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Abstract

Variation of the modal reactive power distribution of a damaged composite plate is
modeled and analyzed both analytically and numerically. Large variation of local
reactive power flow in or around the damage region of a plate under resonant
vibration is related to the change of strain and kinetic energies in the damage
region. Feasibility of damage identification based on the detection of this local
variation of modal reactive power flow in a structure is studied. Compared with the
damage identification techniques based on the determination of the active power
flow in a damaged plate, the proposed method only requires data of a vibration
mode shape of the structure and it is easier to apply in practice. Modal power flow
of an orthotropic plate with a region of reduced stiffness in the plate is analyzed.
Numerical tests show that the proposed method is effective for detection of the
damage and the modal power flow is more sensitive to the change of plate stiffness
than the strain mode shape in the test case.
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1. Introduction

Detection of damage occurring in structures is an important topic in mechanical
and structural engineering applications [1-3]. Identification of damage location is crucial for
damage repair and control and there have been many techniques developed for damage
identification and location in recent years [4-7]. One relatively new technique is based on
the study of power flow or structural intensity (SI) in a vibrating structure. There are in
general active and reactive powers presented in a vibrating structure. Active power is
defined as the product of a generalized force with the in-phase component of a generalized
velocity, where the velocity is in the same direction as the force. Forces and velocities in a
vibrating structure will be exactly 90 degrees out of phase if no damping and no energy
dissipation such as sound radiation in the system is assumed. The product of the
corresponding force and velocity terms is called the reactive power which represents the
amount of energy stored in the structure [8].

Li ef al[9] proposed the diagnosis of flaws in damaged beam structures using
vibrational power flow. Khun ez al.[10] showed that loosened bolt joints in plate assembly
could be identified from the power flow pattern in the plates.  Lee ef al. [11] calculated
the diversion of energy flow near crack tips of a vibrating plate using structural intensity
technique. They showed that the presence of a crack can be identified by the changes of
the directions of SI vectors near the crack. In all these reported methods, however, the
forced vibration data of an excited structure were required. Accordingly, it was the active
power flow which was used for damage identification. = There is no report found in the
literature about the use of reactive power flow in a plate for damage identification.
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The aim of this paper is to study the power flow and energy distribution of a
vibration mode of a damaged composite plate. The power flow is shown to be of reactive
nature in this case, and referred to as the modal power flow in the following. The outline of
this paper is as follows. In section 2, the modal power flow analysis of the damaged plate is
performed, and the relation between the modal power flow and the modal energy
distribution in the plate is derived. The modal power flow is proposed to locate damage sites
in plate-like structures. In section 3, some numerical simulations are demonstrated to
analyze the identification capability of the proposed damage indicator. Finally, conclusions
are drawn.

2. Modal Power flow analysis of a damaged plate

From plate theory, the equation of motion of a thin vibrating orthotropic plate may
be written as

~d 4 4 2
d'w w &w o*w 1
D <Y 1 2H +D, +ph 2 =0 (1)
Y oxt 01‘25}'2 Yoyt o o1
- 33 . 13 .
where p - Ef D = Eh , H=v.D,+2D, and D_=Gh’ /12, in
R(l-vy) Y2(1-vry) ' ' )

which E, and E, are the moduli of elasticity in the x and v directions respectively, Gyyis the
shear modulus, v, and v, are Poisson ratios, # is the thickness of the plate, and p is the
material density. D, and D, are called the flexural rigidities and D,, is the torsional rigidity
of the plate, 2H is called the effective torsional rigidity of the orthotropic plate, and w is the
transverse deflection in the z-direction.

Assuming the plate has a harmonic motion of frequency w, its displacement
may be written as

w(x, y;) =W (x, y)sin o 2)

where W(x,y) is the vibration amplitude of the plate.
The strain distributions of the plate may be written as

-\ZW 2 ZW s
‘P_r(x,_v)zﬁ, \PV(x,y)=aLf=-V), \P‘n\(x,y):a_(x;ﬂ_ 3)
ox” ’ ” : oxoy
The instantaneous power flow at point (x,y) may be written as [12]
P(x,y;t) = P(x,y:0)i + P,(x,y;1)] (4)
where
- 2., 2 2 2 Sty 2 H
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2.1. Relationship between power flow and energy distributions of a vibrating plate
Equation (5) may be rewritten using equations (2) and (3) as
2 2 2 2., : a2 H
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where P = = lw ww D (¥, +v,¥, )h__ZD \p“q_W (7b)
B 2 ox ay
Equation (6) may be rewritten using equations (2) and (3) as
Pl.(x,y;r}=_,i p ¥ ow H@__ cw 6*»)@_ D. f?‘w@
: av a_v ox’ Cvox ox
DY +HY ) . é
—la) O("—L—‘ZW—D‘,(‘P.,+vr‘Pr)———2Dn_‘Pn_a—;E -sin 2wt (8a)
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where P =la) oY +HY,) W-D (¥ + W oW (8b)
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The power gradients may be written as
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ox 2 ox’ ox Ox S ox  ox 0 Ox (9)
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The power flow P(x, y;r) can be related to the instantaneous energy stored in the plate

in the following. The distribution of the instantaneous kinetic energy of the plate may
be written as

1
T= —phm2W2 cos” wr

(11)
=T ax cos® wr
where T, = % phaW? - (12)
The distribution of the instantaneous strain energy of the plate may be written as
1 2 2 21.2
U= é—w[D_,‘i’, +D¥," +2v,D.Y, ¥, +4D,, (‘Px’,,) :rsm ot (13)
= Uy sin” ot
2
where = %w[pﬂj +D,¥,?+2v,D ¥, ¥, +4D, (¥,,) ] : (14)
The instantaneous energy and distributions in the plate are written respectively as
E=T,. cos’ ar + U oy SIN° 01
= 3 (Tnax + Unax ) + 5 (Tnax ~Unax )c0s 2001 , and (15)
oE .
= 0(Tyay ~Upy Jsin 2001 (16)

Using equations (9) and (10), the sum of the power flow gradients can be written as

aP P, 1 [aZ(D;P,»Hw.,) (DY, +HY))
—+—= LW+ L 14

o oy 2 o’ &’
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-D¥’-DY ' -2v DY Y -4D (¥, ]Z] sin 2wt (17)

Equation (1) may be rewritten using (2) as

4 2 22 4
D, 2" on| ZW 6TW+Dl.——~—aT=phsz (18)
T oox ox~ oy~ ) oy
Equation (17) can be rewritten using equation (18) as
OP, 9 ) 5 2 .
Q& +—L = lw{phw-wz +[DI‘P; +D¥,*+2v, DY W +4D (V) ]}sm‘?ax (19)
ox oy 2 ’ T T : T

Using equations (12), (14) and (16), the instantaneous energy balance at a point (x,y) of
the plate may be written as

P, OP. _GE (20)
> & o

The net power flow out of a region x;, < x < x, and y; < y < ¥, can be
obtained by integrating the above equation along x direction from x; to x, and along y
direction from y, to v, and the result may be written as

(32 [Pex) = P )y + [ [ Po(v2) = Po(wy) b = of 3 (Tmax = Unay Mxdysin2et - 21)

This energy flow and balance in a region of the plate is illustrated in Fig. 1.
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Fig. 1. Illustration of the power flow in and out of a region (as shown by the hollow arrows)
in a vibrating plate.
Using equations (7), (8), (16) and (20), we may write
aP_‘x_max 8%,_ max _ (T U (22)
3 - C-‘)( max ~ ~ max )
x %

Equation (22) shows that the sum of power flow gradients is proportional to the
Lagrangian density (7, . of the plate.

x max)
2.2. Modal power flow of a plate

Since damping is neglected in the present analysis, the force and moment
terms has no in-phase component of the corresponding velocity terms in the calculation
of the power flow of a vibration mode of the plate. Therefore, the power flow of a
vibration mode of the plate is the reactive power associated with that particular mode
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and it is termed as the modal power flow in the following analysis.

Using equations (4), (5) and (6), the reactive power flow at the mn™ mode
where m, n=1, 2, 3..., may be defined as
B, (x,y;1)=P, (x,y)sin2w,ti+P, (x,y)sin2a, ] (23)

mn_x mn_v

where
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(25)

where @y, and W, are the natural frequency and mode shape of the mn™ vibration
mode of the plate, respectively. From equation (20), the modal power flow can be
related to the modal energy distribution of the plate as

oP, JP,

r;;_x + r;;_y = @, (Tmn_mx —Umn_mx) (26)
1 2y 2
where T max =3 pha,,, W, *and @7
! MWy | Wy | Wy O W, Wiy |
Umn_m; = ?G)mn Dx ? + D.], ay?. -+ 2VXD_‘. a:rl —-—6?*-‘-4-4[)_[‘, axay
(28)

2.3. Damage identification from the modal power flow of a plate

This part deals with the damage identification in a plate using the information about
modal power flow. The basic concept is that a localized loss of stiffness will produce
a curvature increase at the same location [2]. If no change of mass in the damage
region is assumed, this local change of curvature would induce a local change of
bending strains [5] and strain energy distribution [6] around the damage region
resulting in the change of the gradients of power flow around the region as depicted by
equation (26). This change of modal power flow may be more sensitive to the
damage as it is a higher order derivative of the mode shape than the strain distribution
of the plate [13].

The modal power flow vector field may be rewritten as

Pm(.r,y;r) s
1) - [P'"

mn

(x,y)f+15

mn_ v

(x, _v)}] sin2@,, 1 (29)

The vector field P (x,y)/w,, =P i+P .J s proposed to be used for damage
identification and location in plate-like structures. The advantage of using this term is
that both the modal power flow components IE,'" . . and Pmﬁ can be derived by the

¥

mode shape data which can be obtained with a standard modal testing procedure [14].

3. Simulation analyses

Modal power flow an orthotropic plate with a region of reduced stiffness in the
plate is calculated according to the theory in Section 2. The vibration modes and
hence the modal power flow of a simply-supported rectangular plate with the damage
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are calculated with a self-developed Matlab program based on the Rayleigh-Ritz
method [5,15]. Changes of modal energy distributions and power flow due to the
damage in a plate are compared and discussed in the following sections. Modal
power flow and modal energy distributions are calculated according to equations (24),
(25), (27) and (28).

3.1 Simulation of the modal power flow in a composite plate

A simply-supported orthotropic square plate of size 1 x 1 x 0.01 m’ is used in the
simulation. It is assumed that £, /E, = 10 and v, = 0.25. In applying the Rayleigh-Ritz
method, the 7 mode shape function of the plate is expressed in a series written as
[5,15]

Wr(x,}']=iicng'(Pf(x]'ffj(y) G

i=l j=1

where ¢,(x) and 5 (y) are appropriate admissible functions, ¢, ; the unknown

Lt

coefficients. p=¢ =20 is applied in the calculation of the mode shape functions.

Contour plots of the calculated mode shape functions and modal energy distributions
are generated and displayed by using the CONTOUR function in Matlab. Fig. 2(a)
shows the contours of the vibration mode W), of the plate. Modal energy
distributions of the plate are calculated according to equations (12) and (14). Fig.
2(b) and 2(c) show the contours of the time-invariant modal energy distribution
Ty i Wi and the Lagrangian density distribution Ty = W

1_max ’

respectively. It should be noted that the modal power flow is proportional to the
gradient of the Lagrangian density distribution; hence, the modal power flow would be
more sensitive to a disturbance to the plate than the modal energy distribution. Fig.
2(d) shows the vector field of the modal power flow B, /Day, of the intact plate. It is

observed that power flow is smallest at the anti-nodes and the corners and power
radiates in and out from the anti-nodes to the edges and the nodal line.
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(a) Contours of vibration mode shape Wi, (b) Contours of the stationary modal energy
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(C] Contours of the time Vat‘ing modal (d) Modal power flow }-)l | (x,y) J"D&)]]
energy (T max - ¥ 1_max )- (illustrated by the arrows).

Fig.2  Vibration mode shape, modal energies and modal power flow of a simply supported
orthotropic composite plate.
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3.2 Change of modal power flow in a damaged plate

Fig. 3(a) illustrates the presence of a region, 0.4 > x > 0.6 and 0.4 > y > 0.6, with
stiffness reduction of 20% in the plate. Fig. 3(b) plots the contours of the first
vibration mode shape of the damaged plate. Fig. 3(c) plots the contours of the first
strain mode shape &;; , of the damaged plate. The damaged region cannot be

identified based on the strain mode shape of the damaged plate. Fig. 3(d) and 3(e)
show the time-invariant modal energy distribution 7,, =+ ¥, .. and the

Lagrangian density distribution 7, . - 7, respectively. It is observed that

1_max *
Vl
density distribution decreases in the damage region. These effects would be a result
of the increase of strain energy in the damage region as pointed out in Section 2.3. Fig.
3(f) is a vector plot of the modal power flow in the damaged plate. Significant
changes in amplitude and direction of the modal power flow can be observed in and
around the damage region. These changes are consistent with the prediction as
depicted by Eq. (26).  Obviously, the modal power flow distribution is a local
parameter sensitive to damage.

the modal energy distribution 7, increases whilst the Lagrangian
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Fig.3  Vibration mode shape, strain mode shape, modal energies and modal power flow of a
damaged simply supported orthotropic composite plate.
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4. Conclusions

Modal energy distributions and modal power flow in a damaged plate are
studied, with the objective to demonstrate the capacity of modal power flow as a
damage indicator. It is shown that the local time-averaged energy (Tiat+Umax) increases
at the damage region, hence the damage region behaves as an energy trap.  Energy
flowing in and out of the damage region to the surrounding regions may be increased
or decreased depending on the location of the damage.

The capability for damage location identification for plate-like structures using
modal reactive power flow is then demonstrated. Compared with the conventional
damage indicators such as the change of strain mode shape of the plate, the proposed
one is new and found to be more sensitive to the reduction of plate stiffness than the
strain mode shape.

Moreover, compared with the damage identification techniques based on the
determination of the active power flow in a damaged plate, the proposed method only
requires information of a vibration mode shape of the structure and it is easier to apply
in practice. Modal power flow of an orthotropic plate with a damaged region of
reduced stiffness was analyzed. Numerical tests show that the modal power flow
distribution is a local parameter sensitive to damage. Experimental study and

validation will be carried out and reported in future.
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