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Abstract

In this article, the H,, optimization design of a hybrid vibration absorber (HVA), including
both passive and active elements, for the minimization of the resonant vibration amplitude of
a single degree-of-freedom (SDOF) vibrating structure is derived by using the fixed-points
theory. The optimum tuning parameters are the feedback gain, the tuning frequency, damping
and mass ratios of the absorber. The effects of these parameters on the vibration reduction of
the primary structure are revealed based on the analytical model. Design parameters of both
passive and active elements of the HVA are optimized for the minimization of the resonant
vibration amplitude of the primary system. One of the inherent limitations of the traditional
passive vibration absorber is that its vibration absorption is low if the mass ratio between the
absorber mass and the mass of the primary structure is low. The proposed HVA overcomes
this limitation and provides very good vibration reduction performance even at a low mass
ratio. The proposed optimized HVA is compared to a recently published HVA designed for
similar propose and it shows that the present design requires less energy for the active

element of the HVA than the compared design.
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1. Introduction

The traditional passive vibration absorber (PVA) is an auxiliary mass-spring-damper system
which, when correctly tuned and attached to a vibrating system subject to harmonic excitation,
causes to cease the steady-state motion at the point to which it is attached. The first research
conducted at the beginning of the twentieth century considered an undamped PVA tuned to
the frequency of the disturbing force [1]. Such an absorber is a narrow-band device as it is

unable to eliminate structural vibration after a change in the disturbing frequency.

Finding the optimum parameters of a viscous friction PVA in SDOF system drew the
attention of many scholars. One of the optimization methods is H,, optimization. Ormondroyd
and Den Hartog [2] proposed the optimization principle of the damped PVA in terms of
minimizing the maximum amplitude response of the primary system, which is called H.,
optimization of PVA. Following this principle, Hahnkamm [3] derived the expressions for the
optimum tuning of PVA used in the SDOF system. Block [4] developed the approximated
optimum damping. The optimum design method of the dynamic vibration absorber is called
“Fixed-points theory”, which was well documented in the textbook by Den Hartog [5]. The
exact solution of the H,, optimization of a PVA attached to undamped primary system was
derived by Nishihara and Asami [6]. However, it was found that the minimum resonant
vibration amplitude of the primary system attached with the PVA depends on the mass ratio

[7]. When the mass ratio is fixed, the performance of the PVA is also limited.

In order to improve the vibration suppression performance of the PVA, some researchers
incorporate an active actuator to a PVA to form a hybrid vibration absorber (HVA). Various
methods were proposed to control the active element of the HVA including neural network

[8], delayed resonator [9], linear matrix inequalities [10], modal feedback control [11-15] and
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closed-loop poles by modal feedback [16-17]. However, the control methods of HVA found
in literature are very complicated and most of the research reported in literature focused on
the improvement of the active controller design rather than the optimization of both the active

and passive components of the HVA.

In this article, H,, optimal design of a damped hybrid vibration absorber is proposed for the
minimization of the resonant vibration amplitude of a SDOF system. Both the active and
passive elements are optimized. The proposed optimized tuning of the HVA can also
minimize the actuation force of the actuator. Comparisons with the result of H,, optimal PD
control of HVA by Chatterjee [18] show much better results of our optimum design. Finally,
we apply the proposed optimized HVA to a beam structure and compare its vibration
suppression performance to that of the optimized PVA [18,19] and also to the optimal PD

control of HVA by Chatterjee [18].
2. Theory

A HVA coupled with a primary system is shown as Fig. 1, where x, M and K denote,
respectively, displacement, mass and stiffness of the primary system; and X,, m and k are

those of the absorber. ¢ is the damping coefficient of the absorber.
The equations of motion of the primary mass M and the absorber mass m may be written as

Mx =—-Kx—k(x—x,)—c(x—x,)— f, +F
{ 1)

mX, =—k(x, —x)—c(%, —=x)+ f,

where F is a disturbance and f, = ax is the active force applied by the actuator as illustrated

in Fig. 1. Taking Laplace transformation of Eq. (1), the transfer function of the primary



mass M may be written as
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The transfer function of the absorber mass m may be written as
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Since f, =ax =2KaXx, the transfer function of the active force in the absorber may be

written as

2a(7/2 + p2 +2§7/p)
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where F,is the Laplace transformation of f,. According to Egs. (2a) (2b) and (2c), the

characteristic equation of the combined system may be written as

p* + 24 1+ u)p? +(1+ 72+ uy? +2a)p2 +20p+7% =0 (3)

and V¢, 7, ,aeR”.

To apply the Routh’s stability criterion, the array of coefficient may be written as
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The system is stable if the real parts of all poles are negative. Since all coefficients of the
array in Eq. (4) are positive if « >0, the control system is stable according to the Routh’s
stability criterion. That means the proposed HVA control system is applicable in principle if

a=>0.

The frequency response function of mass M can be obtained by replacing p in Eq. (2a) by j4

where 1 =-“and j?=-1. The frequency response function of mass M may be written as
@,

n

yP =21 +2jGA
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The frequency response amplitude of the primary mass M, |H(A1)|, is calculated according to
Eqg. (5) with three different damping ratios and the results are plotted in Fig. 2 for illustration.
It can be seen in Fig. 2 that the frequency response amplitudes of mass M at A,and A, are

independent of the damping ratio ¢ and these two points are called ‘fixed points’.

Considering H(4)|__, =H(4)]_,, we may write
2 2 2
14_2(;/ + 1y +1+0¢)/12+ 2y 0. (6)
2+ u 2+ u

The two roots of Eq. (6) are A,” and 1,° where 0< A, <A,. The amplitudes of the

frequency response at 4, and A, may be written as



H(2,) = | , and (7a)
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At any damping ratio, the frequency must pass through these two fixed points. So the

optimum condition should obey the following equation:
max(|H (2, 7., .. )) = min(max (|H (2, ),[H (4, ) ®)

According to the fixed-points theory [2] originally developed for the design of the passive
dynamic vibration absorber, the optimum condition of the dynamic vibration absorber can be
achieved by adjusting the frequency ratio » such that the vibration amplitude responses at
A, and A, are the same, and then finding the damping so that the two fixed points
become the maximum points on the response curves. A similar procedure is applied to the
optimization of the proposed HVA, i.e. |H(4,) =|H(4,)|. Using Egs. (7a) and (7b) and

noting that H(A,) and H(A,) are in opposite phases, we may write

1 1
1-2,0 -2’ 1=2 —uhy) ©)

a

Solving Eq. (6) for A, and A, and substituting them into Eq. (9), the tuning frequency

ratio leading to the same response amplitude at the fixed points can be found and written as

_ 1= all+ u)
yopt - (1+ ’u)z (10)

From Eq. (10), y,y eXistsif 1—a(l+4)>0, ie.

1
oa<—-
2 (11)

Substituting Eqg. (10) into Eq. (6), the resulting equation may be written as
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The roots of Eq. (12) may be written as
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The response amplitude at the fixed points |H(4,)| and |H(A4,)| are calculated using Egs.
(7a), (7b), (13) and (14) with £ =0.2 and « = 0.5 and plotted in Fig. 3for illustration. It can
be seen that, when the excitation frequency increases, |H(A4,)| increases while
|H (A, )| decreases. The corresponding frequency ratio y at the intersection point of the
curves in Fig. 3 is the optimum frequency ratio of the HVA such that |H(1,)=|H(4,).
Substituting Eqg. (13) into Eq. (7a) or Eq. (14) into Eq. (7b), the response amplitude at the

fixed points may be written as

B _ 2+ 1
HI=IH(, ) J—Ma " )

The optimum damping is the damping value which causes the fixed points to become the

peaks on the response curve|H (}L)| and therefore we may consider

0
— [HA)*
oA

0
=—[HQ)*
oA

=0. (16)

A=1, A=Ay

The damping required leading to maximum vibration amplitude at A,and A, may be

solved using Egs. (5), (13) (14) and (16) and written as



u+2a(1+ u)

(3u+a(p? +7p+6))+ (- a(? +3u+2))\/ 2+ 1 (17)

un = 8(1+ 10)(1—a— ap)

|[H(A,)| would becomes the peak value of the response function |H(A)if ¢ =¢, and
|H (A, )| would becomes the peak value of the response function |[H(Z)if {=¢,. A

convenient approximate value of the optimum damping may be chosen as

; _\/§f+§§ _\/3ﬂ+“(ﬂ2+7ﬂ+6) (18)
o 2 8(1+ u)(1- - ap)
Using Egs. (3), (10) and (18), the root locus of the control system as shown in Fig. 1 is

calculated with mass ratio ¢ = 0.2 and feedback gain « varies from 0 to % and the
+ i

results are plotted in Fig. 4 for illustration. All four poles of the control system have

negative real parts with one pole approaching the origin when « approaches the limiting

1
value ——.
1+ u

If the optimum tuning frequency y,, and the optimum damping ¢, are applied to the

proposed HVA, using Eq. (15), the maximum vibration amplitude of the primary mass M

_[2xm 19
N ,u+2a(1+,u) (19)

The frequency response amplitude of the primary mass M, |H(1)|, at #=0.05 with the

may be written as

proposed optimum frequency and damping ratios are calculated according to Egs. (5), (10)

and (18) with o= 0, 0.2 and 0.5 respectively and the results are plotted in Fig. 5 for



illustration.  All the response curves in Fig. 5 show the typical double peaks in the response
spectra of the primary mass M. When the feedback gain « = 0, the HVA becomes the
traditional passive vibration absorber (PVVA) and the resonant vibration amplitude is about 10
times of the static deflection of mass M. When the active element is deployed with « =0.2,
the resonant vibration amplitude drops to about 2.2 times of the static deflection of mass M.
When the feedback gain « increase to 0.5, the resonant vibration amplitude drops further to
about 1.4 times of the static deflection of mass M. These results show that the proposed HVA
is very effective in suppressing the resonant vibration amplitude of the primary vibrating
system in comparison to the traditional passive vibration absorption when the mass ratio is
low such as the cases of using vibration absorbers to suppress oscillations of tall buildings

and bridges.

Since f, =ax =2Kax, the maximum active force required for the HVA may be written

using Eqg. (19) as

=20G =" (20)
max K

F

When « zli, it can be shown that the response amplitudes at the fixed point A, is
+u

always higher than that at fixed point A,, i.e. [H(1,)>|H(4,). |[H(4,)and [H(A,)
are calculated using Egs. (6), (7a) and (7b) with « = 0.5 and g = 0.2 and they are plotted in

Fig. 6 for illustration.

The frequency of the fixed point A, can be found by solving Eq. (6) and written as

L J(1+ Wy +lva—p 0 uf ~2r C-alle m)rlea)

: 2+ u



The response amplitude of mass M at frequency A, may be found by substituting Eq. (21)

into Eq. (5) and written as

“dva+pa+ Ut gy 0wyt O+ p) 257 (2-all+ )+ 1+ a)
LU+ 20+ 2ua '

|H(ﬁ“a):

(22)

The optimum damping is the damping value which causes the fixed point 1, to become the

0
peak on the response curve|H (1), i.e. —|H (1)) =0, and it can be derived using Eq.
oA

A=y

(5) and written as

- _\/5174+5272+33+S4\/74(1+/J)2 —27°(2-all+ p)+(1+a)
-

23
877 (L+ w2+ ) )
where S, =2+ )1+ u)?, S, =Ba+1)u® +(9a+1)u+6a—4,
S, =(a+1)(A+2a+ua) and S, =(2+u)A+u)y* —2+4a+2ua.
The corresponding tuning ratio can be derived using Eq. (23) and written as
G -1Glu+2a+2au)+2+
o (R : p)+2+p) 24)
2G(1+ p)

where G is the maximum amplitude response of |H(1)].

To illustrate the difference of |H(/1] between the cases of using the low feedback gain
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o:<L and the high gain azi, the frequency amplitude response |H(/”t)| of
1+ u 1+ u

both cases are calculated according to Eq. (5) and the corresponding optimum frequency and

damping ratios and the result are plotted in Fig. 7. Figure 7 shows double peaks in the

frequency spectrum with a low gain with o¢<1L and single peak with a high gain.
+u

Since the active force required in the HVA is proportional to the gain «, it is therefore

recommend that a low feedback gain with « < % should be used whenever possible.
+ U

In practice, the maximum frequency response G is often a design constraint. If « < li
+ U

is assumed and using Eqg. (19), the range of G may be written as

2TH 651 (25)

7,

The corresponding feedback gain can be obtained from Eq. (19) and written as

_2+y—Gﬂ1

“T 6 ) (20)

The optimum tuning frequency and damping ratios of the HVA can then be determined using

Eqgs. (10) and (18) respectively.

Since the use of multiple feedback signals is common in modern control theory [21],
feedback signals from both the primary and absorber masses are considered in the following
for the active control of the HVA and compared to the proposed method which uses only the
feedback signal from the primary mass. Assuming the active force of the HVA is a function

of both the displacements of primary and absorber masses written as f, =ax+bx,. The
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active force in the HVA may be rewritten as

f, =k (x—x,)+ax (27)

where k, =—b and a’'=a+b.
k., may be consider to be an added stiffness and a' to be the control gain to the HVA.
Eq. (1) may be rewritten as

MX:_KX_(k+ke)(X—Xa)—C(X—Xa)_ax+F
{m)'('a1 =—(k +k,)(x, —Xx)—c(X, —X)+ax (28)

The frequency response function of the mass M may be written according to Eq. (5) as

H(L) = X _ y? - +2jgA
P (@-2) -2)-(ur® +2a)2 )+ 2jGa (- 2° - p*) (29)
and

and the frequency response of the absorber mass m may be written as

Xa _ e +2(al m)+2jga (30)
P (-2 )07 - 22)~(ur? + 2% )+ 2jga (1~ 22 — pi2?)
where yzm, conzwfﬁ, w, = k+ke, y=22 §=;, A= and
M M m , qum(kﬁ-ke) @,
a’
o=—.
2K

Comparing Egs. (5) and (29), the two equations are the same except the absorber’s frequency
®,, the damping ratio ¢ and the control gain o are different in the two cases. The
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optimum tuning frequency and damping ratios of the HVA in this case are still expressed as

!

Egs. (10) and (18) respectively with « = 2aK .

According to Eq. (19), the maximum vibration amplitude of the primary mass M may be

_ | 2+u
- w4201+ ) (1)

max

written as

X

Tk

G:

a’' 1
< .
2K 1+ u

where o =

Comparing Egs. (19) and (31), the maximum vibration amplitude of the primary mass M
cannot be further reduced by using feedback signals from both the primary and absorber

masses with the control law of Eq. (27) for the active control of the HVA.

Since f, =ax+bx,, the active force required in the HVA may be written as

F 1\aX +bX
Bl (L)t @)
FIoAk) FPi
F.l lall X | .. .. F.l .
—|=|—||—=—| if b is zero and therefore the spectrum of |—| will have two peaks of
FIIKIFA F
. _— X - .
equal height similar to the spectrum of A as shown in Fig. 5. If b is not zero, one peak
K

a

F

of the spectrum will raise while the other peak will fall as illustrated in Fig.3 for
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To illustrate the effect of b on the active force amplitude, the dimensionless active

‘L
7

force amplitudes |2

F
different set of (a/2K,b/2K)= (0.2, 0), (1.2, -1), (-0.3, 0.5) and (0.1, 0.1) such that

are calculated using Egs. (29), (30) and (32) with x=0.2 and four

(a+b)/2K =a=0.2in all four cases and the results are plotted in Fig. 8 for illustration.
According to Eqg. (31), the maximum vibration amplitude of the primary mass M, G can be
found to be 1.8 for all the four cases being considered but the maximum active force required
in the first case with b = 0 is smaller than the other three cases with b not equal to zero. This
shows that in the first case where the HVA use only the feedback signal ax from the
primary mass requires smaller active forces and hence power for optimum performance than
the other cases where the HVA use both the feedback signals ax +bx, from the primary and

the absorber masses.
3. Simulation results and discussion

The proposed HVA is compared to a similar design of Chatterjee [18] reported recently, in
which the displacement of the absorber mass in a HVA without damping was used as
feedback signal. Chatterjee proposed a H., optimum PD control for the minimization of
resonant vibration amplitude of a SDOF system with the active force of the HVA being

f, = ax, —bx, and the frequency response function of the primary and absorber masses may

be written respectively as

X wy’ —2a— A’ +jpa
Pro (wp? —ui? —2a)1-22)- p2y 4% +2ipalL-22)

(33)
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Xa _ 4 2
Pro (wp? —ui? —2a)1-22)- p2y 4% +2jpalL-22) (34)
where @ = > <1 and ,B:bw".
2K 2K

The optimum tuning frequency and damping ratios of the absorber can be written

_ |da+2u
Y= */—y(z )’ and (35a)
B = fﬂfa +ﬂi _ 3u’ (1 +2a) (35h)
2 2+ u

The resonant vibration amplitude of the primary mass may be written as [18]
X

X 2+ u
% \I2a+,u (36)

The feedback gain « may be written using Eq. (36) as

respectively as [18]

Gpp =

2+ u—puGyy’
a::u:uPD

37
6. (37)
The dimensionless force functions are defined as
a H X a
= =2(a1m)[F } (38)
PD %(

To compare the proposed HVA to the one by Chatterjee [18], the amplitude response of the
proposed HVA, |H (ﬂ,yopt,./; Opt){ is calculated according to Egs. (5), (10) and (18) and the

amplitude response of the HVA by Chatterjee is calculated according to Egs. (33), (35a) and

(35b) and the results are plotted in Fig. 9. G = 2.1 and ¢ = 0.2 in both cases. y =1.5(w,in
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ref. [18]) in the second case. In Fig. 9, both amplitude response curves have similar shape
but slightly different resonant frequencies. The active force of the proposed HVA is calculated
according to Egs. (2c), (10) and (18) and that of Chatterjee [18] according to Egs. (26), (35a),
(35b) and (38) and the results are plotted in Fig. 10 for comparison. The maximum
actuation force of the PD control is 4.6 times of that of the present P control with the
optimized passive damping of the absorber. As shown in Fig. 10, the proposed control with
the proposed optimized parameters can reduce the actuation force while maintaining the

vibration suppression performance.

The proposed HVA is tested numerically on a simply-supported beam similar to the one
studied by Chatterjee [18], as shown in Fig. 11, with a uniformly distributed force. The mean
square displacement of the whole beam is evaluated. The length of the beam is L =1m and
a HVA is attached at x=x,=05m . The dimension of the cross section is
0.025m x 0.025m . The mass ratio of the HVA is 0.05. The material of the beam is aluminium
with p=2710kgm ™ and E =6.9GPa. The beam is assumed to be an Euler-Bernoulli
beam and its equation of motion may be written as

0° o
pAat—ZU El aTW = p®)g(x)+ Fy (DS(x—%p) (39)

Here it has been assumed that the externally applied forcing function can be expressed as

p(t)g(x), where p(t) is a function of time and g(x) is a deterministic function of x. F,
is the force excited by the HVA. The frequency response function of the beam can be derived

as shown in the Appendix A and written as
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where ¢ is the p™" eigenvector of the beam, a,and b are Fourier coefficients as described

4 4
in the Appendix A; o, = ElS; , o, = ElJ, =2 p=—_ &= up?(x,) and
PA PA , PAL
_ a(Plz(Xo)_
2EILB,

Based on Eq. (40), the mean square motion of the beam may be written as

a X
b Z 1®q(Xg)
g=1 ]/q —ﬂ

a, - 2 2 o
_r ARG e (%)
of 2 2a . : Y b
2 AlyiP+ =" +2joh 7
j-W(x/i) iy - ( 1 Ji . 1)
°l P(1) PAw: ) 03 yo— A

The optimum frequency and damping of the HVA may be rewritten [20] in term of &

1
when o <——,
1+¢

l-all+e¢

(1+ 5)2 , and (42a)

Yopt_HvAa =
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B S+ <o _ [3c+all+e)6+¢)
Sommua=| 5 = \/ 81+ s)l-all+e) (420)

The HVA is tuned for the dimensionless frequency response at G = 2. The feedback gain «
is determined to be 0.1458 while the optimum tuning ratio and the optimum damping ratios

are determined using Eqs. (42a) and (42b) as 0.7569 and 0.4613 respectively.

The proposed optimum HVA is firstly compared to the PVA counterpart with a=0. The

optimum tuning frequency and damping ratio may be written respectively as [19]

1
Y opt DVA = ,and (43a)
1+¢)
3¢
¢ opt DVA — (43b)
8(1+e¢)

Dimensionless mean square displacement of the beam with a passive vibration absorber is

calculated with Eq. (41) when a=0, y =yqy pyadnd & =y pvasing Egs. (43a) and

(43Db), respectively, and the result is plotted with the case of the using the proposed HVA in
Fig. 12. Fig. 12 shows that the maximum mean square motion of the primary mass using
the proposed HVA is 60% lower than the one using the optimized PVA. Suppression of the
mean square motion of the primary mass using the proposed HVA at the higher modes is also

better than using the PVA.

Secondly the proposed optimum HVA is also compared to the optimized PD controlled HVA
proposed by Chatterjee [18]. Similar to Eg. (40), the frequency response function of the

beam using the optimized PD controlled HVA [17] may be derived and written as
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P 2 2jnA
}/2 _ 2 n b (44)
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Similar to Eq. (41), the mean square motion over the whole domain of the beam using the

optimized PD controlled HVA [18] may be derived and written as

> a,p (Xo) ’
Lb, > —
a g=1 }/q -1
P }/2 _ 42 _270‘ 2jnA
& & - brwr(xo)
) - by oo
LW (X, /’t) 1 - y2 2 S
J. N 2 Z 2 2 (45)
“I P(1) PAa’n p=1 Yo —4A

The mean square motion response of the whole beam is calculated according to Egs. (41) and
(45) and the results are plotted in Fig. 13. The corresponding active force spectra are plotted
in Fig. 14. Comparing the proposed optimum HVA to that of Chatterjee [18]. The active force
required by the proposed optimum HVA is much smaller than that required by the one

proposed by Chatterjee [18].
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There are some reported design methods of HVA such as the zero-pole placement method
[16] which is able to reduce vibration peaks while keeping the absorption dip simultaneously
in the frequency response of the closed-loop primary system. However, it is shown in the
Appendix B that even though the zero-pole placement method can produce greater vibration
reduction of the vibrating structure than the proposed method but the active force required in
that method is very much larger than the proposed method. The proposed design method
optimizes the damping effect using the passive elements and therefore the active force in the
HVA can be very much reduced even though the reduction of vibration amplitude of the
primary mass is not as good as the zero-pole placement method. The proposed design

method would be a good option if the active force component in the HVA cannot be too large.

8. Conclusion

In this paper, the H, optimization design of a hybrid vibration absorber (HVA) for the
minimization of the resonant vibration amplitude of a single degree-of-freedom (SDOF)
vibrating structure is derived by using the fixed-points theory. A general design framework is
established based on an analytical model. The optimum tuning parameters are the feedback
gain, the tuning frequency ratio, the damping ratio and the mass ratio of the absorber. The
effects of these parameters on the vibration absorption of the primary structure are
systematically revealed. Design parameters of both passive and active elements in the HVA
are optimized. The inherent limitation of the traditional passive vibration absorber requiring
relatively large mass ratio to achieve a targeted vibration suppression level is bypassed using
the proposed design, such facilitating the application of the technique in applications

involving large structures such as buildings and bridges. Compared to other existing HVA
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designs for similar propose, the presently proposed design requires smaller active force and

hence less energy for the active element.
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Appendix A

Consider the motion of the beam as shown in Fig. 11 excited by a uniformly distributed force
located between 0 and L. A damped hybrid vibration absorber is attached at x,. The length of
the beam is L, and mass per unit length is pAwith bending stiffness El. The added mass and
the stiffness of HVA are m and k respectively. The boundary conditions may be a pinned,
clamped or free end. The problem is described by the Bernoulli-Euler equation for small

motions of slender beams and the following conditions.

2 4
pAZt—‘Z’V+ El ZX—ZV — p()g(xX)+Fy (D) (Xx=Xg) (Ala)
mx, =k(x—x,)+c(x—x,)+ f, (Alb)
R, (t) =—mx, (Alc)

Here it has been assumed that the externally applied forcing function is p(t)g(x), where
p(t) is a function of time and g(x) is a deterministic function of x. F,(t) is the force

applied to the beam from the HVA. f, is the active force from the HVA. The solution to this

a

problem may be expanded in a Fourier series written as [21],

o0

w(x,t)=>"q,(t)p,(x) (A2)

p=1

L .
where L @?(x)dx =L, where ieN (A3)
Similarly, the spatial part of the forcing function can be expanded as
9(x)=> 2,0, (x) (A4)
p=1

And the derivative of Dirac delta functions can also be expanded as
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5(X _XO): ibpwp (X) (A5)

where the Fourier coefficients a, and b, are respectively

a :M and b, :@ (A6)

Here a, depend only on the spatial distribution of the forcing function g(x). If the Egs.
(A2), (A3), (A4), (A5) and (A6) are substituted into Eqg. (Ala) and the Laplace transform is

taken with respect to time, the result is a set of algebraic equations
PAs?Q, (s)+EI3*Q,(s)=a,P(s)+b,F,(s), where ieN (A7)

If this is solved for the generalized co-ordinates Q,(s) the result is

a P(S)+ b F, (S)
PAS? + EI B

Q(s)= (A8)

Then if P(s) and F,(s) were known then the s-domain motion of any point on the beam

could be given as

W(e,s)= i a,P(s)+b,F,(s)

X
2 st Bl ,(x) (A9)

where W(x,s) is the Laplace transform of w(x,t) with respect to time. Let the active force
be f, =ax. By Egs. (Alb) and (Alc), the relations between the motion of the point of

attachment and the force transmitted to the beam at the point of attachment is

ms®(cs +k +a)
ms® +cs +k

F,(s)=-W(x,,s) (A10)
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W (x,s) can be obtained by Egs. (A1d), (A9) and (A10), i.e.

ms®(cs +k +a
. a,F(s)—b,W(x,,s) ms(z +cs+k)
W(x,s)=>" > . 9, (x)
p;l phs” +EI B

(Al1)

By Eq. (A11), W(x,,s) can be obtained when x=x,, i.e.,

iapwp(xo)F(S)

& PAs® + E|,Bg

b0 ( )msz(cs+k+a) (A12)
0 prp

14 °7 ms? +cs+k
&~ pAs’ +EI

W(x,,s)=

Substitute Eq. (A12) into (All), the transfer function of the beam is

i ap(Dp(XO)
3 pAs® +EIS,
ms’®+cs+k & b,0,(X) (A13)
2 + Z 2 4
_i ms®(cs+k+a) 45 pAs® +EIB; )
s) & pAs® +EIS; ?r

a_—b

p p

Replacing the complex variable s in Eqg. (A13) by jw, the frequency response function of

the beam may be written in a dimensionless forma as

a X
q_l ]/q —ﬂ,
% y2 =2 +2jGA “ b, (X,)
_ bl S o) (A14)
o 2 20 : A
Py + 52 +2joa =V
W(X,ﬂ) 1 i c (X)
F(1) pAo’ 3 yi -2 P
El13* El5; @,
where o = p’il , @, = pﬁ Ve M= E 1?(x,) and
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_ a§012 (Xo)
2EILA

The eigenfunctions of the beam obey the orthogonality relations and the orthogonality

relations can be written as,

[} 2,0k, (x)ex =0, if i # |
J~0|_(/7i (Xkl)j (X)dx —L,ifi=]j

W(x,s)|2 _ W (x,

(Al5a)

(A15b)

Consider the orthogonality relations and the equation I F( ) |
S

mean square motion over the whole domain of the beam can be written as,

b Zaqcoq(x
g=1 }/q —ﬂ
ap = 2 52 %
Ly ARG B (%)
ﬂz( 2+2a+2j§/1j . ye =
2 & Yot 7 '
J-W(X /1) _ 12 Z c _
| P(4) Aol ) -

(A16)

S)X(WF(TS)), the
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Appendix B

Consider ¢ = 0 in Fig. 1, the equations of motion may be written using Eq. (1) as

{MX:—Kx—k(x—xa)— f.+F

mx, = —k(x, —x)+ f, (B1)

where F is a disturbance and f, an actuation force. Laplace transformation is taken with

respect to time, the result is a set of algebraic equation written as

Ms?X =KX —k(X = X,)-F, +F
2 (B2)
ms’X, =—k(X, - X)+F,
Following the approach of [16], the active force may be written as
a a
F. :(—22+—1+a0+saljx (B3)
S S

where a_,, a,, a, and a, are the feedback gains. The transfer function of the primary

mass may be solved using Eq. (B2) and written as

X ms? +k (B4)
F o mMs*+m(K +k+kM+a,)s> +m(a, +a,)s+ma , +kK

Replacing sby jo in Eq. (B4), the frequency response function of the primary mass may be
rewritten in a dimensionless form as
X 7/2 _12

= . ] B5
% A =2ja, i’ =+ 20 + 72 + uy? ) +2ja A+ 2a, + 7 (85
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K K m a a
where wnzwfﬁ' o, =.|—, 1=2, 7/:&, U=—, o = 1Dn a, =2,

a a .
a,=——, a,=—>= and j=+-1.

2K, 2Kw?

n

Similarly, the frequency response function of the active force of the HVA may be rewritten in

a dimensionless form as

a, Ja

a _ ] . X
F—(—7—7+a0 + Jallj{I:/—K} (BG)

A numerical example of the HVA design using zero-pole assignment method [16] is presented

in the following. Assume y =1 and ¢ =1 in Eq. (B5), the frequency response of the

primary structure with damped HVA using the zero-pole assignment method may be written

as
X 1-2
P A -4iF -62 +4ja+1 (B7)
20, =4=>a, =2
e |22+ 20, =6= @y =19

200, =4=>a , =2

200 ,+1=1=a , =0

Eq. (B5) is plotted together with frequency response function of the primary mass using the
proposed design method of the HVA in Fig. B1 for comparison. As shown in Fig. B1, the
vibration amplitude of the primary mass using the zero-pole assignment method is smaller
than using the proposed method. The zero-pole assignment method [16] is able to reduce
vibration peaks while keeping the absorption dip simultaneously in the frequency response of

the closed-loop primary system. However, as shown in Fig. B2 the plots of Eq. (B6)
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together with the frequency response function of the active force using the proposed design
method of the HVA, the highest frequency response of the active force of HVA using the
zero-pole assignment method is forty two times higher than using the proposed design
method. Comparing the areas under the frequency response curves of the active force of HVA
using the two different design methods as shown in Fig. B2, the area using zero-pole
assignment method is found to be one hundred thirty five times higher than using the

proposed design method.
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Figure Captions

Fig. 1.

Fig. 2.

Fig. 3.

Fig. 4.

Fig. 5.

Fig. 6.

Fig. 7.

Fig. 8.

Fig. 9.

Fig. 10.

Schematic diagram of the proposed hybrid vibration absorber (m-k-c-f,
system) attached to the primary (M-K) system.

The frequency response of the primary mass M with HVA at #=0.2 and
a=01. —— ¢£=0, ———— =02, e =1

The amplitude response at the fixed points versus tuning ratio » at #=0.2 and
a=05. — [H(4,), ——— [H(4)].

Root locus of the SDOF primary system with the proposed HVA in Fig. 1 with
#=02 and « e(O,ﬁJ.
——Root1, ----root2, - ro0t3, -o-o-o- root 4 of Eq. (3).
The frequency response of the primary mass M with HVAat x=0.02.

a =0 (PVA).

The amplitude response at the fixed points versus tuning ratio » at x#=0.2 and

a=1. —— [H(A) -——- [H(4).
The frequency response of the primary mass M with HVA tuned to the optimum
tuningat #=0.2 and G=15.

1
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1
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F
Dimensionless active force |—2|of the HVA in Fig. 1 where |F,|=|aX +bX,|
F
with #=0.2and G =2.1. a=0.2K,b=0; a=12K, b=-K;
————— a=-03K,b=05K;, ————a=0.1K,b=0.1K.

The frequency response at #=0.2 and G=2.1.

—— present theory; ——— optimum control by Chatterjee [18].
: . : F :
Dimensionless active force |—| of the HVAwith £ =0.2 and G=2.1.
F
—— present theory; ———- optimum control by Chatterjee [18].
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Fig. 11.

Fig. 12.

Fig. 13.

Fig. 14.

Fig. B1.

Fig. B2

Schematics of a simply supported beam with a hybrid vibration absorber excited

by a uniform disturbed force.
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The mean square motion response —'[O
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Fig. 11 with G=2.
—— present theory using Eq. (41);
..................... optimum PVA[19].
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The mean square motion response —IO
L

Fig. 11 with G =2.
present theory using Eq. (41);

IR optimum control by Chatterjee [18].

Active force spectra of the HVA in Fig. 10 with G =2.
W(x,,4)

P(2)

— present theory, 2« using Eq. (40);

--------------------- optimum control by Chatterjee [18].

Fig. B1 The frequency response of the primary mass M in Fig. 1 with

#=02 and G=15
——— present theory using Eq. (B6);

--------------------- zero-pole assignment method [16].

Active force spectra of the HVA in Fig. 1 with #=0.2and G =15
——— present theory using Eq. (B6);

zero-pole assignment method [16].

dx of the beam as shown in

dx of the beam as shown in
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Fig. 1. Schematic diagram of the proposed hybrid vibration absorber (m-k-c-f,

system) attached to the primary (M-K) system.
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