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Abstract:  The discrete Hartley transform(DHT) is a real-valued transform closely related to the discrete Fourier transform (DFT) of a
real-valued sequence. It directly maps a real-valued sequence to a real-valued spectrum while preserving some useful properties of the Discrete
Fourier Transform. In such case, the Discrete Hartley transform can act as an alternative form to the Fourier Transform for avoiding complex
arithmetic, hence it becomes a valuable tool in digital signal processing. In this paper, a simple algorithm is proposed to realize one-dimensional
DHT with sequence lengths equal to 2. This algorithm achieves the same multiplicative complexity as Malvar’s algorithm which requires the
minimum number of multiplications reported in the literature. However, the present approach gives the advantage of requiring a smaller number
of additions compared with the number that required in Malvar’s algorithm. )

INTRODUCTION

The discrete Hartley transform (DHT) has received
growing interest since it was introduced by Bracewell[1] in 1983.
One of the main attractions of DHT is that it only involves real
computations in contrast to complex computations in the discrete
Fourier transform (DFT). Since then, most of works that had been
done on the problem of computing the discrete Hartley
transform({2-9] were based upon the idea of existing fast DFT
algorithms. For instance, the so-called "split-radix" method was
originally applied for computing 2™-point DFT[10} and was
subsequently applied to the computation of DHT[4,8]. Typically,
among these proposed algorithms, Malvar(5,6]’s algorithm can
achieve the minimum number of multiplications during the
realization of DHT whilst the split-radix approach(4] can achieve
the minimum number of additions.

In this paper, we propose a new algorithm to realize the
DHT with the minimum number of multiplications. The algorithm
also achieves the minimum number of additions compared with
those algorithms(5,6,9] achieving the same minimum number of
multiplications reported in literatures.

ALGORITHM DERIVATION

Recall that an N-length Discrete Hartley Transform{1] for
asequence {x(i):i=0,1..N-1} is defined as
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N-1 .
X(k) = X x(i) cas (—22;;—1()
i=0
fork=0,1..N-1(1)
If N is even, we have
x RO . 4mik
(k) = 3 {x()+x(vp+i)] cas S

for k=0,1..N/2-1 (2)

and
Na—1 .
X@2k+1) = T {x(@)-x(¥a+i)} cas (@%‘ﬂ)
1=
for k=0,1..N/2-1 (3)
By defining the two sequences Y(k) and Z(k):
N2—1 .
YK = 3y cos (@%@)
i=0
for k=0,1..N/4-1 (4)
N2—1 .
200 = 3y sin (__g__zm Dt )
i=0
for k=0,1..N/4-1(5)
where y(i) =x(i) — x(¥5+i)
' fori=0,1..N/2-1 (6)
We have

X(2k+1) = Y(k) + Z(k)
and  X(N-2k-1) = Y(k) - Z(k)
for k=0,1..N/4-1 (7)

$1.00 © 1991 IEEE

Authorized licensed use limited to: Hong Kong Polytechnic University. Downloaded on September 30, 2009 at 01:01 from IEEE Xplore. Restrictions apply.



To realize {Y(k):k=0,1..N/4-1}, we can define the
following

Y(k) + Y(k-1) =
Njg—-1 .
6t = 3 gt cos[ 1|
i=0
for k=0,1..N/4-1 (8)
where g(0) = 2y(0)
g(i) = 2 {y(i) - y¥a-i) } cos(zniky)
fori=1,2..N/4-1(9)
and Y(-1) is defined as Y(0).

Similarly, by defining Z(-1) = -Z(0), we can define the
following to take care of the sequence {Z(k):k=0,1..N/4-1},
Z(k) - Z(k-1) =
Mt 4mik ,
Fk) = 2 f(i) cos (T) + (—1)2y(Vs)
i=0

for k=0,1...N/4-1 (10)
where f(0) = 0
(i) = 2 { y(i) + y(¥a=i) } sin(zik)
for i=1,2..N/4-1 (11)

Note that G(k) and F(k), defined by eqns. 8 and 10, are
respectively the symmetric cosine structure(SCS) and the
alternative form of the symmetric cosine structure(SCS$) defined
by Chan and Siu[9]. Hence, an N-length DHT can be decomposed
into an Nf2-length DHT, an N/4-length SCS and an N/4-length
SCS0 with a cost of N/2-2 multiplications and SN/2-4 additions. In
particular (See Appendix), we have

M(N-SCS) = M(N-SCS§) =
M(¥ -SCS) + M(¥5-SCS*) + N/2-1
A(N-SCS) = A(N-SCSp) =
A(V2-SCS) + A(V:-SCS*) + 3N/2-3
forN>4

il
—

M(4-SCS) = M(4-SCS0)
A(4-SCS) = A(4-SCSp)

il
~

(12)
where M(N-Y) and A(N-Y)are the numbers of multiplications and
additions respectively for a length-N structure denoted by Y and
SCS" is another alternative form of the symmetric cosine structure,
which is defined the same as SCSj in eqn 10 except that the input
data f(0) is not necessary to be zero, whose mathematical
complexity is given by

M(N-SCS”) = M(¥ -SCS) + M(¥-SCS") + N/2- 1
A(N-5CS") = A(¥5-5CS) + AW -SCS") + 3N/2- 1
forN>4
M(4-8CS") = 1
A(4-SCS™) = 9
(13)

On the other hand, it is well-known that a 4-length DHT
can be realized with 8 additions only and an 8-length DHT can be
realized with 2 multiplications and 22 additions[4]. Therefore, the
mathematical complexity of the new algorithm is given by the
following equations:

M(4-DHT) = 0
A(4-DHT) =38
M(8-DHT) = 2
A(8-DHT) = 22

M(N-DHT) = M(¥; -DHT) + M(¥ -SCS) +
M(¥4-SCSQ) + N/2-2
A(N-DHT) = A(V4-DHT) + A(¥-SCS) +
A(Y4-SCS8) + SN/2-4
where N=2",m >3 (14)

Table 1 shows the computational complexity of the
realization of DHT of different lengths using the present approach
and other efficient techniques[4-6,9]. The computational
complexity of other techniques is quoted directly from table 1 of
reference[4] and table 1 of reference[6] respectively. The
split-radix algorithm[4] always gives the minimum number of
additions, whereas Malvar(S,6}’s and Chan and Siu[9]’s algorithms
always give the minimum number of multiplications for all lengths
shown. The present approach requires the same minimum number
of multiplications for all lengths, however, it requires a smaller
number of additions than that required by those two approaches.
Figures 1 and 2 also illustrate clearly the comparison of the present
approach with other major approaches for the realization of the
Discrete Hartley Transform.

Table 1. Computational complexity of the realization of DHT for
different lengths using the present approach and other
efficient techniques|4,6,9].

Chan &
Stui9)

Present

Approach radix-2{4]

rodix-4 (4] split-radix{4]  Malvar(6]

N M A M A M A M A M A M A

8 2 22 2 29 4 26 2 22 2 26
16 10 7 10 83 0 14 14 0 12 64 10 4
32 34 198 3 217 68 194 42 166 k2 206
64 98 500 98 535 196 482 142 450 124 416 98 522
128 258 1202 258 1269 816 1184 330 998 258 1278
256 642 2800 642 2931 1284 2690 942 2498 B8 2336 642 308
512 IS8 6382 1538 G641 3076 6146 1994 5350 1538 G974
1024 3586 14316 3586 14831 7172 13826 5294 12802 4668 12064 386 15818
2048 8194 31722 B194 32749 16388 30722 10698 26854 8194 235390

The basic idea of the proposed algorithm implies a
recursive decomposition technique. By using the recursion, a
Zm-length DHT (m > 3) is eventually decomposed into an 8-length
DHT and a number of 4-length SCS, SCS* and SCS{. Hence, the
realization modules of 4-length SCS etc. are actually basic
elements of the implementation of the algorithm. Consider that
the 4-length SCS and the 4-length SCS{ are only variants of the
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4-length SCS”, all of them can be realized with a typical 4-length
SCS” module without extra cost. This property is practical and
desirable especially when the algorithm is used for the hardware
realization of the DHT. In such case, only simple 4-length SCS*
hardware modules are required, which makes the proposed
algorithm very suitable for VLSI implementation.

Some multiplications are required for the generation of
sine or cosine coefficients. In general, they can be precomputed
and stored in a memory table as they are known values. The table
lookup technique can then be applied to save computation effort
during the realization. Note that this algorithm requires only a
small table for storing values of {sin(27i/N):i=1,2..N/4-1} and
{cos(2mi/N):i =1,2...N/4-1}, the size of which is practical for most
applications.
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Fig.1 Comparison of additions per point among
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EXAMPLE

Let us use a 16-length DHT on {x(i):i=0,1...15} to clarify

our approach:

Firstly, we compute the even sequence of the output,
{X(2k):k=0,1..7}, via an 8-length DHT on the sequence
{x(i) +x(8 +i):i=0,1..7} as shown in eqn 2.

To compute the odd sequence, we have to compute
sequences {Y(k):k=0,1..3} and {Z(k}:k=0,1..3}. By using eqn 9,
we have

g(0) 2y(0)

gD | - | 2[y()-y(7)] cos(74)
g2 2[y(2)-y(6)] cos(24)
8(3) 2 [y(3)—y(5)] cos(3nk)

where y(i) = x(i) - x(8 +1) for i=0,1..7

Then, after we compute the 4-length SCS on {g(i):i =0,1..3} with
eqn 8 to obtain {G(k):k=0,1..3}, we have

Y(0) G(OYs

Y(1) G(1)-Y(0)
Y(2) G(2)-Y(1)
Y(3) G(3)-Y(2)

Similarly, by using eqn 11, we have

£(0) 0

(1) | L | 2[y()+y(7)] sin(78)

f(2) 2[y(2)+y(6)] sin(2w4)
f(3) 2{y(3)+y(5)] sin(3v8)

and, after computing the 4-length SCS§ on {£(i):i=0,1..3} with eqn
10 to obtain {F(k):k =0,1..3}, we have '

Z(0) FOYs

z) | _ | Fy+2z(0)
2(2) F(2)+2(1)
Z(3) F(3)+Z(2)

Then, we can determine the odd sequence of the final
output by using eqn 7:

X(1) = Y(0)+Z(0)
X() = YO+Z(1) , 4
X(5) = Y)+2Z(2)
X(T) = Y(3)+Z(3)

X(15) = ¥(0)~Z(0)
X(13) = ¥(1)~Z(1)
X(11) = Y()-2(2)
X©) = Y()-Z@3)

Totally, 10 multiplications and 72 additions are required.

CONCLUSIONS

A new algorithm is proposed in this paper to realize a
2™-length Discrete Hartley Transform. This algorithm requires the
same minimum number of multiplications as other algorithms
reported in the literature[2-9] and requires a smaller number of
additions compared with other algorithms[5,6,9). It is significant to
point out that the present algorithm is most suitable for VLSI
realization. The resultant structure of the approach is stable and
regular,
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APPENDIX

An N-length SCS* on sequence {x’(i):i=0,1..N-1} is
defined as follows:

N-1 .
TKk) = Y x(i) cos (%k) + (-D¥x
i=0

k=0,1.N-1 (A1)
where xo is a real number. This structure forms the basic module
of the proposed algorithm. Actually, the N-length SCS and SCSj

are only special cases of this basic structure. In particular, if xo is
zero, eqn Al becomes the definition of an N-length SCS and, when

x'(0) is zero, it becomes the definition of an N-length SCS).

If N is even, we can split eqn Al into two sequences. For
the even sequence, we have

No-1 .
T@K) = 3 g() cos (Z"T‘k] )
=0
for k=0,1..N/2-1 (A2)
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where g'(0) = x’(0) + xo
g () = x'(i) + x’(N-i)
fori=12..N/2-1(A3)

and, if we define T(-1) as T(1), we have

Na—1 .
TEk+1)+T(2k-1) = Fk)= 2 €(i) cos (—Z%&)
i=0

for k=0,1..N/2-1 (A4)
where ¢’(0) = 2 { x’(0) - X0 }

e(i) = 2{x(i) - x*(N=i) } cos(wh)
for i=1,2.N/2-1 (AS)

Hence, an N-length SCS® can be realized through an
N/2-length SCS and an N/2-length SCS* with a cost of N/2-1
multiplications and 3N/2-1 additions. Eqn. 13 gives the
mathematical complexity of this basic structure.

Inparticular, if N =4, it can be realized with 9 additions and
1 multiplication as follows:

tempd = { x'(1)-¥'(3) } cos(V4)
templ = X(0) + xo

temp2 = x'(0) - xo

T(0) = templ + x'(1) + x'(2) + ¥(3)
T(3) = temp2 - temp0

T(1) = temp2 + temp

T(2) = templ - X(2)

The substitution of x’(0) =0 and xo =0 into eqns A1 to AS
gives the mathematical complexity of an N-length SCS) and SCS

respectively. Eqn. 12 describes the mathematical complexity of
both structures precisely.
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