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Subject to a mechanical load or a voltage, a membrane of a dielectric elastomer deforms. As for the
deformation mode, the dynamic performance and stability are strongly affected by how mechanical
forces are applied. In the current study, by using the Euler-Lagrange equation, an analytical model
is developed to characterize the dynamic performance of a homogeneously deformed viscoelastic
dielectric elastomer under the conditions of equal-biaxial force, uniaxial force, and pure shear state,
respectively. Numerical results are shown to describe the electromechanical deformation and
stability. It is observed that the resonant frequency (where the amplitude-frequency curve peaks)
has dependencies on the deformation mode, the level of mechanical load, and the applied electric
field. When a dielectric elastomer membrane is subject to equal-biaxial force or pure shear state, it
undergoes a nonlinear quasi-periodic vibration. An aperiodic motion of the dielectric elastomer
system is induced by the boundary condition of a uniaxial force. © 2015 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4913384]

I. INTRODUCTION

Subject to a voltage through the thickness direction, a
membrane of a dielectric elastomer (DE) shrinks in thickness
and expands in area.'® Because of its unique features like
fast response time, large deformation, lightweight and high
energy density, a DE has been considered for high perform-
ance applications, such as soft robots,7’8 MEMS,9_ll tunable
lenses,'?™'* loudspeaker,' and power generators for harvest-
ing energy.'¢'®

Most of the present studies on DE are focused on quasi-
static deformation.®*® Nonlinear modeling and the stability
analysis of DE in quasi-static deformation have been docu-
mented and developed in various forms.'”?* Generally
speaking, there are three different in-plane deformation
modes of DE, including equal-biaxial force, uniaxial force,
and pure shear state. The investigation on the static character-
istic of DE under the three modes was reported recently.?=*
The equal-biaxial and uniaxial modes will induce the pull-in
instability, while the pure shear mode is able to provide a
giant deformation before the wrinkling instability.*

However, to perform as electromechanical actuators, e.g.,
frequency tuning,” pumps,>® and acoustic actuators,”’ a DE is
mostly expected to operate under the alternating load in appli-
cations, where inertia force plays an important role. Recently,
researchers carried out the modeling of the nonlinear dynamic
performance of DE taking into account different configura-
tions, such as membrane,25’28_30 micro-beam resonator,‘“
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Haptics In a Can (HIC) slide actuator,32 ballloon,33’34 and

spherical shell.*® The DE-based structures, including mem-
brane, micro-beam resonator, and HIC slide actuator undergo
the in-plane deformation, while the DE balloon and DE sphe-
rical shell present the out-of-plane deformation. Although the
dynamics of DE with various shapes was studied significantly,
the general study on the dynamic behavior and the dynamic
stability under the three different in-plane deformation modes
(equal-biaxial force, uniaxial force, and pure shear state) is
still lacking.

Majority of the current dynamic works were carried out
by the method of virtual work.®>%373* Recently, Xu et al.*®
and Sheng er al.>® respectively, proposed an analytical
model from the Euler-Lagrange equation to research the
dynamic performance of a homogeneously deformed DE
actuator merely under the action of electric field. The Euler-
Lagrange equation can be employed to solve the problem of
the nonlinear dynamics with multiple degrees-of-freedom
(DOFs) commendably. Unfortunately, they did not take into
consideration the effect of the mechanical load. However, as
an actuator, a DE must be connected to the external environ-
ment and undergo a mechanical load. As mentioned before,
there are three different conditions of mechanical load, and a
DE has to vary the deformation mode to acclimatize itself
to the force outside. Thus, study on the conditions of
mechanical load of DE and how it affects DE’s dynamic
electromechanical performance is necessary and expected.

Furthermore, most of the DE materials, such as VHB,
exhibit a strong viscoelasticity and the charge leakage
through the thickness direction.****° Viscoelasticity allows

© 2015 AIP Publishing LLC
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FIG. 1. Schematic of a square DE membrane. (a) In the reference state, sub-
ject to no force and no voltage, a square DE membrane is of lengths 2L and
2L, and thickness 2H. (b) In the deformed state, subject to the biaxial forces
P, and P, and a voltage ¢, the membrane is of lengths 2/, and 2/,, and thick-
ness 2h. The coordinate of material point (X, Y, Z) in the reference state
deforms to (x, y, z) in the deformed state, with the original point (0, 0, 0)
fixed in the center.

the deformation
ence, 37404244
sponding current leakage through the membrane.
Both of them demonstrated an obvious influence on the elec-
tromechanical performance of DE. Viscoelasticity dissipates
the mechanical energy, suppressing the amplitude of vibra-
tion (including the amplitude of resonant frequency).**° In
this paper, we use the electrical field as the input parameters
and investigate how it affects the dynamic performance of
DE. When the electrical field is a specific value, the induced
Maxwell stress is also determined although the charge leakage
is always companied. The induced Maxwell stress can guaran-
tee a corresponding vibration that is independent to the charge
leakage, as Fig. 11 in the work reported by Foo er al.*’ In
other words, the charge leakage does not affect the dynamic
performance of DE actuators under the actuation of electrical
field. Consequently, the charge leakage is not included in the
developed viscoelastic model of DE in this paper.

By using the Euler-Lagrange equation, we made a theo-
retical prediction of the dynamic electromechanical response
of a viscoelastic DE membrane subject to three different con-
ditions of mechanical load: equal-biaxial force, uniaxial
force, and pure shear state. We then applied the model to
investigate the effects of the mechanical force and the
applied electric field on the dynamic characteristic of DE ac-
tuator under these three deformation modes, respectively.
Subsequently, we analyzed the dynamic stability at special
frequencies by the phase paths and the Poincaré maps.

to have a significant time-depend-

while the charge leakage induces the corre-
4,37-40,45

Il. DYNAMICS MODEL OF A VISCOELASTIC DE
MEMBRANE

Subject to a mechanical force or a voltage, a membrane
of a DE deforms. Fig. 1(a) illustrates a square DE membrane
of lengths 2L and 2L, and thickness 2H in the reference state.
In the deformed state, when the forces P, and P, are applied
in the plane and the two electrodes are subject to a voltage
¢, the membrane is of lengths 2/; and 2/,, and thickness 2.
Define the stretches as 4y =1, /L, 2, =l /L, and 13 = h/H.
Based on continuum mechanics, the material coordinate (X,
Y, Z) labels a certain material point in the reference state,
while the coordinate (x, y, z) denotes the deformable material
point corresponding to the material point (X, Y, Z). We
assume that the middle plane of the membrane (0, 0, 0)

J. Appl. Phys. 117, 084902 (2015)

shows no normal displacement.?”*® For a membrane of an
incompressible elastomer (43 = 2;12; 1, the motion of the
body can be written as

x=MuX y=khY z=)'4'Z (1)

The governing equation is obtained by the Euler-
Lagrange equation

o _drony
a/li dr 8;'”‘ o

where A; denotes the rate of change of /;, £ is the Lagrange,
T is the kinetic energy, II is the potential of the conservative
forces in the system.

The kinetic energy takes the form*’

=12, (@)

1
T:J 5p()'c2+y'2+z'2)dQ, 3)
Q

where p is the density of the elastomer, Q is the domain
occupied by the deformed configuration, x, y, and 7 are the
velocities in three directions, respectively.

The DE membrane is approximately simulated by a previ-
ously developed rheological model******=** with two parallel
units: unit A consists of a spring o which deforms reversibly;
and unit B consists of another spring f§ with a series-wound
dashpot that relaxes in time and dissipates the energy, as
sketched in Fig. 2. Note that the free energy of the system con-
sists of the elastic energy, for which the Neo-Hookean
model?*263%4943 s used, the potential energy induced by the
mechanical forces, and the electrostatic energy. Because of the
homogeneity, the potential IT in the system is obtained by mul-
tiplying the free energy density with the volume?**¢:4¢

IT = 8HL> % (424257 -3)

i
:u — ) — 1—2 97—
"‘3 (’ﬁél 2+ Agézz + 4 2’“225%5% - 3)
P1 N P2 &

TaaL A

4HL 2E2) ) @)

in which ¢ is the permittivity of the elastomer, yu* and u” are
the shear moduli of spring o and spring f, respectively,
E = ¢/2H is the normal electric field, &; and &, are the non-
elastic stretches due to the dashpot in directions x and y. For
spring f, the state of deformation is characterized by a differ-
ent stretch /7, determined by a well-established multiplica-
tion rule as 4; = 4;/ &, 3674042744 The rate of deformation in
the dashpot (regarded as a Newtonian fluid) is described by

Spring oz p”

A AN }

Spring £ 1 Dashpot 77

FIG. 2. Viscoelastic model of DE with two parallel units: unit A consists of
a spring o, unit B consists of another spring f§ and a serious-wound dashpot.
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éildél/dt and fgld@ /dt, and the relationship between the
rate of deformation and the stress can be written as>’**

d v 2,
st - ey
B
-5 (58 —-ilzizzé%fé)], )
d _ _2,-
-§Z%W%@ta%%%>
_%(/1251 —Alzl 25252)] ©6)

where 1 is the viscosity of the dashpot. The viscoelastic
relaxation time, 71, is prescribed as the value between 5 and
WP, 1, = b 36404244

As reported before, there are three different in-plane
deformation modes of DE, including equal-biaxial force,
uniaxial force, and pure shear state.””* In the following,
modeling of a DE membrane under the three different condi-
tions of mechanical load is considered, respectively.

A. Model of a DE membrane under equal-biaxial force

Consider the dynamic characteristic of a viscoelastic DE
membrane under the condition of equal-biaxial force
(P, =P,=P), as shown in Fig. 3(b). Subject to equal-biaxial
force and a voltage, the membrane has stretches
M =7y = JgB, & = & = &gg. Thus, the kinetic energy is
derived from Eq. (3) as

J. Appl. Phys. 117, 084902 (2015)

I =suL? | & (2/1]253 + g —3)

P & 5.4
“E*gg |

ﬁ
(2/%3 éEB + A’EB EB 3) - ﬁ;LEB - 2
®)

Substituting Eqs. (7) and (8) into the Euler-Lagrange
equation (2), we obtain the governing equation under the
condition of equal-biaxial force

6 22 n 3
Jes(2+ L2H-2)85) ™ pH2(2 + [2H-228,)

x |1 (A — Jep) + 1 (e — Zeniy)

P
~ 1L 8 — £E2/1%B} =0. )

ZEB -

The rate of deformation due to the dashpot under the
condition of equal-biaxial force can be simplified by Eqgs. (5)
and (6) as

déEB 2
dr 6 (i EB éEB

It (10)

B. Model of a DE membrane under uniaxial force

In the following, we consider the dynamic characteristic
of a viscoelastic DE membrane under the condition of uniax-
ial force (P, =P, P, =0), as shown in Fig. 3(c). Subject to a

:2
8 4 16, ;4 /1 uniaxial force in the x-direction and a voltage, the membrane
T=30L H/IEB Ty et lgB ’ D has stretches Zuar, Zunz. Cuai» and Cyaa, respectively. The
kinetic energy of this system is derived from Eq. (3) based
and the potential is obtained from Eq. (4) as on the 2-DOFs as
|
T = 2oL A 4 S L I gy S pLPHP AR A (,1—2 F IR f U HIVEELY s W 1ol SV VY ) (11
- 310 “UAL 3P UA2 3P UA17UA2 \"UA17UAL UA27"UA2 UA17UA27UAT/AUA2 )

and the potential is gained from Eq. (4) as

(a)

FIG. 3. (a) In the reference state, sub-
ject to no force and no voltage, a DE
membrane has dimensions 2L x2L x2H.
In the deformed state, (b) subject to
equal-biaxial force P in the plane and a

MJ

2l’ﬂ"UAl

voltage ¢, the membrane has stretches
s =Ja =/Jgp and & = & = Egp; (©)
subject to uniaxial force P in x-direction
and a voltage ¢, the membrane has
stretches Zuai, Auaz, Suars and Eyans
(d) the stretch in y-direction is con-
strained as /J; = A, and the level of
the force to constrain /; = Ay, is
denoted by P,,; subject to the force P
in x-direction and a voltage ¢, the
membrane has stretches A; = Aps and

2HA A

UA1""UA2

2L A,

51 = Cps-

2H s,
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oL ﬁ
wor, 2 —2 42 H 2
I = 8HL2 [? (/“UAI + ;“UAZ + ;“UAIAUAZ - 3) +5 2 ( UAICUAI + /“UAZéUAZ + A’UAIAUAZéUAlfUA2 - 3)
P & 2 12
—miUAl _EEz;{UAl/LUAZ:| (12)

Substituting Eqs. (11) and (12) into the Euler-Lagrange equation (2), we obtain the governing equations under the condi-
tion of uniaxial force

8 16 -
3 pL’H’ [(LZH + ’IUAI;”UAZ)} var + ’IUAliUAZ’lUAJ 3 L>H? ()'UZI/LUAZ)”UAI + a1 AUAAUALAUAL AL A UAz)

X 3 . _ P
+8HL? [/‘a (AUAI - /“U/il)”U;zu) + llﬁ <7LUA1 éUAl /“UAI)UAZéUAlfUAZ) T AHL 8EZ’IUAI’I%JAJ =0, (13)

8 - " U 16 - )
gPL2H3 [(LZH + j’UAl;‘UiZ) Juaz + lellUileAl} - ?PL2H3 ()“U%UAUAZJ“UAZ + a1 AU AUALAUAL + AuA1 Auaa UAI)

+8HL? [l‘a (AUAZ - /15/2&1;“6112) + (iUAZfﬁiz AUAl;“UAzéUMfUAz) - 8E2}"%IA1}“UA2} =0. (14)

The rate of deformation due to the dashpot under the condition of uniaxial force can be received based on Egs. (5)

and (6)

diyar ) O,

a6y (2/“UA1 AL — AoazCunCuar — AUA1}~UA25UA15UA2)a (15)
doar W 2 .

dr ﬂ <2AUA2£UA2 — Zua1€uaiuaz — AuA1}UA25UA1§UA2) (16)

C. Model of a DE membrane under pure shear state

By contrast, the giant deformation in a certain direction
has been observed when the deformation in the other in-
plane direction is constrained.”?** The stiff fibers are
employed to constrain a certain in-plane direction in experi-
ments, as reported by Lu et al.>* Here, we constrain the y-
directional deformation and prescribe the stretch as A, = Ay,.
Next consider the dynamic characteristic of a viscoelastic
DE membrane under a pure shear state, as shown in Fig.
3(d). Subject to a force in x-direction and a voltage, the
membrane has stretches 4; and &, in x-direction. Due to the
constrained stretch in y-direction /; = & = Ao, = &y, 22 =
0 can be acquired consequently. By defining A; = /ps and
&, = &ps, the kinetic energy of the system is expressed as

4 , .2 4 ,’112,5

T = pL*Hlpg +~ pL*H> 55— (17)
3 3 /12;7 PS
and the potential is gained as
HSHL2[2 (s + 73, + 12078 = 3)
b P
W (o .2 22
T (/“Psfps + Aps Sps — 2) - M’IPS
P2 " f“ 2
_ ﬁ hap =5 /szlps:| (18)

where P,, denotes the force in y-direction which is used to
constrain the stretch as /A = /y,. For the reason that the
inertia force in y-direction is 0 (4, =0), thus, the

constrained stress in y-direction, Py,/s,/(4HL), can be
related to E as*

P, af 52 2,2 22
2 HpL} ()“2]7 — /ps 4y ) + ! (1 — /ps 5Ps>

— eE*Dpsl5,. (19)
Inserting Eq. (19) into Eq. (18), we can obtain

IT = 8HL? { : (;VI%S P34 305 e — 3)

P
(}lzbséPS + 355 s — ) —mips

+ EEzzg,,zf,s} . (20)

Substituting Egs. (17) and (20) into the Euler-Lagrange
equation (2), we obtain the governing equation under pure
shear state

-2
ps — 2oy . 3
Ips(lg] +L2H205g) ™ pH2 (27 + L2H2Jb)
x [,ﬂ (xgs - 3)5132@3) + (135 52— 311)551%3)
Rt Azngs} o, @1

The rate of deformation in x-direction due to the dashpot
under the pure shear state can be simplified by Egs. (5) and
(6) as
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déps _ M_ﬂ
dt 61

lll. NUMERICAL SIMULATION

(2/113551351 —Cps — i;szf%s) (22)

Subject to a time-dependent voltage ¢(7), the dynamic
response of a DE membrane is very complicated.”®° In
the following, by applying a sinusoidal electric load
E = Eysin(27nft), the dynamic characteristic of a visco-
elastic DE membrane under the three different conditions is
simulated, where f is the frequency of the applied electric
field, and E, is the amplitude of the normal electric field.
The initial condition is given by /;(0) = ;(0) =1 and
2i(0) = 0 due to the assumption that the system is activated
from the reference configuration.**® In the following calcu-
lations, we set the parameters for the application at
H=10x10"m, L=5.0x107"m, p = 1.2 x 10°%kg/m?,
£=6.198 x 107""F/m,* p*=1.8 x 10*Pa, uf =4.2 x 10*Pa,
1, =400s.”

A. A DE membrane under equal-biaxial force

The effects of the equal-biaxial force P and the ampli-
tude of the normal electric field Ey, on the frequency-
dependent amplitude of Jgg are shown in Fig. 4. For a given
constant Ey=1x 10 kV/m, the largest peak is 0.05206 for
P=0.2 N, which happens at 431 Hz (black curve in Fig.
4(a)), and the amplitude attains much bigger values of
0.1248 for P =0.5 N, which appears at 385 Hz (red curve in
Fig. 4(a)) and 0.2373 for P=0.8 N, which emerges at
340Hz (blue curve in Fig. 4(a)). Compared to the effect of
the force P, the amplitude of the normal electric field Eq has
a relatively minor influence on amplitude-frequency
response in Fig. 4(b). Under an unchanging P =0.5 N, the
simulation results reveal that the peak amplitude changes
from 0.1248 at 385 Hz for Eq=1Xx 10° kV/m (black curve in
Fig. 4(b)) to 0.7120 at 371 Hz for Eo=5x%10? kV/m (blue
curve in Fig. 4(b)). In all, increase in the equal-biaxial force
P and the amplitude of the normal electric field E, reduces
the resonant frequency (in this article, we define the fre-
quency where the amplitude-frequency curve peaks as the
resonant frequency) and enlarges the amplitude of vibration.
The similar results induced by enlargement of external force
and actuation voltage were also reported in the research of
DE electromechanical resonator previously.***’

When the equal-biaxial force P=0.5 N and the ampli-
tude of the normal electric field Ey=5x10° kV/m, Fig. 5

J. Appl. Phys. 117, 084902 (2015)

illustrates the time-dependent behaviors of the vibration for
three values of the excitation frequencies. Here, we choose
the resonant frequency f= 371 Hz, half value of the resonant
frequency f= 185 Hz, and double value of the resonant fre-
quency f=742Hz. Figs. 5(c) and 5(d) indicate that the DE
system under equal-biaxial force vibrates most strongly and
exhibits beating®>**® when the excitation frequency is
around the resonant frequency (f=371 Hz), which does not
exist at f=185Hz (Fig. 5(b)) and f=742Hz (Fig. 5(f)). It
can be found the deformation of &gy is relatively small (Figs.
5(a), 5(c), and 5(e)), resulting from a big value of the visco-
elastic relaxation time, which is consistent with our previous
work done by Sheng er al.*® It can be inferred that &g will
increase gradually and is approaching to Agg if sufficient
time is provided.

Figure 6 plots the phase diagrams and the Poincaré
maps of Agg for the three different exitation frequencies
f=185Hz, f=371Hz, and f=742Hz, while P=0.5 N and
Eo=5x10° kV/m. As seen that the phase paths in Figs.
6(a)—6(c) are all presented in closed loops, indicating a stable
vibration under the condition of equal-biaxial force. The sta-
bility transition can be better explained by the Poincaré
maps>?2°3%3% in Figs. 6(d)—6(f). The Poincaré maps for the
three frequencies all form the closed loops, showing that the
DE system under equal-biaxial force experiences a stable
nonlinear quasi-periodic vibration.

B. A DE membrane under uniaxial force

Figure 7 displays the amplitude of Aya; as a function of
the excitation frequency considering the effects of the uniax-
ial force P and the amplitude of the normal electric field E.
When E,=1x10° kV/m is maintained, the amplitude peaks
at 455 Hz with a value of 0.07724 for P =0.2 N (black curve
in Fig. 7(a)), and peaks at 438 Hz with a level of 0.1827 for
P=0.5 N (red curve in Fig. 7(a)), and a much larger peak
with a value of 0.3079 for P =0.8 N, appears at 425 Hz (blue
curve in Fig. 7(a)). We also compare the effect of the ampli-
tude of the normal electric field E, on amplitude-frequency
response shown in Fig. 7(b). For an invariable value of
P =0.5 N, similar to the condition of equal-biaxial force, the
amplitude of the normal electric field E affects the resonant
frequency of the system weakly. When E, increases from
1x10* kV/m to 5x10* kV/m, the peak amplitude increases
from 0.1827 at 438 Hz (black curve in Fig. 7(b)) to 0.4897 at
424 Hz (blue curve in Fig. 7(b)). In summary, addition of the

FIG. 4. Amplitude-frequency response
of a DE membrane under equal-biaxial
force. (a) Comparison of the frequency-

]

1

1

§/
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)

.!L equal-biaxial force P=02 N, P=0.5
.i N N, and P=0.8 N with a constant
Eo=1x10* kV/m. (b) Comparison of
] the frequency-dependent amplitude of
1 A between the amplitude of the normal

electric field Eo=1x10> kV/m, Eg=3
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1000 aconstant P =0.5 N.
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uniaxial force P and the amplitude of the normal electric
field E, decreases the resonant frequency and increases the
amplitude of vibration, which is consistent with the condition
of equal-biaxial force and the corresponding work reported
before. >4 Particularly, the DE membrane under uniaxial
force resonates at several frequencies and the amplitude-
frequency response of the DE system appears multiple
modes of vibration. When the frequency of excitation is
close to one of the resonant frequencies, the corresponding
vibration mode can be induced. This similar phenomenon of
multiple modes was also reported by Zhu et al.*®

Figure 8 inllustrates the time history of vibration for
three values of the excitation frequencies with the uniaxial
force P =0.5 N and the amplitude of the normal electric field
EO:5><1O3 kV/m. Similarly, we also choose the resonant
frequency f=424Hz, half value of the resonant frequency
f=212Hz, and double value of the resonant frequency
f=3848Hz. Unlike the DE system under the equal-biaxial
force, the dynamic response of the DE system under uniaxial
force exhibits strong nonlinearity when the excitation

0.6

frequency is close to the resonant frequency, as shown in
Fig. 8(d). The nonlinearity also shows more obvious when
the excitation frequency is close to the half and double val-
ues of the resonant frequency, as shown in Figs. 8(b) and
8(f). Furthermore, same to the condition of equal-biaxial
force, the DE system under uniaxial force reveals a big beat-
ing when the excitation frequency is close to the resonant
frequency f=424Hz (Fig. 8(d)), which does not exist at
f=212Hz (Fig. 8(b)) and f= 848 Hz (Fig. 8(f)). The reason
of the small deformation of &y, (Figs. 8(a), 8(c), and 8(e))
is also due to the big value of viscoelastic relaxation time.
Figure 9 displays the phase diagrams and the Poincaré
maps of Aya; for the three different exitation frequencies
f=212Hz, f=424Hz, and f=848 Hz, while P =0.5 N and
Eo=5x10%kV/m. The phase paths in Figs. 9(a)-9(c) appear
as the tangle of interlaced curves, indicating the system proc-
esses very complicated nonlinear behavior, which is consisi-
tent to the time-history curve of Aya; shown in Figs. 8(b),
8(d), and 8(f). The Poincaré maps in Figs. 9(d)-9(f) are
employed to detect the feature of the system and explain the

4 03}

4 oo}

4 03}

©

FIG. 6. Phase diagrams and Poincaré
maps of the DE membrane under

equal-biaxial force with P =0.5 N and
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Eo=5%10> kV/m for the three differ-
ent exitation frequencies: (a) and (d)
f=185Hz, (b) and (e) f=371Hz, (c)
and (f) f=742Hz.
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stability transition.”*%*=° All the Poincaré maps for the
three frequencies are disordered and do not form the closed
loops, showing that the DE system under the uniaxial tensile
forces experiences an aperiodic vibration.?**>*® The results
demonstrate that the dynamic performance of the DE system
under uniaxial forces is aperiodic and relatively unstable,
compared with the unstable static performance with the inci-
dental pull-in instability.*>**

C. A DE membrane under pure shear state

Figure 10 describes the amplitude of Apg as a function of
the excitation frequency considering the effects of the force
P, the amplitude of the normal electric field E, and the con-
strained stretch A»,. Under the unchanging £ = 3 x 10° kV/m
and Ay, = 2, a large peak of the amplitude-frequency appears
around 381 Hz with a value of 1.2271 for P=0.1 N (black
curve in Fig. 10(a)), and a much larger peak with a value of
1.2854 for P =0.3 N appears at 366 Hz (red curve in Fig.
10(a)), the largest amplitude for P =0.5 N peaks at 351 Hz
with a value of 1.3139 (blue curve in Fig. 10(a)). Then the
effect of the amplitude of the normal electric field E, on
amplitude-frequency response is investigated (Fig. 10(b)).

4(I)0 6(I)0 800 1000
Frequency f(Hz)

x 10* kV/m, and Eo=5x10> kV/m
with a constant P = 0.5 N.

For the invariable values of P =0.1 N and 4,, = 2, different
with the conditions of equal-biaxial force and uniaxial force,
the increase in E, adds up the resonant frequency of the
pure-shear DE system slightly (from 381 Hz to 391 Hz). As
Eq increases from 3x10° kV/m to 5x10° kV/m, the peak
amplitude increases from 1.2271 at 381 Hz (black curve in
Fig. 10(b)) to very large values (red and blue curves in Fig.
10(b)). As reported by Zhu ez al.,*® the peak amplitude of the
resonant frequency can be even unbounded when the voltage
increases, which is consistent with our present results. In the
following, we explore the effect of the constrained stretch
/2p on the amplitude-frequency response with P =0.1 N and
Eqy=3x 10° kV/m. When /2 increases from 2 to 3 and 4, the
resonant frequency increases slightly (from 381 Hz to 391 Hz
and 401 Hz), and the peak value of the amplitude also
enlarges from 1.2271 (f=381 Hz, black curve in Fig. 10(c))
to very large values (red and blue curves in Fig. 10(c)),
which is similar to the effect of Ey,. However, when the
actuation frequency is kept away from the resonant fre-
quency, enlargement of /,, induces a reduction of the value
of the amplitude, as illustrated in Fig. 10(c). The reason may
be a larger prestretch in y-direction suppresses the deforma-
tion in x-direction, causing a reduction of the amplitude
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FIG. 9. Phase diagrams and Poincaré
maps of the DE membrane under unixial

force with P=0.5 N and Eo=>5 x 10°

kV/m for the three different exitation fre-
quencies: (a) and (d) f=212Hz, (b) and
(e) f=424Hz, (c) and (f) f= 848 Hz.
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when the excitation frequency is away from resonant fre-
quency. To sum up, enlargement of the force P decreases the
resonant frequency and adds up the amplitude of vibration,
the reason is similar to that explained before. However,
inconsistent with the conditions of equal-biaxial force and
uniaxial force, increase in £y augments both the resonant fre-
quency and the amplitude of vibration. The reason may be
the plus sign before the electrostatic energy in Eq. (21), com-
paring the minus sign before the electrostatic energy in
Eq. (9), and Egs. (13) and (14) under the conditions of equal-
biaxial force and uniaxial force, respectively. Increase in the
constrained stretch A, adds up the resonant frequency and
the peak amplitude when the excitation frequency is close to

T T T
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FIG. 10. Amplitude-frequency response of a DE membrane under pure shear
state. (a) Comparison of the frequency-dependent amplitude of Aps between
the force P=0.1 N, P=0.3 N, and P =0.5 N with the constant £y =3Xx 10°
kV/m and /5, = 2. (b) Comparison of the frequency-dependent amplitude of
Jps between Eg=3x10" kV/m, Eo=4x10> kV/m, and E;=5x10" kV/m
with the constant P =0.1 N and /5, = 2. (c) Comparison of the frequency-
dependent amplitude of Zps between /Jy, = 2, 4, = 3, and /y, = 4 with the
constant P =0.1 N and Eg=3x 10> kV/m.

1.0 1.1 1.2 13

the resonant frequency, while decreases the amplitude when
the excitation frequency is away from the resonant fre-
quency. The reason why the enlargement of 1, adds up the
resonant frequency (which is different with the force P in
x-direction) may be that addition of A,, causes the increase
in the constrained force P»,, in y-direction.

Figure 11 inllustrates the time history of the vibration
for three values of the excitation frequencies under pure
shear state with J,, =2, P=0.1 N, and Ey=3x 10° kV/m.
Similarly, to study the effect of excitation frequency, here
we choose the resonant frequency f= 381 Hz, half value of
the resonant frequency f=190Hz, and double value of the
resonant frequency f=762Hz. The same to a DE under
equal-biaxial force, the DE system of pure shear state
vibrates most strongly and demonstrates a beating when the
excitation frequency is close to the resonant frequency
f=381Hz (Fig. 11(d)), which does not exist at f=190Hz
(Fig. 11(b)) and f=762Hz (Fig. 11(f)). The reason of the
small deformation of &pg (Figs. 11(a), 11(c), and 11(e)) is
same to that explained before, that is, due to the big value of
viscoelastic relaxation time.

Figure 12 plots the phase diagrams and the Poincaré
maps of Aps for the three different exitation frequencies
f=190Hz, f=381Hz, and f=762 Hz under the condition of
Jop =2, P=0.1 N, and Eg=3x 10° kV/m. The phase paths
are all presented in closed loops shown in Figs. 12(a)-12(c),
declaring a stable vibration under the pure shear state. The
Poincaré maps in Figs. 12(d)-12(f) can be used to describe
the stability transition better.***>-*>-*® The Poincaré maps for
the three frequencies all form the closed loops, showing that
the DE system under pure shear state undergoes a stable non-
linear quasi-periodic vibration.

IV. CONCLUSION

By using the Euler-Lagrange equation, we developed
the dynamic model for homogeneously deformed visco-
elastic DE actuator under three different conditions of
mechanical load: equal-biaxial force, uniaxial force, and
pure shear state. Numerical results demonstrated that when
the DE membrane was under the boundary of equal-biaxial
force, the resonant frequency reduced and the maximal am-
plitude increased with the enlargement of the mechanical
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FIG. 12. Phase diagrams and Poincaré
maps of the DE membrane under pure

shear state with Ay, =2, P=0.1 N,
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load and the applied electric field. The time dependent
behavior of the stretch indicated that a beating occurred
near the resonant frequency. The phase diagrams and the
Poincaré maps detected the feature of the equal-biaxially ten-
sile DE system a nonlinear quasi-periodic vibration. Under
the condition of uniaxial force, the DE membrane appeared
as a phenomenon of mutiple modes of vibration. Diminution
of the resonant frequency and increase in maximal amplitude
were caused by the magnification of mechanical force and
electric field. The time-history curve revealed a beating
when the excitation frequencies were next to resonant fre-
quency. An aperiodic motion of the uniaxially tensile DE
system was certified by the phase paths and the Poincaré
maps. When the DE membrane was under pure shear state (a
certain direction was constrained), the amplitude-frequency
response declared that growing values of mechanical load
decreased the resonant frequency and added up the maximal
amplitude, while increase in applied electric field enlarged
both the resonant frequency and the maximal amplitude.

o 4
o
o
o Q
2 1 g
o°
T Q’q’ © 1 %%"’Oooo i
@ 2t 00 4
= 00007 =381 Hz

and Ey=3x10% kV/m for the three dif-
ferent exitation frequencies: (a) and (d)
f=190Hz, (b) and (e) f=381Hz, (c)
and (f) f=762Hz.

Furthermore, enlargement of the constrained stretch adds up
the resonant frequency and the peak amplitude when the
excitation frequency is close to the resonant frequency, while
decrease the amplitude when the excitation frequency is kept
away from the resonant frequency. Similar to the state of
equal-biaxial force, under the pure-shear mode, the stretch-
time response showed a beating near the resonant frequency,
and the phase diagrams and the Poincaré maps at several
specific excitation frequencies implied a nonlinear quasi-
periodic motion. The results can help to determine the
applied deformation mode to be better used for DE actuators
based on the corresponding dynamic response and dynamic
stability.
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