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ABSTRACT

Uncertainties in the structural model and measurement data affect structural condition
assessment in practice. As the probabilistic information of these uncertainties lacks, the
non-probabilistic interval analysis framework is developed to quantify the interval of the structural
element stiffness parameters. According to the interval intersection of the element stiffness
parameters in the undamaged and damaged states, the possibility of damage existence is defined
based on the reliability theory. A damage measure index is then proposed as the product of the
nominal stiffness reduction and the defined possibility of damage existence. This new index
simultaneously reflects the damage severity and possibility of damage at each structural component.
Numerical and experimental examples are presented to illustrate the validity and applicability of
the method. The results show that the proposed method can improve the accuracy of damage

diagnosis compared with the deterministic damage identification method.
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1. Introduction

Within their service lives, civil structures are inevitably subjected to deterioration and damage
resulting from environmental erosion, overloading, fatigue, material aging, or other unexpected
factors. Damage detection at the possible earliest stage pervades in the civil, mechanical, and
aerospace engineering communities [1]. Because of the limitations in experimental methods, where
the vicinity of the damage must be known a priori and the portion of the structure being inspected
must be readily accessible, vibration-based damage detection methods have been developed
extensively since the 1990s [2].

The dynamic properties of the frequency domain (such as natural frequency, mode shape,
mode shape curvature, modal flexibility, and modal strain energy) [3-6] or the responses in the time
domain [7-9] have been adopted as indicators of damage. In practice, measurement data are always
limited and contain noises or errors to some extent. To reduce the effects of the uncertainty of
limited measurement data on the damage diagnosis, researchers are searching for indicators with
high sensitivity to damage so that the useful information is not drowned by the noises [10]. On the
other hand, statistical damage identification methods have been proposed to address various
uncertainties involved [11].

Collins et al. [12] first derived a statistical identification procedure by treating the initial
structural parameters as normally distributed random variables with zero means and specific
covariance. Xia and Hao [13] developed a statistical damage identification algorithm accounting for
the effects of measurement noise in the natural frequencies and variations in the finite element (FE)
model, and derived the probability of damage existence. They further extended the statistical
approach to the case with combined frequency and mode shape data for structural damage
identification [14]. Based on acceleration responses, Li and Law [15] analyzed the influence of the
uncertainty of system parameters and the measurement data on damage identification. Yeo et al. [16]
presented a damage assessment algorithm for framed structures using static responses with a
regularization technique, in which statistical distributions of the system parameters with a set of

noise-polluted measurement data were derived by the perturbation method and then the damage was
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assessed by a statistical hypothesis test approach. To avoid damage identification induced by the
measurement noise, a probabilistic method was proposed to identify the structural damages with
uncertainties under unknown input [17].

In these methods, the statistical distributions of the uncertainties are assumed to be known
(usually as Gaussian distribution). In practice, however, the uncertainty sources are complicated,
and experimental data under a particular condition are insufficient. The probabilistic distributions of
the uncertainties are usually not available. In this regard, the non-probabilistic interval analysis has
been developed [18, 19] for damage identification, in which the uncertainty bounds, rather than the
probabilistic distributions, of the measurement data are employed. Wang et al. [20, 21] applied the
interval analysis technique for structural damage identification using the bounded natural
frequencies and the static displacements of the structures, respectively. Damage identifications for a
steel cantilever beam and a steel cantilever plate were performed by the proposed non-probabilistic
method in comparison with the probabilistic approach [20].

In both probabilistic and non-probabilistic approaches, the nominal (or mean value of) stiffness
reduction of each element and the probability (or possibility) of damage are separately provided to
assess the damage of the structures. However, a significant stiffness reduction may have a low
probability of damage because probability is associated with both the mean value and the variance.
For the same reason, a small stiffness reduction may have a relatively high probability. Therefore,
using the mean value of the stiffness reduction or the probability of damage alone may not come up
with an accurate damage assessment.

In this paper, the stiffness reduction and possibility of damage are combined as a new damage
measure index (DMI). The non-probabilistic interval analysis framework is adopted to identify the
stiffness parameter interval from the measured uncertain frequencies and mode shapes. The
possibility of damage of each structural member is calculated by virtue of the non-probabilistic,
set-theoretic reliability theory [22] from the member stiffness intervals in the undamaged and
damaged states. The DMI is defined as the product of the nominal stiffness reduction and possibility
of damage. It simultaneously reflects the degree and possibility of damage for each structural

component. A numerical example of a 15-bar truss structure and an experimental example of a
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one-span steel portal frame are presented to demonstrate the effectiveness of the proposed method.

2. Deterministic FE model updating using both frequencies and mode shapes

The free vibration problem of an undamped structure with N degrees of freedom can be

expressed as

K$ =AM¢, i=12..,N (1)

where M is the NxN mass matrix, K is the NxN stiffness matrix, x(t) and %(t) are
the displacement and acceleration vectors, respectively, and A4 and ¢ are the ith eigenvalue and
mass-normalized mode shape, respectively. If changes occur in the structural parameters, the
eigenvalue problem is expressed as

Kc¢ci =ﬂ’cil\/lcq)ci’ i:1’2""’N (2)

where K., M_, 4;,and ¢, are the corresponding quantities in the changed state.
For the FE model of the structure, K can be expressed in the following non-negative

parameter decomposition form:

K=Y aK, =aK, +a,K, +..+,K, 3)
i=1

where m is the number of elements in the structure, ¢, is the initial elemental stiffness parameter

(ESP), and K, is the ith element stiffness matrix divided by ¢,. Similarly, K, issetup as

K. :ZaciKi =a K, +a K, +.+a, K, . (4)

i=1
The model updating is based on the relationship between the measured vibration characteristics

and the ESP using the first-order Taylor series expansion as [12]

e

where S is the sensitivity matrix of the modal properties with respect to the ESPs [23].

When the natural frequencies and mode shapes of the initial and changed structures are

available, ESP changes Aa=a,—a can be derived by solving the following equation [14]:

SAa, = Ae (6)
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A _ . . .
where Ae= [ ¢ j is the modal data change vector containing the differences of the eigenvalues

c

and mode shapes. Assume that the mode shapes are measured at np degrees of freedom of the

structure and the number of available modes is nm in the initial and changed states. Consequently
Ae has a length of nmx(1+np). Because the degrees of accuracy of the measured vibration
frequencies and mode shapes are different, different weights can be assigned to the frequencies and
mode shapes in vector Ae [24].

The least square solution to Eq. (6) is
Aa.=S"Ae (7)

where S is the Moore-Penrose generalized inverse of matrix S. As high-order terms are

neglected in Eqg. (6), an iterative computation or optimization procedure for Eqg. (7) can be
employed [24].

Based on the above model updating procedure, the ESPs before and after the damage can be
obtained using the measured modal data in the undamaged and damaged states, respectively. The
elemental stiffness reduction factor (SRF) is calculated as the change of ESP to the initial value as

SRR =Aq; [ o =(ag — o) (8)

where subscripts “u” and “d ” represent the updated ESP values in the undamaged and damaged

states, respectively.

3. Identification of interval for ESPs

In this section, the interval-based parameter identification that considers uncertain
measurements and modelling is proposed. If the uncertainty level is larger than or close to the
frequency changes due to damages, the damage cannot be correctly identified and the healthy
members may be falsely identified as damaged.

Based on the interval mathematics, the intervals of the analytical ESPs, eigenvalues, and mode

shapes in the undamaged or damaged state can be expressed as
al :[g’a]:{a1I lazll"'aa[:q}T y ail :[ﬁ,a}, | 21,2,...,m (9)

A =[Ao A [= (A A A} A =[ A |, 1=12,0m (10)
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o =[0.8]={(01) (00) (@) ] @ =[88 ], i=12.m (11)
where variables with underline and upper bar denote the lower and upper bounds of the variables,
respectively.

The modelling errors can be reduced by a two-step model updating procedure [13, 20]. In each
model updating step, the measurement uncertainties are the main factors that affect the parameter
identification results because the updated ESPs are more sensitive to measurement uncertainties
than to the FE modelling errors [13]. Note that the modelling errors are not only due to uncertainty
of the model parameters but also the assumptions adopted in the modelling. This type of uncertainty
is, however, difficult to quantify and not included in this study.

In practice, the lower and upper bounds of the modal parameters can be determined from
repeated experimental modal data. By use of these experimental data, the mean value and standard
deviation can be obtained. According to the Tchebycheff’s inequality [25], the probability of the
uncertain variable with finite variance falling within k standard deviation of its mean is at least
1-1/k?, and the bound is independent of the distribution of the uncertain variable. For a sufficient
large k, an interval of the mean value plus and minus k times standard deviation will result in a
certain event. ESP is associated with material properties and structural component dimensions,
whose statistical properties can be found in literature. For example, Reference 26 has reported the
statistical properties of material modulus and dimensions in various practical common structures.

The middle value and the radius of the interval variables are introduced as
x°:m(x'):(5+§)/2 (12)
Ax:rad(x'):(i—g)/Z (13)
where x° and Ax are the middle value and the radius (or uncertainty) of x', respectively. For

simplicity, «;,, 4

ci?

and ¢, are written together as vector X. Therefore, the uncertain parameters

can be rewritten in the following form:

{xz X +8X , [oX|<AX
(14)

X; =X +6X; , [6X|<AX; , i=12..,nv
where nv=m+nm-+nmxnp is the number of uncertain interval variables, including m ESPs,

nm eigenvalues, and nm mode shape vectors measured at np points.

According to the expression of the interval mathematics [20], the uncertain interval variables
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can be written as

X' = X, X]= X0 +AX" = X° + AX[-1,1]= X° + AXe,
XE={XE XE e XS] AX = {AX, A, X, ) (15)

where e, =[-1,1]. The degree of uncertainty for the interval variable is defined as

E=AX, X . (16)

In Eq. (6), vectors Aa and Ae and matrix S are functions of X=(X1,X2,...,Xnv)T .They

can be written as

Ao =Aa(X)={Aa,(X),Aa, (X),... Aa, (X)) (17)
Ae = Ae(X) = {Ae,(X), 28, (X),..., Ay (X)) (18)
S=S(X)=(s; (x))nmdxm (19)

where nmd =nm+nmxnp is the length of the modal data vector.

Expanding Egs. (17)-(19) as the first-order Taylor series in terms of X., we have
v OAa( X°
Am(x)=m(x°+5x)zm(x‘:)+_Z_l‘l%gxi (20)
Ae(X)=Ae( X" +6X)~ Ae(X° HVM&X 21
e(X)= e( + )~ e( )+IZ:1: 5%, i (21)
w OS( X°
S(X)=S(X°+5X)z5(x°)+;8(7i)5xi (22)

By substituting Eqgs. (20)—(22) into Eg. (6) and neglecting the high-order terms, the following

equations can be obtained:

Ao (X)=S(X°) - de(X7) (23)
sy 2L S g

where §X; € AX{ =[-AX;,AX;]. Substitution of Egs. (23) and (24) into Eq. (20) yields the

expression of Ae as

>

| 0X;

Aa<x>—8(X°)*-Ae(X°)+S(X°)*ZV[aAe(XC)asa(xxc)'ﬁa(m]éx.- 25)
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Using the natural interval extension [20], we can obtain the interval of the ESP changes (i.e.,

Aa)

>

st 050 Sy | “50 0 S0Dsap ot e

The lower and upper bounds of interval vector Aa' are

() [aAe(XC) ~as(x) -Aa(X°)]

oX; oX

nv

Ba(X)=8(X) -ae(X")- 2

i=1

AX, 27)

Aa(X) =S(X°) - ae(X7)+ .

i=1

oAe(X°) as(X°)

S(XC)*[ — ox ~Aa(XC)J

AX, . (28)

Here, the uncertainties in the natural frequencies and mode shapes are considered independent
of each other. Consequently, the partial derivative of the modal data change vector and sensitivity

matrix in Eqgs. (27) and (28) can be calculated as follows:

ohe(X®) e (X°) ae(X°)

= - ,i=12,..,nv (29)
oX, X, X
es,, (x7)_o(6,0¢) K (X)) 24, (x K, )
X, X, : <X,
i=12,...,nv, j=12,...,nm, k=12,..m (30)

5Smsjk (XC) C 1 a‘h k ¢ a‘h
x gi G0 Kb+ 4 ( RAAAMUINE R AL TRl

i=12,...,nv, j=12,..,nm, |=j. (31)

By substituting Egs. (29)-(31) into Egs. (27) and (28), the interval bounds of the updated ESPs
can be obtained. We note that the present method is approximate using the first-order Taylor series
method. More accurate interval bounds can be achieved using the global optimization method [27],

which takes more computational efforts.

4. Possibility of damage existence

The interval analysis method in the previous section can be applied to both undamaged and
damaged states. Subsequently, the ESPs in the undamaged and damaged FE models can be

respectively obtained as the following two interval vectors:
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o, {adl,adz,... a, ...,a'm}T, i=12,...m (32)

u - y iy u

a:j ={a(',l,aéz,...,aéi,...,aém}T, i=12,..m (33)
where «) and ag are the intervals denoted as [aui,a_ui] and [adi,a_di], respectively, and
shown in Figure 1. It can be considered as the non-probabilistic, set-theoretic undamaged—damaged

ESP intersection model. Generally, the middle value of «g is less than that of « for the
damaged element. The two intervals are, however, overlapped and the entire interval of «, may

not be smaller than that of «, completely.

ul

I
1adi Eaui

adi (ﬂ ad,’

ui

Figure 1 IHllustration of ESP intervals

In this regard, a new quantitative measure of the possibility of damage existence (PoDE) is
defined using the interval bounds of ESP in the undamaged and damaged states, which are
respectively denoted as UESP and DESP.

Figure 2 shows the spaces of the DESP and UESP. The solid rectangle shows the possible
regions of both DESP and UESP with the failure plane of DESP = UESP. The damage region is
hatched, in which the DESP is smaller than the UESP. In this regard, the PoDE is defined as the
possibility that the DESP is smaller than the UESP, which is calculated as the ratio of the area of the

damage region to the total area of the basic variable region (or the rectangle), i.e.,

Aiamage

PoDE = possibility(ay; < a,;) =
Atotal

(34)
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Rl failure plane

®y =0y
a’ui
damage region

ui

undamage region

Figure 2 Space of DESP and UESP

5. Measure index for damage diagnosis

In practice, different intersection situations of the UESP and DESP may occur, as shown in
Figure 3. In Figure 3(a), the distance between the middle values of the UESP and DESP is small but
the two intervals separate completely, indicating a small SRF but a 100% PoDE. On the other hand,
Figure 3(b) shows a large distance between the middle values of the UESP and DESP but with a
significant overlapping, indicating a large SRF but a relatively small PoDE.

I
I
X g a

S ui

o o
a’dl f(ldi uii O,

(a)

Y

(b)
Figure 3 Intersection situations of uncertain ESPs: (a) small SRF but large PoDE, and (b) large SRF

but small PoDE

Therefore, using SRF and PoDE separately may not obtain an obvious and direct damage
10
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assessment of the structure. Here, a DMI is proposed by combining SRF and PoDE. A reasonable

combination would be their multiplication as

B = SRFx PODE . (35)

SRF represents the degree of damage severity whereas PODE the possibility of damage existence.
The new scalar index DMI simultaneously reflects the degree and possibility of damage of each

structural element.

6. Numerical and experimental examples

A 15-bar truss structure and a laboratory-tested one-span steel portal frame are utilized to

illustrate the validity of the present method in damage diagnosis.

6.1. Numerical example: 15-bar truss

Figure 4 Schematic diagram of the 15-bar truss structure

The properties of the truss (Figure 4) are as follows: cross-sectional area A = 4x10™* m?, length
| = 0.5 m, mass density of material p = 7.67x10* kg/m?, and Young’s modulus E = 2.0x10' N/m?.
Here, ESP is referred to as the area of the bar element. The undamaged structure model is regarded

as the initial FE model. The ESPs of element Nos. 4, 8, and 13 in the damaged structure are 25%

less than the nominal ESP values in the undamaged one , i.e., SRF,;,, =-25%.

First, the deterministic damage identification analysis is performed by neglecting the

11
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uncertainties in the FE model and the measurement data. The SRF of each element is identified
using the first eight natural frequencies and mode shapes, in which the horizontal displacements at
Nos. 1, 4, 7, and 8 and the vertical displacements at Nos. 2-4 are measured. The damage
identification results are shown in Figure 5. In the updating, the weights of the frequencies are
considered as unity, and the weights of the mode shapes are 0.5 because the uncertainties of the
mode shapes are generally greater than those of the measured frequencies in the modal testing. For
comparison, the SRF of each element is also identified using the natural frequencies only and
illustrated in Figure 5. The result shows that using the frequencies and mode shapes can detect

correctly the damage at Nos. 4, 8, and 13, which cannot be achieved using the frequency data only.

E-L\ 0 T T T T T u T

o

3 R

g5 01} “ :
(&)

8

5 -0.2f .
©

>

©

£ -03f .
()]

0

=

£ 0.4 |[__Jusing frequencies .
o I using frequencies and mode shapes

e

l_ | | | 1 1 1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Element No.

Figure 5 SRF of the truss

Next, the uncertainties of the FE model and measurement data are taken into account in the
model updating. We suppose that all ESPs of the FE model have an uncertainty of 15%, and the
degrees of uncertainty of the eigenvalues and mode shapes are 3% and 15%, respectively. The

degree of uncertainty is defined in Eq. (19).
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From the proposed interval identification method in Section 3, the intervals of the updated
ESPs in the undamaged and damaged states are calculated. Figure 6 shows the interval intersection
situations of the UESP and DESP identified using the first eight natural frequencies and mode

shapes.

2 3 4 5 2 3 4 5 2 3 4 5 2 3 4 5 2 3 4
x10™ x10" x10™ x10" x10
(6) (7) (8) 9) (20)
2 3 4 5 2 3 4 5 2 3 4 5 2 3 4 5 2 3 4 &
x10* x10* x10* x1 x10
1) 12) 13) (14) (15)
2 3 4 5 2 3 4 5 2 3 4 5 2 3 4 5 2 3 4
x10™ x10™ x10™ x 10 x 10

Figure 6 UESP and DESP intervals of the truss

(White bars: UESP. Black bars: DESP)
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Figure 7 Nominal SRF of the truss

Figure 7 shows the nominal SRFs of all elements, indicating that the damaged elements are
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correctly identified. Some undamaged elements (Nos. 7 and 12) also have fair values of SRF,
although not significant as the damaged one. The PoDEs of all elements are calculated by the
reliability theory and listed in Table 1. The damaged elements have higher PoDE values than the

undamaged ones.

Table 1 PoDE of all elements of the truss

Element No. PoDE Element No. PoDE Element No. PoDE
1 60.4% 6 59.4% 11 58.9%
2 62.5% 7 67.6% 12 68.2%
3 49.8% 8 88.5% 13 91.8%
4 96.3% 9 47.3% 14 49.0%
S) 58.8% 10 61.7% 15 62.1%

The DMI
IO é)
¢ ¢

O
w
T
|

.IO
N
T
1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Element No.

Figure 8 DMI of the truss
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Figure 8 shows the DMI of the truss. The undamaged elements Nos. 7 and 12 have smaller
PoDE values than the damaged elements. Therefore the undamaged and damaged elements can be
easily distinguished from the proposed DMI.

The uncertainty levels of the measured data and ESPs of the analytical model may affect the
structural damage identification. If the uncertainty level is too high, the true damage information
may be masked by the noise and false identification results may be obtained. The effects of the
uncertainty level on the DMI are investigated here.

Three uncertainty levels listed in Table 2 will be studied, where &, &, and &, represent
the uncertainty levels of the frequency, mode shape, and ESP, respectively. The DMIs
corresponding to three uncertainty levels are shown in Figure 9. It demonstrates that the damaged
elements can be detected even the uncertainty level is high. In addition, higher uncertainty level,
smaller difference between the DMIs of the damaged and undamaged elements, indicating that the

damage can be detected more difficultly.

Table 2 Three uncertainty levels of the parameters

Case St S Sesp
1 1% 5% 5%
2 3% 15% 15%

3 5% 25% 25%

15
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Figure 9 DMI in the three cases of uncertainty

6.2. Experimental example: one-span steel portal frame

The second example is an experimental frame shown in Figure 10. The cross section of the
beam was 40.50 x 6.0 mm?, and that of the columns was 50.50 x 6.0 mm?. The beam and columns
were welded together to simulate the rigid connection. The mass density was 7.67x10% kg/m®. To
test the identifiability of damages in the spatial locations, four saw cuts at different locations were
made, as shown in Figure 10. Details of the experiment can be found in the works of Hao and Xia
[24]. The first 12 frequencies and mode shapes were identified by the non-linear least square

method [28].
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Figure 10 Configuration of the frame specimen (unit: mm)

First, the deterministic damage identification analysis is performed, in which the first 12
measured modal frequencies and mode shapes in the intact and damaged states are used to detect
the artificial damages. Figure 11 shows the FE model with 30 Euler-Bernoulli beam elements (m =
30 and nm = 12). The saw cuts are located in elements 1, 4, 11, and 15. The initial Young’s modulus

in the intact state is estimated as 2.0x10™ N/m?.
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Figure 11 FE model of the frame
In the updating, the weights of the frequencies are considered as unity, and the weights of the
mode shapes are regarded as 0.1. The SRFs are obtained and shown in Figure 12. Elements 1, 4, 11,
and 15 have much larger SRFs than the others, indicating that damage occurs in these elements.
Next, the interval-based damage identification procedure with consideration of the
measurement noise and modelling error is performed. The uncertainty intervals of the eigenvalues,

mode shapes, and ESP of the FE model are assumed as 2%, 20%, and 20%, respectively.
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Figure 12 Nominal SRF of the frame
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Figure 13 UESP-DESP interference of each element
(White bars: UESP. Black bars: DESP)

The intervals of the updated ESPs in the undamaged and damaged states are then calculated
and shown in Figure 13. The PoDE of each element is listed in Table 3. The damaged elements have

higher PoDE values than the undamaged elements. The proposed DMI of the frame are shown in
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Figure 14. From the comparison between the nominal SRFs and the DMIs, the undamaged and

damaged elements can be easily distinguished from Figure 14 than those from Figure 12.

Table 3 PoDE of all elements of the frame

Element PoDE Element PoDE
1 94.6% 16 51.6%
2 50.0% 17 64.6%
3 50.1% 18 59.2%
4 92.7% 19 50.1%
5) 50.0% 20 52.9%
6 50.6% 21 58.3%
7 50.2% 22 62.4%
8 50.0% 23 57.6%
9 50.0% 24 56.7%

10 59.2% 25 62.4%
11 77.8% 26 53.8%
12 61.4% 27 54.3%
13 50.0% 28 54.9%
14 50.0% 29 59.4%
15 82.6% 30 50.1%
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Figure 14 DMI of the frame

7. Conclusions and discussions

In this paper, both measurement noise and modelling error have been considered in structural
damage identification. The statistical intervals of the structural parameters in both undamaged and
damaged states have been derived using the non-probabilistic interval analysis framework. By
virtue of the concept of reliability theory, a PODE measure was developed based on the intersection
set model of the undamaged and damaged structural parameters. A new damage measure index was
proposed for damage diagnosis by considering both the damage severity and damage existence
possibility. Numerical and experimental examples demonstrated that the damage index provides a
more obvious distinction between the undamaged and damaged components. Consequently the
accuracy of the damage diagnosis is improved.

In experiments and real applications, the modal parameter bounds between different modes
might be correlated, so do the structural parameter bounds. However, this correlation is difficult to
quantify. Their independency is thus assumed in the present paper for simplicity, that is, the modal
parameters between different modes are assumed independent. More realistic uncertainty bounds

deserve further study in future.
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