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Design and Stabilization of Sampled-Data
Neural-Network-Based Control Systems

H. K. Lam, Member, IEEE, and Frank H. F. Leung, Senior Member, IEEE

Abstract—This paper presents the design and stability analy-
sis of a sampled-data neural-network-based control system. A
continuous-time nonlinear plant and a sampled-data three-layer
fully connected feedforward neural-network-based controller are
connected in a closed loop to perform the control task. Stability
conditions will be derived to guarantee the closed-loop system
stability. Linear-matrix-inequality- and genetic-algorithm-based
approaches will be employed to obtain the largest sampling period
and the connection weights of the neural network subject to
the considerations of the system stability and performance. An
application example will be given to illustrate the design procedure
and effectiveness of the proposed approach.

Index Terms—Neural network, nonlinear system, sampled-
data control.

I. INTRODUCTION

HE SUPERIOR learning and generalization abilities of

neural networks have attracted the public attention for
many years. It was shown that a three-layer fully connected
feedforward neural network (TLFCFFNN) is a universal ap-
proximator that is able to approximate any smooth continuous
function in a compact domain to an arbitrary accuracy [1].
Owing to these outstanding properties, neural networks were
widely applied in different applications to handle different
problems such as forecasting [2], handwritten character recog-
nition [3], automatic control [4], etc.

This paper focuses on the stability and the performance
optimization issues of the neural-network-based sampled-data
control systems. A neural-network-based control system is
composed of a nonlinear plant and a neural-network-based con-
troller connected in closed loop. The highly nonlinear nature
of the plant and the neural network and the complexity of
the network structure make the analysis difficult and complex.
Different neural-network-based control approaches subject to
the consideration of system stability were reported. In [5], an
adaptive neural-network-based controller with variable hidden
nodes was proposed. The stability of the closed-loop system is
achieved by compensating the nonlinearity of the plant using
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the online estimated parameter values. The estimation error is a
potential cause of the closed-loop system instability. To handle
the effect of the estimation error to the system stability, adaptive
neural-network-based controllers [6], [7] with switching con-
trol signals were proposed. However, the switching signals will
introduce an undesired chattering effect to the system. In [8]
and [9], adaptive neural networks combined with some conven-
tional controllers were proposed. In most of these approaches,
the use of the neural networks was mainly for modeling the
nonlinearity of the plants. Other control schemes were then
employed to achieve the system stability. In summary, the
system stability was mostly achieved by the adaptive and/or
sliding mode control techniques in these approaches, but not
by the neural network itself. When the network parameters
are online changing according to some adaptive laws, it will
increase the computational demand, structural complexity, and
implementation cost of the neural-network-based controller. In
[10]-[12], stability conditions have been derived for a class
of neural-network-based control systems with a feedforward
multilayer-perceptron (MLP) neural network. The derived sta-
bility conditions were for checking the stability of the neural-
network-based control systems. However, the ways for finding
the network parameters and optimizing the system performance
were ignored. These are in fact two important issues for putting
the neural-network-based controller into practice.

In most of the published work, the investigations were based
on purely continuous-time or discrete-time neural-network-
based control systems; the sampled-data neural-network-based
control systems are seldom considered. To investigate the
system stability, the sampled-data systems can be regarded
as systems with time-varying delays [13]-[16]. In this paper,
sampled-data TLFCFFNN-based control systems subject to
parameter uncertainties will be studied. The nonlinearity of the
plant needs to be considered during the design of the sampled-
data TLFCFFNN-based controller. Furthermore, the control
signals are kept constant during the sampling period and cannot
be changed to deal with the nonlinearity of the plant. These
characteristics make the analysis and design more difficult and
complex. In this paper, stability conditions will be derived to
guarantee the stability of the sampled-data TLFCFFNN-based
control systems using the Lyapunov-based approach. The find-
ing of the largest sampling period and the connection weights
of the TLFCFFNN-based controllers and the optimization of
the system performance subject to the system stability will be
formulated as a generalized eigenvalue minimization problem
(GEVP) [17] and a genetic algorithm (GA) [18] minimization
problem, respectively.
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Fig. 1. Block diagram of a TLFCFFNN-based control system.

II. NONLINEAR SYSTEM AND
NEURAL-NETWORK-BASED CONTROLLER

A TLFCFFNN-based control system as shown in Fig. 1 con-
sists of a continuous-time nonlinear system and a TLFCFFNN-
based controller. Referring to this figure, the sampled-data
TLFCFFNN-based controller is formed by a sampler with sam-
pling period h, a discrete-time TLFCFFNN-based controller,
and a zero-order-hold (ZOH) unit. With this control framework,
the development and implementation costs may be reduced as
the sampled-data TLFCFFNN-based controller can easily be
realized by a microcomputer.

A. Nonlinear Plant

The continuous-time nonlinear plant to be controlled is of the
following form:

x(t) = £ (x(t),u(?)) (1)

where x(t) = [z1(t) z2(t) --+ z,(t)]T € R™*! is the system
state vector; u(t) = [u1(t) ua(t) --- um(t)]T € R™*L is the
input vector; and f(-) denotes a nonlinear function with known
form. The nonlinear plant of (1) can be written in the following
form [22], [23]:

p

x(t) = Y wi (x() (Ax() + Bu(t) ()

i=1

where A; € R™"*" and B; € "™ are the constant system and
input matrices, respectively; p is a nonzero positive integer; and
w;(x(t)) has the following properties:

P

S wi (x(1) = 1,

i=1

w; (x(t)) € [01]; +=1,2,...,p.

3)

Remark 1: Based on the assumption that the nonlinear plant
can be represented in the general form of (1), there are two ways
to obtain the system model in the form of (2) for the nonlin-
ear plant, namely: 1) by system identification techniques [22]
based on the input—output data and 2) by mathematical deriva-
tion [23] if the nonlinear plant can be represented as x(t) =
A(x(t)x(t) + B(x(t))u(t), where A(x(t)) and B(x(t)) are
the system and input matrices of the nonlinear plant, respec-
tively. It is assumed in the second method that the form of the
mathematical model is known. Notice that the value of w; (x(t))

Input Layer

Hidden Layer Output Layer

x,(0)

x,(1)
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= Hour

x,(t)

-1

Fig. 2. TLFCFEFNN.

is unknown if the nonlinear plant is subject to parameter
uncertainties.

B. Sampled-Data Three-Layer Fully Connected Feedforward
Neural-Network-Based Controller

A traditional multiple-input-multiple-output discrete-time
TLFCFENN [19] is shown in Fig. 2. Its input—output relation-
ship is given by

nhp n
U(ty) =D grits ( m;iti(ty) — bj) ;
j=1 i=1
k:1,2,-~-,nout 4

where ¢, =~h, v=0,1,2,...,00, denotes a time instant;
h =ty41 —t, denotes the constant sampling period; m; ; de-
notes the connection weight between the jth hidden node and
the ith input node; gy, ; denotes the connection weight between
the kth output node and the jth hidden node; b; denotes the bias
for the jth hidden node; ¢ f() denotes the activation function;
ny denotes the number of hidden nodes; nq,.¢ denotes the
number of output nodes; x(t,) = [x1(ty) z2(t,) -+ xn(t,)]T
denotes the sampled system state vector at time instant ¢.,. The
sampled-data TLFCFFNN-based controller for the nonlinear
system of (2), with 1o, = mn, is defined as u(t), as in (5)
shown at the bottom of the next page.

It should be noted that u(t) = u(t,), which holds constant
value by the ZOH unit during ¢, < ¢ < t,,1. From (4) and (5),
we have

u(t) =Y mj(x(t,)) Gix(t,),  v=0,1,2,...,00 (6)
j=1
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where
91,5 92,5 9n,j
G= | I )
Iim-1)n+1,5 9(m-1)n+2,5 gm.n,j
ty <an m;i%i(ty) — bj)
mj (x(t,)) = ! ey ®

lné ty (an M@y (ty) — bl>

v=1

which exhibits the property that 3 7%, mj(x(t)) = 1.
The activation function ¢;(-) is chosen such that
tr(3on_q mupy(ty) —by) >0 for all 1 =1,2,...,n,, and
St tr (e muLxy(ty) — b)) #0 at any time so as to
satisfy the property of (8).

Remark 2: Referring to (2), the dynamical behavior of the
nonlinear plant is characterized by w;(x(t)), A;, and B;.
A sampled-data TLFCFFNN-based controller is proposed to
stabilize the nonlinear plant. As the control action of the
sampled-data TLFCFFNN-based controller is mainly governed
by the parameters of the neural network, i.e., m;; and gz ;,
its stabilizability is governed by the network parameters. In the
following sections, the design of the network parameters based
on the nonlinear plant’s parameters will be formulated as a
linear-matrix inequality (LMI) problem under the consideration
of system stability. It will be shown later on that the network
parameter g ; mainly determines the system stability. Their
values will be designed based on the nonlinear plant’s para-
meters A; and B;. The network parameter m,; ;, on the other
hand, only affects the closed-loop system performance. Their
values will be determined using GA to optimize the system
performance.

C. Sampled-Data TLFCFFNN-Based Control Systems

A sampled-data TLFCFFNN-based control system as shown
in Fig. 1 is formed by connecting the continuous-time non-
linear system of (2) and the sampled-data TLFCFFNN-based
controller of (6) in closed loop. In the following, w;(x(t)) and
m;(x(ty)) are written as w; and m;, respectively, for sim-
plicity. Let 7(t) =t —t, <h for t, <t <t,41, from (2)
and (6) and the property that 77, w; =) " m; =

i1 2_j2, wim; = 1, we have

X(t) = Z Zh:wimj (Azx(t) + BiGJ‘X (t — T(t))) .9

i=1 j=1

III. STABILITY AND DESIGN OF SAMPLED-DATA
TLFCFFNN-BASED CONTROL SYSTEMS

The stability, design, and performance optimization of the
sampled-data TLFCFFNN-based control system of (9) will be
investigated in this section.

A. Stability Analysis and Maximum Sampling Period

The solution to 1) the stability conditions in terms of LMIs
[17], 2) the connection weights of the TLFCFFNN, and 3) the
maximum sampling period can be determined by solving the
GEVP stated in the following theorem.

Theorem 1: The sampled-data TLFCFFNN-based control
system of (9) formed by the continuous-time nonlinear system
in the form of (2) and the sampled-data TLFCFFNN-based con-
troller of (6) is guaranteed to be asymptotically stable if there
exist matrices X; € ™", Xy, € ™", X3 € R, M €
gnxn Ml('jl'l) € jxn, Mgl) € jxm, Mz('32'2) c RV Y €
Re®and Ny e R™", i=1,2,...,p; j=1,2,...,np,
such that the LMIs given at the bottom of the page are satisfied,

Y1 (ty) Ya(ty) Yn(ty) z1(ty)
yn+1(tw) Yn+2 (tw) Yon (t'y) T2 (tv)
u(t) _ y(er—l)n+1(t'y) nhy(m—l)z-i-Q(t'y) ymn(t'y) mn(t'y) ) tv <t< tv—&-l (5)
3 07 (£ mua(t) )
=1 v=1
2X;-M 0 NiBf
X, =XT>0, M=M">0, Y=YT>0, 0 MY MOV | >0
BN, M wM®
v ij j
MY MOV x, X7 X, + XTI X, AT +NTBf - XJ +X; 0 0
M3 M3 0 XT 11 AX; + B;N; — X, + Xg —X3 — X;r 0 0
i ij 3 < ==
X 0 Y o0 h 0 0 00
X, X 0 -M 0 0 0 0
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for 1=1,2,...,p; j=1,2,...,np, where the connection
weights of the TLFCFFNN are defined as G; = N; X .

The largest sampling period h is obtained by solving the
following GEVP:

L 1
minimize E
X1, X2, X MV MEY MEY MY N

subject to the above LMIs.
Proof: The proof is given in Appendix A. ]

Remark 3: The largest value of h denotes the largest sam-
pling period that the sampled-data TLFCFFNN-based con-
troller is guaranteed to stabilize the nonlinear system.

Remark 4: Tt can be seen from Theorem 1 that the stability
conditions do not involve the plant parameter w;. In other
words, the value of w; does not affect the system stability,
which enhances the robustness of the closed-loop system if
the parameter uncertainties of the nonlinear plant are only
affecting w;.

Remark 5: It can be seen from Theorem 1 that the sta-
bility conditions depend only on the network parameter gy, ;
(element of G; = Nle_l) and not on the network parameter
m; ;. By solving the stability conditions in Theorem 1, the
value of g, ; can be obtained. Furthermore, the values of m; ;
can be freely designed to achieve good system performance,
as long as the constraints ¢ (Y ., my 2y (ty) — b)) > 0 and
St (Oon_y mi ey (ty) — by) # 0 are satisfied.

B. Performance Optimization

The maximum sampling period hy,,x can be obtained by us-
ing Theorem 1. A sampling period % between 0 and hax, i.€.,
0 < h < hmax, can be employed as the sampling period of the
sampled-data TLFCFFNN-based controller. Under this chosen
h, the stability of the sampled-data TLFCFFNN-based control
system is guaranteed by Theorem 1. In the following, the
system performance will then be optimized based on the LMI
approach under the chosen constant sampling period h. The per-
formance of a system can be quantitatively measured by the fol-
lowing performance index, which is commonly used in optimal

control [20].

s~ [ [ 2] ) o

70

where 7; — 79 > 0 denote the optimization period, J; =J7T > 0,
Js :J;F > 0, and {:]]é« ;2
designer. The performance optimization can be formulated as a
GEVP and summarized into the following theorem.

Theorem 2: The sampled-data TLFCFFNN-based system of
(9) formed by the continuous-time nonlinear system in the
form of (2) and the sampled-data TLFCFFNN-based controller
of (6) is guaranteed to be asymptotically stable if there exist
matrices X; € R ", Xy € R™", X3 € R™*", M € ™",
ngll) c §Rn><n, MEJQI) c §}:en><n7 M£]22 c §Rn><n, Y ¢ §Rn><n’
and N; e R™*", ¢ =1,2,...,p; j=1,2,...,nyp, such that
the LMIs given at the bottom of the page are satisfied, with
a defined constant sampling period 0 < h < hpay: for ¢ =
1,2,...,p; 7 =1,2,...,ny, where the connection weights of
the TLFCFFNN are defined as G; = N; X '

The system performance of (10) is optimized by solving the
following GEVP:

} > 0, which is determined by the

minimize n
X1, X5, X5, MY MEY MEY MY, N;
subject to the above LMIs.
Proof: The proof is given in Appendix B. ]

Remark 6: A constant value should be assigned to h (0 <
h < hmax) before applying Theorem 2, where the maximum
sampling period hy,. is obtained by Theorem 1.

Remark 7: Tt should be noted that J; € R™*™ and J3 €
R™X™ are constant symmetric matrices and Jo € R™™ is
a constant arbitrary matrix. Their values must be determined
before applying Theorem 2.

C. Tuning of m; ; and b;

In Theorems 1 and 2, the maximum sampling period and
the connection weight gy ; are determined based on the LMI
approach. In this section, the connection weight m; ; and the

2X,-M 0 NTBT
X, =XT>0, M=MT>0, Y=Y">0, 0 MY MEYT | >0
21 pp(22)
BN, MV M
r Xy + X3 +hM{Y X, AT + NTBT - X + Xy + hM2)" 1X, XY
21 22
AiX; +B;N; — Xo + X3 + M) ~X;3 — X3+ hMEY 0o KXF | .o
hX, 0 Y 0
I hXs hX 0 —hM
- —nl X; NT
J, 7 i
J%‘ J2 > 07 X1 . J1 J2 ! < 0
L2 N; T I
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bias b; will be determined. Owing to the nonlinear nature of
the activation function of the TLFCFFNN, it is difficult to
formulate the finding of m;; and b; into an LMI problem.
Instead, GA can be employed to tune the values of m; ; and b;
by minimizing the following performance index for the closed-
loop system:

= LT T sl

70

1)

It should be noted that the values of the sampling period h
and the connection weight g;, ; obtained by Theorem 1 or 2
are kept constant during the training process. As the system
stability is governed by the sampling period and the connection
weight gy ; only, the values of m;; and b; can be freely tuned
to alter the system performance.

D. Design Procedure

The design procedure of the sampled-data TLFCFFNN-

based controller is given as follows.

Step 1) Obtain the model of the nonlinear plant in the form
of (2).

Step 2) Determine the number of hidden node nj; and
the activation functions for the sampled-data
TLFCFFNN-based controller in the form of (6).

Step 3) Determine the maximum sampling period hpy.x by
Theorem 1. Choose a constant sampling period A
such that 0 < A < hpax-

Step 4) Under the chosen sampling period h in Step 3),
optimize the system performance and obtain the
connection weight g, ; based on Theorem 2.

Step 5) Under the chosen sampling period / and the connec-
tion weight gy, ;, obtain the connection weight m; ;
and the bias b; by the GA process.

Step 6) Realize the sampled-data TLFCFFNN-based con-
troller based on the determined values of h, g ;,
M., and bj .

IV. APPLICATION EXAMPLE

The proposed sampled-data TLFCFFNN-based controller
will be employed to stabilize an inverted pendulum subject to
parameter uncertainties. The objective is to drive the system
state of the inverted pendulum to zero at the steady state.

Step 1) The system behaviour of the inverted pendulum is

described by the following dynamic equation.

_ gsin(6(t)) — am, L4(t)? im0 _ 4 cos (6(t)) u(t)

H(t) % _ ampL cos? (G(t))

12)

where 6(t) is the angular displacement of the pendu-
lum, g = 9.8 m/s? is the acceleration due to gravity,

my € [Mp,... Mp...| = [2 5] kg is the mass of the
pendulum, M, € [M,, . M. . |=[3035]kgisthe

mass of the cart, a = 1/(my, + M.), 2L =1 m is
the length of the pendulum, and w(t) is the force

TABLE 1

VALUES OF THE CONNECTION WEIGHT Jk,j WITH

Jo = [8} AND J3 = 0.01

Connection 10 0 100 0 1000 0
Ji = Ji = Ji =
. 0 1 0 1 0 1
Weights

Gi=[g1,1 g1l [1011.7095 [970.9336 [968.6041
270.9680] 248.6132] 248.4672]

G2=[g12 £22] [1045.3808 [1214.4271 [1244.9045
285.8088] 344.2183] 351.8296]

Gi=[g13 g2l [969.5432 [1065.2226 [1064.6276
237.8358] 246.5311] 246.7679]

Gs=[g14 224 [977.0561 [1258.9670 [1291.0232
240.2959] 302.3806] 309.8554]

Step 2)

u(t) =

Step 3)

Step 4)

applied to the cart, m,, and M, are regarded as the
parameter uncertainties. The inverted pendulum
subject to parameter uncertainties can be repre-
sented by the following model:

4

() =Y w; (x(1)) (Ax(t) + Biu(t))

i=1

(13)

where x(t)= [z (t) 22(t)]T=[0(¢) 9(t)]T, x1(t) €
[z1,... 21, ]=[-7/3 «/3], and x3(¢) €
[z, . 2 = [-5 5]. The parameters of the
model are listed in Appendix C.

A sampled-data TLFCFFNN-based controller with
four hidden nodes is employed to control the
inverted pendulum. From (6), the sampled-data
TLFCFFNN-based controller is given by

max]

4

> mg (x(t) Gyx(ty),
j=1

ty <t<ty41, 7v=0,1,2,...,00. (14)
The logarithmic sigmoid function is used as the
transfer function, i.e., t (3 2_, mjizi(t,) — bj) =
1/(1 4 exp[—(7, myawi(ty) — b))
The largest sampling period h,,x is found to be
0.0662 s based on Theorem 1. A constant sam-
pling period 0 < h = 0.05 < hpyax is chosen for the
sampled-data TLFCFFNN-based controller.
The performance index of (10) will be optimized to
achieve the system performance. We choose J; =
[10 0 3, — O}

0o 1”7 |0

plication example. The MATLAB LMI toolbox is
employed to solve the solution of the GEVP in
Theorem 2. The connection weights G; = N,; X
are shown in Table I.

, and J3 =0.01 in this ap-
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TABLE 1II
VALUES OF THE CONNECTION WEIGHT AND BIAS, m; ; AND b,
RESPECTIVELY, BEFORE AND AFTER THE GA PROCESS

WITH Jo = {8] AND J3 = 0.01
Parameter Initial Parameter Parameter Parameter
parameter values after GA | values after GA | values afler GA
values process with process with process with
3= {10 0} 3= FOO O} 3= [1000 0}
0 1 0 1 0 1
my —-0.0591 0.7778 —0.8077 —0.9895
m 2 0.5511 0.7389 -0.2970 —0.9875
b —-0.2765 -0.3715 —0.9939 —0.8823
my, —0.9863 0.9878 0.4260 0.9883
myo 0.5118 0.1229 -0.2197 0.6988
by -0.3234 —0.4246 -0.3110 0.8988
m3 ) 0.3058 0.1294 —0.3354 0.8199
msy5 0.1582 —0.8035 0.4371 0.5447
by —0.7899 0.3074 0.3659 0.9925
ma -0.6254 0.2307 —0.3277 0.9690
M4 —0.7569 0.0289 —0.1210 0.9922
by 0.4423 -0.9144 —0.7899 —0.9890

Step 5) The parameters m;; and b; of the activation func-
tion can be obtained by optimizing the performance
index of (11) using the improved GA in [21] under
m. = 2 kg and M, = 30 kg. The same J1, Jo, and
J3 are employed in the GA process. In this applica-
tion example, the tunable parameters m;; and b;,
1=1,2; j=1,2,3,4, form the chromosomes of
the GA process. Their initial values are randomly
generated with the minimum and maximum bounds
chosen to be —1 and 1, respectively. The control
parameters of the training weight w and probability
of acceptance p, of the improved GA are chosen to
be 0.5 and 0.1, respectively. The population size and
the number of iteration are chosen to be 10 and 200,
respectively. The values of the connection weights
and bias, m; ; and b;, respectively, before and after
the GA process are listed in Table II.

The designed sampled-data TLFCFFNN-based controller is
employed to control the inverted pendulum of (12). Under
the initial state conditions of x(0) = [r/6 0]T and x(0) =
[r/3 0]T, the system responses and control signals of the
sampled-data TLFCFFNN-based control systems with m,, =
2 kg and M. =30 kg are shown in Fig. 3. Referring to
this figure, it can be seen that the proposed sampled-data

TLFCFFNN-based controller is able to stabilize the inverted
100 0

0 1 and

pendulum. Under the same J, and J3, J;=

3= [1000 0

0 1} are also employed to obtained other sets of
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Fig. 3. System responses and control signals of the inverted pendulum with
the optimized sampled-data TLFCFFNN-based controller with A = 0.05 s for

3= {100 ﬂ (solid lines), J; = {180 (1)} (dotted Tines), and J1— {10000 0

(dashed lines), under mj, = 2 kg and M. = 30 kg. (a) z1(¢). (b) z2(t).
(©) u(t).

G; as shown in Table I. It can be seen that different J;
place different weightings on the system states. The system
responses and control signals of the sampled-data TLFCFFNN-
based control systems with different J; under m, = 2 kg and
M. = 30 kg are also shown in Fig. 3. Referring to this figure, it
can be seen that the optimized sampled-data TLFCFFNN-based
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Fig. 4. System responses and control signals of the inverted pendulum
with sampled-data TLFCFFNN-based controllers for h = 0.05 s (dashed
lines), h = hmax /2 (dotted lines), h = hmax (dashed—dotted lines), and the

10 0 0
0 1},J2: [0}, and J3 =

0.01 under m;, = 2 kg and M. = 30 kg. (a) z1(t). (b) z2(t). (c) u(t) of
the TLFCFFNN-based controllers.

continuous-time (solid lines) with J; =

1000 O

controller with J; = [ 0 1

} provides the fastest transient

10
0
est transient responses. Fig. 4 shows the system responses and
control signals of the sampled-data TLFCFFNN-based control
systems using h = 0.05 s, h = hmax/2, and h = hyax with

responses, whereas that with J; = (1) ] provides the slow-

1001

=1y 17127 |

M. = 30 kg. Furthermore, it can be seen that the sampled-
data TLFCFFNN-based controllers using & = hy,ax/2 and h =
hmax can also stabilize the nonlinear plant.

For comparison purpose, a continuous-time TLFCFFNN-
based controller of control law shown as follows is also em-
ployed to control the inverted pendulum:

_ (100 0}, and J3 = 0.01, m, = 2 kg and

u(t) = ij (x(t)) G;x(t). (15)

The control signal of (15) depends on the current system
states. Fig. 4 shows the system responses and control signals
of the continuous-time TLFCFFNN-based control systems with
my, = 2 kg and M, = 30 kg. The connection weights corre-
0 (1) are employed in this simulation.
Referring to Fig. 4, it can be seen that the sampled-data and
the continuous-time TLFCFFNN-based control systems pro-
vide similar system responses and control signals. Hence, the
continuous-time TLFCFFNN-based controller can be replaced
by the sampled-data one. Furthermore, it is observed that
a smaller sampling period of the sampled-data TLFCFFNN-
based controller provides system responses closer to those of
the continuous-time TLFCFFNN-based controller.

sponding to J; = [10

V. CONCLUSION

A sampled-data TLFCFFNN-based controller, which is
formed by a sampler, a TLFCFFNN, and a ZOH unit, has
been proposed for continuous-time nonlinear systems. Based
on the Lyapunov-based approach, the stability of the sampled-
data TLFCFFNN-based control systems has been investigated.
Stability conditions have been derived to guarantee the system
stability. The findings of the maximum value of the sampling
period and the values of the network connection weights and
the optimization of system performance have been formulated
as generalized eigenvalue and GA minimization problems, re-
spectively. An application example on stabilizing an inverted
pendulum subject to parameter uncertainties has been given
to illustrate the design procedure and the effectiveness of the
proposed approach.

APPENDIX A

The proof of Theorem 1 will be given as follows. Based
on the transformation method given in [13], the sampled-data
TLFCFFNN-based control system of (9) can be written in the
descriptor form, as in (A1) and (A2), shown at the bottom of
the next page.

Considering (A2), we have the following property that will
be used during the analysis:

P& 0 0] [x(t)
2D wim {AﬁBiG» _1} {y@)]
=1 j=1 J
G 0 / 0
—ZZwimj{B,G} /Y(w)w:{o]. (A3)
i=1j=1 Y t—7(t)
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To investigate the system stability of the sampled-data where
TLFCFFNN-based control system of (9), the following

Lyapunov function candidate is considered: a(t) xgt”
y(t
V(t) = Vi(t) + Va(t) + Vs(t) (A4) o
N, =Y;; =P7
where ! ! [BiGJ}
Vi(t) =x(t)TPyx(t) (A5) (11) )T
0 t Ri; = RiTj = szzl) Ri{zz) ] € g
R;; R;;
Va(t) = / / y(#) 'Ry (p)dp do (A6)
RS RV =R{V e RrREYD € g
t R — R ¢ ron
Vs(t) =h / x() " Sx(p)dip (A7) R YT
= Wl >0, and 0 < 7(t) < h
h |:Yzj R”:| - an T( ) -
where P, R, and S € R™*" are s.ymmetric positive defi-
nite matrices. It will be shown that V' (¢) < 0 (equality holds ~we have
when x(t) = y(t) =0), which implies the system stability.
From (Al)- (A3) (A5), and with the property that > % | w; = x(t) T
2jtimy = 3o 2yt wimy = 1, we have z;z;wlmj t
i=1j
. T 0 I
Vi(t) =%(t) Pyx(t) + x(t) " P1x(t) x (P [Ai +B,G; _1]
P mMhp
t ) a)T
zzzwimj[ (ti] . [o (Ai + B,G;) }P> {x(t)]
i=1 j=1 I -1 y(?)
t
0 I P nh T
y pT[ ] / [xa)] [xu)}
) Q. + M R; d
( A; +B;G; I ;;w m; y(t) I y@) &
N 0 (A + B G ‘)T P X(t) tf‘l'(t)
1 -1 y(t) nh p
o $S [ o
_ o X(t) T 0 i=1 j=1 - ()
22;71%7”“] [y(t)} P [BiGj:| / Y(@)dﬁa .
== t—7(t) [ ]
< WM ;
(A8) 2; !
P, O 0 I
h P= € R2v2n . Py, € RV, and Pj3 € T
where [Pg PJ 2 an 3 X (P |:Ai + B.G, I}
R™*™. From [14], based on the property that
0 (A;i+BiGy)" x(t)
(@) Nia) S RS e hR“) e
= —2a(t) "Ni;y () ¢
- {y(go)r [ R Yr NT} [ (go):| + / y(2) Ry(p)dy (A9)
a(t) Y” N” ij a(t) t—7(t)
x(t) =y(t) (A1)
P np
Z w;m (AZX(t) + BZ‘GJ‘X (t - T(t))) y ift € [0 h)
i=1j=1
Y6 =9 5 b (A2)
>3 wimy (A +BiGy)x(t) — >0 > wim;B; G, y(p)dy, ift>h
i=1j=1 i=1j=1 t—7(t)
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From (A1)—(A3), and (A6) we have This implies that the sampled-data TLFCFFNN-based control
system is asymptotically stable, i.e., x(¢) — 0 as ¢t — oo. Let
t
Vz(t)=h.v(t)TR.‘>’(lt)—/.V(@)TR.Ww)dsz7 x=|% 0| _pa
Xy Xs
t—h
¢ T . — N.x-1
y(t) 0 hR||y(?) ' M M(21)T
e XTR;;X =M;; = M}, = [ Oy 1 € R
(A10) MY M
From (A1)~(A3), and (A7), we have where M1 = MUV" € groen, MEY € jrn, MO =
. - M2 ¢ gnxn, M_Rfl, and Y =S, from (Al3),
Vs(t) = hx(t)" Sx(t) we have (Al4), shown at the bottom of the page. By
x(t) T hS 0] [x(t) Schur complem'ent, the inequality of (Al4) is equivalent
= " 0 0 ‘ (Al1l) to the LMIs in (A1l5), shown at the bottom of the
y( ) y( ) . . . R YT
page. From (A13), it is required that Y. R” > 0.
T 1] 7]
From (A9)~(A11) and with the fact that [, () Ry x Premultiply diag{X;,XT} and postmultiply diag{X;, X} to
(p)dp > ft i (©)TRy(p)dy subject to 0 < 7(t) < h and R Y;E -0 n
R >0, Wehave Y, Riy| ™~ » We have

o3 Sem 0T @ l5e] wn [3 3] [n 210 &)

=1 j=1
XlM‘le 0 N]TB’ZT
where = 0 M MEYT | >0, (Al6)
31 a2 |
Q;; = PT [A (}3 a, II] {(I) (Ai+BIiGj)T} P B:N; Mg~ My
+ _

It should be noted that (A16) is not an LMI due to the
existence of the term X;M~1X ;. However, based on the fol-
lowing property, (A16) can be represented as an LMI. With the
property that M = M, we consider the following inequality:

+ hRy; + { 0 hR} (A13)

It can be seen that V(¢) < 0 (equality holds when x(t) = (X3 —M)TM-L(X; — M) = XTM-1X; — XT— X, 4 M > 0
=X 1

R Y?
t) = 0) if Q; <0 and ii | >0 for all i and j.
y(t) = 0)if Qi <0 an |:Yij R, | = o0 randy = X, M X, > 2X, — M. (A17)
T(pT 0 I 0 (A;+B,G))" . [rs 0
X <P [AﬁBigj R e P+iRy+|' 0 n|)X<0
I][X: o0 X; X7][0 (A;+B,G)" T v[hS 0
{A +B,G; —IHX2 xJ*[o xI |1 1 FRXRGX X g g | X <0
T (11) T TRT _ %T (nT
_ Xz + X5 +hM;; o XiAL+NBE X5 o Xo &M, +XT[hS 0 }X<O (Al4)
AX, +B,N; X2+XT+hM ~X3 — X + hM; 0 IR
Xy + X3 + hMi}Y X AT + NTBT - XT + X3 + hM2Y)" hX, hX]
21 22
AX; +B;N; — Xp + XTI + M2V ~X;3 — X3 +hMEY 0 hXI | oo
hX, 0 B '
hXs hX 0 —mM

i=1,2,....p; j=1,2,...,n, (AlS)
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From (A16) and (A17), it can be seen that the holding of the
following LMIs implies the holding of (A16):

2X; - M 0 N;B}
o MY M®| >
N (21) (22)
BN, MZY MG
i=1,2...,p j=1,2. .4 (Al8)

The sampled-data TLFCFFNN-based control system of (9)
is guaranteed to be stable if the LMIs of (A15) and (A18)
are satisfied. The largest sampling period can be obtained by
maximizing the value of h subject to the stability conditions of
(A15) and (A18). ]

APPENDIX B

The proof of Theorem 2 will be given as follows. From (6)
and (10), we have

T

N h
> mGyx(ty)
i=1

t
|:J1 J2:| n X( A/) dt
v

J;F J3 > mlGlX(t,y)
=1

Loy mp

= [ Xy e

j=11=1

X (J14+ GJ I3+ JoG+ G I3Gy)x(ty)dty. (B1)

The system performance can be optimized by minimizing the
performance index J. Let J < 1 [T x(t,) "X X 'x(t, )dt,,
where 7 is a nonzero positive scalar. By minimizing the value

of 7, the performance index .J can be minimized. Hence, from
(B1), we have

ony, np

/zzmwx

Jj=1j=1

(XX + X0G IS X,

+ X1J2G; X1+ X1 G J3G Xy —nI) X7 'x(t,) dt, < 0.

(B2)
From (B2) and let G; = N; X', we have
™ nn nn
/ SO mmex(t,) TX; ! (X431 X + NTITX,
Jj=1j=1
+ X1JoN; + NJI3N; — nI) Xy 'x(t,)dt, < 0. (B3)

Based on the facts that J3 >0 and (N; — N;)TJ5(N;—

[ 3 moxte
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N;) > 0, we have N}JgNj > N;-fJgNl. The holding of the
following inequality implies the holding of (B3):

t1 nn

(X1 Xy + NJITX + X JoN;

+ NJJsN; — nI) X;'x(t,)dt, < 0. (B4)
It can further be seen that (B4) holds if the following inequal-
ities holds:

X1J1X; + NjI3 Xy + X;JoNj + NJJsN; — 9 <0,

=12 ... n (BS)
By Schur complement, (B5) is equivalent to the following

LMIs, respectively:

I X; N7
X, [3 1] <0, j=L2...m (B6)
N; J3 I3

APPENDIX C

The parameters of the system model of (13) are listed as
follows:

0 1 0 1
Al:A2:|:f1. 0] A3:A4:[f1 o}

0 0
em 0] mene [

where f1_, = 11.3533, fi1,_. = 16.4640, fa ..
and fo = —0.0492

max

= —0.0192,

w; (x(t)) = s (f1 (x(2))) % g (f2 (x(2)))
! T4
l; <HM§ (fr (x(1))) x pay (f2 (x(t))))

—f1 (x(1) + fiuma)
flmax - flmin

g (1 (x(1))) =
for B = 1,2;

g (i (x(8))) = 1= oy (o (x(1)))
for § = 3,4;

—f2 (X(1)) + f2umax
f2m-dx - f2nlin

ps (f2 (x(2))) =
forx = 1,3 and

piagg (f2 (x(1)) = 1 = pay (f2 (x(2)))
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for ¢ =2,4;

— amy Ly (t)? cos (x;
£ (x(t) =2 B (1) (z1(¢)))

% —ampL cos? (z1(t))

(5"

o a cos (z1(t))
f2(x(t)) = AL — amy,L cos? (z1(t))
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