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Abstract: Percolation theory is generalized to predict the effective properties of specific 

solid oxide fuel cell composite electrodes, which consist of a pure ion conducting material 

(e.g., YSZ or GDC) and a mixed electron and ion conducting material (e.g., LSCF, LSCM 

or CeO2). The investigated properties include the probabilities of an LSCF particle 

belonging to the electron and ion conducting paths, percolated three-phase-boundary 

electrochemical reaction sites, which are based on different assumptions, the exposed 

LSCF surface electrochemical reaction sites and the revised expressions for the inter-particle 

ionic conductivities among LSCF and YSZ materials. The effects of the microstructure 

parameters, such as the volume fraction of the LSCF material, the particle size distributions 

of both the LSCF and YSZ materials (i.e., the mean particle radii and the non-dimensional 

standard deviations, which represent the particle size distributions) and the porosity are 

studied. Finally, all of the calculated results are presented in non-dimensional forms to 

provide generality for practical application. Based on these results, the relevant properties 

can be easily evaluated, and the microstructure parameters and intrinsic properties of each 

material are specified. 

Keywords: solid oxide fuel cell; percolation theory; mixed electron and ion conductor; 
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Nomenclature 

YSZ YSZ,a  surface area per contact between two YSZ particles 

matf  probability density of the normal distribution particle size 

L  thickness of the composite cathode 

YSZ

terL  total thickness of the YSZ particle interfaces along the ion conducting path 

M  particle size types of the multi-component mixture 
V
kn  number of k particles per unit volume within the entire composite electrode 
S

kn  number of k particles per unit dense electrolyte surface 

matP  probability of the mat particle belonging to the percolated cluster A 
i

matP  probability of the mat particle belonging to the percolated ion conducting path 
e

matP  probability of the mat particle belonging to the percolated electron conducting path 

kmatp  normalized probability of the non-dimensional radius /
kmat matr r  

kmatr  radii of the different particle sizes with number index k 

matr  mean radius of the mat phase material 

kr  radius of the k particle 

cr  neck radius between the contact particles 

gr  hydraulic radius of the composite cathode structure 

S  geometric cross-sectional area of the composite cathode 

YSZ

terS  effective contact surface area among the YSZ particles per particle layer 
V

es, perS  exposed surface sites of the percolated LSCF particles per unit volume 

Z  average coordination number of all the particles 

kZ  average number of contacts between a k type particle and all of its  

neighboring particles 

,kZ   number of contacts between the k particle and all of its neighboring   particles 

,mat matZ  average coordination number of all of the mat phase particles 

Greek Letters 

  inter-particle interface thickness 

mat  standard deviation of the normal distribution particle size 

  contact angle 

g  porosity of the composite electrode 

k  solid volume fraction of the k particles 
0

kmat  relative volume fraction of the matk particles in the whole mat phase material 

LSCF,YSZ  electrochemical reaction site per contact between LSCF and YSZ particles 

,elek  electrochemical reaction site per connect between a k particle and the dense electrolyte 
V

TPB, per  TPB electrochemical reaction site per unit volume 

TPB, per

S  TPB electrochemical reaction site per unit electrolyte surface area 
i, eff  net ionic conductivity of the composite cathode 
i,tra,eff
mat  effective intra-particle ion conductivity of mat phase material 

-
i,ter,0
mat mat  intrinsic inter-particle ion conductivity at the mat- mat interfaces 

-
i,ter,eff
mat mat  effective inter-particle ion conductivity at the mat- mat interfaces 
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Subscript 

~  non-dimensional item 

 

1. Introduction 

The planar solid oxide fuel cell (SOFC) is one of the promising power generation devices with 

many favorable properties, such as high electrical conversion efficiency, fuel flexibility, compactness, 

and low emission [1,2]. Figure 1 shows a typical planar SOFC unit with seven distinct layers:  

(a) interconnect at anode side for the fuel distribution and electric current collection, (b) the porous 

composite anode support, (c) the composite anode inter-layer, (d) the dense YSZ electrolyte, (e) the 

composite cathode inter-layer, (f) the porous cathode current collector and the interconnect at the 

cathode side for the air distribution and electric current collecting. 

Figure 1. The typical components of a planar solid oxide fuel cell. 

 

Generally, the typical porous composite electrode is a mixture of the electrode-phase material (i.e., 

1 1 3La Sr Co Fe Ox x y y     (LSCF) or 1 3La Sr MnOx x  (LSM) for the cathode and Ni for the anode) and 

electrolyte-phase material (i.e., yttria-stabilized zirconia (YSZ)) [3,4]. A proper SOFC composite 

electrode may have, but is not limited to, the following characteristics: (i) a proper thermal expansion 

coefficient that matches the other components, (ii) a sufficient mechanical strength to support the cell, 

(iii) a percolated porous path for the reaction species to transport from the channel into the reaction 

sites. The term “percolated” is defined as the contiguous connection through the whole electrode 

structure, iv) a percolated electron conducting path (through Ni or LSCF particles) for the electrons to 

conduct from the reaction spots to the current collector, v) a percolated ion conducting path (through 

the YSZ or LSCF particles) for the ions to propagate from the dense electrolyte to the reaction spots, 

(vi) the reaction sites to support the electrochemical reaction. As the electrochemical reaction refers to 

electrons, ions and reaction species, it can only occur near the sites, where the electron conducting, ion 

conducting and porous phases coexist (i.e., Ni-YSZ-pore, LSCF-YSZ-pore, LSCF-pore), and each 

phase must belong to a percolated path, respectively. Conclusively, the composite electrode properties 

play an important role in the SOFC performance. 
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In the past decades, parametric studies for the composite electrodes have been widely conducted by 

many researchers through experiments [5,6], random packing reconstruction methods [7–9] and 

percolation theory [10–12]: (i) the experimental methods rely primarily on the stereological  

methods [5,13,14]. Recently, the focused ion-beam scanning electron microscopy has been attempted 

to obtain the high resolution 3D image of a composite electrode [5,6]. All of them greatly enhance the 

understanding of the composite electrode microstructure and are helpful for developing the theoretical 

model in relating the microstructure to the electrode properties. Even so, the theoretical approaches are 

also necessary, because the experimental methods are still expensive and time consuming, and require 

hard-to-access facilities. The resolution of focused ion beam SEM is still a limiting factor, especially 

for electrodes of nano-particles; (ii) the random packing reconstruction methods are mainly based on 

the random packing of the spherical particles, in which a composite electrode is considered as a porous 

structure formed by randomly distributed spherical particles [7–9]; (iii) the percolation micro-models 

use the percolation theory and coordination number theory to represent the microstructure of a 

composite electrode developed by the random packing reconstruction methods [11]. The analytical 

expressions are derived to relate the electrode properties and the microstructure parameters [12,15]. 

Bouvard et al. [16] and Suzuki et al. [15] have proposed the empirical expression of coordination 

number to represent the microstructure of a binary random packing sphere structure. The theory is 

further developed by Costamagna et al. [12] to relate the coordination number and the effective 

properties. In our previous paper [11], the empirical expression of coordination number is revised to 

satisfy the important contact number conservation principle, and the percolation micro-model is further 

generalized to predict the effective properties of a composite electrode with 3-component random 

packed system for LSM-particles, coarse and fine YSZ-particles. Then, the percolation micro-model is 

further extended to predict the effective properties of the composite electrodes with a typical  

poly-disperse powder size distribution [17]. The effects of the pore former is further considered into 

the percolation theory by Bertei et al. [18]. Furthermore, the percolation micro-models are generally 

agreed and widely incorporated into the cell-level models to evaluate the effects of the electrode 

microstructure parameters on the SOFC performance [19–22]. 

To the best of our knowledge, most of the previous theory models that have been used to predict 

electrode properties were developed for a composite electrode that consists of a pure electron 

conducting material (e.g., Ni or LSM) and a pure ionic conducting material (e.g., YSZ). Mixed ion and 

electron conducting materials (e.g., LSCF or CeO2), which are promising composite cathode materials 

for intermediate temperature SOFCs, are receiving considerable attentions [23,24]. A composite 

cathode with a mixed electron and ion conducting conductor (e.g., LSCF, LSCM or CeO2) and pure an 

ion conductor (e.g., YSZ or GDC) has been found to exhibit great performance [23–28]. In this paper, 

percolation theory is further generalized to predict the effective properties of a composite electrode 

with a mixed electron and ion conductor. 

2. Schematic Diagram of a Single Cell: LSCF + YSZ/YSZ/Ni + YSZ 

Figure 2 shows a conceptual illustration of the microstructure of a typical single cell  

(LSCF + YSZ/YSZ/Ni + YSZ) and the physical processes within this cell. This single cell consists of 

three layers: (a) a porous Ni + YSZ anode layer with Ni and YSZ particles; (b) a dense YSZ electrolyte 
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layer and (c) a porous LSCF+YSZ cathode layer with LSCF and YSZ particles. For the case with 

hydrogen as fuel and air as oxidation, the relevant anode and cathode reactions are 2

2 2H O H O 2e    

and 2

2 O0.5 O 2e   , respectively. Obviously, the coexisting of the percolated gas transporting, 

electron conducting and ion conducting paths are essential to the electrochemical reaction. For the 

porous composite anode with Ni + YSZ, the electrochemical reaction sites mainly place around the  

gas + Ni + YSZ coexisting zone. For the porous composite cathode, however, the electrochemical 

reaction sites can place around both the gas + LSCF + YSZ coexisting zone and the LSCF particles surface 

exposing in air [29], because the LSCF-particles are mixed electron and ion conducting conductors.  

Figure 2. Illustration of the microstructure and physical processes within a single cell. 

Grey particles for Ni particles within composite anode, yellow particles represent YSZ 

particles while blue particles represent mixed ion and electron conducting LSCF particles 

within composite cathode. 

 

On the anode side, fuel from a gas channel is transported through the porous structure to the anodic 

electrochemical reaction sites. For a composite anode that consists of Ni and YSZ, the electrochemical 

reaction sites are around the (gas-Ni-YSZ) three-phase boundaries (TPBs), at which the gas, Ni and 

YSZ particles coexist. At these sites, the fuel is oxidized by oxygen ions (O2−). The product H2O is 

transported back to the fuel channel through the porous anode structure, and an e− is conducted to the 

cathode side through the electron conducting path within the anode and through the external circuit to 

provide useful electric power. On the cathode side, air from a gas channel is transported through the 

gas path to the cathode electrochemical reaction sites [i.e., the (gas-LSCF-YSZ) TPB sites or the 

exposed LSCF surface sites]. At these sites, O2 reacts with the e− from the external circuit. The product 

O2− is then conducted to the anode electrochemical reaction sites through the ion conducting path 

within the cathode and the dense electrolyte. Both the YSZ and LSCF particles contribute to the ion 

conducting path within the cathode.  

3. Percolation Theory for a Composite Electrode 

Percolation theory can be considered as an extension application of the random packing 

reconstruction method and is sufficiently accurate in the prediction of electrode properties from the 

microstructure parameters. Typical percolation theory consists of two important parts [11]: 
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(i)  Coordination number theory: the coordination numbers of the particles are generally 

considered to be valid parameters that characterize the microstructure of a composite electrode. 

Generally, these numbers can be evaluated as a function of the specific material parameters, 

such as the volume composition of each particle type and the relevant particle size distribution. 

(ii) Micro-model: For a specific composite electrode, the effective electrode properties, such as the 

electric conductivity, mechanic stress, thermal expansion coefficient and electrochemical reaction 

sites should significantly rely on the coordination numbers, which represent the connecting 

condition among the particles within the composite electrode. The relation between these properties 

and the coordination numbers can be described by a specific expression in the micro-model. 

3.1. Coordination Number Theory 

The coordination number represents the number of contacts that a certain particle makes with its 

neighboring particles. Considering a multi-component mixture of randomly packed spherical particles 

with M types of particles, the average number of contacts between a k type particle and all of its 

neighboring particles is [11]: 

,
1

M

k kZ Z


 


, (1) 

where ,kZ   is the number of contacts between the k  particle and all of its neighboring   particles. This 

expression can be estimated by [11]: 
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where kr  is the radius of the k particle, k  is the solid volume fraction of the k  particles, and Z  is the 

average coordination number of all of the particles, which is widely assumed to be 6 for random close 

packing of rigid spherical particles [10,12,30].  

Equation (2) is considered a more reasonable expression for relating the coordination numbers and 

the microstructure parameters than the previous equation for estimating the coordination number [15]. 

Equation (2) satisfies the necessary contact number conservation principle [11]: 

, ,
V V

k k kn Z n Z   , (3)

where V

kn  is the number of k particles per unit volume within the entire composite electrode, which can 

be evaluated as a function of the solid volume fraction k , particle radius kr  and porosity g :  

V g

3

(1 )

4 / 3
k

k
k

n
r

 



 . (4)

Contact number conservation means that the net contacts between the k and   particles must be 

equal to the net contacts between the   and k particles [11,12]. Furthermore, the validity of Equation (2) 

has been tested by comparing the calculated results with computer simulated results [11,15]. 
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3.2. Binary Mixture Properties 

We first focus on the SOFC porous composite cathode that consists of two-component materials, 

studying the ion conducting particles of the electrolyte phase material (i.e., YSZ) and the mixed 

electron and ion conducting particles of the electrode phase material (i.e., LSCF). 

3.2.1. Probability of Each Particle Belonging to the Percolated Ion and Electron Conducting Paths 

Figure 3 illustrates a two-component, randomly packed mixture of LSCF and YSZ particles. As 

described in the previous papers [11,12], there are three different cluster types of YSZ particles. 

Following the nomenclature of Costamagna et al.[12], these clusters can be characterized as follows: 

Type A clusters: The YSZ particles form a percolated cluster that extends throughout the entire 

thickness of the composite electrode (i.e., from the dense electrolyte to the electrode current collector). 

Type B clusters: The YSZ particles form a short network that is connected only to the dense electrolyte.  

Type C clusters: The YSZ particles form a completely isolated cluster.  

Generally, the probability of a YSZ particle belonging to an A cluster can be evaluated using [31]:  

YSZ, YSZ

YSZ

3.7
4.236

1
2.472

Z
P

 
   

 
, (5)

where YSZ, YSZZ  is the average coordination number among the YSZ particles, which can be estimated 

from Equation (2). 

Figure 3. Microstructure of a two-component, randomly packed mixture of LSCF and  

YSZ particles. 

 

The LSCF particles within the composite electrode can contribute to both the electron and ion 

conducting paths because the electrode-phase material LSCF is a mixed electron and ion conducting 

conductor. In this case, both the LSCF and YSZ particles contribute to the ion conducting path. Thus, 

the probability of a YSZ particle belonging to the percolated cluster “A” (labeled YSZP ) is different 

from the probability of it belonging to the percolated ion conducting path (labeled as YSZ

iP ). The ion 

conducting path is formed by the particles from different material types that have ion conducting 

capability. The percolated ion conducting path is a larger particle network than the percolated A 

cluster, which consists of only YSZ particles. Thus, the probabilities of the YSZ and LSCF particles 
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belonging to the percolated electron and ion conducting paths within the composite cathode can be 

obtained from: 

YSZ

LSCF

LSCF LSCF

LSCF

i

i

3.7

,e

1

1

4.236
1

2.472

P

P

Z
P





 
   

 

, 
(6)

where LSCF

iP  and LSCF

eP  are the probabilities of the LSCF particles belonging to the percolated ion and 

electron conducting paths, respectively, and YSZ

iP  is the probability of the YSZ particles belonging to 

the percolated ion conducting path. Obviously, LSCF

iP  is different from the percolated probability of the 

particle belonging to the A cluster, LSCFP . However, LSCF LSCF

eP P  because the LSCF particles are the 

only material that contributes to the electron conducting path. 

3.2.2. Electrochemical Reaction Sites per Unit Volume 

Generally, the coexisting of the percolated electron conducting, ion conducting and gas transporting 

paths is essential to an electrochemical active reaction. Taking the cathode oxidant reaction 
2

20.5 O +2e O   as an example, the oxygen should be transported from the gas channel to the 

reaction sites through the gas transporting path, e− can only be conducted through the electron 

conducting path and the product O2− should be conducted through the ion conducting path. To explain 

the electrochemical reaction sites of the LSCF + YSZ composite cathode, four different definitions are 

clarified as follows: 

Electrochemical reaction sites: The coexisting sites of the percolated electron conducting, ion 

conducting and gas-transporting paths. These sites are essential to the electrochemical active zone. For 

a composite cathode with LSCF and YSZ phase materials, the electrochemical reaction sites include 

the (LSCF-YSZ-pore) TPB sites and the LSCF surface sites.  

(LSCF-YSZ-pores) TPB sites: The areas around the coexisting sites of the percolated electrode 

material, electrolyte material and porous phases. In this case, the percolated LSCF and YSZ particle 

phases provide the electron and ion conducting paths, respectively. The porous phase provides the gas 

transporting path. It is necessary to note that the electrochemical reaction may occur near the TPB sites 

instead of exactly at the TPB sites because the global electrochemical reaction actually consists of 

multiple elementary reaction steps. 

LSCF surface sites: The percolated LSCF particle surfaces are exposed to air can also be 

electrochemical reaction sites due to the mixed electron and ion conducting characteristic of the LSCF 

particles. In this case, the percolated LSCF particle network can provide both electron and ion 

conducting paths for the electrochemical reaction. 

Electrochemical active zone: As illustrated in our previous paper [32], the electrochemical reaction 

sites are only potentially electrochemically active. The percentage of these sites that are electrochemically 

active depends on the ability of the ions to be transported from the dense electrolyte to the electrochemical 

reaction sites, the thickness of the composite electrode and the particular working conditions. 
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Generally, the percolated TPB site per unit volume is proportional to the electrochemical reaction 

site per contact between LSCF and YSZ particles LSCF YSZ, , the number of contact points per unit 

volume V
LSCFn LSCF, YSZZ  and the probabilities of the relevant LSCF and YSZ particles belonging to the 

electron and ion conducting paths: 

V V

TPB LSCF YSZ LSCF LSCF YSZ LSCF YSZ

e i
, , , per n Z P P  , (7)

where the number of LSCF particles per unit volume within the entire composite electrode structure 

can be estimated using Equation (4) [12,20].  
It is generally accepted that the global reaction rate will be governed by many multiple elementary 

chemical steps and by the transport processes in the gas phase, in the solid bulk and on the surface, 

such as the adsorption/desorption/spillover and the charge transfer reactions [33]. There is some 

controversy regarding the actual pathway and nature of the electrochemical reaction sites [12]. Thus, 

there are different expressions for evaluating the electrochemical reaction site per contact between 

LSCF and YSZ particles LSCF YSZ, , which are based on different assumptions. 

Assumption 1: The cathode electrochemical reaction site per contact between LSCF and YSZ 

particles is assumed to exist at the two-phase intersection contact area [12,34]. As shown in Figure 4a, 

the 2D inter-particle contact area per contact between LSCF and YSZ particles can be estimated by: 

LSCF YSZ

2
, cr  , (8a)

where cr  is the neck radius, which depends on the smaller particle radius and on the contact angle  , 

LSCF YSZc min( , )sinr r r  . In this case, the TPB electrochemical reaction site 
V
TPB, per  in Equation (7) can 

be described as the percolated TPB area per unit volume in m−1. 

Assumption 2: Assuming that the reduction reaction of oxygen in the cathode will occur at the 1D 

circular length between contacting LSCF and YSZ particles, as shown in Figure 4b [11]: 

LSCF YSZ, c2 r   (8b)

In this case, the TPB electrochemical reaction site in Equation (7) is the TPB contact line among the 

electron conducting, ion conducting and pore phases, which can be described as the percolated TPB 

length per unit volume in m−2. 

Assumption 3: The oxygen reduction reaction is assumed to occur on the particle surfaces within a 

finite distance from the three phase contact lines [22]. In this case, the electrochemical reaction occurs 

on the spherical caps up to a width w from the intersection between LSCF and YSZ particles, as shown 

in Figure 4c: 

LSCF YSZ LSCF LSCF LSCF YSZ YSZ YSZ

LSCF YSZ

2 2
, 2 cos cos 2 cos cos

w w
r r

r r
      

      
           

      
, (8c)

where the contact angles satisfy the relation LSCF LSCF YSZ YSZsin sinr r  . Thus, the percolated TPB site 

in Equation (7) is the percolated TPB extended area per unit volume in m−1. 
Assumption 4: As illustrated in Figure 4d, the exposed LSCF particle surface site per unit volume is 

proportional to the number of LSCF particles per unit volume V

LSCFn , the exposed surface area of each 
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LSCF particle and the probabilities of the relevant LSCF particles belonging to the electron and ion 

conducting paths: 

V

LSCF LSCF LSCF LSCF LSCF

LSCF LSCF YSZ LSCF LSCF

V 2
, 

e i
, 

es, per [2 (1 cos )

(1 cos ) ]

2 n Z

Z P P

S r 



  

 


, (9)

where the contact angles per contact between the rLSCF and r2 particles satisfy the relation 

LSCF LSCF 2 2sin sinr r  . The exposed surface area of each LSCF particle can be determined by 

subtracting the parts that overlap the neighboring particles from the spherical surface area. The unit of 

the exposed LSCF surface site should be m−1. 

Figure 4. Illustration of the four different assumptions of the electrochemical reaction 

sites: (a) the 2D contact area at the contact intersection, (b) the 1D circular length around 

the contact intersection, (c) the particle surfaces within a finite distance of the contact 

circular length and (d) the exposed surface area of each LSCF particle. 

  

3.2.3. Electrochemical Reaction Sites at the Dense Electrolyte Surface 

The cathodic electrochemical reaction will occur not only within the composite cathode body but 

also at the interface of the composite cathode and the dense electrolyte [20]. The percolated 

electrochemical reaction site per unit electrolyte surface area can be estimated by: 
S

LSCF LSCF LSCF

e
TPB ,ele,per
S n P  , (10)

where the number of LSCF particles per unit dense electrolyte surface is [11,20]: 

LSCFS

LSCF

LSCF

2

(1 )

2 / 3
gn

r

 



 . (11)

Based on “Assumptions 1 and 2” in Section 3.2.2, the electrochemical reaction site per connect 

between an LSCF particle and the dense electrolyte can be determined from: 
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LSCF LSCF LSCF

2 2
,ele sinr   , (12a)

LSCF LSCF LSCF,ele 2 sinr   . (12b)

In these cases, there are different physical meanings of TPB,per
S  because of the different assumptions 

of the percolated TPB sites: based on “Assumption 1”, TPB,per
S  is the percolated TPB area per unit 

dense electrolyte surface, which has a unit of 1, and, based on “Assumption 2”, TPB,per
S  is the 

percolated TPB length per unit dense electrolyte surface in m−1. 

3.2.4. The Effective Electric Conductivity 

Generally, the interfaces between the particles can have very different properties and compositions 

than the particle body (intra-particle) and can play an important role in the overall conductivity [10,11], 

especially at intermediate and low temperatures, The relatively low ion conductivity of ceramic 

conductors can be attribute to low ion conductivity at the particle interface [11]. Thus, the effective 

electronic (or ionic) conductivity through the composite cathode can be separated into the intra-particle 

conductivity i,tra,eff
mat  and the inter-particle conductivity i,ter,eff

mat mat   [10,11,35]. The intra-particle and  

inter-particle electric conductivities represent the charge transport capabilities through the particle 

interior and through the particle interface, respectively.  

As shown in Figure 3, it is reasonable to assume that the composite electrode structure is composed 

of particle layers that are connected in series [11]. In this case, the net ionic conductivity is determined 

by the intra-particle conductivity within the particle layer and the inter-particle conductivity at the 

particle layer interface added in series [10,36]. For a composite cathode that consists of the LSCF and 

YSZ materials, both the LSCF and YSZ particles will contribute to the ion conducting path. Thus, it is 

reasonable to assume that the ion intra-particle conductivities of LSCF and YSZ particles within the 

particle layer are connected in parallel and that there are three parallel paths that can conduct the ions 
through the particle layer interface (i.e., there are three inter-particle conductivities YSZ YSZ

i,ter,eff
- , LSCF LSCF

i,ter,eff
-  

and LSCF YSZ

i,ter,eff
- ):  

YSZ LSCF YSZ YSZ LSCF LSCF LSCF YSZ

1

i, eff
i,tra,eff i,tra,eff i,ter,eff i,ter,eff i,ter,eff

- - -

1 1
    


 

     
, (13)

where the effective ionic intra-particle conductivity i,tra,eff
mat , which is based on the geometry of the 

composite cathode, is primarily determined by the effective relative density of the percolated material 

and by the tortuosity of the conducting path [35]. 

3.2.5. Modified Expression for the Effective inter-Particle Conductivity 

Taking the YSZ particles as an example, the transport resistance that is due to the inter-particle ion 

conductivity among the YSZ particles can be expressed by: 

YSZ
YSZ

YSZ YSZ YSZ YSZ YSZ

ter
i,ter

i,ter,eff ter i,ter,0
- -

L L
R

S S 
  , (14)



Energies 2013, 6 1643 

 

 

where S and L represent the geometric cross-sectional area and thickness of the composite cathode, 

respectively. YSZ YSZ

i,ter,eff
-  is the effective inter-particle ion conductivity among the YSZ particles, which is 

based on the geometry. YSZ YSZ

i,ter,0
-  is the relevant intrinsic conductivity of the interfaces among the YSZ 

particles and YSZ

terL  is the total thickness of the YSZ particle interfaces along the ion conducting path, 

which is the product of the number of particle layers YSZ/L r  and the thickness of an individual particle 

interface   [10,11]. Based on earlier literature, Chan et al. reported that the specific inter-particle 

conductivity of YSZ is YSZ YSZ

i,ter,0
-  = 0.05 Sm−1 at 800 °C [10] and that the inter-particle interface 

thickness   is approximately 5 nm [37]. 

YSZ

terS  is the effective contact surface area among the YSZ particles per particle layer and is 

proportional to the surface area per contact between two YSZ particles YSZ YSZ,a , the number of YSZ 

particles within each particle layer V

YSZ YSZ(2 )r S n , the coordination number among the YSZ particles 

YSZ YSZ,Z  and the relevant probability of the particle belonging to the percolated ion conducting path YSZ

iP : 

YSZ YSZ

YSZ YSZ YSZ YSZ YSZ YSZ

,ter V i
, (2 )

2

Z
S a r S n P . (15)

The effective inter-particle ion conductivity YSZ YSZ

i,ter,eff
-  can thus be evaluated using [10,11]: 

V

YSZ YSZ YSZ YSZ YSZ YSZ YSZ

YSZ YSZ YSZ YSZ

YSZ-YSZ

2 i
, ,i,ter,eff i,ter,0

- -

2 ( )a r n Z P
 


 . (16)

Similarly, the effective inter-particle ion conductivity among the LSCF particles can be estimated using:  

V

LSCF LSCF LSCF LSCF LSCF LSCF LSCF

LSCF LSCF LSCF LSCF

LSCF-LSCF

2 i
, ,i,ter,eff i,ter,0

- -

2 ( )a r n Z P
 


 . (17)

Because both the LSCF and YSZ particles will contribute to the ion transporting process, there is an 

inter-particle ion conductivity at the interfaces between the LSCF and YSZ particles. Generally, there 

are two alternative methods for obtaining an expression for the effective inter-particle ion conductivity 

LSCF YSZ

i,ter,eff
- : (i) the expression for the effective inter-particle ion conductivity LSCF YSZ

i,ter,eff
-  can be obtained 

based on the LSCFr particle layer, Equation (18a), and (ii) the effective inter-particle ion conductivity 

YSZ LSCF

i,ter,eff
-  can be obtained based on the YSZr  particle layer, Equation (18b).  

V

LSCF YSZ LSCF LSCF LSCF YSZ LSCF YSZ

LSCF YSZ LSCF YSZ

LSCF-YSZ

2 i i
, ,i,ter,eff i,ter,0

- -

4 ( )a r n Z P P
 


 , (18a)

V

YSZ LSCF YSZ YSZ YSZ LSCF LSCF YSZ

YSZ LSCF LSCF YSZ

LSCF-YSZ

2 i i
, ,i,ter,eff i,ter,0

- -

4 ( )a r n Z P P
 


 . (18b)

Because LSCF YSZ YSZ LSCF, ,a a  and V V

LSCF LSCF YSZ YSZ YSZ LSCF, ,n Z n Z , it appears that Equations (18a) and 

(18b) do not satisfy the conservation principle LSCF YSZ YSZ LSCF

i,ter,eff i,ter,eff
- -   when LSCF YSZr r . To obtain a 

reasonable expression for the inter-particle ion conductivity LSCF YSZ

i,ter,eff
- , the two different calculating 

methods are illustrated and compared in Figure 5. Taking the case LSCF YSZr r  as an example, we obtain 

the following. (i) Figures 5a,b show the LSCF and YSZ particle contact interface distribution within 

the small LSCFr  particle layer. As observed from the figure, the ion that is conducted through the 

interface between the LSCF and YSZ particles can be directly conducted to the next LSCFr  particle 
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layer. (ii) Figure 5(c) shows the LSCF and YSZ particle contact interface distribution within the large 

YSZr  particle layer. Obviously, the ion that is conducted through the LSCF and YSZ particle interface 

needs to be further transported through the other LSCF particles and LSCF particle interfaces before it 

can be conducted to the next YSZ particle layer. In this case, LSCF YSZ

i,ter,eff
-  in Equation (18b) is considered 

to be greatly overestimated, i.e., Equation (18b) should also consider the effects of the interfaces 

among the small LSCF particles that are within the large YSZ particle layer.  

Figure 5. Comparison of the two different calculating methods used to obtain the  
inter-particle ion conductivity among the LSCF and YSZ particles when LSCF YSZr r :  

(a,b) the smaller particle layer is used to obtain the expression and (c) the larger particle 

layer is used to obtain the expression. 

 

Thus, a reasonable expression for the inter-particle ion conductivity among the LSCF and YSZ 

particles is: 

V

LSCF YSZ LSCF YSZ LSCF LSCF YSZ LSCF YSZ

LSCF-YSZ LSCF YSZ

LSCF-YSZ

2 i i
, ,i,ter,eff i,ter,0

-

4 min( , )a r r n Z P P
 


 , (18)

where the inter-particle conductivity expression should be obtained based on the smaller particle layer 
[i.e., on LSCF YSZmin( , )r r ].  

For the electronic conductivity within the composite cathode, the electronic inter-particle 

conductivity is essentially negligible compared with the intra-particle conductivity. Furthermore, 

because the LSCF particles within the cathode are the only material that contributes to the electron 

conducting path, the effective electronic conductivity that is based on the geometry would equal the 

effective electronic intra-particle conductivity of the LSCF particles network. 

3.2.6. The Hydraulic Radius of the Porous Cathode Structure 

The hydraulic radius of the porous composite cathode structure is used mainly to describe the flow 

in a non-circular tube and is an essential parameter for modeling the multi-component porous media 

gas transport with the dusty-gas model [38]. This radius can be calculated using [11]: 

LSCF YSZ

LSCF YSZ

1

g
g

g

2

3 (1 )
r

r r

  


  
       

. (19)

3.3. LSCF + YSZ Composite Cathode with Poly-Dispersed Particle Sizes 

Because ceramic powders are typically poly-dispersed, the normal distributions are used to 

represent the particle size distributions of both the LSCF phase and YSZ phase materials [17]. For a 
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specific material phase mat, such as LSCF or YSZ, the probability density function of the normal 

distribution particle size with a specified mean radius matr  and a standard deviation mat  is given by: 

2

2

( )1
exp

22

mat mat

mat
matmat

k
r r

f
 

  
 
 
 

, (20)

where k is the number index and matk
r represents the radii of the different particle sizes. Generally, the 

particle size distribution range will be equally discretized into nine parts. The relevant non-dimensional 

radii of all nine types of particle sizes /
kmat matr r  and their normalized probabilities 

kmatp  are listed in 

Table 1 [17]. Based on Table 1, the particle radius of each type of particle size 
kmatr  and the relative 

volume fraction of the kmat  particles in the whole mat phase material can be estimated using: 

k

k

mat

mat mat
mat

r
r r

r
 , 

3

0
9

3

1

k k

k

mat mat

mat

mat mat

p r

p r






  


, 
(21)

where /mat mat matr   is the non-dimensional standard deviation and mat  denotes the total volume 

fraction of the mat  phase material. The volume fraction of the 
kmatr  particles can be estimated by: 

0

k kmat mat mat   . (22)

There are two parameters that are needed to describe the particle size distribution of each material [17]. 
One parameter is the mean particle radius matr  of the mat  material. The other parameter is the relevant 

standard deviation mat  (or the non-dimensional standard deviation /mat mat matr  ), which represents 

the distribution of the particle sizes.  

Table 1. The non-dimensional radii of nine type particle sizes and the relevant  

normalized probabilities. 

Type 1 2 3 4 5 6 7 8 9 

kmat

mat

r

r
 8 2
1

9
mat

  6 2
1

9
mat

  4 2
1

9
mat

  2 2
1

9
mat

  1  
2 2

1
9

mat
  4 2

1
9

mat
  6 2

1
9

mat
  8 2

1
9

mat
 

kmatp 6.77% 9.53% 12.2% 14.1% 14.8% 14.1% 12.2% 9.53% 6.77% 

For a composite cathode that consists of LSCF and YSZ ceramic powders, because the particle 

sizes are typically poly-dispersed, the probabilities of the material phase belonging to the percolated 

electron or ion conducting paths can be estimated by: 

YSZ

LSCF

LSCF LSCF

LSCF

i

i

3.7

,e

1

1

4.236
1

2.472

P

P

Z
P





 
   

 

. 
(23)

The probabilities of the YSZ and LSCF particles belonging to the ion conducting path are 1 because 

both the YSZ and LSCF materials can contribute to the ion conducting path within the composite 
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cathode. Because LSCF is the only material that contributes to the electron conducting path, 

LSCF LSCF

eP P .  

The percolated probability of an LSCF particle belonging to the A clusters relies not only on the 

coordination numbers among the same-sized LSCFk  particles, LSCF LSCF,k k
Z  but also on the mutual 

coordination numbers between the LSCFk  particles and their neighboring LSCF particles, 

LSCF LSCF,k
Z


( k   ). Thus, LSCF

e

k
P  can be described by a function of the average coordination number of 

all of the LSCF  particles [11,39]: 

V

LSCF LSCF YSZ

LSCF LSCF
V

LSCF

9 9

,
1 1

, 9

1

k

k

k k

k

n Z
Z

n

 










. (24)

In our previous paper [17], the validity of Equations (20–23) were carefully checked by comparing 

the calculated results with computer simulation results that were obtained using the random packing 

reconstruction model [9]. 

The percolated TPB electrochemical reaction site can thus be estimated using: 

LSCF LSCF LSCF LSCF YSZ

V V e i
TPB YSZ YSZ

9 9

,per , ,
1 1

k k k
k

n Z P P
 

  


. (25)

As illustrated in Section 3.2.2, there are different physical meanings of V
TPB,per  with regard to the 

different assumptions of the electrochemical reaction site per contact between the LSCF and YSZ 

particles: (i) for “Assumption 1”, V
TPB,per  is the percolated TPB area per unit volume in m−1, (ii) for 

“Assumption 2”, V
TPB,per  is the percolated TPB length per unit volume in m−2 and, (iii) for 

“Assumption 3”, V
TPB,per  is the percolated TPB extended area per unit volume in m−1. 

The exposed LSCF particle surface electrochemical reaction site per unit volume can be evaluated 

by subtracting the parts that overlap the neighboring particles from the LSCF spherical surface area: 

V

LSCF LSCF LSCF LSCF LSCF

LSCF LSCF YSZ LSCF LSCF

9 9
V 2

, 
1 1

9
e i

, 
1

es, per [2 (1 cos )

(1 cos ) ]

2
k

k k k k

k k

n Z

Z P P

S r 




 



 

 

 










, (26)

where the contact angle per contact between the LSCF k
r  and 2r  particles satisfy the relation 

LSCF LSCF 2 2sin sin
k k

r r  . The unit of the exposed LSCF surface sites is m−1. 

Analogously, the percolated TPB electrochemical reaction sites at the interface between the dense 

electrolyte and the composite cathode can be estimated by: 

S

LSCF LSCF LSCF

9
S e
TPB ,ele

1
,per

k
k k

n P


 . (27)

For a composite LSCF + YSZ cathode with poly-dispersed particle sizes, the effective inter-particle 

ion conductivities among the (LSCF and LSCF), (YSZ and YSZ) and (LSCF and YSZ) particles can 

be represented by: 
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V

YSZ YSZ YSZ YSZ YSZ YSZ YSZ YSZ

YSZ-YSZ YSZ-YSZ

YSZ-YSZ

2 i9 9
, ,i,ter,eff i,ter,0

1 1

2 min( , )

k

k k k k
a r r n Z P

 
 

 


   , (28a)

V

LSCF LSCF LSCF LSCF LSCF LSCF LSCF LSCF

LSCF-LSCF LSCF-LSCF

LSCF-LSCF

2 i9 9
, ,i,ter,eff i,ter,0

1 1

2 min( , )

k

k k k k
a r r n Z P

 
 

 


   , (28b)

V

LSCF YSZ LSCF YSZ LSCF LSCF YSZ LSCF YSZ

LSCF-YSZ LSCF-YSZ

LSCF-YSZ

2 i i9 9
, ,i,ter,eff i,ter,0

1 1

4 min( , )

k

k k k k
a r r n Z P P

 
 

 


   . (28c)

The mean hydraulic radius of the porous structure of the LSCF+YSZ composite cathode can be 

estimated by: 

LSCF YSZ

LSCF YSZ

1
9 9

g
g

g 1 1

2

3 (1 )
k

k
k

r
r r

 




 

  
       
  


. (29)

4. Results and Discussion 

To illustrate the application of the extended percolation theory to the composite electrode that 

consists of a pure ion conducting material (e.g., the YSZ or GDC) and a mixed electron and ion 

conducting material (e.g., LSCF, LSCM or CeO2), the effects of the microstructure parameters on the 

effective properties of the composite cathode are investigated. Equations (1–19) can be used to predict 

the effective properties of the composite electrode using the mono-particle size distribution of each 

type of material. Equations (20–29) can be used to predict the effective properties of the composite 

electrode using the poly-dispersed particle sizes. To provide a general form of the extended percolation 

theory, all of the calculated properties will be presented in non-dimensional forms. Once the 

microstructure parameters are specified, the relevant properties can be easily extracted from the 

calculated results in this paper.  
As described in Equation (25), there are three different physical meanings of V

TPB,per  depending on 

the three different assumptions regarding the electrochemical reaction site per contact between the LSCF 

and YSZ particles. In this paper, “Assumption 2” will be used to represent the TPB electrochemical 

reaction sites. In this case, the percolated TPB electrochemical reaction site per unit volume V
TPB, per  

can be described by the percolated TPB length per unit volume in m−2. The percolated TPB 

electrochemical reaction sites for “Assumptions 1 and 3” can also be obtained using a similar approach. 

As described in Equation (25), the percolated TPB length V
TPB, per  is a function of the 1D perimeter 

per contact between LSCFk  and YSZ  particle LSCF YSZ,k


 , the contact points per unit volume LSCF

V

k
n , the 

coordination number LSCF YSZ,k
Z

  and the probabilities LSCF

e

k
P  and YSZ

iP
 . As shown in Equations (2)  

and (23), LSCF YSZ,k
Z

 , LSCF

e

k
P  and YSZ

iP
  are functions of the volume fraction LSCF , the average particle 

radii ratio YSZ LSCF/r r  and the non-dimensional standard deviations LSCF  and YSZ , which represent the 

particle size distributions. By combining Equations (4), (8b) and (23), the non-dimensional form of the 

percolated TPB length per unit volume V

TPB,per  can be written as:  

V

TPBV

TPB

LSCF

,per
,per 2

g(1 )sin / r




 



 . (30)
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Although the non-dimensional percolated TPB length per unit volume 
V

TPB,per  is independent of the 

particular particle radii (i.e., LSCFr  and YSZr ) and the porosity g , it is a function of the non-dimensional 

standard deviations LSCF  and YSZ , the volume fraction of the LSCF material LSCF  and the mean 

particle radii ratio ( YSZ LSCF/r r ). 

Figure 6 shows how V

TPB,per  depends on the volume fraction LSCF , the mean radius ratio YSZ LSCF/r r  

and the non-dimensional standard deviations LSCF  and YSZ , which represent the particle size 

distributions of the LSCF and YSZ materials within the composite cathode. As observed from the 

figure, 
V

TPB LSCF,per ~  ; the label ( YSZ LSCF/r r , LSCF , YSZ ) = (1, 0, 0) indicates that the mean particle radii 

and the mono-particle size distributions of the LSCF and YSZ materials are equal. In this case, the 

maximum 
V

TPB,per  will be obtained when LSCF 0.55  . The volume fraction loading LSCF  should be 

chosen to fall within the range of 0.3 to 1 during the composite electrode fabrication process. Under 

this constraint, both percolated electron and ion conducting paths can be formed throughout the whole 

cathode structure. Because both the YSZ and LSCF particles are ionic conductors, the percolated ion 

conducting path can be formed at any volume fraction loading. Thus, satisfying the volume fraction 

constraint is essential to forming the percolated electron conducting path throughout the whole 

composite electrode. 

When larger YSZ particles are used (e.g., when YSZ LSCF/r r  = 2.5), the V

TPB LSCF,per ~   relation curve 

will shift from (1, 0, 0) to (2.5, 0, 0). It is evident that the volume fraction LSCF  for maximal 
V

TPB,per  

will change from 0.55 to 0.39. 

The effect of a wider particle distribution on V

TPB,per  is also studied. The non-dimensional standard 

deviations LSCF  and YSZ  are used to describe the particle size distributions of the LSCF and YSZ 

materials, respectively. For the composite electrodes that consist of border size distributions for both 

the LSCF and YSZ materials (i.e., YSZ LSCF   =0.6) instead of the mono-particle sizes for each type of 

material (i.e., YSZ LSCF    = 0), the 
V

TPB LSCF,per ~   curves will shift from (1, 0, 0) and (2.5, 0, 0) to  

(1, 0.6, 0.6) and (2.5, 0.6, 0.6). The calculated results indicate that the maximum 
V

TPB,per  significantly 

decreases with increasing particle size distribution. 

Figure 6. The non-dimensional percolated TPB length 
V

TPB,per  as a function of LSCF , 

YSZ LSCF/r r , the non-dimensional standard deviations LSCF  and YSZ .  
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Taking the YSZ LSCF/r r  = 1 case as an example, the maximum 
V

TPB,per for the particle size distributions 

YSZ LSCF   = 0.6 is 42% lower than the 
V
TPB,per  for the mono-particle size distributions (i.e., 

YSZ LSCF    = 0). Similarly, the maximum V

TPB,per  decreases 34% when the microstructure parameters 

change from (2.5, 0, 0) to (2.5, 0.6, 0.6). 

It is necessary to note that, although the non-dimensional 
V

TPB,per  is independent of the practical 

particle radius (i.e., the mean particle size of the LSCF material LSCFr ) and the porosity, the physical 

percolated TPB length per unit electrode volume V

TPB,per  is actually determined by the particular 

microstructure parameters. As an example, consider a composite cathode in which the volume fraction 

loading is LSCF  = 0.42, the mean particle radii of the LSCF and YSZ materials are YSZr  = 200 nm and 

YSZr  = 40 nm and YSZ LSCF    = 0.6. Figure 6 can be used to calculate 
V

TPB,per , which is approximately 

9.3 × 1013 m−2 when the contact angle 029.5   and the porosity g  = 40%. Therefore, the curves for 

the non-dimensional properties are very general for practical applications, and the relevant effective 

properties can be easily extracted when the physical parameters of the microstructure are specified. 

The percolated LSCF particle surface that is exposed to air is considered another important part of 

the electrochemical reaction sites. Based on Equation (26), the non-dimensional LSCF particle surface 

electrochemical reaction site per unit volume 
V
es, perS  can be written as: 

LSCF

V
V

g

es, per
es, per (1 ) / r

S
S


 . (31)

The non-dimensional variable 
V

es, perS  is a function of LSCF , YSZ LSCF/r r , LSCF , YSZ  and  . Figure 7 

shows the effects of many of the microstructure parameters on 
V

es, perS  for 29.5o  . As observed from 

the figure, the non-dimensional 
V

es, perS  will increase with increasing LSCF volume fraction LSCF , and 
V

es, perS  appears to be insensitive to the particle size ratio YSZ LSCF/r r . For a specific YSZr , extending the 

particle size distribution slightly decreases the percolated LSCF surface electrochemical reaction sites. 

Although the non-dimensional 
V

es, perS  is independent of the practical particle radius and the porosity, 

the physical 
V

es, perS  will actually increase with decreasing mean particle size of the LSCF material LSCFr .  

Figure 7. The non-dimensional LSCF particle surface electrochemical reaction site per unit 
volume V

es, perS  as a function of LSCF , YSZ LSCF/r r , the non-dimensional standard deviations 

LSCF  and YSZ  for 029.5  .  
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As reported in our previous paper [32], the percolated TPB length per unit surface area at the 

interface between the dense electrolyte and the composite electrode 
S

TPB,per  will have an important 

effect on the electrochemical charge transfer process. Based on Equation (27), the non-dimensional 
S

TPB,per  can be estimated by: 

S

TPBS

TPB

LSCF

,per
,per

g(1 )sin / r




 



 . (32)

Figure 8 shows the non-dimensional percolated TPB area per unit electrolyte surface area 
S

TPB,per  as 

a function of LSCF , YSZ LSCF/r r , LSCF  and YSZ . As observed from the figure, 
S

TPB,per  increases with 

increasing LSCF  and YSZ LSCF/r r . When LSCF  = 1, the maximum 
S

TPB,per  can be achieved. In this case, 

the composite electrode is only composed of the single material LSCF. The percolated TPB length per 

unit surface area at the interface between the dense electrolyte and the composite electrode will play a 

prominent role in the electrochemical reaction process that occurs within the SOFC. 

Figure 8. Dependence of the non-dimensional percolated TPB length V
TPB,per  on LSCF , 

YSZ LSCF/r r , LSCF  and YSZ .  

 

As described in Equation (13), the net ionic conductivity is determined by the intra-particle 

conductivity and the inter-particle conductivity at the particle layer interface added in series [10,36], 

and there are three parallel paths that can conduct the ions through the particle layer interface. Based 

on Equations (28a–c), the effective inter-particle ionic conductivities among the (YSZ and YSZ), 

(LSCF and LSCF) and (LSCF and YSZ) particles can be normalized using the mean radius of the 

LSCF particles:  

YSZ YSZ
YSZ YSZ

YSZ YSZ LSCF YSZ-YSZ

i,ter,eff
i,ter,eff -

- i,ter,0 2
- gsin (1 ) /r


   




 ,  (33a)

LSCF LSCF
LSCF LSCF

LSCF LSCF LSCF LSCF-LSCF

i,ter,eff
i,ter,eff -

- i,ter,0 2
- gsin (1 ) /r


   




 , (33b)

LSCF YSZ
LSCF YSZ

LSCF YSZ LSCF LSCF-YSZ

i,ter,eff
i,ter,eff -

- i,ter,0 2
- gsin (1 ) /r


   




 . (33c)
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Figure 9 shows the effects of LSCF , YSZ LSCF/r r , LSCF  and YSZ  on the non-dimensional effective 

inter-particle ionic conductivity among the YSZ particles YSZ YSZ

i,ter,eff
- . The calculated results show that 

YSZ YSZ

i,ter,eff
-  increases with decreasing LSCF  and attains a maximum value when LSCF  = 0. As YSZ LSCF/r r  

increases from 1 to 2.5, the 
YSZ YSZ LSCF

i,ter,eff
- ~   curve will shift from (1, 0, 0) to (2.5, 0, 0). A larger YSZ YSZ

i,ter,eff
-  

can be obtained by using broader particle size distribution materials (i.e., YSZ LSCF    = 0.6) instead of 

mono-particle size distribution materials.  

Figure 9. The effect of LSCF , YSZ LSCF/r r , LSCF  and YSZ  on the effective non-dimensional 

inter-particle ionic conductivity YSZ YSZ

i,ter,eff
- . 

 

Because the LSCF particles are mixed electronic and ionic conductors, they will also contribute to 

the ion conducting path. Figure 10 shows LSCF LSCF

i,ter,eff
-  as a function of LSCF , YSZ LSCF/r r , LSCF  and YSZ . 

LSCF LSCF

i,ter,eff
-  can be increased by increasing LSCF , and there are weak effects from YSZ LSCF/r r , LSCF  and 

YSZ . Although the non-dimensional LSCF LSCF

i,ter,eff
-  is independent of the practical particle radius, the 

dependence of the actual physical LSCF LSCF

i,ter,eff
-  on the mean particle size of the LSCF material LSCFr  can be 

obtained using Equation (33b), and LSCF LSCF

i,ter,eff
-  increases as LSCFr  increases.  

Figure 10. The effective non-dimensional inter-particle ionic conductivity LSCF-LSCF

i,ter,eff  as a 

function of LSCF , YSZ LSCF/r r , LSCF  and YSZ . 
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Figure 11 shows the dependence of the effective non-dimensional inter-particle ionic conductivity 

LSCF YSZ

i,ter,eff
-  on LSCF , YSZ LSCF/r r , LSCF  and YSZ . As shown in the figure, the non-dimensional LSCF-YSZ

i,ter,eff  

increases with increasing LSCF volume loading until it reaches a maximum value. LSCF YSZ

i,ter,eff
-  then 

decreases with increasing LSCF volume fraction. For a composite electrode with only one type of 

ionic conducting material (i.e., LSCF = 0 or 1), LSCF YSZ

i,ter,eff
- =0. For YSZ LSCF/r r  = 1, the maximum LSCF YSZ

i,ter,eff
-  is 

attained when LSCF  = 0.5. The LSCF  value for the maximum LSCF YSZ

i,ter,eff
-  will shift to a lower value when 

YSZ LSCF/r r  is increased from 1 to 2.5. Furthermore, for the specific volume fraction LSCF  = 0.5, LSCF YSZ

i,ter,eff
-  

decreases with increasing YSZ LSCF/r r , LSCF  and YSZ . 

Figure 11. Dependence of the effective non-dimensional inter-particle ionic conductivity 

LSCF YSZ

i,ter,eff
-  on LSCF , YSZ LSCF/r r , LSCF  and YSZ .  

 

In conclusion, when the microstructure parameters (i.e., the volume fraction LSCF  and the particle 

size distributions LSCFr , YSZr , LSCF  and YSZ ) and the intrinsic inter-particle ionic conductivities at the 

interfaces (i.e., YSZ YSZ

i,ter,0
- , LSCF LSCF

i,ter,0
-  and LSCF YSZ

i,ter,0
- ) are specified, Figures 7–9 can be used to calculate the 

physical YSZ YSZ

i,ter,eff
- , LSCF LSCF

i,ter,eff
-  and LSCF YSZ

i,ter,eff
- . Combining these values with the intra-particle ionic 

conductivity of the LSCF and YSZ materials, the physical effective net ion conductivity that is based 

on the composite electrode geometry can be obtained. 

The non-dimensional hydraulic radius of the porous electrode can be estimated by: 

LSCF

g
g

g/(1 )

r
r

r 



. (34)

Figure 12 shows the dependence of gr  on LSCF , YSZ LSCF/r r , LSCF  and YSZ . Obviously, for a 

composite electrode that consists of LSCF and YSZ materials with similar mean particle radii and 

particle size distributions, gr  is independent on the volume fraction LSCF . The calculated results show 

that YSZ LSCF/r r  has a strong effect on gr . A larger gr  can be obtained by extending the particle size 

distributions or by increasing YSZ LSCF/r r . 
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Figure 12. The non-dimensional hydraulic radius gr  as a function of LSCF , YSZ LSCF/r r ,  

LSCF  and YSZ . 

 

5. Conclusions 

Percolation theory is extended to predict the effects of the microstructure parameters, such as the 

volume fraction of an LSCF material, particle size distributions of LSCF and YSZ materials (i.e., the 

mean particle radii and the non-dimensional standard deviations of the particle size distribution) and 

the porosity, on the effective properties of a specific composite electrode, which consists of a pure ion 

conducting material and a mixed electron and ion conducting material.  

Because the mixed electron and ion conducting material (i.e., LSCF) contributes to both the electron 

and ion conducting paths within the composite electrode, there are different physical meanings for the 

probabilities of the LSCF particles belonging to the A cluster and to the percolated electron and ion 

conducting paths. These probabilities can have significant effects on the electrode properties. 

For a composite electrode that consists of LSCF and YSZ materials, the electrochemical reaction 

sites include the percolated (LSCF-YSZ-pore) three-phase boundary sites and the percolated LSCF 

surface sites that are exposed to air (Figure 4). Different physical meanings can be obtained for the 

percolated TPB sites using three different assumptions regarding the electrochemical reaction site per 

contact between the LSCF and YSZ particles.  
It is reasonable to assume that the composite electrode structure consists of particle layers that are 

connected in series. Thus, the net ionic conductivity is the result of the intra- and inter-particle 

conductivities added in series. For an LSCF + YSZ composite cathode with a poly-dispersed particle 

size distribution, there are three parallel paths that can conduct the ions through the particle layer 

interface (i.e., there are three inter-particle conductivities YSZ-YSZ

i,ter,eff , LSCF-LSCF

i,ter,eff  and LSCF-YSZ

i,ter,eff ). A reasonable 

modified expression of the inter-particle ion conductivity is obtained by comparing two different 

calculation methods in detail. Finally, all of the calculated results are presented in non-dimensional 

forms to provide generality for practical application.  
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