly less than that on SC-I, with the largest
difference around 0.02, while the SCC curve of drag on
SC-II behaves as an apparent oscillation, with the largest
magnitude of about 0.05. Since the SCC curve of drag can be
viewed as a response to the joint effect of the primary vorti-
ces and the secondary organized vortices in the near wake
region. But the oscillation of SCC curves is caused mainly
by the secondary vortices in the near wakes of the two iden-
tical square cylinders. From the oscillation behavior of the
SCC curves of drag, the mean spanwise wavelength of the
secondary organized structures in the very near-wake zones
can be evaluated approximately. As shown in Fig. 7�a�, for
the case of H=0.5, the mean wavelength of the secondary
organized structures in the very near wake of the TISC flow
is about 1.83d. Similarly, for H=1.0, Fig. 7�b� suggests that
the mean spanwise wavelength is 5.5d for the secondary or-
ganized structures in the very near wake of SC-I, with a

value of 1.57d for that of the secondary organized structures
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in the very near wake of SC-II. As illustrated in Fig. 8, the
longitudinal spacing has a significant effect on the distribu-
tions of the SCC curves of drags and lifts of the TISC flow.
For instance, the SCC curve of drag on SC-I is in general
over that on SC-II as seen in Fig. 8�a�, while reverse situa-
tion can be seen in Fig. 8�b�. The mean spanwise wavelength
of the secondary organized structures is 1.38d or 1.57d, since
the counted peak number of the SCC curves is about 7 or 8.
The appearance of the wavy SCC curves indicates that the
TISC flow at Re=250 does have its particular three dimen-
sionality, which is closely related to the wake interference
that affects primary vortex deformation rate.

C. Flow fields

In Figs. 9–16, unless otherwise noted, the flow fields are
represented by vorticity contours, in which the dashed lines
denote the contours having vorticity ranged from −1 to −0.2,
and the solid lines denote the contours having vorticity
ranged from 0.2 to 1, the vorticity increment is set as 0.2.

The secondary flow fields in four different cross sections
for the case of spacing being equal to unity at time t=80 are
shown in Fig. 9. Vortex dislocations can be found in Fig. 9.
These dislocations appear at the sites of the mode A struc-
ture, as shown in Fig. 9�a� in the region at about y=0, the
spanwise wavelength is around 5.2. This wavelength value is

FIG. 10. Contours of the vorticity
component �x for the case of Re
=250 and H=1 at the instant of t
=160. These contours are shown, re-
spectively, in four different secondary
flow planes defined by x=3.5, 6.5, 9.5,
and 12.5 in different parts from �a� to
�d�, the variation range and the
increment of the vorticity component
are given by ��x min,�x max,��x�
= �−1,1 ,0.2�, with the zero vorticity
contour removed.
in good agreement with the visualization for single square
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cylinder flow at Re=190. However, the mode A structure
occurred at the special instant of t=80. With the evolution of
the secondary flow, the vortex stretching has resulted in a
mode B structure at the instant of 160, as can be seen in Fig.
10�a�.

An evident braid region is found in Fig. 9�a� at the sites
around y=2. In this region, the secondary flow field is typi-
cally of mode B type, whose spanwise wavelength is about
1.2d. At the instant of t=80, it can be seen that due to the
suppressing effect of the gap flow, the secondary flow inten-
sity in the near wake of SC-I is rather weak.

However, in the wake of SC-II, depending on the
streamwise location, at which the primary vortex deforms in
a different rate, and the way of wake interference is certainly
different, there appears secondary vortex pairing, envelop-
ing, and splitting phenomena. The vortex pairing and split-
ting promote the formation of the mode B structure, while
the vortex enveloping leads to the occurrence of the mode A
structure. Accordingly, the secondary flow fields shown in
Fig. 9 can be seen as a mixture of mode A and B structures.

The coherent secondary flow structures in the same four
cross-sections but at the instant of t=160 are given in Fig.
10. It is seen that in the section of x=3.5 �Fig. 10�a�� mode B
prevails in both wakes of the TISC flow.

In Figs. 10�b� and 10�c�, in the section of x=6.5, and 9.5,

the vortex enveloping between the left and right braid re-
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gions occurs, this implies that the primary vortex deforms at
the situation of strong wake interference. The secondary vor-
tex enveloped structures also occur in Fig. 10�d� in the sec-
tion of x=12.5. In general, at the time of t=160, due to the
comparatively fully developed secondary flow, there prevails
mode B structures in the flow fields.

The comparison of Figs. 9 and 10 shows that the second-
ary flow field is certainly unsteady. Flow patterns change
with time evolution. This certainty can be further observed in
Figs. 11 and 12. Figure 11 depicts the secondary flow fields
in the section of x=3.5 at four different instants, with Fig. 12
showing the flow fields in the section of x=6.5. It should be
noted these temporal variation of secondary flow structures
are closely connected with the primary flow in the constant-
zplane as seen in Fig. 13�c�, where the Karman vortex street
can be seen. The secondary vortex enveloping in the braid
region of Fig. 11 caused by wake interference can be seen as
the reason that there is smaller lift oscillating magnitude dur-
ing the time from t=100 to 130.

The contours of secondary vortices at the instant of t
=160 are illustrated in Figs. 13�a� and 13�b�, with part �c�
showing the relevant primary wake flow pattern for the case
of spacing being equal to unity. The secondary structures
corresponding to H=1 were plotted in the mid planes of y
=0.5, and 2.5. Evidently, the secondary flow fields are ap-

FIG. 11. Contours of the vorticity
component �x for the case of Re
=250 and H=1 at the plane x=3.5.
These contours are shown, respec-
tively, in four different instants defined
by t=80, 100, 120, and 140 in differ-
ent parts from �a� to �d�, the variation
range and the increment of the vortic-
ity component are given by
��x min,�x max,��x�= �−1,1 ,0.2�, with
the zero vorticity contour removed.
proximately symmetrical to the midplane of z=6.0. The in-

ense or copyright; see http://pof.aip.org/about/rights_and_permissions



044106-10 J. Niu and Z. Zhu Phys. Fluids 18, 044106 �2006�
tensity of vortices in the near wake of SC-I is very weak. In
contrast, it is strong in the near wake of SC-II, where mode B
structures prevail. This provides the reason of why the time-
spanwise-averaged drag on SC-II is larger. This also indi-
cates that the gap flow can suppress the generation of sec-
ondary vortices in the near wake of SC-I.

It is seen in Figs. 13�a� and 13�b� that the mode B does
exist. However, this structure has been deformed and differ-
ent from that observed in the single square cylinder wake
�Fig. 2�b��. There appears vortex enveloping due to wake
interference, which results in a rather complicated coherent
secondary flow pattern. This vortex enveloping causes the
spanwise wavelength to become large, particularly in the far
wake region.

However, the secondary flow fields in the constant y
planes are sensitive to the spacing, as shown in Figs. 14�a�
and 14�b� for the case of spacing of H=2.0. With the in-
crease of spacing, the suppressing role of the gap flow be-
comes weak, the intensity of the secondary vortices in the
near wake of SC-I become as large as those occurred in the
near wake of SC-II. Figure 14�c� shows that there are two
apparent wakes for the case of H=2; the wake interference is
weaker than that in the case of H=1. As a result, the second-
ary vortex enveloping as shown in Figs. 14�a� and 14�b� is

not as active as seen in Figs. 13�a� and 13�b�. In addition, the
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intensity of the secondary vortices in the midplane of wake
of SC-I is weaker than that in the mid plane of the wake of
SC-II.

The instantaneous variation of spanwise-averaged lifts
on the TISC for the spacing of H=0.5 in the time range from
80 to 92 has been shown in Fig. 15. With respect to Fig. 15,
the contours of spanwise vortices at six instants with a tem-
poral interval 2 have been given in Fig. 16. The flow patterns
for the case of H=0.5 are recognized as primary vortex pair-
ing, splitting and enveloping patterns, as identified by Sum-
ner et al.2 The wake interference is intensive due to the small
spacing. The two wakes emerge together, causing the vortex
shedding frequency from both square cylinders identical. The
impingement of the gap flow in the near-wake region of SC-I
and the near-wake interference are reasons of the vortex pair-
ing and splitting and enveloping of these primary vortices.

IV. CONCLUSIONS

This paper presents the simulation results of 3D flows
around two identical square cylinders in staggered arrange-
ments at a particular Reynolds number of 250 at zero inci-
dent angle, with the 45° angle between the incoming velocity
vector and the line connecting the centers of the two cylin-

FIG. 12. Contours of the vorticity
component �x for the case of Re
=250 and H=1 at the plane x=6.5.
These contours are shown, respec-
tively, in four different instants defined
by t=80, 100, 120, and 140 in differ-
ent parts from �a� to �d�, the variation
range and the increment of the vortic-
ity component are given by
��x min,�x max,��x�= �−1,1 ,0.2�, with
the zero vorticity contour removed.
ders. It was found that the secondary flow patterns are of

ense or copyright; see http://pof.aip.org/about/rights_and_permissions



044106-11 Numerical study of 3D flows around two identical Phys. Fluids 18, 044106 �2006�
mode B type in general, but due to the inherent characteris-
tics of the TISC flow, the spanwise wavelength may be dif-
ferent from the values observed in single square cylinder
flow. The momentum of the gap flow transferred into the
near wake of the upstream square cylinder not only can sup-
press the oscillation of the drag and lift but also can suppress
the generation of the secondary organized structures in the
near wake of the cylinder. The gap flow also presents a
mechanism causing the drag on the upstream square cylinder
less than that on the downstream square cylinder.

Since the vortex separation on square cylinders has fixed

separation points, and the lift on the upstream square cylin-
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der exhibits duplicated oscillating frequencies, the present
numerical results indicate that it is the upwind square cylin-
der rather than the downstream one that pertains duplicated
Strouhal numbers. This is different from visualization in the
staggered circular cylinder flows,2 where it was shown that
the duplicated Strouhal numbers are relevant to the vortex
shedding from the two shear layers of the downstream circu-
lar cylinder.

The wake interference can result in an evident mutually
attracting effect between the two identical square cylinders
particular when the longitudinal spacing ranges from 1.0 to

FIG. 13. Vorticity fields at the instant
of t=160 for Re=250, H=1 �a� �y in
the plane of y=0.5, �b� �y in the plane
of y=2.5, and �c� �z in the plane of z
=5.5. Note that the variation range and
the increment of the vorticity compo-
nent �y are given by
��y min,�y max,��y�= �−1,1 ,0.2�, for
�z it is assigned that
��z min,�z max,��z�= �−1,1 ,0.2�, with
the zero vorticity contour removed.
1.5. The intensive wake interference can also result in the
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change of the behavior of the primary vortex deformation,
and hence lead to the secondary vortex enveloping. Such
vortex enveloping in the secondary flows can significantly
change the temporal evolution of the lift on both square cyl-
inders.

Owing to the presence of the relatively strong secondary
flows in the near wake of the downstream square cylinder,
the spanwise correlation coefficients of the drag exhibit a
wavy behavior in the spanwise direction, with the mean
spanwise wavelength depending on the spacing of the two
FIG. 14. Instantaneous vorticity fields
for Re=250, t=160, and H=2.0: �a�
�y at y=0.5; �b� �y at y=3.5; and �c�
�z at z=5.5. Note that the vortices in
parts �a� and �b� are labeled by
��y min,�y max,��y�= �−1,1 , .2�, with
those in part �c� labeled by
��z min,z max,��z�= �−1,1 ,0.2�, with
the zero vorticity contour removed.
identical cylinders.
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FIG. 15. Instantaneous variation of lift for the two identical square cylinders

when Re=250 and H=0.5.
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