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We investigated the effects of free space charges on hysteresis-loop measurement of
compositionally graded ferroelectrics and found that they are quite likely to be responsible for the
‘‘polarization offsets’’ observed in experiments. Taking into account conduction by those free space
charges, or time-dependent space-charge-limited conduction, our computer simulation of
compositionally graded lead zirconate titanate, which is placed in the Sawyer–Tower circuit and
driven by an alternating applied voltage, produced shifting of measured hysteresis loops where the
shift magnitudes are comparable with published experimental data. It also produced the key features
as observed in experiments: The ‘‘offsets:’’~a! have a monotonous increase with electric-field
amplitude,~b! change in direction when the composition gradient is inverted, and~c! develop like
the typical charging-up of a capacitor. All these results suggest that time-dependent
space-charge-limited conduction is a possible origin of the polarization offsets observed in
compositionally graded ferroelectrics. ©2004 American Institute of Physics.
@DOI: 10.1063/1.1647258#

I. INTRODUCTION

The history of extensive research on compositionally
graded ferroelectrics dates back to the early 1990s when
Manteseet al.1 discovered the vertical shifting of measured
D –E hysteresis loops in potassium tantalum niobate films
graded in potassium concentration, placed in a Sawyer–
Tower circuit,2 and driven by an alternating voltage. This is
the so-called ‘‘charge-pumping’’ effect or ‘‘polarization off-
set,’’ from which a strong dependence on electric field and
temperature was reported.1 Since then, the same effect has
been observed on a wide range of compositionally graded
ferroelectric films,3–12 where in many cases the shift dis-
played a power 3–5 dependence on the electric-field
amplitude3,4,5,7,9,11,12and changed in a direction3–5 when the
composition gradient was inverted. Brazieret al.showed that
the offset develops like the typical charging-up of a capaci-
tor, with the time constant approximately equal to the prod-
uct of its capacitance and input impedance.13 All these fea-
tures have made graded ferroelectrics a very attractive class
of materials because of its potential device applications, and
hence, have urged for a greater understanding of them.

There have been various ideas suggesting possible ori-
gins of the shift. As its name suggests, the shift or polariza-
tion offset has been interpreted as a static polarization devel-
oped across the ferroelectric film under the application of an
alternating voltage.4 However, those ‘‘offsets’’ are usually
almost an order of magnitude larger than the typical sponta-
neous polarization of the material, and hence, such a large
static component is not likely to occur.13 This has been fol-

lowed by an alternative idea that the shift should correspond
to a static voltage developed across the ferroelectric film un-
der the application of the alternating voltage; yet the origin
of this static voltage remains unclear.13 Recently it has been
proposed with experimental support that the shift should
originate from the asymmetrical current–voltage characteris-
tics of the ferroelectric film; the relation of such asymmetry
with the composition gradient of the film has yet not been
understood.3,14 There has not been any theoretical model that
satisfactorily explains the origin of the shift as well as its
dependence on electric field and temperature.

On the other hand, it is worth also considering the fact
that similar shifting of hysteresis loops has been observed
when the compositionally graded sample was replaced by a
homogeneous one across which a thermal~temperature! gra-
dient was imposed.15 Since the shift vanished with the re-
moval of the thermal gradient, it is likely that such shifting
arises from the thermally induced gradient in polarization15,16

or, more generally, electric displacement which, according to
Gauss’ law, represents the presence of free space charges in
the sample. It follows that, if the shifts from compositional
and thermal gradients are of the same origin, the vertical
shifting of hysteresis loops in compositionally graded ferro-
electrics might originate from conduction by those free space
charges.

In this article, we derive an expression for the
conduction–current density associated with those free space
charges and present our numerical investigation of their ef-
fects on hysteresis-loop measurement of compositionally
graded ferroelectrics, particularly of whether they are respon-
sible for those polarization offsets observed in experiments.a!Electronic mail: hokei@superhome.net
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II. TIME-DEPENDENT SPACE-CHARGE-LIMITED
CONDUCTION

For a compositionally graded ferroelectric film placed in
a Sawyer–Tower circuit~see Fig. 1! and driven by an alter-
nating voltageV0(t), its conduction–current densityJc(x,t),
electric field E(x,t), switchable polarizationP(x,t) and
electric displacementD(x,t), are functions of positionx and
time t. For the sake of generality and simplicity, respectively,
we relate the conduction–current density to the electric field
via a time-dependent conductivitys(x,t) and ignore carrier
diffusion

Jc~x,t !5s~x,t !E~x,t !. ~1!

For simplicity, we assume the ferroelectric film consists
of p-type andn-type free carriers whose mobilitiesmp and
2mn (mp , mn.0) are uniform across the film and whose
electric charges are equal toq and2q (q.0), respectively.
Due to charge neutrality, the intrinsic concentrations of the
two carrier types are equal and thus both denoted byCin(x).
The time-dependent conductivity can be expressed as

s~x,t !5~2q!~2mn!@Cin~x!1Dn~x,t !#1qmp@Cin~x!

1Dp~x,t !#, ~2!

whereDp(x,t) andDn(x,t) are, respectively, the differences
between intrinsic and total concentrations for each carrier
type. Putting the intrinsic conductivitys0(x)5q(mn

1mp)Cin(x) into Eq. ~2! yields

s~x,t !5s0~x!1q@mnDn~x,t !1mpDp~x,t !#. ~3!

According to Gauss’ law, the density of free space-
charge is given by

]D~x,t !

]x
5q@Cin~x!1Dp~x,t !#2q@Cin~x!1Dn~x,t !#.

~4!

In practice, the frequency of applied voltage is not too
high ~usually about 1 kHz! such that, from the quasistatic
point of view, the ferroelectric material is approximately at
equilibrium for every time instant. Hence, we may apply the
law of mass action to describe its carrier concentrations

Cin~x!25@Cin~x!1Dn~x,t !#@Cin~x!1Dp~x,t !#. ~5!

From Eqs.~4! and ~5!, we write

Dp~x,t !5
1

q

]D~x,t !

]x
1Dn~x,t !, ~6!

Cin~x!@Dp~x,t !1Dn~x,t !#1Dn~x,t !Dp~x,t !50 ~7!

and get

Dn~x,t !21Dn~x,t !Bn~x,t !1Cn~x,t !50, ~8!

Dp~x,t !21Dp~x,t !Bp~x,t !1Cp~x,t !50, ~9!

where Bn~x,t !5
1

q

]D~x,t !

]x
12Cin~x!,Cn~x,t !

5
Cin~x!

q

]D~x,t !

]x
,

Bp~x,t !52
1

q

]D~x,t !

]x
12Cin~x! and Cp~x,t !

52
Cin~x!

q

]D~x,t !

]x
,

so that

q@mnDn~x,t !1mpDp~x,t !#

5qmn

2Bn~x,t !6ABn~x,t !224Cn~x,t !

2

1qmp

2Bp~x,t !6ABp~x,t !224Cp~x,t !

2
. ~10!

It can be shown that

2q@mnBn~x,t !1mpBp~x,t !#

5~mp2mn!
]D~x,t !

]x
22s0~x!, ~11!

qABn~x,t !224Cn~x,t !5qABp~x,t !224Cp~x,t !

5AF]D~x,t !

]x G2

1
4s0~x!2

~mn1mp!2.

~12!

Hence, Eq.~10! can be written as

q@mnDn~x,t !1mpDp~x,t !#

5
mp2mn

2

]D~x,t !

]x
2s0~x!

1
6mn6mp

2
AF]D~x,t !

]x G2

1
4s0~x!2

~mn1mp!2. ~13!

Only the root of all upper positive signs is valid because
when Dn(x,t)5Dp(x,t)50, we have]D(x,t)/]x 50 and
s0(x)5 (6mn6mp)/(mn1mp) s0(x). Hence, from Eq.~3!:

s~x,t !5
mp2mn

2

]D~x,t !

]x

1AFmn1mp

2

]D~x,t !

]x G2

1s0~x!2. ~14!

FIG. 1. Schematic diagram of the Sawyer–Tower circuit.
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Note that Eq. ~14! can be approximated to a time-
independent, single-carrier case with negligible intrinsic con-
duction by taking eithermp→0 or mn→0, from which
Mott’s equation for steady-state space-charge-limited con-
duction is derived;17 hence, we call it ‘‘time-dependent
space-charge-limited conduction’’ to distinguish between the
two.

III. METHOD OF NUMERICAL SIMULATION

For a graded ferroelectric film, the electric displacement
at positionx can be written as

D~x,t !5«~x!E~x,t !1P~x,t !, ~15!

where «(x) is the dielectric permittivity andP(x,t) has a
complicated relation withE(x,t). This way of writing the
electric displacement has been used previously for homoge-
neous and multilayer ferroelectric films.18–20 For simplicity,
we borrow the Landau–Devonshire model description21 with
the power 5 and higher-order terms ofP(x,t) omitted for
assigningE(x,t)2P(x,t) paths inside the graded ferroelec-
tric film. With the film divided intoN layers, the Landau–
Devonshire electric field that corresponds to thei th layer is

EL~x,t !5a~x!P~x,t !1b~x!P~x,t !3, ~16!

where x5 i •Dx. The parametersa(x) (,0) and b(x)
(.0) are calculated from the otherwise obtained remanent
polarizationPr(x) and coercive fieldEc(x) via Eqs.~17! and
~18! ~see Appendix A for derivation!

b~x!5
3)Ec~x!

2Pr~x!3 , ~17!

a~x!52b~x!Pr~x!2. ~18!

The actualE(x,t)2P(x,t) path does not completely fol-
low Eq. ~16! because it includes polarization reversal at the
coercive-field strengths such that a complete hysteresis loop
~major loop! is assigned~see Fig. 2!. At t50, the material is
not polarized andE(x,t) is zero; hence, an additional path is
needed for the layer to move from the origin to the major
loop whenE(x,t) increases or decreases from zero during

the first half-cycle~see Fig. 2!. As the Landau–Devonshire
model description does not provide any well-known informa-
tion about this additional path, we choose to assign it arbi-
trarily. Several runs of the computer program show that this
additional path does not impose any significant effects on the
final results.

In real hysteresis-loop measurement, the voltageVref(t)
of the reference capacitor is recorded against the average
electric field Eave(t) across the ferroelectric film which is
given by @V0(t)2Vref(t)#/L ferro, where L ferro is the film
thickness. From the circuital point of view, we take into ac-
count the continuity of total current

J0~ t !5Jc~x,t !1
]D~x,t !

]t
5

Vref~ t !

RrefAferro
1

Cref

Aferro

dVref~ t !

dt
~19!

and the vanishing of voltage sum around a closed loop

V0~ t !5E
0

L ferro
E~x,t !dx1Vref~ t !, ~20!

where Cref and Rref are, respectively, the capacitance and
input impedance of the reference capacitor,Aferro is the elec-
trode area on the ferroelectric film~see Fig. 1!, andJ0(t) is
the total-current density across the film. Based on Eqs.~15!,
~19!, and~20!, we derive an expression~see Appendix B for
derivation! for computing Vref(t) via the forward Euler
method

Vref~ t1Dt !2Vref~ t !5@ f 1~ t !2Vref~ t ! f 2~ t !#Dt, ~21!

where

f 1~ t !5

dV0~ t !

dt
1( i 51

N F Jc~x,t !
]E~x,t !

]P~x,t !x

11«~x!
]E~x,t !

]P~x,t !x

DxG
11

Cref

Aferro
( i 51

N F ]E~x,t !

]P~x,t !x

11«~x!
]E~x,t !

]P~x,t !x

DxG and

f 2~ t !5

1

RrefAferro
( i 51

N F ]E~x,t !

]P~x,t !x

11«~x!
]E~x,t !

]P~x,t !x

DxG
11

Cref

Aferro
( i 51

N F ]E~x,t !

]P~x,t !x

11«~x!
]E~x,t !

]P~x,t !x

DxG .

~The subscriptx means that the differentiation is taken at
constantx.)

Realistic values ofPr(x), Ec(x), «(x), s0(x) for lead
zirconate titanate~PZT!22 ~see Table I!, as well asCref

522 nF, Rref51 MV, Aferro5250 mm3250 mm, L ferro

5800 nm, and frequency of alternating applied voltagef
51 kHz from a recent article3 were borrowed for our simu-
lation.

FIG. 2. TheE(x,t)2P(x,t) path assigned from the Landau–Devonshire
model description. The dashed line represents the Landau–Devonshire elec-
tric field EL(x,t); the dotted lines represent the paths during polarization
reversal at6Ec(x); and the solid line represents the additional path joining
the origin and the major loop.
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Since the mobilities of real materials can differ enor-
mously depending on film structure, fabrication process,
electric field, defects, and grain boundaries, it is difficult to
obtain reliable mobility data for our simple assumption of
spatially uniform mobilities.23 As our purpose is only to
demonstrate the effects of space-charge conduction on
hysteresis-loop measurement, we choose to self-assign val-
ues formp and mn , with mp,mn and the following condi-
tions ensured.

~a! The carrier total concentrations@Cin(x)1Dn(x,t)# and
@Cin(x)1Dp(x,t)# are positive values throughout the
simulation, whereDn(x,t) andDp(x,t) are computed
from the solutions of Eqs.~8! and~9!, andCin(x) from

Cin~x!5
s0~x!

q~mn1mp!
. ~22!

~a! The majorE(x,t)2P(x,t) loop in each layer, once en-
tered, is completely cycled every time. This is accom-
plished by choosing the amplitude ofV0(t) to be suf-
ficiently large.

IV. RESULTS AND DISCUSSION

By taking mp50.2531028 cm2 V21 s21 and mn50.25
31025 cm2 V21 s21, the simulation of a PZT film graded in
15 layers from 25% to 56% zirconium in the direction of

increasingx ~upgraded! gives an upward shifting of hyster-
esis loops~see Fig. 3!. As the number of cycles increases, the
positive and negative maxima ofEave(t) shift towards lower
field values. This corresponds to the development of a posi-
tive average ofVref(t) as the hysteresis loop shifts upwards
while the average of the sinusoidalV0(t) remains zero. The
values ofEave(t) at which polarization reversal takes place
remain unchanged as the cycle number increases; this is be-
causeEc(x) is a material parameter only. Several runs of the
computer program indicate that the amount of hysteresis-
loop shifting for higher numbers of layers is similar to the
15-layer case. The shift ofVref(t) in one cycle, denoted by
Vshift , is taken as the average of the two values ofVref(t) that
coincide with the vertical axis in theVref(t)2Eave(t) graph.
It was found thatVshift develops like the typical charging-up
of a capacitor and almost reaches a steady valueVoff after
about 50 cycles, with the time constant the same order of
magnitude asRrefCref although differing by a factor of 2~see
Fig. 4!. It was also found thatVoff increases withEamp,
whereEamp is the peak-to-peak amplitude ofEave(t), and has

FIG. 3. The shifting of hysteresis loops when the film is upgraded.

FIG. 4. Typical development ofVshift , which is similar to the charging-up of
a capacitor.

FIG. 5. The shifted hysteresis loops with their shift magnitudesVoff depen-
dent onEamp. Each loop is represented by a curve of different thickness.

TABLE I. Realistic values ofPr(x), Ec(x), «(x), s0(x) for lead zirconate
titanate, which are obtained from the graphs in Ref. 22. As the Zr compo-
sition increases from 0.25 to 0.56, bothPr(x) andEc(x) decrease but«(x)
increases ands0(x) does not have any general trend.

Zr
composition

Pr(x)
(mC/cm2)

Ec(x)
~kV/cm! «(x)/«0

a
s0(x)

(V21 m21)

0.25 55 75 260 2.86310211

0.35 49 66 280 3.85310212

0.37 47 63 300 2.22310211

0.49 44 59 480 2.22310211

0.56 33 43 580 1.33310211

a«05dielectric permittivity of free space.
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the same order of magnitude with published experimental
data ~a few volts!3 ~see Fig. 5!. A plot of lnuVoffu against
ln Eampshows an approximate relation ofuVoffu}Eamp

g , where
g'3.4 ~see Fig. 6!. On inverting the composition gradient
~downgraded! it was found that the vertical shifting is in the
downward direction, where the positive and negative
maxima ofEave(t) shift correspondingly towards higher field
values~see Fig. 7!. And there is no shifting effect at all when
the ferroelectric film is set to be homogeneous.

Since it has been suggested that the shifting arises from
the charging-up of the reference capacitor by asymmetrical
~different for positive and negative voltages! conduction cur-
rents in the ferroelectric film,3,14 it is worth also examining
whether theJc(x,t)2E(x,t) relations are asymmetrical. In-
teresting to note, the two quantities do not form any static
relation but rather exhibit some asymmetrical hysteresis be-
havior for an upgraded film~see Fig. 8!. It is also interesting
to see that the asymmetry is reversed when the film orienta-
tion is inverted~see Fig. 9!. Apart from this reverse in asym-
metry, the curves in Figs. 8 and 9 are different only in the
first few cycles; this is because the initial application of
Eave(t) is, respectively, against and along the composition

gradient in the upgraded and downgraded cases, leading to
different space-charge profiles and, hence, different re-
sponses in the first few cycles. This initial effect fades out as
the number of cycles increases; hence, the two figures even-
tually give the same steady-state pattern. From an integration
of Eq. ~19! with respect tot for one cycle, we can describe
the situation as follows: In each cycle, there is a net flow of
charges across the circuit, where the charges either flow
across the input resistor or accumulate on the capacitor. This
net flow of charges occurs because the application ofEave(t)
is, respectively, against and along the composition gradient
in positive and negative half-cycles, leading to a difference
in space-charge profile and, hence, in conduction response
between positive and negative half-cycles

E
t

t1T

J0~ t !dt5
1

Aferro
E

t

t1T Vref~ t !

Rref
dt

1
Cref

Aferro
@Vref~ t1T!2Vref~ t !#. ~23!

And in each following cycle, because the capacitor voltage
has a higher time average, more charges flow across the in-

FIG. 6. Voff andEamp approximately follow a power-law relation.

FIG. 7. The shifting of hysteresis loops when the film is downgraded.

FIG. 8. Typical relation betweenJc(x,t) and E(x,t) when the film is up-
graded.

FIG. 9. Typical relation betweenJc(x,t) andE(x,t) when the film is down-
graded. Note that the asymmetry as seen in Fig. 8 is reversed.
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put resistor and, hence, less accumulate on the capacitor. The
process continues and finally reaches a steady condition
where the net flow of charges in one cycle is all across the
input resistor so that there is no further charging-up of the
capacitor. This explains whyVshift develops in the way as
shown in Fig. 4.

In our simulation, although the shapes of hysteresis
loops and the power dependence ofuVoffu onEampare slightly
different from those typically observed, the key features as
observed in experiments are produced, namely~a! the mo-
notonous increase ofuVoffu with Eamp, ~b! the change in the
shifting direction when the composition gradient is inverted,
as well as~c! the similarity between the development ofVshift

and the typical charging-up of a capacitor. The discrepancies
between simulation and experiment can be attributed to our
assumption of spatially uniform mobilities, simple Landau–
Devonshire model description of hysteresis loops, as well as
neglect of possible effects from electrodes and substrates.
Hence, it is not unreasonable to suppose that time-dependent
space-charge-limited conduction is a possible origin of the
polarization offsets observed in compositionally graded fer-
roelectrics. Further work is needed to clarify the dependence
of the offsets on gradients of remanent polarization, coercive
field, dielectric constant, and temperature, as well as on tem-
perature itself.

V. CONCLUSION

We investigated the effects of free space charges on
hysteresis-loop measurement of compositionally graded fer-
roelectrics and found that they are quite likely to be respon-
sible for the polarization offsets observed in experiments.
Further work is needed to clarify the dependence of the off-
sets on gradients of different composition-related parameters
and temperature, as well as on temperature itself.
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APPENDIX A

The remanent polarizationPr(x)(.0) can be expressed
in terms of a(x) and b(x) by setting 05a(x)Pr(x)
1b(x)Pr(x)3, so that

Pr~x!252
a~x!

b~x!
. ~A1!

The polarization that corresponds to the coercive field
Ec(x) (.0) is denoted byPc(x) (.0) and can be deter-
mined by setting]EL(x,t)/]P(x,t)x50 ~the subscriptx
means that the differentiation is taken at constantx), giving

Pc~x!252
a~x!

3b~x!
5

Pr~x!2

3
. ~A2!

By settingEc(x)5ua(x)Pc(x)1b(x)Pc(x)3u and using
Eq. ~A2!, we get

Ec~x!5
2b~x!Pr~x!3

3)
. ~A3!

Hence,

b~x!5
3)Ec~x!

2Pr~x!3 , ~A4!

a~x!52b~x!Pr~x!2. ~A5!

APPENDIX B

Since D(x,t)5«(x)E(x,t)1P(x,t) and ]E(x,t)/]t
5 @]E(x,t)/]P(x,t)x# @]P(x,t)/]t# ~the subscriptx means
that the differentiation is taken at constantx), the continuity
of total current can be expressed as

Jc~x,t !1F11«~x!
]E~x,t !

]P~x,t !x
G ]P~x,t !

]t

5
Vref~ t !

RrefAferro
1

Cref

Aferro

dVref~ t !

dt
. ~B1!

Using the chain rule again and Eq.~B1!, we get

]E~x,t !

]t
5

]E~x,t !

]P~x,t !x

Vref~ t !

RrefAferro
1

Cref

Aferro

dVref~ t !

dt
2Jc~x,t !

11«~x!
]E~x,t !

]P~x,t !x

.

~B2!

The vanishing of voltage sum around a closed loop gives

E
0

L ferro ]E~x,t !

]t
dx5

dV0~ t !

dt
2

dVref~ t !

dt
. ~B3!

Combining Eqs.~B2! and ~B3!, we write

dV0~ t !

dt
2

dVref~ t !

dt

5
Vref~ t !

RrefAferro
E

0

L ferro

]E~x,t !

]P~x,t !x

11«~x!
]E~x,t !

]P~x,t !x

dx

1
Cref

Aferro

dVref~ t !

dt E
0

L ferro

]E~x,t !

]P~x,t !x

11«~x!
]E~x,t !

]P~x,t !x

dx

2E
0

L ferro
Jc~x,t !

]E~x,t !

]P~x,t !x

11«~x!
]E~x,t !

]P~x,t !x

dx ~B4!

and get

dVref~ t !5Vref~ t1dt!2Vref~ t !

5@ f 1~ t !2Vref~ t ! f 2~ t !#dt, ~B5!

where
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f 1~ t !5

dV0~ t !

dt
1*0

L ferro

Jc~x,t !
]E~x,t !

]P~x,t !x

11«~x!
]E~x,t !

]P~x,t !x

dx

11
Cref

Aferro
*0

L ferro

]E~x,t !

]P~x,t !x

11«~x!
]E~x,t !

]P~x,t !x

dx

and

f 2~ t !5

1

RrefAferro
*0

L ferro

]E~x,t !

]P~x,t !x

11«~x!
]E~x,t !

]P~x,t !x

dx

11
Cref

Aferro
*0

L ferro

]E~x,t !

]P~x,t !x

11«~x!
]E~x,t !

]P~x,t !x

dx

.

After replacingdx and dt by Dx and Dt, respectively,
we get Eq.~21!.
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