
J. Appl. Phys. 117, 084902 (2015); https://doi.org/10.1063/1.4913384 117, 084902

© 2015 AIP Publishing LLC.

Modeling of the dynamic characteristic of
viscoelastic dielectric elastomer actuators
subject to different conditions of mechanical
load
Cite as: J. Appl. Phys. 117, 084902 (2015); https://doi.org/10.1063/1.4913384
Submitted: 17 November 2014 . Accepted: 11 February 2015 . Published Online: 25 February 2015

Junshi Zhang, Liling Tang, Bo Li, Yanjie Wang, and Hualing Chen

ARTICLES YOU MAY BE INTERESTED IN

Dynamic analysis of dielectric elastomer actuators
Applied Physics Letters 100, 112903 (2012); https://doi.org/10.1063/1.3694267

Dynamic electromechanical performance of viscoelastic dielectric elastomers
Journal of Applied Physics 114, 134101 (2013); https://doi.org/10.1063/1.4823861

Model of dissipative dielectric elastomers
Journal of Applied Physics 111, 034102 (2012); https://doi.org/10.1063/1.3680878

https://images.scitation.org/redirect.spark?MID=176720&plid=1087013&setID=379065&channelID=0&CID=358625&banID=519848093&PID=0&textadID=0&tc=1&type=tclick&mt=1&hc=ad80d4e33fdfc0af2d4ab2d42a5a7ea86f258e7e&location=
https://doi.org/10.1063/1.4913384
https://doi.org/10.1063/1.4913384
https://aip.scitation.org/author/Zhang%2C+Junshi
https://aip.scitation.org/author/Tang%2C+Liling
https://aip.scitation.org/author/Li%2C+Bo
https://aip.scitation.org/author/Wang%2C+Yanjie
https://aip.scitation.org/author/Chen%2C+Hualing
https://doi.org/10.1063/1.4913384
https://aip.scitation.org/action/showCitFormats?type=show&doi=10.1063/1.4913384
http://crossmark.crossref.org/dialog/?doi=10.1063%2F1.4913384&domain=aip.scitation.org&date_stamp=2015-02-25
https://aip.scitation.org/doi/10.1063/1.3694267
https://doi.org/10.1063/1.3694267
https://aip.scitation.org/doi/10.1063/1.4823861
https://doi.org/10.1063/1.4823861
https://aip.scitation.org/doi/10.1063/1.3680878
https://doi.org/10.1063/1.3680878


Modeling of the dynamic characteristic of viscoelastic dielectric elastomer
actuators subject to different conditions of mechanical load

Junshi Zhang,1,2,3 Liling Tang,1,2,4 Bo Li,1,5 Yanjie Wang,1,5 and Hualing Chen1,5,a)

1State Key Laboratory for Strength and Vibration of Mechanical Structures, Xi’an Jiaotong University,
Xi’an 710049, China
2School of Aerospace, Xi’an Jiaotong University, Xi’an 710049, China
3Department of Materials Science and Engineering, Henry Samueli School of Engineering and Applied
Science, University of California, Los Angeles, California 90095, USA
4Department of Mechanical Engineering, The Hong Kong Polytechnic University, Hung Hom, Kowloon,
Hong Kong
5School of Mechanical Engineering, Xi’an Jiaotong University, Xi’an 710049, China

(Received 17 November 2014; accepted 11 February 2015; published online 25 February 2015)

Subject to a mechanical load or a voltage, a membrane of a dielectric elastomer deforms. As for the

deformation mode, the dynamic performance and stability are strongly affected by how mechanical

forces are applied. In the current study, by using the Euler-Lagrange equation, an analytical model

is developed to characterize the dynamic performance of a homogeneously deformed viscoelastic

dielectric elastomer under the conditions of equal-biaxial force, uniaxial force, and pure shear state,

respectively. Numerical results are shown to describe the electromechanical deformation and

stability. It is observed that the resonant frequency (where the amplitude-frequency curve peaks)

has dependencies on the deformation mode, the level of mechanical load, and the applied electric

field. When a dielectric elastomer membrane is subject to equal-biaxial force or pure shear state, it

undergoes a nonlinear quasi-periodic vibration. An aperiodic motion of the dielectric elastomer

system is induced by the boundary condition of a uniaxial force. VC 2015 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4913384]

I. INTRODUCTION

Subject to a voltage through the thickness direction, a

membrane of a dielectric elastomer (DE) shrinks in thickness

and expands in area.1–6 Because of its unique features like

fast response time, large deformation, lightweight and high

energy density, a DE has been considered for high perform-

ance applications, such as soft robots,7,8 MEMS,9–11 tunable

lenses,12–14 loudspeaker,15 and power generators for harvest-

ing energy.16–18

Most of the present studies on DE are focused on quasi-

static deformation.3,5,6 Nonlinear modeling and the stability

analysis of DE in quasi-static deformation have been docu-

mented and developed in various forms.19–22 Generally

speaking, there are three different in-plane deformation

modes of DE, including equal-biaxial force, uniaxial force,

and pure shear state. The investigation on the static character-

istic of DE under the three modes was reported recently.23,24

The equal-biaxial and uniaxial modes will induce the pull-in

instability, while the pure shear mode is able to provide a

giant deformation before the wrinkling instability.24

However, to perform as electromechanical actuators, e.g.,

frequency tuning,25 pumps,26 and acoustic actuators,27 a DE is

mostly expected to operate under the alternating load in appli-

cations, where inertia force plays an important role. Recently,

researchers carried out the modeling of the nonlinear dynamic

performance of DE taking into account different configura-

tions, such as membrane,25,28–30 micro-beam resonator,31

Haptics In a Can (HIC) slide actuator,32 balloon,33,34 and

spherical shell.35 The DE-based structures, including mem-

brane, micro-beam resonator, and HIC slide actuator undergo

the in-plane deformation, while the DE balloon and DE sphe-

rical shell present the out-of-plane deformation. Although the

dynamics of DE with various shapes was studied significantly,

the general study on the dynamic behavior and the dynamic

stability under the three different in-plane deformation modes

(equal-biaxial force, uniaxial force, and pure shear state) is

still lacking.

Majority of the current dynamic works were carried out

by the method of virtual work.28,30,32–34 Recently, Xu et al.29

and Sheng et al.,36 respectively, proposed an analytical

model from the Euler-Lagrange equation to research the

dynamic performance of a homogeneously deformed DE

actuator merely under the action of electric field. The Euler-

Lagrange equation can be employed to solve the problem of

the nonlinear dynamics with multiple degrees-of-freedom

(DOFs) commendably. Unfortunately, they did not take into

consideration the effect of the mechanical load. However, as

an actuator, a DE must be connected to the external environ-

ment and undergo a mechanical load. As mentioned before,

there are three different conditions of mechanical load, and a

DE has to vary the deformation mode to acclimatize itself

to the force outside. Thus, study on the conditions of

mechanical load of DE and how it affects DE’s dynamic

electromechanical performance is necessary and expected.

Furthermore, most of the DE materials, such as VHB,

exhibit a strong viscoelasticity and the charge leakage

through the thickness direction.4,36–45 Viscoelasticity allows
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the deformation to have a significant time-depend-

ence,37–40,42–44 while the charge leakage induces the corre-

sponding current leakage through the membrane.4,37–40,45

Both of them demonstrated an obvious influence on the elec-

tromechanical performance of DE. Viscoelasticity dissipates

the mechanical energy, suppressing the amplitude of vibra-

tion (including the amplitude of resonant frequency).34,36 In

this paper, we use the electrical field as the input parameters

and investigate how it affects the dynamic performance of

DE. When the electrical field is a specific value, the induced

Maxwell stress is also determined although the charge leakage

is always companied. The induced Maxwell stress can guaran-

tee a corresponding vibration that is independent to the charge

leakage, as Fig. 11 in the work reported by Foo et al.37 In

other words, the charge leakage does not affect the dynamic

performance of DE actuators under the actuation of electrical

field. Consequently, the charge leakage is not included in the

developed viscoelastic model of DE in this paper.

By using the Euler-Lagrange equation, we made a theo-

retical prediction of the dynamic electromechanical response

of a viscoelastic DE membrane subject to three different con-

ditions of mechanical load: equal-biaxial force, uniaxial

force, and pure shear state. We then applied the model to

investigate the effects of the mechanical force and the

applied electric field on the dynamic characteristic of DE ac-

tuator under these three deformation modes, respectively.

Subsequently, we analyzed the dynamic stability at special

frequencies by the phase paths and the Poincar�e maps.

II. DYNAMICS MODEL OF A VISCOELASTIC DE
MEMBRANE

Subject to a mechanical force or a voltage, a membrane

of a DE deforms. Fig. 1(a) illustrates a square DE membrane

of lengths 2L and 2L, and thickness 2H in the reference state.

In the deformed state, when the forces P1 and P2 are applied

in the plane and the two electrodes are subject to a voltage

/, the membrane is of lengths 2l1 and 2l2, and thickness 2h.

Define the stretches as k1 ¼ l1=L, k2 ¼ l2=L, and k3 ¼ h=H.

Based on continuum mechanics, the material coordinate (X,

Y, Z) labels a certain material point in the reference state,

while the coordinate (x, y, z) denotes the deformable material

point corresponding to the material point (X, Y, Z). We

assume that the middle plane of the membrane (0, 0, 0)

shows no normal displacement.29,36 For a membrane of an

incompressible elastomer (k3 ¼ k�1
1 k�1

2 ), the motion of the

body can be written as

x ¼ k1X y ¼ k2Y z ¼ k�1
1 k�1

2 Z: (1)

The governing equation is obtained by the Euler-

Lagrange equation

@‘

@ki
� d

dt

@‘

@ _ki

� �
¼ 0; ‘ ¼ T �P i ¼ 1; 2; (2)

where _ki denotes the rate of change of ki, ‘ is the Lagrange,

T is the kinetic energy, P is the potential of the conservative

forces in the system.

The kinetic energy takes the form29

T ¼
ð

X

1

2
q _x2 þ _y2 þ _z2
� �

dX; (3)

where q is the density of the elastomer, X is the domain

occupied by the deformed configuration, _x, _y, and _z are the

velocities in three directions, respectively.

The DE membrane is approximately simulated by a previ-

ously developed rheological model36–40,42–44 with two parallel

units: unit A consists of a spring a which deforms reversibly;

and unit B consists of another spring b with a series-wound

dashpot that relaxes in time and dissipates the energy, as

sketched in Fig. 2. Note that the free energy of the system con-

sists of the elastic energy, for which the Neo-Hookean

model29,36,39,40,43 is used, the potential energy induced by the

mechanical forces, and the electrostatic energy. Because of the

homogeneity, the potential P in the system is obtained by mul-

tiplying the free energy density with the volume29,36,46

P ¼ 8HL2 la

2
k2

1 þ k2
2 þ k�2

1 k�2
2 � 3

� ��

þ lb

2
k2

1n
�2
1 þ k2

2n
�2
2 þ k�2

1 k�2
2 n2

1n
2
2 � 3

� �

� P1

4HL
k1 �

P2

4HL
k2 �

e
2

E2k2
1k

2
2

�
(4)

in which e is the permittivity of the elastomer, la and lb are

the shear moduli of spring a and spring b, respectively,

E ¼ /=2H is the normal electric field, n1 and n2 are the non-

elastic stretches due to the dashpot in directions x and y. For

spring b, the state of deformation is characterized by a differ-

ent stretch ke
i , determined by a well-established multiplica-

tion rule as ke
i ¼ ki=ni.

36–40,42–44 The rate of deformation in

the dashpot (regarded as a Newtonian fluid) is described by

FIG. 1. Schematic of a square DE membrane. (a) In the reference state, sub-

ject to no force and no voltage, a square DE membrane is of lengths 2L and

2L, and thickness 2H. (b) In the deformed state, subject to the biaxial forces

P1 and P2 and a voltage /, the membrane is of lengths 2l1 and 2l2, and thick-

ness 2h. The coordinate of material point (X, Y, Z) in the reference state

deforms to (x, y, z) in the deformed state, with the original point (0, 0, 0)

fixed in the center.

FIG. 2. Viscoelastic model of DE with two parallel units: unit A consists of

a spring a, unit B consists of another spring b and a serious-wound dashpot.
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n–1
1 dn1=dt and n–1

2 dn2=dt, and the relationship between the

rate of deformation and the stress can be written as37,43

dn1

dt
¼ n1

3g
lb k2

1n
�2
1 � k�2

1 k�2
2 n2

1n
2
2

� �h

� lb

2
k2

2n
�2
2 � k�2

1 k�2
2 n2

1n
2
2

� ��
; (5)

dn2

dt
¼ n2

3g
lb k2

2n
�2
2 � k�2

1 k�2
2 n2

1n
2
2

� �h

� lb

2
k2

1n
�2
1 � k�2

1 k�2
2 n2

1n
2
2

� ��
; (6)

where g is the viscosity of the dashpot. The viscoelastic

relaxation time, sv, is prescribed as the value between g and

lb, sv ¼ g=lb.36–40,42–44

As reported before, there are three different in-plane

deformation modes of DE, including equal-biaxial force,

uniaxial force, and pure shear state.23,24 In the following,

modeling of a DE membrane under the three different condi-

tions of mechanical load is considered, respectively.

A. Model of a DE membrane under equal-biaxial force

Consider the dynamic characteristic of a viscoelastic DE

membrane under the condition of equal-biaxial force

(P1¼P2¼P), as shown in Fig. 3(b). Subject to equal-biaxial

force and a voltage, the membrane has stretches

k1 ¼ k2 ¼ kEB, n1 ¼ n2 ¼ nEB. Thus, the kinetic energy is

derived from Eq. (3) as

T ¼ 8

3
qL4H _k

2

EB þ
16

3
qL2H3

_k
2

EB

k6
EB

; (7)

and the potential is obtained from Eq. (4) as

P ¼ 8HL2 la

2
2k2

EB þ k�4
EB � 3

� ��

þ lb

2
2k2

EBn�2
EB þ k�4

EBn4
EB � 3

� �
� P

2HL
kEB �

e
2

E2k4
EB

�
:

(8)

Substituting Eqs. (7) and (8) into the Euler-Lagrange

equation (2), we obtain the governing equation under the

condition of equal-biaxial force

€kEB �
6

kEBð2þ L2H�2k6
EBÞ

_k
2

EB þ
3

qH2ð2þ L2H�2k6
EBÞ

� la k7
EB � kEB

� �
þ lb k7

EBn�2
EB � kEBn4

EB

� �h

� P

4HL
k6

EB � eE2k9
EB

�
¼ 0: (9)

The rate of deformation due to the dashpot under the

condition of equal-biaxial force can be simplified by Eqs. (5)

and (6) as

dnEB

dt
¼ lb

6g
k2

EBn�1
EB � k�4

EBn5
EB

� 	
: (10)

B. Model of a DE membrane under uniaxial force

In the following, we consider the dynamic characteristic

of a viscoelastic DE membrane under the condition of uniax-

ial force (P1¼P, P2¼ 0), as shown in Fig. 3(c). Subject to a

uniaxial force in the x-direction and a voltage, the membrane

has stretches kUA1, kUA2, nUA1, and nUA2, respectively. The

kinetic energy of this system is derived from Eq. (3) based

on the 2-DOFs as

T ¼ 4

3
qL4H _k

2

UA1 þ
4

3
qL4H _k

2

UA2 þ
4

3
qL2H3k�2

UA1k
�2
UA2 k�2

UA1
_k

2

UA1 þ k�2
UA2

_k
2

UA2 þ 2k�1
UA1k

�1
UA2

_kUA1
_kUA2

� 	
; (11)

and the potential is gained from Eq. (4) as

FIG. 3. (a) In the reference state, sub-

ject to no force and no voltage, a DE

membrane has dimensions 2L�2L�2H.

In the deformed state, (b) subject to

equal-biaxial force P in the plane and a

voltage /, the membrane has stretches

k1 ¼ k2 ¼ kEB and n1 ¼ n2 ¼ nEB; (c)

subject to uniaxial force P in x-direction

and a voltage /, the membrane has

stretches kUA1, kUA2, nUA1, and nUA2;

(d) the stretch in y-direction is con-

strained as k2 ¼ k2p, and the level of

the force to constrain k2 ¼ k2p is

denoted by P2p; subject to the force P
in x-direction and a voltage /, the

membrane has stretches k1 ¼ kPS and

n1 ¼ nPS.
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P ¼ 8HL2

�
la

2
k2

UA1 þ k2
UA2 þ k�2

UA1k
�2
UA2 � 3

� 	
þ lb

2
k2

UA1n
�2
UA1 þ k2

UA2n
�2
UA2 þ k�2

UA1k
�2
UA2n

2
UA1n

2
UA2 � 3

� 	

� P

4HL
kUA1 �

e
2

E2k2
UA1k

2
UA2

�
: (12)

Substituting Eqs. (11) and (12) into the Euler-Lagrange equation (2), we obtain the governing equations under the condi-

tion of uniaxial force

8

3
qL2H3 L2H�2 þ k�4

UA1k
�2
UA2

� 	
€kUA1 þ k�3

UA1k
�3
UA2

€kUA2

h i
� 16

3
qL2H3 k�5

UA1k
�2
UA2

_k
2

UA1 þ k�4
UA1k

�3
UA2

_kUA1
_kUA2 þ k�3

UA1k
�4
UA2

_k
2

UA2

� 	

þ 8HL2 la kUA1 � k�3
UA1k

�2
UA2

� 	
þ lb kUA1n

�2
UA1 � k�3

UA1k
�2
UA2n

2
UA1n

2
UA2

� 	
� P

4HL
� eE2kUA1k

2
UA2

� �
¼ 0; (13)

8

3
qL2H3 L2H�2 þ k�2

UA1k
�4
UA2

� 	
€kUA2 þ k�3

UA1k
�3
UA2

€kUA1

h i
� 16

3
qL2H3 k�2

UA1k
�5
UA2

_k
2

UA2 þ k�3
UA1k

�4
UA2

_kUA1
_kUA2 þ k�4

UA1k
�3
UA2

_k
2

UA1

� 	

þ 8HL2 la kUA2 � k�2
UA1k

�3
UA2

� 	
þ lb kUA2n

�2
UA2 � k�2

UA1k
�3
UA2n

2
UA1n

2
UA2

� 	
� eE2k2

UA1kUA2

h i
¼ 0: (14)

The rate of deformation due to the dashpot under the condition of uniaxial force can be received based on Eqs. (5)

and (6)

dnUA1

dt
¼ lb

6g
2k2

UA1n
�1
UA1 � k2

UA2n
�2
UA2nUA1 � k�2

UA1k
�2
UA2n

3
UA1n

2
UA2

� 	
; (15)

dnUA2

dt
¼ lb

3g
2k2

UA2n
–1
UA2 � k2

UA1n
�2
UA1nUA2 � k�2

UA1k
�2
UA2n

2
UA1n

3
UA2

� 	
: (16)

C. Model of a DE membrane under pure shear state

By contrast, the giant deformation in a certain direction

has been observed when the deformation in the other in-

plane direction is constrained.23,24 The stiff fibers are

employed to constrain a certain in-plane direction in experi-

ments, as reported by Lu et al.23 Here, we constrain the y-

directional deformation and prescribe the stretch as k2 ¼ k2p.

Next consider the dynamic characteristic of a viscoelastic

DE membrane under a pure shear state, as shown in Fig.

3(d). Subject to a force in x-direction and a voltage, the

membrane has stretches k1 and n1 in x-direction. Due to the

constrained stretch in y-direction k2 ¼ n2 ¼ k2p ¼ n2p, _k2 ¼
0 can be acquired consequently. By defining k1 ¼ kPS and

n1 ¼ nPS, the kinetic energy of the system is expressed as

T ¼ 4

3
qL4H _k

2

PS þ
4

3
qL2H3

_k
2

PS

k2
2pk

4
PS

; (17)

and the potential is gained as

P ¼ 8HL2 la

2
k2

PS þ k2
2p þ k�2

2p k�2
PS � 3

� 	�

þ lb

2
k2

PSn
�2
PS þ k�2

PS n2
PS � 2

� 	
� P

4HL
kPS

� P2p

4HL
k2p �

e
2

E2k2
2pk

2
PS

�
; (18)

where P2p denotes the force in y-direction which is used to

constrain the stretch as k2 ¼ k2p. For the reason that the

inertia force in y-direction is 0 ( _k2 ¼ 0), thus, the

constrained stress in y-direction, P2pk2p=ð4HLÞ, can be

related to E as23

P2p

4HL
k2p ¼ la k2

2p � k�2
PS k�2

2p

� 	
þ lb 1� k�2

PS n2
PS

� 	

� eE2k2
PSk

2
2p: (19)

Inserting Eq. (19) into Eq. (18), we can obtain

P ¼ 8HL2 la

2
k2

PS � k2
2p þ 3k�2

2p k�2
PS � 3

� 	�

þ lb

2
k2

PSn
�2
PS þ 3k�2

PS n2
PS � 4

� 	
� P

4HL
kPS

þ e
2

E2k2
2pk

2
PS

i
: (20)

Substituting Eqs. (17) and (20) into the Euler-Lagrange

equation (2), we obtain the governing equation under pure

shear state

€kPS �
2k�2

2p

kPSðk�2
2p þ L2H�2k4

PSÞ
_k

2

PS þ
3

qH2ðk�2
2p þ L2H�2k4

PSÞ

� la k5
PS � 3k�2

2p kPS

� 	
þ lb k5

PSn
�2
PS � 3kPSn

2
PS

� 	�

� P

4HL
k4

PS þ eE2k2
2pk

5
PS

�
¼ 0: (21)

The rate of deformation in x-direction due to the dashpot

under the pure shear state can be simplified by Eqs. (5) and

(6) as
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dnPS

dt
¼ lb

6g
2k2

PSn
�1
PS � nPS � k�2

PS n3
PS

� 	
: (22)

III. NUMERICAL SIMULATION

Subject to a time-dependent voltage /(t), the dynamic

response of a DE membrane is very complicated.28–36 In

the following, by applying a sinusoidal electric load

E ¼ E0 sinð2pftÞ, the dynamic characteristic of a visco-

elastic DE membrane under the three different conditions is

simulated, where f is the frequency of the applied electric

field, and E0 is the amplitude of the normal electric field.

The initial condition is given by kið0Þ ¼ nið0Þ ¼ 1 and
_kið0Þ ¼ 0 due to the assumption that the system is activated

from the reference configuration.29,36 In the following calcu-

lations, we set the parameters for the application at

H ¼ 1:0� 10�3m, L ¼ 5:0� 10�3m, q ¼ 1:2� 103kg=m3,

e¼6:198�10�11F=m,29 la¼1:8�104Pa, lb¼4:2�104Pa,

sv¼400s.37

A. A DE membrane under equal-biaxial force

The effects of the equal-biaxial force P and the ampli-

tude of the normal electric field E0 on the frequency-

dependent amplitude of kEB are shown in Fig. 4. For a given

constant E0¼ 1�103 kV/m, the largest peak is 0.05206 for

P¼ 0.2 N, which happens at 431 Hz (black curve in Fig.

4(a)), and the amplitude attains much bigger values of

0.1248 for P¼ 0.5 N, which appears at 385 Hz (red curve in

Fig. 4(a)) and 0.2373 for P¼ 0.8 N, which emerges at

340 Hz (blue curve in Fig. 4(a)). Compared to the effect of

the force P, the amplitude of the normal electric field E0 has

a relatively minor influence on amplitude-frequency

response in Fig. 4(b). Under an unchanging P¼ 0.5 N, the

simulation results reveal that the peak amplitude changes

from 0.1248 at 385 Hz for E0¼ 1�103 kV/m (black curve in

Fig. 4(b)) to 0.7120 at 371 Hz for E0¼ 5�103 kV/m (blue

curve in Fig. 4(b)). In all, increase in the equal-biaxial force

P and the amplitude of the normal electric field E0 reduces

the resonant frequency (in this article, we define the fre-

quency where the amplitude-frequency curve peaks as the

resonant frequency) and enlarges the amplitude of vibration.

The similar results induced by enlargement of external force

and actuation voltage were also reported in the research of

DE electromechanical resonator previously.32,47

When the equal-biaxial force P¼ 0.5 N and the ampli-

tude of the normal electric field E0¼ 5�103 kV/m, Fig. 5

illustrates the time-dependent behaviors of the vibration for

three values of the excitation frequencies. Here, we choose

the resonant frequency f¼ 371 Hz, half value of the resonant

frequency f¼ 185 Hz, and double value of the resonant fre-

quency f¼ 742 Hz. Figs. 5(c) and 5(d) indicate that the DE

system under equal-biaxial force vibrates most strongly and

exhibits beating29,30,36 when the excitation frequency is

around the resonant frequency (f¼ 371 Hz), which does not

exist at f¼ 185 Hz (Fig. 5(b)) and f¼ 742 Hz (Fig. 5(f)). It

can be found the deformation of nEB is relatively small (Figs.

5(a), 5(c), and 5(e)), resulting from a big value of the visco-

elastic relaxation time, which is consistent with our previous

work done by Sheng et al.36 It can be inferred that nEB will

increase gradually and is approaching to kEB if sufficient

time is provided.

Figure 6 plots the phase diagrams and the Poincar�e
maps of kEB for the three different exitation frequencies

f¼ 185 Hz, f¼ 371 Hz, and f¼ 742 Hz, while P¼ 0.5 N and

E0¼ 5�103 kV/m. As seen that the phase paths in Figs.

6(a)–6(c) are all presented in closed loops, indicating a stable

vibration under the condition of equal-biaxial force. The sta-

bility transition can be better explained by the Poincar�e
maps29,30,35,36 in Figs. 6(d)–6(f). The Poincar�e maps for the

three frequencies all form the closed loops, showing that the

DE system under equal-biaxial force experiences a stable

nonlinear quasi-periodic vibration.

B. A DE membrane under uniaxial force

Figure 7 displays the amplitude of kUA1 as a function of

the excitation frequency considering the effects of the uniax-

ial force P and the amplitude of the normal electric field E0.

When E0¼ 1�103 kV/m is maintained, the amplitude peaks

at 455 Hz with a value of 0.07724 for P¼ 0.2 N (black curve

in Fig. 7(a)), and peaks at 438 Hz with a level of 0.1827 for

P¼ 0.5 N (red curve in Fig. 7(a)), and a much larger peak

with a value of 0.3079 for P¼ 0.8 N, appears at 425 Hz (blue

curve in Fig. 7(a)). We also compare the effect of the ampli-

tude of the normal electric field E0 on amplitude-frequency

response shown in Fig. 7(b). For an invariable value of

P¼ 0.5 N, similar to the condition of equal-biaxial force, the

amplitude of the normal electric field E0 affects the resonant

frequency of the system weakly. When E0 increases from

1�103 kV/m to 5�103 kV/m, the peak amplitude increases

from 0.1827 at 438 Hz (black curve in Fig. 7(b)) to 0.4897 at

424 Hz (blue curve in Fig. 7(b)). In summary, addition of the

FIG. 4. Amplitude-frequency response

of a DE membrane under equal-biaxial

force. (a) Comparison of the frequency-

dependent amplitude of kEB between the

equal-biaxial force P¼ 0.2 N, P¼ 0.5

N, and P¼ 0.8 N with a constant

E0¼ 1�103 kV/m. (b) Comparison of

the frequency-dependent amplitude of

kEB between the amplitude of the normal

electric field E0¼ 1�103 kV/m, E0¼ 3

� 103 kV/m, and E0¼ 5�103 kV/m with

a constant P¼ 0.5 N.
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uniaxial force P and the amplitude of the normal electric

field E0 decreases the resonant frequency and increases the

amplitude of vibration, which is consistent with the condition

of equal-biaxial force and the corresponding work reported

before.32,47 Particularly, the DE membrane under uniaxial

force resonates at several frequencies and the amplitude-

frequency response of the DE system appears multiple

modes of vibration. When the frequency of excitation is

close to one of the resonant frequencies, the corresponding

vibration mode can be induced. This similar phenomenon of

multiple modes was also reported by Zhu et al.28

Figure 8 inllustrates the time history of vibration for

three values of the excitation frequencies with the uniaxial

force P¼ 0.5 N and the amplitude of the normal electric field

E0¼ 5�103 kV/m. Similarly, we also choose the resonant

frequency f¼ 424 Hz, half value of the resonant frequency

f¼ 212 Hz, and double value of the resonant frequency

f¼ 848 Hz. Unlike the DE system under the equal-biaxial

force, the dynamic response of the DE system under uniaxial

force exhibits strong nonlinearity when the excitation

frequency is close to the resonant frequency, as shown in

Fig. 8(d). The nonlinearity also shows more obvious when

the excitation frequency is close to the half and double val-

ues of the resonant frequency, as shown in Figs. 8(b) and

8(f). Furthermore, same to the condition of equal-biaxial

force, the DE system under uniaxial force reveals a big beat-

ing when the excitation frequency is close to the resonant

frequency f¼ 424 Hz (Fig. 8(d)), which does not exist at

f¼ 212 Hz (Fig. 8(b)) and f¼ 848 Hz (Fig. 8(f)). The reason

of the small deformation of nUA1 (Figs. 8(a), 8(c), and 8(e))

is also due to the big value of viscoelastic relaxation time.

Figure 9 displays the phase diagrams and the Poincar�e
maps of kUA1 for the three different exitation frequencies

f¼ 212 Hz, f¼ 424 Hz, and f¼ 848 Hz, while P¼ 0.5 N and

E0¼ 5�103 kV/m. The phase paths in Figs. 9(a)–9(c) appear

as the tangle of interlaced curves, indicating the system proc-

esses very complicated nonlinear behavior, which is consisi-

tent to the time-history curve of kUA1 shown in Figs. 8(b),

8(d), and 8(f). The Poincar�e maps in Figs. 9(d)–9(f) are

employed to detect the feature of the system and explain the

FIG. 5. The time-dependent behaviors

of nEB and kEB for three values of the

excitation frequencies: (a) and (b)

f¼ 185 Hz, (c) and (d) f¼ 371 Hz, (e)

and (f) f¼ 742 Hz under P¼ 0.5 N and

E0¼ 5�103 kV/m.

FIG. 6. Phase diagrams and Poincar�e
maps of the DE membrane under

equal-biaxial force with P¼ 0.5 N and

E0¼ 5�103 kV/m for the three differ-

ent exitation frequencies: (a) and (d)

f¼ 185 Hz, (b) and (e) f¼ 371 Hz, (c)

and (f) f¼ 742 Hz.
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stability transition.29,30,35,36 All the Poincar�e maps for the

three frequencies are disordered and do not form the closed

loops, showing that the DE system under the uniaxial tensile

forces experiences an aperiodic vibration.29,30,36 The results

demonstrate that the dynamic performance of the DE system

under uniaxial forces is aperiodic and relatively unstable,

compared with the unstable static performance with the inci-

dental pull-in instability.23,24

C. A DE membrane under pure shear state

Figure 10 describes the amplitude of kPS as a function of

the excitation frequency considering the effects of the force

P, the amplitude of the normal electric field E0, and the con-

strained stretch k2p. Under the unchanging E0¼ 3�103 kV/m

and k2p ¼ 2, a large peak of the amplitude-frequency appears

around 381 Hz with a value of 1.2271 for P¼ 0.1 N (black

curve in Fig. 10(a)), and a much larger peak with a value of

1.2854 for P¼ 0.3 N appears at 366 Hz (red curve in Fig.

10(a)), the largest amplitude for P¼ 0.5 N peaks at 351 Hz

with a value of 1.3139 (blue curve in Fig. 10(a)). Then the

effect of the amplitude of the normal electric field E0 on

amplitude-frequency response is investigated (Fig. 10(b)).

For the invariable values of P¼ 0.1 N and k2p ¼ 2, different

with the conditions of equal-biaxial force and uniaxial force,

the increase in E0 adds up the resonant frequency of the

pure-shear DE system slightly (from 381 Hz to 391 Hz). As

E0 increases from 3�103 kV/m to 5�103 kV/m, the peak

amplitude increases from 1.2271 at 381 Hz (black curve in

Fig. 10(b)) to very large values (red and blue curves in Fig.

10(b)). As reported by Zhu et al.,33 the peak amplitude of the

resonant frequency can be even unbounded when the voltage

increases, which is consistent with our present results. In the

following, we explore the effect of the constrained stretch

k2p on the amplitude-frequency response with P¼ 0.1 N and

E0¼ 3�103 kV/m. When k2p increases from 2 to 3 and 4, the

resonant frequency increases slightly (from 381 Hz to 391 Hz

and 401 Hz), and the peak value of the amplitude also

enlarges from 1.2271 (f¼ 381 Hz, black curve in Fig. 10(c))

to very large values (red and blue curves in Fig. 10(c)),

which is similar to the effect of E0. However, when the

actuation frequency is kept away from the resonant fre-

quency, enlargement of k2p induces a reduction of the value

of the amplitude, as illustrated in Fig. 10(c). The reason may

be a larger prestretch in y-direction suppresses the deforma-

tion in x-direction, causing a reduction of the amplitude

FIG. 8. The time-dependent behavior

of nUA1 and kUA1 for three values of

the excitation frequencies: (a) and (b)

f¼ 212 Hz, (c) and (d) f¼ 424 Hz, (e)

and (f) f¼ 848 Hz under P¼ 0.5 N and

E0¼ 5�103 kV/m.

FIG. 7. Amplitude-frequency response

of a DE membrane under uniaxial

force. (a) Comparison of the frequency-

dependent amplitude of kUA1 between

the uniaxial force P¼ 0.2 N, P¼ 0.5 N,

and P¼ 0.8 N with a constant E0¼ 1

� 103 kV/m. (b) Comparison of the

frequency-dependent amplitude of kUA1

between the amplitude of the normal

electric field E0¼ 1�103 kV/m, E0¼ 3

� 103 kV/m, and E0¼ 5�103 kV/m

with a constant P¼ 0.5 N.
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when the excitation frequency is away from resonant fre-

quency. To sum up, enlargement of the force P decreases the

resonant frequency and adds up the amplitude of vibration,

the reason is similar to that explained before. However,

inconsistent with the conditions of equal-biaxial force and

uniaxial force, increase in E0 augments both the resonant fre-

quency and the amplitude of vibration. The reason may be

the plus sign before the electrostatic energy in Eq. (21), com-

paring the minus sign before the electrostatic energy in

Eq. (9), and Eqs. (13) and (14) under the conditions of equal-

biaxial force and uniaxial force, respectively. Increase in the

constrained stretch k2p adds up the resonant frequency and

the peak amplitude when the excitation frequency is close to

the resonant frequency, while decreases the amplitude when

the excitation frequency is away from the resonant fre-

quency. The reason why the enlargement of k2p adds up the

resonant frequency (which is different with the force P in

x-direction) may be that addition of k2p causes the increase

in the constrained force P2p in y-direction.

Figure 11 inllustrates the time history of the vibration

for three values of the excitation frequencies under pure

shear state with k2p ¼ 2, P¼ 0.1 N, and E0¼ 3�103 kV/m.

Similarly, to study the effect of excitation frequency, here

we choose the resonant frequency f¼ 381 Hz, half value of

the resonant frequency f¼ 190 Hz, and double value of the

resonant frequency f¼ 762 Hz. The same to a DE under

equal-biaxial force, the DE system of pure shear state

vibrates most strongly and demonstrates a beating when the

excitation frequency is close to the resonant frequency

f¼ 381 Hz (Fig. 11(d)), which does not exist at f¼ 190 Hz

(Fig. 11(b)) and f¼ 762 Hz (Fig. 11(f)). The reason of the

small deformation of nPS (Figs. 11(a), 11(c), and 11(e)) is

same to that explained before, that is, due to the big value of

viscoelastic relaxation time.

Figure 12 plots the phase diagrams and the Poincar�e
maps of kPS for the three different exitation frequencies

f¼ 190 Hz, f¼ 381 Hz, and f¼ 762 Hz under the condition of

k2p ¼ 2, P¼ 0.1 N, and E0¼ 3�103 kV/m. The phase paths

are all presented in closed loops shown in Figs. 12(a)–12(c),

declaring a stable vibration under the pure shear state. The

Poincar�e maps in Figs. 12(d)–12(f) can be used to describe

the stability transition better.29,30,35,36 The Poincar�e maps for

the three frequencies all form the closed loops, showing that

the DE system under pure shear state undergoes a stable non-

linear quasi-periodic vibration.

IV. CONCLUSION

By using the Euler-Lagrange equation, we developed

the dynamic model for homogeneously deformed visco-

elastic DE actuator under three different conditions of

mechanical load: equal-biaxial force, uniaxial force, and

pure shear state. Numerical results demonstrated that when

the DE membrane was under the boundary of equal-biaxial

force, the resonant frequency reduced and the maximal am-

plitude increased with the enlargement of the mechanical

FIG. 9. Phase diagrams and Poincar�e
maps of the DE membrane under unixial

force with P¼ 0.5 N and E0¼ 5� 103

kV/m for the three different exitation fre-

quencies: (a) and (d) f¼ 212 Hz, (b) and

(e) f¼ 424 Hz, (c) and (f) f¼ 848 Hz.

FIG. 10. Amplitude-frequency response of a DE membrane under pure shear

state. (a) Comparison of the frequency-dependent amplitude of kPS between

the force P¼ 0.1 N, P¼ 0.3 N, and P¼ 0.5 N with the constant E0¼ 3�103

kV/m and k2p ¼ 2. (b) Comparison of the frequency-dependent amplitude of

kPS between E0¼ 3�103 kV/m, E0¼ 4�103 kV/m, and E0¼ 5�103 kV/m

with the constant P¼ 0.1 N and k2p ¼ 2. (c) Comparison of the frequency-

dependent amplitude of kPS between k2p ¼ 2, k2p ¼ 3, and k2p ¼ 4 with the

constant P¼ 0.1 N and E0¼ 3�103 kV/m.
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load and the applied electric field. The time dependent

behavior of the stretch indicated that a beating occurred

near the resonant frequency. The phase diagrams and the

Poincar�e maps detected the feature of the equal-biaxially ten-

sile DE system a nonlinear quasi-periodic vibration. Under

the condition of uniaxial force, the DE membrane appeared

as a phenomenon of mutiple modes of vibration. Diminution

of the resonant frequency and increase in maximal amplitude

were caused by the magnification of mechanical force and

electric field. The time-history curve revealed a beating

when the excitation frequencies were next to resonant fre-

quency. An aperiodic motion of the uniaxially tensile DE

system was certified by the phase paths and the Poincar�e
maps. When the DE membrane was under pure shear state (a

certain direction was constrained), the amplitude-frequency

response declared that growing values of mechanical load

decreased the resonant frequency and added up the maximal

amplitude, while increase in applied electric field enlarged

both the resonant frequency and the maximal amplitude.

Furthermore, enlargement of the constrained stretch adds up

the resonant frequency and the peak amplitude when the

excitation frequency is close to the resonant frequency, while

decrease the amplitude when the excitation frequency is kept

away from the resonant frequency. Similar to the state of

equal-biaxial force, under the pure-shear mode, the stretch-

time response showed a beating near the resonant frequency,

and the phase diagrams and the Poincar�e maps at several

specific excitation frequencies implied a nonlinear quasi-

periodic motion. The results can help to determine the

applied deformation mode to be better used for DE actuators

based on the corresponding dynamic response and dynamic

stability.
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