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New Approaches Without Postprocessing to
FIR System ldentification Using Selected Order
Cumulants

Wei Li and Wan-Chi SiuSenior Member, IEEE

Abstract—in this paper, we address the problem of identifying where
the parameters of the nonminimum-phase FIR system from the  {z(k)} system output;

cumulants of noisy output samples. The system is driven by an {u(k)} non-Gaussiannth-order white independent and
unobservable, zero-mean, independent and identically distributed " identically di t"b ted (i.i.d) si | with )
(i.i.d) non-Gaussian signal. The measurement noise may be white identically distributed (i.i.d) signal with zero-mean;

Gaussian, colored MA, ARMA Gaussian processes, or even real {h(i)} impulse response sequence Witlt)) = 1,
noises. order of the model.

q
For this problem, two novel methods are proposed. The methods  The received signal in the real world is notk) in general

are designed by using higher order cumulants with the following 1, 4 js contaminated by some noises. Let us denote this received
advantages. i) Fexibility: Method 1 employs two arbitrary adja- signal asy(k)

cent order cumulants of output, whereas Method 2 uses three cu-
mulants of output: two cumulants with arbitrary orders and the
other one with an order equal to the summation of the two orders y(k) = x(k) +n(k) (2
minus one. Because of this flexibility, we can select cumulants with
e o e osors i o Fod S gy e n(F) s @ measurement noise, which may be any
Wﬁaspect to the unknowns, unlike the existing cumulant-based of the white .GaUSSI.an’ Colorgd .MA Gaussian, or colored
algorithms. The post-processing is thus avoided. ARMA Gaussian noises and is independent udf:). The
Extensive experiments with ARMA Gaussian and three real identification problem requires the estimation of parameters
noises show that the new algorithms, especially Algorithm 1, {A(4),s = 1,...,q} from the real outpuy(k) and its higher
perform the FIR system identification with higher efficiency and  grder cumulants.
ﬁét::tru?;curacy as compared with the related algorithms in the Based on the model in (1), a number of algorithms have been
proposed that have been summarized in the survey paper written
by Mendel [1]. According to this paper, the algorithms men-
tioned belong to three broad classes:
1) closed-form solutions;
. INTRODUCTION 2) linear algebra solutions;
INITE IMPULSE response (FIR) system identification 3) optimization solutions.
based on higher order cumulants of system output hBecently, the linear algebra solutions have received great
received great attention in recent years. Tools that deal wittention because they have simpler computations and are free
problems related to either nonlinearities, non-Gaussianity, afrthe problems of local extreme values that often occur in the
nonminimum-phase (NMP) systems are available, and thegtimization solutions. Although the closed-form solutions
are of great value in applications, such as radar, sonar, arheywe similar features, they usually do not smooth out the noises
processing, blind equalization, time-delay estimation, dataused from observation and computation. Therefore, while
communication, image and speech processing, and seismoladlggse solutions are interesting from the theoretical point of
Consider an unknown FIR system (i.e., the MA process)ew, they are not recommended for practical applications [2].

Index Terms—FIR system identification, higher order cumu-
lants, parameter estimation.

given by The key in linear algebra solutions is to establish a linear
q relationship between parametdfé(¢)} (sometimes including
w(k) = Z h(i)u(k — 7) (1) {R*(9)}) and higher order statistics gtk). Applying a certain

prd criterion (for example, the least-square principle), we can get the

estimates of ~(¢) }. The pioneering work of using higher order
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work well when measurement noise, even if it is white Gaussi&om the formulations, we conduct two particular algorithms,
noise, is present. Since the correlation functions are not blindrtamely, Algorithm 1 and Algorithm 2, by using two sets of
Gaussian noise, some equations affected by the measurerfigatl orders. Our methods have the following features:

noise have to be removed, resulting in a set of underdeterminedi) RHexibility: Method 1 employs two cumulants of( k)
equations. In addition, numerical ill conditioning may exist in with arbitrary adjacent orders, whereas Method 2 uses
the GM approach when (¢ = o7, /73., whereo,, andys,, de- three cumulants af(k): two cumulants with arbitrary or-
notes the second- and the third-order statistics, respectively.) is  ders and one with an order equal to the summation of the
“small.” To avoid the above problems, some modified versions two orders minus one. For c|arity, we select a set of or-
[5]-[7] of the GM approach and some new algorithms in [2],  ders in each method as an implementation of the corre-
[6], and [8] have been suggested. For example, in [5], a new  sponding method. They form Algorithm 1, for using the
method called the T-approach was proposed by Tugnait, which  third- and the fourth-order cumulants, and Algorithm 2,
also makes use of the correlation functions and the third-order  for using the second-, third-, and fourth-order cumulants.

cumulants. The main difference between the T and the GM- 2) Sj|tab|||ty As we have mentioned, by se|ecting different
approaches is that different lags in third-order cumulants are  orders, Methods 1 and 2 can lead to a number of al-

taken. Two modified GM-based algorithms developed by Tug-  gorithms. These algorithms can be applied in different
nait called the GMT1 and the GMT2 have been Suggested in [6], situations such as the systems with minimum phase
and [7]. The aims are to make the GM approach able to dealwith  (MP) or nonminimum phase (NMP) and the systems
noisy observations. The common point is that both algorithms  with white Gaussian noise or colored (MA or ARMA)
remove the equations corrupted by the measurement noise from  Gaussian noise. For example, Algorithm 1 can serve for
the corresponding GM equations. The difference is that some  NMP system even under ARMA Gaussian noise, and
equations derived from bispectral are used as auxiliary equa-  Algorithm 2 is available for NMP system under white
tions in the GMT1 approach, whereas some equations derived Gaussian noise only. This, however, does not imply
from T approach are used as auxiliary equations in the GMT2  that Method 2, from which Algorithm 2 is derived by
approach. Extensions from the third-order to the fourth-order se|ecting the second-, third-, and fourth-order cumulants,
cumulants have also been suggested by Tugnait in [6] and [7], s largely confined. We can actually select other orders in
in order to accommodate the signal with symmetrical distribu-  Method 2 instead of the second- , third-, and fourth-order
tion. The R-GM approach as shown in [5] succeeded in averting  shown in Algorithm 2 to accommodate certain compli-
the numerical ill conditioning due to smalin the GM approach cated situations.
with ¢’ = 1/e. Note that all algorithms in [3]-[7] make use of  3) Linearity: Both the formulations in Method 1 and Method
the correlation and the third-order (or fourth-order) cumulants, 2 are linear with respect to the unknowns. The postpro-
which are known as the R-C algorithms. Although some of them  cessing step is thus avoided.
considered the measurement noise, they are designed only for
1.1.d. non-Gaussian noise or white Gaussian noise. _Il. Two NEW METHODS FORFIR SYSTEM |DENTIFICATION

For cases with relatively complicated measurement noise
such as the ARMA Gaussian noise, using cumulants withLet us recall (1) and (2)
orders greater than two may be a good choice for FIR system

identification. A few algorithms in [2] and [9], which make use N N
of the third- and the fourth-order cumulants, have achieved FIR w(k) = ; h@yu(k =)
system identification under the ARMA Gaussian noise envi- (k) = w(k) + n(k).

ronment. However, almost all the above-mentioned algorithms

dealt with cases on resolving n02nI|near equations due to tggfore we elaborate on our approach, let us make the following
unknown parametergh(k)} and{r*(k)} fork=1,2,...¢. A assumptions

commonly used treatment is to find the least-square solutionsl) The driving signal u(k) is unobservable iid

by supposing thafh(k)} and {r%(k)} are independent at . i

the beginning, although this assumption is not reasonable and2 r_ll_(;]n-Gatrssm_n p:cocess ‘_N'_th zero-hmean. hete) — 1
may generate a larger estimation error, and then to obtain final ) ; € sys gm 'Sd(]) f‘or‘_m'(;"]["“f.“ P %se, (\;v & _Th7
estimate for each unknowjh.(k)} by considering the estimates sl(gzei Or’dzn islk(rLl)ovv_n o r(r)1raL b<e m:ansquez bq. rior(ie
of {h(k)} and {h?(k)} together, which is generally called kzowled o [54]—[16] y WP
postprocessing. Postprocessing is, to some extent, just a comé) The meagsurement n.oiwk) is white Gaussian noise or
pensating means for the fault resulting from misunderstanding

- Gaussian ARMA process with unknown statistics and is
{h(k)} and{h*(k)} being independents. ) ke o )
To avoid the additional step, i.e., the postprocessing, and, g‘ﬂgﬂ?;?;m oti(k); hence, itis also independent of the

meanwhile, to accommodate a complicated noisy environment,
we will make use of output cumulants with arbitrarily selected .
orders and propose two nelinear formulations, namely, A- New Formulation

Method 1 and Method 2. By selecting different orders of In orderto use higher order cumulants of the output for iden-
cumulants, the formulations in the two methods lead to a seriifging the system described by (1) and (2), or particularly esti-
of algorithms. To demonstrate how to derive the algorithmmating those coefficients in (1), we need to establish a relation-
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ship between the output higher order cumulants and the coeBi- Method 1
cients.

Consider (1) and the assumption of i.i.d afk). The
mth-order and(m + n)th-order cumulants of:(k) may be
expressed in terms of the FIR coefficients [12] as

Let us consider a simple case by selecting 1 so that only
oneh(im,—1) is preserved on the right-hand side of (7) and two
cumulants with adjacent orders are left on the left-hand side of
the equation. Equation (7) thus becomes

Cfn(ilaib-.-ainl—l) cfn-l—l(ibiQ’""inlf%inlil’(J) = 1h(L )
— E{e(®)e(k+i1) .. x(k +im_1)} ez (i1,i2, s im—2,q) m
q 0<ix<q and k=1,2,...,m—1. (8)
:fy;leh(k)h(k+i1)...h(/€+inlfl) 3) ) o o o
b0 Equation (8) is in a form similar to the solution in [4]. However,
they are, in fact, inherently different. Giannakis and Mendel [4]
and provide an algebraic solution by using one equation that cannot
smooth out the effect of the additive noise generated from esti-
Conan (81,825 s Eman—1) mating the cumulants. However, from (8), we may obtain a set of

equations by choosing different values for. .., 4,,_2, %, —1-
= Ymtn Z h(R)h(k +i1) ... Ak +imsn—1) (4)  To estimate all the coefficients(0), . .., 2(q) and to make the
cumulants meaningful, we may naturallydgt_, be0,1,...,q
in the sequence and take the rarige< i, < q (for &k =
1,2,...,m — 2) for everyi,,_. For a fixedi,,_1, and0 <
ir < q(fork=1,2,...,m—2), (8) yields a system with only
a single unknown an¢ly + 1)™~?2 linear equations. The linear

wherem andn are two positive integers, ang:, denotes the
mth-order cumulant ofu(k).
Leté,,—1 = g in (3), which gives

& iy, ; ) least-square solutions for unknowrand{.(k) k = 1,...,q}
mAh i 4 could thus be obtained one after another.
e Zh(k)h(k ir) e Bk + i)k + q) For clarity, we taken = 3 as an example. Fon = 3, (8)
Py becomes
=2 h(O)h(iy) ... h(im—_2)h(q). 5 SACTIL] 1
PO M2 1) © At Ly o<, e ©
Cé@lv‘]) €

Similarly, for ¢,,+,—1 = ¢, (4) becomes

Accordingly, fixingi, and takingi; from 0 tog, we havey + 1

equations with only one unknown for each Applying the

least-square principle, and{/(iz) fori, = 1,...,q} are ob-

= Vrin Z h(EYh(k +i1) ... h(k + tpmin2)0(k + q) tained. For this particular situation, let us call it Algorithm 1.
We summarize Algorithm 1 as follows.

x P P P
CnH_n(Lla 1250 oy tmtn—2, Q)

= ’ym+nh(0)h(tl) o M2 (i —1) - - R (fgn—2) 1) Initially, leti, = 0 and takei; = 0,1, .. ., ¢; this leads to

x h(q) (6) (¢ + 1) equations. In matrix form, we have

where we have used(i) = 0 for ¢ > g. Aoe = co
Combining the last two equations and settiag = where

(vt rman) (vie # 0), we obtain the following ratio:

cr (L 1 1 % 1 Q) Ao = [cz(0,0,q) cfﬁ(l,O,q) e Cz(anaQ)]T

m4n\t1y¢2y -y tm—2,tm—15--+5tm+4tn—2, - . - T
— - co = |c5(0, cs (1, - ca(q,
N TR 0 =1c5(0,0) 5(1,0) 5(2.9)]
1 . . . - -
= Zh(ime1)h(im) - . h(Emn—2)- @) and we have used the assumption @) = 1.

The least-square estimati@nof £ can easily be ob-
tained byz = (AL Ag) LAl .
2) Leti, =1, and take; =0,1,...,q. The unknowrn(1)
in matrix form can be written as

Obviously, the relationship between the unknown coefficients
and the output cumulants are now expressed by this equation:
Because the cumulants of%) at a fixed lagg on the left-hand
side of the equation can be computed by the sample average, all Ah() = ¢

the unknowns involved on the right-hand side of the equation

can be solved by some linear or nonlinear methods that depend where

on whether nonlinear terms related/t¢i) exist. By selecting

appropriate values far. andn, that is, by using differentorder A = [¢3(0,¢) ¢35(1,q) --- &g, )"

cumulants, we are able to attain different expressions derived ., = [6¢2(0,1,¢) £c%(1,1,q) - &c%(q,1,¢)]"

from (7). Therefore, this equation provides a basic relationship

to identify the FIR system by using arbitrary order cumulants.  We can then estimalfe(l) of A(1) by applying the least-
Based on this formulation, we will present two methods. square principle.
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3) Similarly, repeating step 2) fap = 2,3,...,q, respec- with two adjacent-order (the case of = 1) or two arbitrary
tively, we can solve other unknowns$2), 2(3),...,h(q) order (other values fat) are used to perform the estimation of
with the least-square solutions. the FIR system. Additionally, only one unknown is estimated

Itis easy to see that Algorithm 1 makes use of the fixed1) in every step for this algorithm. For comparison purposes, we
slices of the third-order cumulants at one lags well as the attempt to design another algorithm by using more cumulants
(¢ + 1) slices of the fourth-order cumulants at laggndi, to obtain the estimates of all the unknowns simultaneously. To
in each step. These slices form the vectdisand ¢, (¢ =  do this, the(n + 1)th-order cumulant of(%) is suggested as
0,1,...,q9). Aslong as a nonzero element existsip, we can 4
obtain an unique lest-square solution for every unknown pa= . i) — i ;
rameter. In fact, from the first assumption and the weII-know?f"“(Jl’JQ’ o) = T ; MDA+ 1) A+ ).
Brillinger—Rosenblatt formula in [12], these cumulants should (20)
be nonzero. Generally, the cumulants are needed to be calowr idea is to try to express(l + j1)h(l + j2) ... h(l + jn)
lated by output sample averageprior. In theory, if the length by certain quantities that may be known or may be computed to
N of samples is very large, i.el — oc, the sampled cumu- leavei(l) alone. Let us sét+ j1 = tm—1,l+ 2 = iy, ..., [+
lants converge with probability one to the true cumulants [6],, = ¢yn+n—2, and substitute them into (7); we then have
In practice, only some samples of the output are known, and v . . . .
we have to make use of these finite samples to estimate its cu- gan—n(Zl’ 2,0 Zf"_Q’l T, L+ )
mulants to replace the “true” cumulants. This certainly leads to (i1, 02, ey Em—2, )
some errors (or noises) on computing the cumulants. =h(l+ )R+ j2) .. AL+ ). (11)

Algorithm 1 is derived without considering the rr'weasuremenagombining (10) and (11), we obtain
noise. In the presence of the measurement noise, the obser-
vations are considered to be noisy. As we kneuh-order 11 das .oy dn)
cumulants of Gaussian processes vanishrfor> 3. If the q
measurement noise is white Gaussian or even colored (MA =eri Zh(z)
or ARMA) Gaussian noises, Algorithm 1 is still available by =0
directly replacingc} (i1, ¢) and¢f (41, 2, ¢) with ¢§(¢1,¢) and (AR (ST - N S S SR B oy ),
(41,42, q), respectively, without any changes. X (i, 2, im-2,q)-

Algorithm 1, by takingm = 3, is an example of Method 1. ]

Of course, we can assign other values#arA number of al- Another form of (12) is

gorithms are therefore generated. However, a special solution «

occurs whenm = 2, which is a closed-form solution that is Zcﬁwn(il,ig, cosbmen, L1, UL Gn, @ R(D
very similar to thec(q, k) approach in [4] and is obtained by =0

following the above steps. Obviously, this is not a solution and, =cechp1(J1 d2 s In)Cm (i1, 82, . ooy ime2,@)  (13)
hence, cannot smooth out the additive noise generated by cal-

culating the cumulants. We suggest that the valuevahould WN€re

be larger than 2 for actual implementation. Similarly, Method 1, [ S T

which makes use of two adjacent-order cumulants, is the sim- ‘= eV YRR

plest case of (7) by taking = 1. If we take other values fot i _

in (7), the orders of the two cumulants will not be adjacent, atfith 7:(0) = 1, we rewrite (13) as

nonlinearity will appear on the right side of the corresponding q

equation. For the sake of simplicity, we suggest that 1. Z Coan (G582, - i, L+ J1, - U4 dny R

The novelty of Method 1 lies in that only one unknown is es- =1
timated via the linear least-square principle in every step. It, on —ecp 1 (J1ad2s - dn)Cmin 02, oy im—2,Q)
one hand, avoids the post_pr_ocessing procedure due to nonlin- = (il e ey 2y 1y ey Gy ) (14)
earity. On the other hand, it is not only able to smooth out the
noises due to calculating the cumulants but is also able to avéiguation (14) has, when itis viewed as a linear equafip#,1)
the error propagation due to the inaccuracy of the other estimknowns involving{(k) £ = 1,2, ..., ¢} ande. By selecting
tions. However, the estimatesgf(k), fork = 1,2,...,¢} are appropriate values for. andn and taking all meaningful values
dependent on the estimatesofit implies that if the estimation for iy, andjg, (k1 =1,...,m —2andk, =1,...,n), aset of
of e is incorrect, the estimates b{1), ... h(q) are certainly not overdetermined equations is formed. The least-square solution
accurate. This problem is also present in almost all related alg@-the unknowns can then be obtained. Similar to Algorithm

(12)

rithms. 1, let us clarify our approach by giving a simple example with
m = 3 andn = 1 for Algorithm 2.
C. Method 2 Evaluating (14) atn = 3 andn = 1, we have
We have derived Algorithm 1 by evaluating= 1 andm =
3 in (7). Of course, if we take different values ferandm, Z ci(in, L+ 41, h(l) — ec5(j1)c5 (i, q)
a large number of algorithms can also result. In addition, the =1
common point of these algorithms is that only the cumulants = —c5(t1,41,9)- (15)
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ci(0,k+1,9) ci(0,k+2,q)
Ak — . .

cilg,k+1,9) ci(gk+2,9)
ey =[—ci(0,k,q) —cf(1,k,q)

1 (0,

cil, k+q-1,9) cilg,k+q,9)
_cz(q’ k’ q)]T

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 48, NO. 4, APRIL 2000

E+q—-1,9) c(0,k+q,q) —c5(k)c3(0,9)

& (K)E (0, 9)

Obviously, three cumulants with different orders appear in thithe symbol 7™ denotes the transpose of the matrix or the

equation. Letus sét < i; < gand—q¢ < j; < ¢ in (15). We
haveg+1 unknowns, i.e.(1),...,h(q), e, and(2g+1)(g+1)
equations. We rewrite (15) in matrix form as (for< ; < ¢
and—q < j1 < ¢q)

vector. Ay is a(g + 1), x(¢ + 1) matrix, andcy is a(g + 1)
column vector forj; = £ (k = —¢,—¢ + 1,...,q) and
0 < 41 < ¢q, shown in the expression at the top of the page,
wherecz(0,¢,q) = 0 fori < 0 andi > q.

A andc are expressed as in the equations at the bottom of

Ab =c (16) the page. We can find that matrixelsand c utilize all mean-
ingful autocorrelation functions af(%) and all third-order and
where fourth-order cumulants of:(k) at a fixed lagq. As we have
pointed out in Algorithm 1, as long as we have enough output
b = [A(1) h(q) C]T samples, we can get very accurate estimation of these statistics.
a(q + 1)-column vector From (16), |_t is easy to see that ¢, andb constitute a se_t of
- r T overdeterminedinear equations. Naturally, we adopt the linear
A= [A—q X A ] least-square principle to solve it. Because matrixas full rank
a2g+1)(g+1) x (¢ + 1) matrix (¢ + 1), the above overdetermined equations have a unique and
[T T T accurate least-squares solution as in
€= [c_q Cogt1 cq] )
a(2q + 1)-column vector. b= (ATA)"tA .. (17)
c=[0 - 0 —cf(0,0,9) —ci(g.0,9) —ci(01,g)--- —ci(g,1,9) —c5(0,q.9) ~(q.0.9]"
[0 0 0 c(0,0,q) —c3(=q)c3(0,9)
0 0 0 ci(q,0,q) —c3(—9)e3(g, @)
0 0 c5(0,0,q) ci(0,1,¢)  —c3(—q+1)c3(0,q)
0 0 ci(¢,0,9) ci(e,1,q9) —c(—q+ Dez(g, @)
3(0,0,9) ¢i(0,1,9) c§(0,¢—2,9) cf(0,q—1,q9)  —c5(—1)c5(0,q)
A= |6@@0,9) cilgl,q) - cilg9-29) clge-19 —g(-Daleq)
Cfﬁ(()v 17(]) 62(0727(]) T Cfﬁ(()v(l - 17(]) cz(ov% (.I) —C;(O)C'E(O,q)
ci(e.lq) ci(e,2,9) - cle,9-1q9  clgq49 —c5(0)e5(q, 9
5(0,2,q9) ¢4(0,3,9) 3(0,4,9) 0 —c5(1)e5(0, q)
i(¢:2,0) <i(e:3,9) AU 0 —c3(1)e3(a:9)
0 0 - 0 0 —c5(q)e3(0, q)
L 0 0 0 0 —c(Des(e,q)
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Note that all cumulants isl andc are expressed in noise-free TABLE |
X ; ; ESTIMATED PARAMETERS OF EXAMPLE 1

outputz (k). Inthe presence of the measurement noise, matrix UNDER THE ARMA GAUSSIAN NOISE (30 MONTE CARLO RUNS,
and vector have to be written in terms of the pumulant@@%). N = 2048 FOREACH RUN)

If the noise is white Gaussian, it is true thg{(i1) = 5(i1)
for ¢ 0 and (% = (i for anyi; as well as SNR=0dB SNR-10dB SNR=20dB
vy ! [.7& . f’f( f’ 9 f 5( 1{.’ q)[. h yiu Vel (0) i Approach | Real | h(I) h(2) h(3) | h(1) h(2) h(®3) | h(1)) h@2) hQ)
cy(i1,12,q) = ci(i1,42,q) foranyii, i>, where on ch(Q) IS values [0.900 0.385 -0.7710.900 0.385 -0.771[0.900 0.385 -0.771
corrupted by the noise. Removing the rows that mcltjg(é)) Mean [0.295 0.368 -0.0900.828 0.418 -0.659(0.764 0.393 -0.703

Algorithm 2 [Std. Dev.[0.020 0.003 0.001 }0.022 0.016 0.011]0.020 0.010 0.010

in A andc, Algorithm 2 is readily available to estimate the un- Mean 10,866 0.394 0.68810.910 0.433 -0.773]0.807 0408 0.772
knowns. Algorithm 1 |Std. Dev.|0.011 0.017 0.043 |0.009 0.022 0.013]0.014 0.009 0.016
H H Mean 0.753 0.155 -0.523/0.839 0.144 -0.604

From (17)’ t_hE(Q+1) unkn_owns are Slmu_lt_aneOUS|y Obtameq GM[4] [Std.Dev.| * * * 10.027 0.004 0.00510.027 0.001 0.007
and we refer it to as Algorithm 2. In addition, there also exis Mean [0.066 0.749 -0.193[0.763 0.436 -0.668]0.894 0.386 -0.774

- i i em R-GM [5] |Std. Dev.[0.020 0.024 0.004 |0.034 0.004 0.005{0.020 0.004 0.006
other least square solutions by using SUbSySt S:k)' We Mean [0.426 0.391 -0.114)0.881 0.386 -0.6780.889 0.416 -0.786

describe one of these possible solutions as follows. Tugnait [6] |Std. Dev.[0.047 0.003 0.001 [0.017 0.008 0.010}0.012 0.012_0.012

. -~ Mean 0.707 0.114 -0.434]0.814 0.162 -0.593

Step1) Letk = ¢ for the_ subsystenid,c,) consisting of gy [6] |Std.Dev.| * *  * [0.042 0.012 0.017{0.041 0.004 0.018
g+ 1 equations with only one unknown The least- Mean [0.290 0.370 -0.0970.862 0.356 -0.7010.888 0.410 -0.782
squares solution is then easily obtained GMT2 [7] [Std. Dev.[0.024 0.004 0.001 [0.017 0.010 0.009]0.013 0.012 0.011

) ) Mean |1.037 0.637 -0.7550.955 0.432 -0.781]0.951 0.444 -0.802
Step 2) Letk = ¢ — 1 (or —g). Sincec has been estimated method 1[2]|Std. Dev.|0.122 0.168 0.309 [0.026 0.023 0.014]0.027 0.015 0.014

in step 1, the SUSYSIE(Wly-16,-1) OF (A-S-0) gy ot ot oo s o Sotloses G S
consisting of; 4+ 1 equations involves one unknown

h(l) [OI’ h(q)] only. We can then obtain the least- Note: the symbol "*" means the values are too large to accept.

squares solution df(1) [or A(q)].

Step 3) Similarly, letk = ¢ — 2,...,1,—1 (Note that for R-C approaches such as the GM approach [4], the T approach
the noisy casek = 0 is not included) ork = [6], the R-GM approach [5], the GMT1 method [6], the GMT2
—q+1,—q¢+2,...,—1, respectively. Utilizing the method [7], and the methods based on higher order cumulants
estimated parameters and repeating step 2, the leadone [2]. All the second- , third-, and fourth-order cumulants
squares solutions of the other unknowns can also ti&at might be used in these algorithms are computed first. Each
obtained recursively. algorithm employs parts of these cumulants, according to the

It should be emphasized that Algorithm 2 is just an examptequirements in the corresponding algorithm. Note that some of

of Method 2 by takingn = 3 andn = 1, and it is only avail- the cumulants with the same order in these algorithms might be

able for the white Gaussian noise due to using the second-orti& same, but some of them are different.

statistics. To accommodate a harsh environment, we can seledio illustrate this comparison, we give three examples. For

other values form andn and thus obtain a number of algo-each test case, the inputk) is a normalized, i.i.d. exponential

rithms. For example, setting= 2 andm = 3in (14), the third- random sequence with zero mean. Others 4ike), n(k), and

and fifth-order cumulants will be employed. The produced al{%) have the same meanings given in (1) and (2). To measure

gorithm can be applied to the environment with the ARMAhe strength of the noise, we define the signal-to-noise ratio as

Gaussian noise. SNR = 10log,o(|[u(k)]|?/||n(k)||?) (dB). To measure the ac-
We have proposed two methods. One is based on (8), eewacy of parameter estimation with respect to the real values,

quiring two different order cumulants;, ,,, andc?,, whereas we define the mean squared error (MSE) for each run as

the other one is based on (14), requiring three different order cu-

mulantscy, . ., ¢, andc;,. Because both methods deal with MSE — zq:

solving linear equations, the postprocessing is avoided. For the -

sake of clarification, we have evaluated two particular values for

m andn and, hence, generated two algorithms. From the pOighere {/,(i)} are the estimated parameters in each run, and
of statistics, it seems that if we use as many output cumulanis ;) are the real parameters in the model. Tables |11l show
as possible, the estimation results should be better. Accordifg original results of the means and the average standard devia-
to this understanding, Algorithm 2 seems to perform the esfjgs (Std. Dev.) of the estimated parameters, with sample length
mation over Algonthm 1. To compare the_ p_erforman_ce of the — 2048, over 30 Monte Carlo runs for each approach. For
proposed algorithms as well as some existing algorithms, Wity of expression and vision, we calculate the corresponding
will give some experimental results in the next section. MSE'’s of these estimation results and draw them in Figs. 1-3,

4 1/2
(h(8) — h(@))? Z h(i)2> (18)

i=1

respectively.
. SIMULATION RESULTS Example 1: The third-order NMP MA model taken from
2]-[4] is
Two new methods for identifying FIR system have been th([e—] 4]
oretically proposed. To verify the availability of the methods, (k) = u(k) + 0.9u(k — 1) + 0.385u(k — 2)
we have carried out a number of experiments with third-order — 0.771u(k — 3) (19)

and fourth-order FIR systems under the ARMA Gaussian noise
and three real noises. We are especially interested in companvith zeroes at—0.75 £+ j0.85 and 0.6. With reference to
the performance of the new algorithms with that of the existin@), in this case, we have(0) = 1,A(1) = 0.9,h(2) =
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TABLE I 100
ESTIMATED PARAMETERS OFEXAMPLE 2 UNDER THE ARMA GAUSSIAN NOISE 90 S Algorithm 1
(30 MoNTE CARLO RUNS, N = 2048 FOR EACH RUN) 80 i
76 A Algorithm 2
SNR=0dB SNR=10dB SNR=20dB ~ BR-GM
Approach | Real [h(1) h2) h(3) h(#) [h(1) h2) hB3) h@) [h1) h2) h3) h4) & R Tugnait
values |-0.800 1.520 -0.640 0.990|-0.800 1.520 -0.640 0.990 |-0.800 1.520 -0.640 0.990 ; 50 B lugn:
Mean | 0.286 1355 -0.065 0.839]-0.550 1.224 -0.514 0.813 [-0.691 1.411 -0.681 0.845 7 BOMT2
Algorithm 2 | Std. Dev. 0.126 0.508 0.257 0.215[0.144 0.469 0.154 0.140|0.114 0.459 0.122 0.060 = 40 1
Mean |-0.788 1.421-0.616 0.839]-0.696 1.424 -0.455 0.813 |-0.729 1421 -0.531 0.845 30 4 Bl Method 1 [2]
_Algorithm 1|Std. Dev.| 0.141 0.284 0.167 0.215 ] 0.116 0.235 0.159 0.140]0.057 0.137 0.077 0.060 S Method 2 2]
Mean |-0.154 1.787 0.032 0.753|-0.693 2.818 -0.438 1.121 |-0.657 2.818 -0.391 0.959 20 4
GM [4] |Std. Dev. |0.226 1.625 0.195 0.301|0.046 2.162 0.348 0.402|0.241 1.778 0.106 0.090
Mean |-0.502 1.341 -0.456 0.843|-0.912 1.723 -0.798 1.051 |-0.857 1.694 -0.669 0.960 10
R-GM [5] |Std. Dev.| 0.084 0.105 0.114 0.088 | 0.075 0.351 0.203 0.101]0.077 0.261 0.065 0.020 04
Mean | 0.031 1.368-0.049 0.830]-0.636 1.480 -0.459 0.945 |-0.686 1.566 -0.542 0.960
Tugnait [6] | Std. Dev. | 0.204 0.273 0.035 0.127 | 0.015 0.106 0.025 0.022]0.056 0.118 0.024 0.014 0
Mean |0.192 0.834 0.160 0.999 |-0.625 2.454 -0.279 0.958 |-0.642 2.545 -0.425 0.928 SNR (dB)
GMTI [6] |Std. Dev.| 1.511 7476 2.331 2.047 | 0.029 1.036 0.036 0.077|0.115 1.229 0.022 0.048
Mean |-0.030 1.353 -0.025 0.892|-0.671 1.511 -0.445 0.971 [-0.715 1.569 -0.538 0.977 i . . .
GMT2 [7] |Std. Dev.|0.121 0.262 0.043 0.084 | 0.011 0.131 0.031 0.017]0.049 0.129 0.026 0.009 Fig. 1. MSE’s of parameter estimates of Examp|e 1 (Gau35|an ARMA noise,
Mean |-1.090 1.749 -0.932 1.042|-0.847 1.490 -0.662 0.949 |-0.785 1.619 -0.863 1.197 30 runs.N = 2048 in each run)
Method 1[2]|Std. Dev. | 1.249 0.836 1.039 0.233 | 0.048 0.097 0.091 0.050) 0.040 0.288 0.491 0.296 o= s :
Mean |-0.982 1.180-0.869 0.957|-0.938 1.137 -0.851 0.977|-0.915 1.162 -0.908 1.044
Method 2[2] | Std. Dev.| 0.040 0.028 0.116 0.112 | 0.006 0.006 0.017 0.006] 0.007 0.014 0.038 0.018 7
7/
TABLE I % N Algorithm 1
ESTIMATED PARAMETERS OFEXAMPLE 1UNDER REAL NOISES ATSNROF O dB Z A'8°"‘hm 2
(30 MONTE CARLO RUNS, N = 2048 FOR EACH RUN) é ?‘GM}
ugnai
T é EGMT2
‘Drum’ ‘Car’ Engine % @mMethod 1 [2]
Approach | Real | h(l) h(2) h(3) [ h(1) h2) h(3) | (1) h2) h(3) % EMethod 2 [2]
values 0.900 0.385 -0.771)0.900 0.385 -0.771 [0.900 0.385 -0.771 é
Mean [0.254 0.352 -0.072]0.481 0.365 -0.278 [0.474 0.471 -0.404 %
Algorithm 2 [ Std. Dev. [0.023 0.002 0.001 }0.040 0.007 0.005 [0.036 0.016 0.009 %
Mean [0.869 0.377 -0.777 |0.871 0.395 -0.711[0.895 0.439 -0.714 1
Algorithm 1| Std. Dev. 10.013 0.014 0.019 [0.018 0.032 0.027 |0.015 0.034 0.039 0
Mean 0.691 0.362 -0.605 SNR (dB)
GM [4] Std. Dev. * * * * * * [0.020 0.032 0.008
Mean 0.757 0.502 -0.702  Fig. 2. MSE’s of parameter estimates of Example 2 (Gaussian ARMA noise,
R-GM[5] | Std.Dev. | * * il I * * [0.074 0019 0.006 30 runs,N = 2048 in each run).
Mean [0.471 0.394 -0.0710.367 0.351 -0.074 [0.601 0.471 -0.464
Tugnait [6] | Std. Dev. [0.048 0.005 0.001 [0.050 0.002 0.001 {0.033 0.024 0.022
Mean 0.574 -0.121 -0.312 179%
GMT1 [6] [ Std. Dev. * * * * * * [0.105 0.143 0.143
Mean 0.744 0.589 -0.31110.902 0.600 -0.662 -
[ Algorithm 1
GMT2 [7] | Std. Dev. * * * 16,122 1.444 1.143 10.009 0.010 0.007 Allio' )
Mean [0.836 0.539 -0.95110.869 0.496 -0.8450.955 0.463 -0.782 R-GGM“ﬂm
Method 1[2]| Std. Dev. |0.050 0.213 0.128 [0.024 0.137 0.062 {0.073 0.035 0.039 - T "
Mean [0.934 0.771 -0.969 [0.951 0.760 -0.9370.977 0.762 -0913 & EG‘;?TAZ
Method 2[2]| Std. Dev. |0.007 0.031 0.014 [0.003 0.023 0.008 {0.007 0.009 0.008 =
> D Method 1 [2]
Note: the symbol "*" means the values are too large to accept. B Method 2 2]
0.385, and i(3) = —0.771. Let us compare the algorithms

under the ARMA Gaussian noise. The ARMA Gaussian nois
n(k) is generated by a white Gaussian sigmgk) passsing an
ARMA (3, 1) process given in [4]

n"Car"
SNR=0dB

"Engine"

Fig. 3. MSE’s of parameter estimates of Example 3 (three real noises, 30 runs,
N = 2048 in each run).
n(k) —2.2n(k — 1)+ 1.77n(k — 2) — 0.52n(k — 3)
=w(k) + 1.25w(k — 1) (20) 0.54% obtained by the R-GM approach at 20 dB. An improve-
ment of 88% is achieved for a comparison of Algorithm 1 and
with poles at 0.8 and-0.7 + ;0.4 and with a zero-1.25. the T-approach with SNR of 0 dB. For convenience, we draw
We added the ARMA Gaussian noise to the output samplie MSE's in Fig. 1. We only give results on our algorithms, the
(N = 2048). By using the above algorithms, the simulation reR-GM, the T, and the GMT2 approaches as well as the methods
sults for the ARMA Gaussian noise at SNR 0, 10, and 20 dB [2]. The results of the other algorithms are not shown in Fig.
are given in Table I. By calculating the MSE, we can find that because their MSE’s are so large that the precision of the com-
at 0, 10, and 20 dB, the percentages of MSE’s of Algorithqarison could be adversely affected. Fig. 1 shows that Algorithm
1 are 7.23%, 3.94% and 1.86%, respectively. For the methddis superior to all others at lower SNR, whereas the methods in
[2] based on higher order cumulants alone, the best results @jtake second place as they are designed for situation with the
23.05%, 5.86%, and 6.74% at 0, 10, and 20 dB, respectively, ZkRMA Gaussian noise.
tained by Method 1 in [2]. That implies an improvement of 69% Fig. 4 illustrates the MSE against SNR for 2048 output sam-
for a comparison of these two figures at 0 dB. For the R-C algples with the ARMA Gaussian noise. We give the results for
rithms, the best results are 65.02% obtained by the T approaeh algorithms, the T, and the GMT2 approaches as well as the
at 0 dB, 6.8% obtained by the GMT2 approach at 10 dB, amdethods in [2]. Obviously, the curves in this figure are located
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Fig. 4 Average MSE against SNR in the ARMA Gaussian Noise.

SNR varies from low to high values.
Example 2: Let us simulate the following fourth-order NMP
MA model used in [9] under the above ARMA Gaussian noise

in three different levels. The lowest curve that corresponds to 0‘39

Algorithm 1 clearly shows that the MSE varies little against | Solid with “*”: Algorithm |
SNR, whereas the curves at the middie level correspond to the ~ ©25 \ B o oot 1
methods [2]. The top curves corregpo_n_ding to Algorithm 2, the oz \ g::}fgo:v\tvt:lmxoGll\\Adg;lzi wd1[2) |
T, and GMT2 approaches have significant changes when the I ‘\\ Dotted with “0”: Method 2 [2]

x(k) = u(k) — 0.8u(k — 1) + 1.52u(k — 2)
— 0.64u(k — 3) + 0.99u(k — 4) (21)
with zeros at.6 + j0.8602 and—0.2 £ 70.9274.

Table Il shows the results. For clarity, we compute the corre-
sponding MSE’s and draw them in Fig. 2. It is readily observed
that the overall accuracy of the parameter estimation decreases.
Even so, Algorithm 1 still provides the best performance at

lower SNR. For example, at 0 dB, the MSE of Algorithm 1 is 035 e
7.23%, whereas the best one among other algorithms is 20.16%. b It
An improvement of 56% is achieved. (\ Dashed with " T-method
Example 3: Let us simulate the above third-order NMP MA 025 \\ Dashdot with “0”: Method 1[2] -
. . . . . s Dotted with “o”: Method 2 [2]
model again by adding some real noises in order to test the avail- \\
ability of our algorithms to real environments. All real noises g 02 \ W\
are recorded in the real world. They are the sounds of drum, car, qgf‘ ;\
and engine, respectively. The experiments in this example are 2 0157 \i\ - LT S PO
carried out with SNR of 0 dB. \?&:\
Let us see Table Il and Fig. 3. Itis easy to see that only Algo- '
rithm 1 works well under any of these real noises. The R-C algo-
rithms such as Algorithm 2, the T, the R-GM, and the GMT2 ap-

proaches, however, have larger values of MSE’s for the “drum”
and “car” and have acceptable values of MSE’s for the “engine,”
whereas the methods [2], especially Method 1 in [2], provide
better results as compared with the R-C algorithms. A possible
explanation is that the “drum” and “car” may be close to the col-
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SNR (dB)

Fig. 5. Average MSE against SNR under “Drum” noise.

Average MSE

SNR (dB)

Fig. 6. Average MSE against SNR under “Car” noise.

SNR (dB)

Fig. 7. Average MSE against SNR under “Engine” noise.

ored Gaussian noise, resulting in degraded performance for figeires consistently show that Algorithm 1 obtains the best es-
R-C algorithms. This example implies that Algorithm 1 is veryimation results at lower SNR and is very insensitive to SNR
robust to the real noises, which can provide potential in practica the corresponding curve has little fluctuations. Although the
applications. methods in [2] take second place in performance, the curve cor-
Figs. 5—7 illustrate the MSE against SNR for 2048 outpuésponding to Method 1 in [2] has wide fluctuations of the MSE
samples with the three types of real noises. The curves in thedeen the SNR varies from low to high values, and Method 2
figures are still in three different levels like that in Fig. 4. Thesm [2] has large overall bias, although it is robust to SNR. The
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curves corresponding to the R-C algorithms have a sharp dagnsidered. In this paper, Algorithm 1 can serve cases with the
at an SNR of 5 dB or so. ARMA Gaussian noise whereas Algorithm 2 is theoretically
We have tested our algorithms with the third- and fourth-ordawailable for white Gaussian noise. Although we can develop
FIR systems under the ARMA Gaussian noise. Experimental i@her algorithms by selecting the cumulants with order greater
sults show that our algorithms are able to perform the parametfgan two in Method 2, the computational burden will be in-
estimation under colored noise environment. Especially as coereased significantly.
pared with other existing algorithms with postprocessing, Algo- Simulation results have shown that Algorithm 1 outperforms
rithm 1 without postprocessing is very insensitive to the SNRther published cumulant-based linear approaches and is very
It provides comparable results at higher SNR and superior rebust to the SNR under the ARMA Gaussian and real noises. It
sults at lower SNR (0-5 dB). Particularly at 0 dB, it improveprovides comparable results at higher SNR and superior results
88% and 56% over the best results obtained from all existing aklower SNR (0-5 dB). The reasons follow.

gorithms in Examples 1 and 2. However, other algorithms pro- jy The algorithm avoids the postprocessing step.

duce better estimates only when the SNR is higher. This is notjj) |t only employs several slices of third- and fourth-order
surprising. On one hand, a real linear least-squares problemis = ~,mulants.

addressed in Algorithms 1 and 2, which avoids the postpro-jji) |t estimates one parameter in every step.

cessing step and thus reduces the estimation errors. However,

the postprocessing step is irreducible in other existing algo-

rithms. On the other hand, Algorithm 1 is applicable for the

ARMA Gaussian noise because of the use of the third- and REFERENCES
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