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Abstract 

Building drainage demands are assumed random and intermittent. The 

existing Hunter-based models have been developed to aid in the sizing of 

pipes for instantaneous demands but not to predict the occurrence and 

duration of such demands. This paper proposes a time series model to 

determine the occurrence and duration of drainage demand which are 

greater than some predefined flow rates due to a number of appliances that 

discharge randomly and intermittently with variable flow rates. While the 
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duration is resolved using the time series data for simultaneous demands, the 

occurrence together with the time-dependent flow rate is quantified via 

Monte Carlo simulation based on occupant usage patterns and appliance 

discharge profiles derived from appliance flushes at the base of the main 

vertical stack. The applicability of this model is demonstrated with example 

discharges from a number of WC cisterns with reduced flush volume. 

Practical application  

This study will help designers determine the duration and occurrence of 

drainage demand due to a number of appliances that discharge randomly 

and intermittently with variable flow rates. 

Keywords 

Simultaneous demand model, demand duration, random and intermittent 

demand, drainage system  
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List of symbols 

𝐴𝐴𝑓𝑓  apartment floor area (m2) 

𝑐𝑐1 , 𝑐𝑐2  arbitrary constant partition time (s) 

𝑁𝑁𝑎𝑎  hourly demand of an appliance (h−1) 

𝑁𝑁𝑑𝑑  number of continuous demands 

𝑁𝑁𝑓𝑓  number of hourly continuous demands in 𝜏𝜏𝑑𝑑 ≥ 𝜏𝜏𝑑𝑑∗  (h−1) 

𝑁𝑁𝑝𝑝  number of persons (persons)  

𝑁𝑁𝑠𝑠  number of iterations  

𝑁𝑁𝑡𝑡  number of partition times  

𝑁𝑁𝑤𝑤  number of appliances 

𝑂𝑂𝑎𝑎  occupant-area ratio (person m−2) 

𝑞𝑞𝑤𝑤  appliance demand (Ls−1) 

𝑛𝑛𝑎𝑎  per person hourly demand (person−1 h−1) 

𝑞𝑞𝑑𝑑  stack end demand (Ls−1) 

𝑡𝑡𝑤𝑤,1
 , 𝑡𝑡𝑤𝑤,2

  demand start time and demand end time (s) 

𝑡𝑡0 , 𝑡𝑡
∞
  period start time and period end time (s) 

𝑡𝑡𝑖𝑖  partition time (s) 
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𝑡𝑡 time (s) 

𝑈𝑈�𝑡̂𝑡𝑤𝑤,1
 � uniformly distributed fractional demand start time (s) 

𝑉𝑉𝑤𝑤  demand volume (L) 

Greek  

∆ a finite change 

𝜖𝜖 relative error 

ϑ 
  random number between 0 and 1 

φ occupant load variation factor 

𝜑𝜑 dummy variable 

λ0
 , λ0

′ , λ∞
  λ∞

′  boundary parameters at 𝑡𝑡0  and 𝑡𝑡
∞
  

𝜏𝜏 time period (s) 

𝜏𝜏0 , 𝜏𝜏𝑤𝑤  time periods of zero demand and non-zero demand (s) 

𝜏𝜏𝑑𝑑  demand period (s) 

𝜏𝜏𝑑𝑑∗  demand duration (s) 

𝜏𝜏𝑘𝑘  last demand period (s) 

Subscripts  

𝑖𝑖, 𝑗𝑗, k of i-th, j-th, k-th values 



5 
 

0, 1, 2, … ∞ of period start time, times 0, 1, 2 … in the period, and period 

end time 

max of maximum 

Superscripts  

�  of distribution 

�  of fraction 

∗  of constant  

′  of change  

 

1. Introduction 

Building drainage demands in terms of simultaneous water flow rates are 

assumed to be random and intermittent.1 Simultaneous drainage demand 

overload is legitimate in some piping systems for it is a rare episode as a 

result of intermittent and random appliance usages. In other words, a small 

“on demand” failure probability of the simultaneous demand (e.g. a demand 

failure rate not exceeding 1% of the calculated simultaneous discharge flow 

rates during daily rush hours) is allowed in these systems for sizing a main 

drainage pipe.2,3  

Hunter’s fixture unit approach provides a straightforward method to 

evaluate the probable maximum simultaneous demands and is used to 
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calculate the pipe sizes for building drainage systems.3,4 However, it lacks 

flexibility when dealing with the variations in appliance types, building 

types, occupancy levels and usage patterns.5 Intensive survey studies for the 

accuracy of appliance usage patterns are therefore required.6,7  Moreover, 

this approach may overestimate the simultaneous demand and that leads to 

oversized drainage pipes.8  For determining the simultaneous demands from 

groups of mixed appliances that will not be discharged simultaneously, a 

time series model can be used.9,10 The model calculates the simultaneous 

demands over a period of time instead of at any instant and the time variable 

is employed in the evaluation of water system performance and associated 

pressure fluctuations at a discharging stack..10,11  

Green measures and appliances are being developed to conserve water and 

energy.12-16 A reduced or low WC flush volume, however, increases the risk 

of sewer blockages.17,18 According to recent full-scale experimental 

investigations, the time duration of a continuous drainage flow rate can be a 

significant parameter for sizing the building main slope drainage pipe, 

which collects appliance discharges at the base of a vertical stack.19  

The existing Hunter-based models do not resolve the variable of time period 

and this paper proposes a time series model to determine the occurrence of 

continuous drainage demands due to a number of appliances that discharge 

randomly and intermittently with variable flow rates. While the duration is 

resolved using the time series data for simultaneous demands, the 
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occurrence together with the time-dependent flow rate is quantified via 

Monte Carlo simulation based on occupant usage patterns and appliance 

discharge profiles reported in the open literature. The applicability of this 

model is demonstrated with example discharges from a number of WC 

cisterns with reduced flush volume.  

 

2. Demand model 

Operation of an appliance (i.e. the stack end demand) in a time period 𝜏𝜏 (s) 

which starts at time 𝑡𝑡0  (s) and ends at time 𝑡𝑡∞  (s) can be expressed by the 

sum of time periods of non-zero demands 𝜏𝜏𝑤𝑤,𝑖𝑖
  (s) and zero demands 𝜏𝜏0,𝑖𝑖

  (s) 

for 𝑖𝑖 = 1,2, … ,𝑁𝑁𝑑𝑑 , where 𝑁𝑁𝑑𝑑  is the number of demands of an appliance in 

the time period 𝜏𝜏 (say one hour) and 𝜏𝜏𝑘𝑘  (s) is the last demand period (for 

closure) as shown in Figure 1(a).   

𝜏𝜏 = 𝑡𝑡∞ − 𝑡𝑡0 = 𝜏𝜏0,1
 + 𝜏𝜏𝑤𝑤,1

 + 𝜏𝜏0,2
 + 𝜏𝜏𝑤𝑤,2

 + ⋯+ 𝜏𝜏0,𝑖𝑖
 + 𝜏𝜏𝑤𝑤,𝑖𝑖

 + ⋯+

𝜏𝜏0,𝑁𝑁𝑑𝑑
  + 𝜏𝜏𝑤𝑤,𝑁𝑁𝑑𝑑

  + 𝜏𝜏𝑘𝑘  … (1) 

The time periods are defined by the appliance demand start times 𝑡𝑡𝑤𝑤,1,𝑖𝑖
  (s) 

and the appliance demand end times 𝑡𝑡𝑤𝑤,2,𝑖𝑖
  (s).  

𝜏𝜏0,1
 = 𝑡𝑡𝑤𝑤,1,1

 − 𝑡𝑡0  ; 𝜏𝜏0,𝑖𝑖
 = 𝑡𝑡𝑤𝑤,1,𝑖𝑖

 − 𝑡𝑡𝑤𝑤,2,𝑖𝑖−1
 ; 𝜏𝜏𝑤𝑤,𝑖𝑖

 = 𝑡𝑡𝑤𝑤,2,𝑖𝑖
 − 𝑡𝑡𝑤𝑤,1,𝑖𝑖

 ; 𝜏𝜏𝑘𝑘 =

𝑡𝑡∞ − 𝑡𝑡𝑤𝑤,2,𝑁𝑁𝑑𝑑
    … (2) 
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The demand start times 𝑡𝑡𝑤𝑤,1,𝑖𝑖
  (s) are given by the fractional demand start 

times 𝑡̂𝑡𝑤𝑤,1,𝑖𝑖
 ∈[0,1],  

𝑡𝑡𝑤𝑤,1,𝑖𝑖
 = 𝑡̂𝑡𝑤𝑤,1,𝑖𝑖

 𝜏𝜏 … (3) 

These fractional demand start times are assumed randomly distributed in 𝜏𝜏 

and can be determined via Monte Carlo simulations using a uniformly 

distributed fractional demand start time 𝑈𝑈�𝑡̂𝑡𝑤𝑤,1
 � (s) and Equation (4) below, 

where ϑ∈[0,1] is a random number between 0 and 1 taken from a pseudo-

random number set generated by a prime modulus multiplicative linear 

congruential generator.20 The pseudo set was demonstrated to be applicable 

in a number of engineering applications.21,22 

ϑ 
 = ∫ 𝑈𝑈�𝑡̂𝑡𝑤𝑤,1

 �𝑑𝑑𝑡̂𝑡𝑤𝑤,1
 

 
 𝑡̂𝑡𝑤𝑤,1

∗

−∞  … (4) 

If the last demand end time is beyond the time period 𝜏𝜏, i.e., 𝑡𝑡𝑤𝑤,2,𝑁𝑁𝑑𝑑
  > 𝑡𝑡∞  as 

presented in Figure 1(b), then when 𝜏𝜏 starts at 𝜏𝜏𝑤𝑤,0
  (s), Equation (1) can be 

written as,  

𝜏𝜏 = 𝜏𝜏𝑤𝑤,0
 + 𝜏𝜏0,1

 + 𝜏𝜏𝑤𝑤,1
 + 𝜏𝜏0,2

 + 𝜏𝜏𝑤𝑤,2
 + ⋯+ 𝜏𝜏0,𝑖𝑖

 + 𝜏𝜏𝑤𝑤,𝑖𝑖
 + ⋯+

𝜏𝜏0,𝑁𝑁𝑑𝑑
  + 𝜏𝜏𝑤𝑤,𝑁𝑁𝑑𝑑

  − 𝜏𝜏𝑘𝑘  … (5) 

Equation (2) thus becomes,  

𝜏𝜏0,1
 = 𝑡𝑡𝑤𝑤,1,1

 − 𝑡𝑡𝑤𝑤,2,0
 ; 𝜏𝜏𝑤𝑤,0

 = 𝑡𝑡𝑤𝑤,2,0
 − 𝑡𝑡0  = 𝜏𝜏𝑘𝑘  = 𝑡𝑡𝑤𝑤,2,𝑁𝑁𝑑𝑑

  − 𝑡𝑡∞    

 … (6) 
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Appliance demands 𝑞𝑞𝑤𝑤  (Ls−1) in the time period are expressed by,  

𝑞𝑞𝑤𝑤 (𝑡𝑡 ∈ τ) = �
0 ;  𝑡𝑡 ∈ 𝜏𝜏0 

𝑞𝑞�𝑤𝑤 (𝑡𝑡) ;  𝑡𝑡 ∈ 𝜏𝜏𝑤𝑤 
   … (7) 

The drainage demand of a building is the demand at the end of the building 

main discharge stack. Figure 2 exhibits two example demand flow rates 𝑞𝑞�𝑤𝑤  

(Ls−1) – one from a 9L WC cistern and the other from a 6L WC cistern – 

experimentally measured at the end of an 8m vertical drainage stack 

(100mm in diameter).23 These two examples have the same demand 

duration only at reference flow rate = 0 Ls−1. The demand profile of either a 

single flush or a combination of flushes is assumed at the end of the stack 

when determining the probable simultaneous demand. It can be seen that for 

a demand volume 𝑉𝑉𝑤𝑤  (L) of 9L and a maximum flow rate of 1.46 Ls−1, the 

discharge period is 12s. 

𝑉𝑉𝑤𝑤 = ∫ 𝑞𝑞�𝑤𝑤 (𝑡𝑡) 
𝜏𝜏𝑤𝑤 

𝑑𝑑𝑑𝑑 … (8) 

The probable simultaneous stack end demand 𝑞𝑞𝑑𝑑  (Ls−1) at time 𝑡𝑡 (s) in the 

time period 𝜏𝜏 (s) is approximated by the sum of simultaneous discharge flow 

rates from a group of connected appliances 𝑞𝑞𝑤𝑤,𝑖𝑖
  (Ls−1) for 𝑖𝑖 = 1,2, … ,𝑁𝑁𝑤𝑤 , 

where 𝑁𝑁𝑤𝑤  is the number of appliances,  

𝑞𝑞𝑑𝑑 (𝑡𝑡) ≈ ∑ 𝑞𝑞𝑤𝑤,𝑖𝑖
 (𝑡𝑡)𝑁𝑁𝑤𝑤 

𝑖𝑖=1   … (9) 
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2.1 Occupant demand 

The hourly demand 𝑁𝑁𝑎𝑎  (h−1) of an appliance type 𝑘𝑘  is given by the 

following equation, where 𝑛𝑛𝑎𝑎,𝑘𝑘
  (person−1 h−1) is the per person hourly 

demand of 𝑘𝑘,  

𝑁𝑁𝑎𝑎,𝑘𝑘
 (𝑡𝑡) = 𝑛𝑛𝑎𝑎,𝑘𝑘

 𝑁𝑁𝑝𝑝 (𝑡𝑡) … (10) 

Number of persons at a time 𝑁𝑁𝑝𝑝 (𝑡𝑡)  (persons) is expressed through an 

occupant load variation factor φ(𝑡𝑡),24  

𝑁𝑁𝑝𝑝 (𝑡𝑡) = 𝑁𝑁𝑝𝑝,𝑚𝑚𝑚𝑚𝑚𝑚
 φ(𝑡𝑡) … (11) 

The hourly occupant load profiles of government and non-government 

funded residential buildings in Hong Kong were created from interview 

surveys and the occupant load variation factor was determined by the 

occupant load at a time as a percentage of the maximum occupant load. 

The maximum occupant load 𝑁𝑁𝑝𝑝,𝑚𝑚𝑚𝑚𝑚𝑚
  (persons) is a design parameter for an 

appliance serving an apartment floor area 𝐴𝐴𝑓𝑓  (m2). The occupant-area ratio 

𝑂𝑂𝑎𝑎  (person m−2) is determined by,25  

𝑂𝑂𝑎𝑎 = 𝑁𝑁𝑝𝑝,𝑚𝑚𝑚𝑚𝑚𝑚
 

𝐴𝐴𝑓𝑓
  … (12) 
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2.2 Demand duration and occurrence 

Continuous demands are demands with flow rates greater than a predefined 

constant flow rate at the end of the stack 𝑞𝑞𝑑𝑑∗  (Ls−1) over the demand periods 

𝜏𝜏𝑑𝑑  (s) as illustrated in Figure 3 and can be expressed by Equation (13) below, 

where 𝑡𝑡𝑖𝑖  (s) is a partition time and 𝑁𝑁𝑡𝑡  is the number of partition times 𝑡𝑡𝑖𝑖  

within the time period τ (s). 

𝑞𝑞𝑑𝑑 (𝑡𝑡)−𝑞𝑞𝑑𝑑∗ = 0; 𝑡𝑡 = 𝑡𝑡𝑖𝑖 ; 𝑖𝑖 =1,2,…,𝑁𝑁𝑡𝑡  … (13) 

The chosen constant flow rate is a minimum flow rate required to reduce the 

risk of blockages in drainage pipes. In numerical simulations, a time series 

of demand in each second of an hour is obtained by,   

𝑞𝑞𝑑𝑑 (𝑡𝑡) = [𝑞𝑞𝑑𝑑 (𝑡𝑡 = 0), 𝑞𝑞𝑑𝑑 (1), 𝑞𝑞𝑑𝑑 (2),𝑞𝑞𝑑𝑑 (3) … 𝑞𝑞𝑑𝑑 (𝑡𝑡 = 3600)] … (14) 

This demand time series is used to determine continuous demands. Some 

examples of continuous demands are highlighted in Figure 3. A demand 

illustrated below is considered as continuous and sustains for a time period 

of (𝑐𝑐2 − 𝑐𝑐1 + 1)  seconds in the simulations, where 𝑐𝑐1  and 𝑐𝑐2  are 

respectively the start time and end time of the continuous demand in the 

time period, 

 �
𝑞𝑞𝑑𝑑 (𝑐𝑐1 − 1) < 𝑞𝑞𝑑𝑑∗

𝑞𝑞𝑑𝑑 (𝑐𝑐1), 𝑞𝑞𝑑𝑑 (𝑐𝑐1 + 1), 𝑞𝑞𝑑𝑑 (𝑐𝑐1 + 2), 𝑞𝑞𝑑𝑑 (𝑐𝑐1 + 3), … , 𝑞𝑞𝑑𝑑 (𝑐𝑐1 + 𝑐𝑐2) > 𝑞𝑞𝑑𝑑∗

𝑞𝑞𝑑𝑑 (𝑐𝑐1 + 𝑐𝑐2 + 1) < 𝑞𝑞𝑑𝑑∗
 

 … (15) 
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Figure 4 shows the boundary parameters λ0
 , λ0

′ , λ∞
  and λ∞

′  at times 𝑡𝑡 = 𝑡𝑡0  

and 𝑡𝑡 = 𝑡𝑡∞ . There should be a total of 16 (i.e. 4×4) sets of boundary 

conditions. The non-zero parameters λ 
′ are determined only when λ=0.  

λ0
 = 𝑞𝑞𝑑𝑑 (𝑡𝑡0 )−𝑞𝑞𝑑𝑑∗ ; λ0

′ = 𝑞𝑞𝑑𝑑
  (𝑡𝑡1 )−𝑞𝑞𝑑𝑑

 (𝑡𝑡0 )
2

 … (16) 

λ∞
 = 𝑞𝑞𝑑𝑑 (𝑡𝑡∞ )−𝑞𝑞𝑑𝑑∗ ; λ∞

′ = 𝑞𝑞𝑑𝑑
 (𝑡𝑡∞ )−𝑞𝑞𝑑𝑑

 (𝑁𝑁𝑡𝑡
 )

2
 … (17) 

 𝜏𝜏𝑑𝑑,𝑗𝑗
  (s), the duration of continuous demands, is defined by the partition 

times 𝑡𝑡𝑖𝑖  (s) for 𝑗𝑗 = 1,2, … ,𝑁𝑁𝑑𝑑 , where 𝑁𝑁𝑑𝑑  is the number of continuous 

demands, 

 𝜏𝜏𝑑𝑑,𝑗𝑗
 = 𝑡𝑡𝑖𝑖 − 𝑡𝑡𝑖𝑖−1 = �

𝑡𝑡2𝑗𝑗 − 𝑡𝑡2𝑗𝑗−1 ; λ0
 �< 0

= 0; λ0
′ < 0

𝑡𝑡2𝑗𝑗−1 − 𝑡𝑡2(𝑗𝑗−1)
 ; λ0

 �> 0
= 0; λ0

′ > 0

 … (18) 

The number of continuous demands 𝑁𝑁𝑑𝑑  is given by, 

𝑁𝑁𝑑𝑑 =

⎩
⎪
⎪
⎨

⎪
⎪
⎧

𝑁𝑁𝑡𝑡
 

2
; λ0

 �< 0
= 0; λ0

′ < 0 ; λ∞
 �< 0

= 0; λ∞
′ > 0

𝑁𝑁𝑡𝑡
 +1
2

;�
λ0

 �< 0
= 0; λ0

′ < 0

λ0
 �> 0

= 0; λ0
′ > 0

;
λ∞

 �> 0
= 0; λ∞

′ < 0

λ∞
 �< 0

= 0; λ∞
′ > 0

𝑁𝑁𝑡𝑡
 

2
+ 1 ; λ0

 �> 0
= 0; λ0

′ > 0 ; λ∞
 �> 0

= 0; λ∞
′ < 0

 … (19) 

Occurrence of the number of hourly continuous demands 𝑁𝑁𝑓𝑓  over a 

minimum duration 𝜏𝜏𝑑𝑑∗  (s) within the time period is expressed by Equation 

(20) as follows, where 𝜏̃𝜏𝑑𝑑  (s) is the probability density function of the 

demand durations,  
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𝑁𝑁𝑓𝑓 = 𝑁𝑁𝑑𝑑 �1 − ∫ 𝜏̃𝜏𝑑𝑑 𝑑𝑑𝑑𝑑
𝜏𝜏𝑑𝑑
∗

0 � … (20) 

Alternatively, for 𝑖𝑖 = 1,2, … ,𝑁𝑁𝑠𝑠 where 𝑁𝑁𝑠𝑠  is the number of iterations, the 

occurrence of 𝑁𝑁𝑓𝑓  can be approximated by,  

𝑁𝑁𝑓𝑓 =
∑ 𝑁𝑁𝑑𝑑,𝑖𝑖

 𝑁𝑁𝑠𝑠 
𝑖𝑖=1
𝑁𝑁𝑠𝑠 

 … (21) 

 

3. Simulation examples  

3.1 Sample output 

Open literature data reveal that the time-dependent flow rate at the end of a 

stack is related to random appliance discharges which are usually attributed 

to an average discharge frequency within the demand period.19,23 For 

demonstration, this study applied the model to some residential WCs with 

flush volumes 𝑉𝑉𝑤𝑤  of 6L and 9L.26 Assuming one WC discharge per hour in 

the off-peak period (𝑁𝑁𝑎𝑎 = 1) and three discharges per hour in the peak 

period (𝑁𝑁𝑎𝑎 = 3), and setting the simulation period to one hour (τ = 3600s), 

drainage demands at an interval of one second were evaluated for a number 

of WCs,  i. e.𝑁𝑁𝑤𝑤,𝑗𝑗
  = 20 to 100.  

Sensitivity of the simulation results can be tested against the number of 

iterations. The maximum number of iterations selected was 𝑁𝑁𝑠𝑠,𝑚𝑚𝑚𝑚𝑚𝑚
  = 200K 

due to limitations on computer resources. Both the demand average and 

variance were examined for the sensitivity. As pictorialized in Figure 5, the 
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relative errors ϵ determined by Equation (22), where φ is a dummy variable, 

were 5% for 1K iterations and about 0.1% for 10K to 100K iterations. 

𝜖𝜖 = 1 − �
𝜑𝜑𝑁𝑁𝑠𝑠 

 

𝜑𝜑𝑁𝑁𝑠𝑠,𝑚𝑚𝑚𝑚𝑚𝑚  � … (22) 

Example hourly demand patterns are shown in Figure 6. They were sensitive 

to the hourly demand of WC and the number of WCs installed. Tripling the 

number of flushes would increase both the number of demands and the 

maximum simultaneous flow rate in the period. There were obviously a 

number of non-simultaneous demands, and the maximum simultaneous 

demands decreased with the reduced flush volume (i.e. from 9L to 6L). The 

demands, the time portions of simultaneous discharges and the maximum 

flow rates all increased with the increasing number of appliances as well as 

hourly flushes.  

It has been demonstrated that a continuous flow of 1.5 Ls−1 to 2 Ls−1 

discharging from the stack is sufficient to remove test specimens from slope 

drainage pipes.19 Therefore, constant demands 𝑞𝑞𝑑𝑑∗  of 1.5 and 2 Ls−1 were 

used to exemplify the number of hourly continuous demands 𝑁𝑁𝑓𝑓  in the 

demand durations 𝜏𝜏𝑑𝑑∗  = 6, 10 and 14s. The results as graphed in Figure 7 

showed a significant decrease in the expected number of continuous 

demands as the flush volume was reduced from 9L to 6L. Taking appliance 

number 𝑁𝑁𝑊𝑊  = 100 and hourly flushes per WC 𝑁𝑁𝑎𝑎  = 3, the decrease of 

number of continuous demands greater than 𝑞𝑞𝑑𝑑∗  = 2 Ls−1 and sustained for 
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𝜏𝜏𝑑𝑑∗  = 10s, was from 2 h−1 to 0.19 h−1 or from 6.45 h−1 to 1.48 h−1 for 𝑞𝑞𝑑𝑑∗  = 1.5 

Ls−1.  

 

3.2 Simulation of main drainage demands for typical residential 

drainage stacks 

Based on the model input parameters exhibited in Table 1, further 

simulations were performed for typical residential drainage systems both 

medium (𝑁𝑁𝑤𝑤  = 60) and large (𝑁𝑁𝑤𝑤  = 120). The expected numbers of hourly 

continuous demands 𝑁𝑁𝑓𝑓  were determined at the hours 0400, 0800 and 2100 

on any day for the minimum, morning peak and evening peak demands 

respectively. The number of hourly flushes was determined using Equations 

(10) to (12). It is noted that tripling the per person hourly demand of WC or 

the occupant load variation factor would result in tripling the hourly 

demands at the end of the stack. The probability density functions of the 

hourly demand of a WC at times 𝑡𝑡 = 0400, 0800 and 2100 can be expressed 

by, 

𝑃𝑃(𝑁𝑁𝑎𝑎 ≥ 𝑁𝑁𝑎𝑎∗) = ∫ 𝑁𝑁�𝑎𝑎 𝑑𝑑𝑁𝑁𝑎𝑎 
𝑁𝑁𝑎𝑎∗

0  … (23) 

The corresponding hourly demands of an appliance found at 𝑡𝑡 were 𝑁𝑁𝑎𝑎∗ = 1.8, 

2.2 and 3.6 h−1 at 𝑃𝑃 = 0.01, and 𝑁𝑁𝑎𝑎∗  = 2.4, 2.9 and 4.6 at 𝑃𝑃 = 0.001, 

respectively.  
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Figure 8 illustrates the simulated percentile stack end demands 𝑞𝑞𝑑𝑑  (Ls−1) at 

P > 0.5, which are given by,  

𝑃𝑃(𝑞𝑞𝑑𝑑 ≤ 𝑞𝑞𝑑𝑑∗ ) = ∫ 𝑞𝑞�𝑑𝑑∗𝑑𝑑𝑞𝑞𝑑𝑑 
𝑞𝑞𝑑𝑑
∗

0  … (24) 

Taking a reference flow rate not exceeding the flow rates by 1% of the 

probability given in Equation (24),8,26 the design flow rates 𝑞𝑞𝑑𝑑∗  (Ls−1) at 

times 𝑡𝑡 = 0400, 0800 and 2100 are: 2.56, 2.85 and 3.13 Ls−1 when 𝑁𝑁𝑤𝑤  = 60 

or 2.9, 3.5 and 3.95 Ls−1 when 𝑁𝑁𝑤𝑤  = 120 for 𝑉𝑉𝑤𝑤 = 6L; and 3.84, 4.27 and 

4.69 Ls−1 when 𝑁𝑁𝑤𝑤 = 60 or 4.35, 5.24 and 5.92 Ls−1 when 𝑁𝑁𝑤𝑤  = 120 for 𝑉𝑉𝑤𝑤 =

 9L, respectively.  

Figure 9 shows the simulated demand scenarios for 𝑁𝑁𝑓𝑓 .  Doubling the 

number of WCs from 60 to 120 would increase the demand duration by up 

to 5s at a predefined flow rate 𝑞𝑞𝑑𝑑∗ = 2  Ls−1, whereas reducing the WC 

cistern flush volume from 9L to 6L would decrease the demand duration by 

at least 5s.  

 

4. Conclusion 

This paper describes a time series model for determining the duration and 

occurrence of drainage demand due to a number of appliances that discharge 

randomly and intermittently with variable flow rates. Demand durations in 

peak and off-peak periods were simulated for 20 to 100 residential WCs 
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with flush volumes of 6L and 9L. A number of zero demand periods were 

observed and the expected number of continuous demands over a demand 

period was low even for a stack serving 100 WCs. Furthermore, doubling 

the number of WCs from 60 to 120 would increase the demand duration by 

up to 5s whereas reducing the WC cistern flush volume from 9L to 6L 

would decrease the demand duration by at least 5s. The proposed model can 

be a useful tool for evaluating the corresponding reduction of the continuous 

demands, while further experimental data is required for verification.  
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Table 1: Model input parameters 

Input parameter Values 

Occupant-area ratio 𝑂𝑂𝑎𝑎  (person m−2) 0.096 (0.038) 

Apartment floor area 𝐴𝐴𝑓𝑓  (m2) 43.75 

Occupant load variation factor φ at time 𝑡𝑡 = 0400/0800/2100 0.9621 (0.0505) 

0.5175 (0.0851) 

0.8921 (0.0417) 

Per person hourly demand of an appliance 𝑛𝑛𝑎𝑎  (h−1) at time 𝑡𝑡 = 

0400/0800/2100 

0.1214 (0.0967) 

0.3610 (0.1416) 

0.3404 (0.1507) 

Appliance demand 𝑞𝑞�𝑤𝑤 (𝑡𝑡) See Figure 2 

Demand volume 𝑉𝑉𝑤𝑤  (L) 6, 9 

Stack end demand cut-off for continuity 𝑞𝑞𝑑𝑑∗  (Ls−1) 2 

Number of appliances 𝑁𝑁𝑤𝑤   60, 120 

Number of iterations 𝑁𝑁𝑠𝑠  200000 

Standard deviations in brackets. 
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Figure 1: Demand time series of an appliance 

 

Figure 2: Discharge flow rates at the end of a stack connected to 9L and 

6L WC cisterns 

 

Figure 3: Continuous demands within a period 𝜏𝜏 = [𝑡𝑡0 , 𝑡𝑡∞ ] (s) 

 

Figure 4: Boundary conditions at 𝑡𝑡0  and 𝑡𝑡∞  

 

Figure 5: Demands at the end of a stack 

 

Figure 6: Examples of hourly demand patterns 

 

Figure 7: Expected no. of hourly continuous demands 𝑁𝑁𝑓𝑓 �𝑞𝑞𝑑𝑑
∗�, (a) 𝑁𝑁𝑎𝑎 =1, 

𝑉𝑉𝑤𝑤 =9; (b) 𝑁𝑁𝑎𝑎 =3, 𝑉𝑉𝑤𝑤 =9; (c) 𝑁𝑁𝑎𝑎 =1, 𝑉𝑉𝑤𝑤 =6; (d) 𝑁𝑁𝑎𝑎 =3, 𝑉𝑉𝑤𝑤 =6  

 

Figure 8: Stack end demands 𝑞𝑞𝑑𝑑∗ , (a) 𝑁𝑁𝑤𝑤 =60; (b) 𝑁𝑁𝑤𝑤 =120 
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Figure 9: Simulated demand scenarios for 𝑁𝑁𝑓𝑓 (𝑞𝑞𝑑𝑑∗ = 2), (a) 𝑁𝑁𝑤𝑤 =60; (b) 

𝑁𝑁𝑤𝑤 =120 
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Figure 1: Demand time series of an appliance 
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Figure 2: Discharge flow rates at the end of a stack connected to 9L and 
6L WC cisterns 
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Figure 3: Continuous demands within a period 𝜏𝜏 = [𝑡𝑡0 , 𝑡𝑡∞ ] (s) 
 
 
 
 
 
 
 
 
 

Figure 4: Boundary conditions at 𝑡𝑡0  and 𝑡𝑡∞  
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Figure 5: Demands at the end of a stack 
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x-axis: time t (s); y-axis: demand 𝑞𝑞𝑑𝑑  (Ls−1) 
 

Figure 6: Examples of hourly demand patterns 
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(a)   (b)  
 

(c)   (d)  
 
 
x-axis: Number of WCs installed 𝑁𝑁𝑤𝑤 ; y-axis: No. of hourly continuous demands 𝑁𝑁𝑓𝑓   
 
 
 
 

Figure 7: Expected no. of hourly continuous demands 𝑁𝑁𝑓𝑓 �𝑞𝑞𝑑𝑑
∗�, 

 (a) 𝑁𝑁𝑎𝑎 =1, 𝑉𝑉𝑤𝑤 =9; (b) 𝑁𝑁𝑎𝑎 =3, 𝑉𝑉𝑤𝑤 =9; (c) 𝑁𝑁𝑎𝑎 =1, 𝑉𝑉𝑤𝑤 =6; (d) 𝑁𝑁𝑎𝑎 =3, 𝑉𝑉𝑤𝑤 =6  
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(a)        (b)  
 
 
 

Figure 8: Stack end demands 𝑞𝑞𝑑𝑑∗ , (a) 𝑁𝑁𝑤𝑤 =60; (b) 𝑁𝑁𝑤𝑤 =120 
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(a)         (b)  
 
 
 

Figure 9: Simulated demand scenarios for 𝑁𝑁𝑓𝑓 (𝑞𝑞𝑑𝑑∗ = 2), (a) 𝑁𝑁𝑤𝑤 =60; (b) 𝑁𝑁𝑤𝑤 =120 
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