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Taking into account effects of the surface and depolarization field, we investigated the “misfit
strain-temperature” phase diagrams of ferroelectric thin film by using the time-dependent Ginzburg–
Landau theory. The simulation results show that the surface effect can shift the phase diagram to
lower temperature. More importantly, effect of the depolarization field obviously shrinks the
c-phase, and dominates the paraelectric and aa-phase in the phase diagram. © 2009 American
Institute of Physics. �doi:10.1063/1.3272942�

Due to the surface, depolarization field or size effects, it
is well known that the physical properties of ferroelectric
thin film �FTF� significantly differ from those of bulk
ferroelectrics.1–10 Theoretically, Ginzburg–Landau �GL� phe-
nomenological theory has been developed to describe the
surface and size effects of FTF. In this theory, some coeffi-
cients of the free energy expansion, such as the Curie tem-
perature, can be modified to be size dependent. The so-called
extrapolation length is introduced to describe the difference
of the spontaneous polarization between the surface and the
interior of ferroelectric materials.4–10

When a FTF epitaxially grows on cubic substrates, the
mechanical constraints also affect its phase transition
characteristics.11–16 So the “misfit strain-temperature” �MST�
phase diagrams are very important for designing miniature
electric device. The initial versions of MST phase diagrams
were plotted using thermodynamic analyses with a single,
homogeneous domain state.11 Subsequently, taking into ac-
count the three dimensional domain structures, Pertsev
et al.12 has given the phase diagram based on a model of the
modified Gibbs free energy, and Chen et al.13,14 developed
the phase diagrams by using the time-dependent Ginzburg–
Landau �TDGL� equations. However, these models were
based on a hypothesis that the film thickness is greater than
the ferroelectric correlation length, i.e., h�50 nm. For a
FTF, i.e., h�50 nm, the surface and depolarization field ef-
fects have to be considered when we investigate the phase
diagrams. Using GL approach, Morozovska et al.15 consid-
ered effects of the surface, misfit strain, and size effects,
approximately and analytically given the phase diagrams of
epitaxial FTF �i.e., using finite extrapolation length�. Up to
now, rigorous results of the MST phase diagrams have not
been obtained with considering effects of the surface and
depolarization field. In this letter, we developed a phase field
model �PFM� based on TDGL to predict the MST phase
diagrams as functions of the FTF thickness. Due to effects of
the surface and depolarization field, the phase diagrams can
be shifted obviously with changing the film thickness.

It is known that the spontaneous polarization occurs
in a ferroelectric material when the temperature is lower
than its Curie point, thereby leading to the paraelectric-to-

ferroelectric phase transition. At constant stress and tempera-
ture, the total polarization field PT can be divided into two
components, the spontaneous polarization P and induced po-
larization PE which is assumed to be linearly proportional to
the electric field, i.e., PE=�bE, where �b are the background
dielectric susceptibilities.7–10,17–19 The electric displacement
field D can be in terms of the spontaneous polarization as,

D = �0E + PT = �0E + PE + P = �0E + �bE + P = �bE + P ,

�1�

where �0 and �b are the dielectric constants of the vacuum
and background material, respectively.14–16,18–23

The local spontaneous polarization vector, P�x�
= �P1 , P2 , P3�, are taken as the order parameter of the
Landau-type free energy, where x= �x1 ,x2 ,x3�. The temporal
evolution of the polarization is calculated from the following
TDGL equation as,

�P�x,t�
�t

= − M
�F

�P�x,t�
, �2�

where M is a kinetic coefficient, t is time, F is the total free
energy of the system.

According to previous works,11–22 the total free energy
can be expressed as,

F = F0 + Fbulk + Fgrad + Felas + Fsurf + Felec

= F0 +�� �
V

�fbulk + felas + fgrad + felec�dV +� �
S

fsurfdS ,

�3�

where F0, Fbulk, Fgrad, Felas, Fsurf, and Felec are the
polarization-independent, bulk-free, gradient, elastic strain,
surface, and electric energies, respectively. V is the volume
of the thin film. S is the upper-lower surface of FTF.

The bulk free energy density fbulk can be expressed by
the Landau polynomial expansion in terms of the polariza-
tion components,5

fbulk = �1�P1
2 + P2

2 + P3
2� + �11�P1

4 + P2
4 + P3

4� + �12�P1
2P2

2

+ P2
2P3
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2P3

2� + �111�P1
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�4�

where �1= �T−T0� /2�0C0 is the dielectric stiffness, and C0
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and T0 are the Curie constant and Curie–Weiss temperature
of the reference crystals, respectively. �11, �12, �111, �112,
and �123 are higher order dielectric stiffnesses.

In Eq. �3�, fgrad is the gradient energy density, and can be
calculated through the gradients of the polarization field,

fgrad = 1
2gijklPi,jPk,l, �5�

where �Pi /�xj are expressed by Pi,j, and gijkl are the gradient
energy coefficients.

The elastic energy density felas is generated from the
phase transition and the substrate constraint, and can be gen-
erally given by,

felas = 1
2cijkl��ij − �ij

0 ���kl − �kl
0 � , �6�

where cijkl is the elastic stiffness tensor, �ij and �ij
0 are the

total strain and eigenstrain, respectively. The eigenstrain con-
nected with the ferroelectric transition is �ij

0 =QijklPkPl, in
which Qijkl represent the electrostrictive coefficients.

Due to the surface effect, the spontaneous polarizations
are inhomogeneous across the out-of-plane direction of FTF.
Therefore, this intrinsic phenomenon is taken into account
through the surface energy density fsurf, which can be ap-
proximately characterized by the effective extrapolation
length �i

ef f,5

fsurf =
D11P1

2

2�1
ef f +

D22P2
2

2�2
ef f +

D44P3
2

2�3
ef f , �7�

where D11, D22, and D44 are material coefficients from gra-
dient energy coefficients.

Generally speaking, the depolarization field for the
short-circuit boundary conditions has two contributions, one
coming from the incomplete charge compensation in the
electrodes, and the other due to the inhomogeneous polariza-
tion field near the surface. In this work, we only consider
that the electrodes are perfect metals, and the depolarization
filed is only induced by inhomogeneous spontaneous polar-
ization. In absence of the external electric field, the electric
energy density is only determined by the depolarization
field, i.e., E=Ed. In the case of our work, Ed is mainly de-

termined by the spontaneous polarization along normal
orientation of the FTF surface, and can be given by
Ed=−�b

−1�P3− �P3��=−�b
−1�P3− 1

h�0
hP3dx3�.19,20 The depolar-

ization energy density of Eq. �3� can be expressed as,

felec = fdep =
1

2�b
�P3

2�x3� − �P3�2� . �8�

In the simulations, we employ 64�64�N discrete grid
points at a scale of �x1=�x2=1 nm and �x3=0.2 nm to
model PbTiO3 thin film grown on SrTiO3 substrate with the
short-circuit boundary conditions. Parameters in calculations
are listed in Ref. 24, which were taken from Refs. 5, 12, 25,
and 26. The film thicknesses are represented by the letter N
in the x3 direction. Periodic boundary conditions are em-
ployed along the x1 and x2 directions. The MST phase dia-
grams were generated by assuming a single domain state in
FTF.

According to previous works,12 we know that the MST
phase diagrams have the p-phase �P1= P2= P3=0�, c-phase
�P1= P2=0 , P3�0�, aa-phase �P1= P2�0, P3=0�, and
r-phase �P1= P2�0, P3�0�, respectively. It is well-known
that positive misfit strain �i.e., tensile stress� favors the ap-
pearance of the aa-phase, while the negative misfit strain
�i.e., compressive stress� induces the c-phase. In this letter,

FIG. 1. �Color online� Misfit strain-temperature phase diagrams of the
PbTiO3 film with different thickness under the surface and size effects: Solid
lines are a reference state comparing with Ref. 12, and scattered symbols are
phase boundaries from phase field simulation separating c-, r-, aa-, and
p-phase regions. The first and second order phase transitions are shown by
thick and thin lines, respectively.

FIG. 2. �Color online� The influence of depolarization effects on MST phase
diagram with different film thicknesses �a� 7.2 nm, �b� 4.0 nm and 2.4 nm.
Scattered symbols are phase boundaries from the phase field simulation
separating c-, r-, aa-, and p-phase regions. The first and second order phase
transitions are shown by thick and thin lines, respectively.
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the PbTiO3 thin films with thicknesses of 2.4, 4.0, 5.6, and
7.2 nm are first considered to show the influence of surface
effect on MST diagrams. Based on numerical simulations,
we plot the phase diagrams as functions of the film thickness
are shown in Fig. 1. It is noted that, for presenting the sur-
face effect, we first neglect effect of the depolarization effect
on the MST diagrams. In Fig. 1, solid line give the MST
phase diagram of FTF with a very large thickness, i.e., h
=100 nm. At a given misfit strain, the phase transition tem-
perature of the aa-phase and c-phase, where the transition
from paraelectric state to c or aa ferroelectric phases occurs,
is shifted as a result of the surface effect. Results show that
the surface effect can lead to a decrease in the phase transi-
tion temperature. With the film thickness decreasing,
the c-phase, aa-phase, and r-phase shrink, and p-phase
dominates.

When the electric energy determined by the depolariza-
tion field is incorporated into the total free energy Eq. �3�, we
can develop the MST phase diagram as shown in Fig. 2. It is
known that the depolarization field induced by the polariza-
tion component perpendicular to the plane of thin film P3
will reduce the magnitude of polarization P3. When the film
thickness is sufficiently reduced, the inhomogeneous polar-
ization along x3 direction will enhance the depolarization
field. Simultaneously, the Curie temperatures corresponding
to the polarization P3 descend with the film thickness. Figure
2 also show that the influence of depolarization field on
phase diagram is different with that in Fig. 1 due to the
surface effect. The depolarization field effect only shifts the
diagram as a whole along the line between p-phase and
aa-phase, these results are also similar to results of the phase
diagram about the ferroelectric superlattices.27

The influence of the misfit strain on the dielectric re-
sponse �33 is shown in Fig. 3. It can be seen that two jumps
of �33 happen at the c-phase /r-phase transition and the
r-phase /aa-phase transition. The first jump of �33 corre-
sponds to c-phase /r phase transition in which is the first
order phase transition. The sudden appearance or disappear-

ance of the polarization P1 and P2 result in the jump of �33
curve. Similarly, the other jump of �33 corresponds to
r-phase /aa-phase transition that is of the second order. The
disappearance or appearance of P3 brings about the jump of
�33 curve.

In summary, we have described a PFM to simulate the
MST phase diagram of FTF with the surface and depolariza-
tion effects. The results show that it is possible to reach the
phase-transition conditions by changing the thickness of
FTF. Accordingly, FTF thickness can be chosen as design
parameters to manipulate the Curie temperature thus making
them attractive for various microelectronic applications.
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