Control of nonlinear systems with a linear state-feedback controller
and a modified neural network tuned by genetic algorithm
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Abstract— This paper presents the control of nonlinear
systems with a neural network. In the proposed neural network,
the neuron has two activation functions and exhibits a
node-to-node relationship in the hidden layer. By using a
genetic algorithm with arithmetic crossover and non-uniform
mutation, the parameters of the proposed neural network can
be tuned. Application examples are given to illustrate the merits
of the proposed neural network.

1. INTRODUCTION

Neural network has been proved to be a universal
approximator [1, 3-4]. A 3-layer fully-connected

feed-forward neural network can approximate any
nonlinear continuous function to an arbitrary accuracy in a
compact domain. Neural networks are widely applied in
areas such as prediction [3, 5], system modeling and control
[1,9, 14]. Owing to its particular structure, a neural network
is good in learning [2] using some learning algorithms such as
Genetic Algorithm (GA) [2] and back propagation [1, 4]. In
general, the processing of a traditional feed-forward neural
network is done in a layer-by-layer manner. In this paper, by
introducing a node-to-node relationship [25] in the hidden
layer of the neural network, a better performance can be
obtained.

GA is a directed random search technique. It is widely
applied in optimization problems [1-2] where the number of
parameters is large and the analytical solutions are difficult to
obtain. GA can help find the optimal solution over a domain
globally [1-2]. It has been applied in different areas such as
fuzzy control [6-7, 14], neural control, path planning [8&],
prediction [3, 5], modeling and classification [9] etc.

Control of nonlinear systems is a challenging task. To
tackle such class of systems, a lot of algorithms have been
proposed. Sliding mode control [11] and switching controller
[20] have been proposed. Due to the switching property of
the control signal, an unwanted chattering effect will be seen
at the system outputs. Fuzzy controller [15-19, 21-22], which
is good in handling ill-defined plants, have been used widely.
To obtain the parameters of the fuzzy controller [24], GA has
been employed for parameter tuning. Neural networks with
parameters tuned by GA can also be found to perform the
control task [12-13]. Apart from the above nonlinear
controllers, linear control techniques [11] can also be
employed to obtain a linear controller for nonlinear systems.
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For instance, a linear state feedback controller can be
designed based on the linearized model of the nonlinear plant.
This method is simple and the complexity of the controller is
comparatively low. However, the operating range of the
controller is small.

In this paper, a neural network combined with a linear state
feedback controller is proposed to control a nonlinear system.
The linear state feedback controller is obtained based on the
linearized model. A modified neural network [25] is
proposed. Two different activation functions are used in the
neuron and a node-by-node relationship is proposed in the
hidden layer. GA is employed to tune the parameters of the
neural network by optimizing the system performance. By
combining the proposed GA-tuned neural network with the
linear state feedback controller, their individual advantages
can also be combined. As the linear state feedback controller
can provide good performance around the operating point,
with the proposed neural network, the operating range of the
resultant controller can be extended. Application examples
on an XOR problem and stabilizing an inverted pendulum
will be given to illustrate the merits of the proposed
algorithm.

II. CONTROL ALGORITHM FOR THE NONLINEAR SYSTEMS

In this paper, a nonlinear system of the following form is
considered.
X(#) = £(x(#)) + g(x())u(?) )]
where x(t)e R™ is the system state vector, f(x(r))e R™"
and g(x(r))e R™™ are the known or uncertain system and

input matrices respectively, u(f)e R"™" is the input vector.

A controller of the following form is proposed for the
nonlinear system of (1).

u(®) =u,(®)+u, () 2
where u,(t)e R and u,(r)e R denote the control
signals of the linear state feedback controller and neural
network respectively. The linear state feedback controller is
defined as follows.

u, (1) = Gx(7) )
where G € R™" denotes the constant feedback gain matrix
which is designed based on the linearized model of (1). When
the parameters of the nonlinear plant are uncertain, their
nominal values are used to obtain the linearized model of (1).
The control signal u, () contributed by the proposed neural
network will be discussed in the next section. A block
diagram of the closed-loop system is shown in Fig. 1.

III. MODIFIED NEURAL NETWORK

In this section, a modified neuron model of a neural
network is presented. The outputs of this proposed neural
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network will be used to control the nonlinear plant of (1). Fig.
2 shows the proposed neuron. It has two activation functions
to govern the input-output relationship of the neuron. The
two activation functions are called static activation functions
(SAF) and dynamic activation functions (DAF). For the SAF,
the parameters are fixed and its output depends on the input of
the neuron. For the DAF, the parameters of the activation
function depend on the outputs of other neurons and its SAF.
With this proposed neuron, the connection of the proposed
neural network is shown in Fig. 3, which is a three-layer
neural network. A node-to-node relationship is introduced in
the hidden layer. It should be noted that the parameters of the
SAF are constant. The parameters of the DAF are obtained
from other two neuron outputs, which are variable.

A. The neuron model
The proposed neuron model consists of two activation
functions (SAF and DAF). We consider the SAF first. Let

v, be the synaptic connection weight from the i-th input
component x, to the j-th neuron. The output & of the j-th

neuron’s SAF is defined as,
4)

where n;, denotes the number of input; 1, denotes the number
of hidden nodes; and net/(-) is a static activation function.

iy
— ot . L
K, —nets(g Xv), =02, = 1,2,
=

The activation function is defined as,

et ey =
i=1
I-e otherwise
where m! and o/ are the static mean and static standard
deviation for the j-th SAF respectively. The parameters
(m/and o) are fixed after the training processing. Thus,

the activation function is static. The output of the SAF
depends on the inputs of the neuron only. By using the
proposed activation function in (5), the output value is ranged
from —1 to 1. It should be noted that ner(f)—1 as

f > e and net(f) > —las f — —oo.

Considering the DAF, the neuron output z; of the j-th
neuron is defined as,
zjznet{j(Kj,m;,O'j),j=l,2,...,nh (6)
where net)()is the activation function of the DAF. The

activation function is defined as follows,

o, -my
20 ; j
) . e -1 if k. <mj ._
net)(x,,m;,0,)= s =12, m,
e, -my
l—e 2 otherwise
7
where
md, =pj+l,j><Kj+1 (8)
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e ¥ 1 if ﬁjﬂlz[vg <ml j=1,2,..., n5)

i
O = DPj; XK

©
m) and o) are dynamic mean and dynamic standard

deviation for the j-th DAF. &, and «,, represent the

SAF’s output of the j—1-th and j+1-th neurons respectively.
D1, denotes the weight of the link between the j+1-th node

and the j-th node, and p,, ; denotes the weight of the link

between the j—1-th node and the j-th node. It should be noted
from Fig.1 that if j = 1, p,, ;is equal to p,  and if j = n,

Diny is equal to Din, -

Unlike that of the SAF, the activation function of the DAF is
dynamic as the parameters of its activation function depend
on the outputs of the j—1-th and j+1-th neurons. Referring to
(4) to (7), the input-output relationship of the proposed
neuron is as follows,

(10)

iy
= ot (net! J oY i—
z,; = net, (net]( E XV )my,0,),j=1,2, ..., m,
i=1

B. Connection of the proposed neural network

The proposed multi-input multi-output (MIMO) neural
network shown in Fig. 3 is presented in this section. It has
three layers with n;, nodes in the input layer, n, nodes in the
hidden layer, and n,,, nodes in the output layer. In the hidden
layer, the neuron model presented in the previous section is
employed. A node-to-node relationship is introduced in the
hidden layer. The output value of the hidden node depends on
the neighboring nodes and input nodes. In the output layer, a
static activation function is employed. Considering an
input-output pair (X, y), the output of the j-th node of the
hidden layer is given by

an

i=1,2,..,m,;7=1,2, ... n, denotes the weight

z; = net{j(netl\,"(inv,.j)) J=1,2,..,m,
i=1

where v,

ijo
of the link between the i-th input and the j-th hidden nodes.
The output of the proposed neural network is defined as,

v, =neti(izjwj,),l=l,2,...,ng,,, (12)
I=1

= net, (D net] (net! (Y x,v; )W) (13)
=1 i=1

where Wy, j= L2, ..,n50=12, ..., 0y, denotes the weight
of the link between the j-th hidden and the /-th output nodes;
net! () denotes the activation function of the output neuron.

The activation function of the output node is defined as
follows,

o R _

| L e -1 if ZZ/VV/[ <m!, I= L2,..., nout(14)
neto(Zz,w/,) = N
=1 i

" )
A 2z
L=l )

g .
2% otherwise

I-e
where m!and ¢! are the mean and the standard deviation of

the output node activation function respectively. The
parameters of the proposed modified neural network can be
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trained by GA. The details about the training processing will
be given in the next section. Referring to (2), the control
signal contributed by u, (¢) is defined as,

u, (t) = wYx(?) 15)
where,
N 2 W
Ye gtmxn — yn:+l yn:+2 yZn (16)
Yim-tns1 Yim-nn+2 Ynxn

is a dynamic gain matrix and w is a constant scalar, both are to
be tuned. As the outputs of the proposed neural network lie
between —1 and 1, the use of w is to scale the range of the
network’s outputs. It can be seen from (16) that the number
of outputs of the proposed neural network is #,,, = mxn.

IV. TURNING OF PARAMETERS OF THE PROPOSED NEURAL
NETWORK

From (3) and (15), the proposed controller of (2) is as
follows.
u(?) = (G + wY)x(2) (17)
From (1) and (17), the following closed-loop system is
obtained.
X(0) = £(x(0)) + g(x(O)(G + wY x(1) (18)
In (18), the dynamics of the closed-loop is defined. What
follows is to determine the parameters of the proposed neural
network using GA such that the performance of the
closed-loop system of (18) is optimal subject to a defined
performance index. The fitness function (performance index)
is defined as follows,

fitness = jx(z)T W.x(1) +u(?)" R, u(r)ds

W, eR™ and R, eR™ are constant

semi-positive or positive definite matrices. This fitness
function is the performance index used in conventional
optimal control [26]. The optimization problem formulated
here will be handled by GA. The parameters to be tuned are
[vy m! o] P, Py wy m, o, wl  which
will be used as the chromosome for the GA. The objective is
to maximize the fitness value of (19) using GA by searching

(19)

where

the values of

! I ..
[v; m] o] P, Pja, Wy m, 0, W] for all 7, j,
L

The procedure to obtain the proposed controller of (2)
using GA can be summarized into the following steps.

1) Obtain the mathematical model of the nonlinear
system and its linearized model. If the parameters
of the nonlinear system are uncertain, nominal
values are used for the linearized model.

2) Obtain the linear state feedback controller for the
nonlinear system based on its linearized model.

3) Determine the number of inputs, number of nodes
and the inputs (e.g. some of the system states) of the
proposed neural network.

1616

4) Obtain the parameters of the neural network and w
using GA to optimize the system performance of
the closed-loop system.

V. APPLICATION EXAMPLES

Two application examples will be given in this section,
namely, an XOR problem and the stabilization of inverted
pendulum.

A. XOR Problem

An XOR problem will be presented to illustrate the merits
of the proposed neural network. It is a three-input XOR
function which is not linearly separable:

(-1,-1L,-1) > -L(-1,-L+1) > +1,(-L+1,-1) = +1,
(-1L,+L+1) > -L(+1,-L-1) > +1, (+1,-1+1) - -1,
(+1,+1-1) > -L(+1,+L+1) > +1

The three inputs of the proposed neural network are defined
as x(¢), i=1, 2, 3 and y(?) is the network output. The number
of hidden nodes (n,) is set at 3. Referring to (13), the
proposed neural network used for the three-inputs XOR
classification problem is governed by,

(20)

(= neti(zsjnet;(netj (ixl.vij))wjl) (1)
Jj=1 i=1
The fitness function is defined as follows,
fitness = (22)
1+err
8
i @)= 2,0)
err="2"21_ (23)

8

GA with arithmetic crossover and non-uniform mutation
[2] is employed to tune the parameters of the proposed neural
network of (21). The objective is to maximize the fitness
function of (22). The best fitness value is 1 and the worst one
is 0. The chromosomes used for the GA are
v, m! 6/ p., P, w, m, o,]. The initial
values of the parameters of the neural network are randomly
generated. The lower and upper bounds for all genes except

o/ and o) are -1 and 1 respectively. The lower and upper

For

comparison purpose, a traditional 3-layer feed-forward neural
network (3-input-single-output) [1, 4] trained by the same GA
is also used to solve the three-input XOR classification
problem. The number of hidden nodes of the traditional
neural network is 5. (By using 3 hidden nodes for the
proposed neural network and 5 hidden nodes for the
traditional neural network, the number of parameters to be
tuned is the same, which is 26.) The lower and upper bounds
for all parameters are —1 and 1 respectively. The number of
iterations to train the neural network is 1000, the control
parameters of GA with arithmetic crossover and non-uniform
mutation, namely the shape parameter, the probabilities of
crossover and mutation, are chosen to be 2, 0.7 and 0.2
respectively, and the population size is 20 for both
approaches. The simulation results of the proposed and
traditional neural networks are tabulated in Table I and shown

bounds for o/ and o) are 0 and 2 respectively.
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in Fig. 4. It can be seen from Table I and Fig. 4 that the
performance of the proposed neural network is better than
that of the traditional one.

B. Inverted Pendulum

An application example of balancing a cart-pole inverted
pendulum [20, 23] as shown in Fig. 5 will be given. The
design procedure mentioned in the previous section is
followed.

1) The dynamic equation of the cart-pole type inverted
pendulum system is given by,

gsin(6(1)) — amlO(t)* sin(20(¢)) / 2 — a cos(6(t))u(?)
41/3—amlcos’ (6(t))

where @ is the angular displacement of the pendulum, g =
9.8m/s” is the acceleration due to gravity, me [2 3]kg is the
mass of the pendulum, a = 1/(m + M), M = 8kg is the mass of
the cart, 2/ = 1m is the length of the pendulum, and u is the
force applied to the cart. The objective of this application
example is to design a fuzzy controller to close the feedback
loop of (24) such that € = 0 at steady state. (24) can be
rewritten in the form of (1) and is shown as follows,

1) = GIRED)
REXGIRNG)

x,(1)

6(t) = (24)

=| gsin(x, (¢)) — amlx, (t)” sin(2x,(t)) /2 (25)
41/3 —aml cos’ (x,(t))
0
o —acosx ()l
41/3 —aml cos’ (x,(¢))
2) The linearized model of (25) is as follows,
X(1) = {’.“ (t)} = Ax(0) + Bu(r) (26)
X, (1)
where,
o 0 1
A:[M+mg 01 27)
Ml
_ 0
B =[_ 11 28)
Ml

Based on (26), the feedback gain is determined as
G= [144 16] such that the eigavalues of A+ BG are all
located at —4 by considering the nominal value of m = 3kg.

3) The system states x,(¢) and x,() are employed as the inputs
of the neural network. From (17), the proposed controller is
as follows.

u(t) = (G + wY)x(r) (29)
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4)The GA with arithmetic crossover and non-uniform
mutation [2] is employed to tune the values of

J J 1 1
[Vij mg Oy Pjw,j Pj; Wi M, o, W] of the

proposed neural network such that the fitness value of (19) is

10 0
minimized. W_ = { 0 1} and R, = 5 are chosen arbitrarily.

The lower and upper bounds for all genes except ¢/ and o
are —1 and 1 respectively. The lower and upper bounds for
o/ and ¢! are 0.5 and 5 respectively. The lower and upper

bounds for w are chosen to be 0 and 5000 respectively. The
control parameters of the GA with arithmetic crossover and
non-uniform mutation, namely the shape parameter, the
probabilities of crossover and mutation, are chosen to be 1,
0.8 and 0.1 respectively. The number of iteration for training
is 2000. Referring to (19), the simulation period for the
inverted pendulum is 1 second. The initial values of the
chromosomes (parameters of the neural networks) for
training are generated randomly. The fitness values before
and after the training under different number of hidden nodes
are tabulated in Table II. It can be seen that the best fitness
value is 6327.8452 when the number of hidden nodes is 3
(total number of network parameters is 29). It should be
noted that Table II shows the best training results among 10
times of training.

The responses of the system states and the control signal
are shown in Fig. 6 to Fig. 7 respectively for m = 2kg with the

T
initial  system states to be x(0)=[% 0} ,

T
x(0) =[3—7[ 0} and x(0) =[18l OJ
12 450

robustness property of the proposed controller, the value of m
is changed to 3kg. The responses of the system states are
shown in Fig. 8 and Fig. 9 respectively for m = 3kg under the
same conditions. The solid lines show the responses with the
proposed control algorithm while the dotted lines show the
responses with the linear state feedback controller alone.
Under the same initial conditions, the linear state feedback
controller cannot stabilize the system. It can be seen from the
figures that the proposed controller provides a better
performance.

For comparison purpose, traditional three layer
fully-connected feed-forward neural networks [1] with
different number of hidden nodes are employed to replace the
proposed neural network. The logarithmic sigmoid function
[1] is employed as the transfer function of the hidden and
output nodes. The control parameters of the GA with
arithmetic crossover and non-uniform mutation, namely the
shape parameter, the probabilities of crossover and mutation,
are chosen to be 2, 0.65 and 0.15 respectively for training the
traditional neural network. Other conditions are the same as
those of the proposed neural network. Table III tabulates the
fitness values of the closed-loop system with the traditional
neural networks before and after the GA training. They are
the best training results among 10 trainings. It can be seen
that the best fitness value is 6582.2685 when the number of
hidden nodes is 5 (total number of network parameters is 28).

T

To test the
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Moreover, the nonlinear plant cannot be stabilized by the
traditional neural network under 23 network parameters (3
hidden nodes) while the proposed neural network can when
the number of network parameters is more or less the same
(21 network parameters, 2 hidden nodes). It can be concluded
that the proposed neural network is superior in terms of
fitness values and learning ability.

VI. CONCLUSION

The control of nonlinear systems with a linear state
feedback controller combined with a neural network has been
presented. A  modified neural network exhibiting
node-to-node relationships among neurons with two transfer
functions has been proposed. The genetic algorithm with
arithmetic crossover and non-uniform mutation has been
employed to tune the parameters of the proposed controller.
Application examples on an XOR problem and stabilizing an
inverted pendulum have been given.
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Fig. 1. Block diagram of the closed-loop system.
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Fig. 2. Model of the proposed neuron.
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linear state feedback controller (dotted lines) for m = 2kg.
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Fig. 7. Control signal of u(f) with the proposed controller (solid lines) and the
linear state feedback controller (dotted lines) for m = 2kg.
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Fig. 8. Responses of x;(f) with the proposed controller (solid lines) and the
linear state feedback controller (dotted lines) for m = 3kg.
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Fig. 9. Control signal of u(f) with the proposed controller (solid lines) and the
linear state feedback controller (dotted lines) for m = 3kg.

06 07 08 09

Fitness Value

err
Proposed Neural Network 0.999988 0.002533
Traditional Neural Network 0.880901 0.135201

Table I. Simulation results of the proposed neural network and the traditional
neural network for the 3-input XOR classification problem after 1000 times
of iteration.

Number of Number of Fitness value before Fitness value
hidden nodes network GA training after GA training
parameters
2 21 1330783.8098 7091.3400
3 29 1342497.5964 6327.8452

Table II. The best training results among 10 times of training of the proposed
neural networks for the inverted pendulum system.

Number of Number of Fitness value Fitness value after
hidden nodes network before GA training GA training
parameters
3 18 1335085.7452 160178.0768
4 23 1339570.3772 6676.2255
5 28 1327040.0567 6582.2685
6 33 1332190.9745 7395.1501
7 38 1351645.4928 7172.3486

Table III. The best training results among 10 times of training of the
traditional neural networks for the inverted pendulum system.
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