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Abstract

An approach for designing TS model based fuzzy
systems using output feedback with guaranteed closed-
loop stability is proposed in this paper. The complex
process on finding a common Lyapunov function to
guarantee the system stability can be omitted. This can
significantly simplify the design procedure. Moreover the
overall closed-loop system behaves like a linear system
and the system responses can be designed by properly
choosing the coefficients of the closed-loop transfer
function.  An illustrative example will be given to
demonstrate the ability of the proposed approach.

1. Introduction

A fuzzy model called Takagi-Sugeno (TS) fuzzy model
for non-linear systems was proposed in [1]. This TS fuzzy
model is widely accepted as a powerful modeling tool and
applications of the TS models to various kinds of non-
linear systems [3-3] can be found. Based on the TS fuzzy
model, a stability design approach is proposed in [2].
Under this approach, with reference to the consequent
part’s linear system in each fuzzy rule of the TS model, one
control strategy can be designed to give a stable linear
system. On combining the rules in the fuzzy model and the
fuzzy logic controller (FLC), many fuzzy sub-systems {2]
are formed. A sufficient condition to ensure the stability of
the overall system is obtained by finding a common
Lyapunov function which can satisfy all fuzzy sub-systems.

However, a major drawback of this stability design
approach is the difficulty in finding a common Lyapunov
function. When combining the TS fuzzy model of the
plant and the FLC, the number of sub-systems generated

r(r+1)

can be , where r is the number of rules. The

difficulty in finding a common Lyapunov function
increases when r becomes large.  Recently, many
researches [3-5] apply different methods to find the
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common Lyapunov function. Nevertheless, the problem of
finding the common Lyapunov function remains open.
Even worse, the existence of the common Lyapunov
function is not guaranteed. Besides the problem on finding
a common Lyapunov function, the performance of the
closed-loop system is also difficult to design. Although
each fuzzy rule in the FLC can control each linear system
in the consequent part of each fuzzy model at a desired
performance when applying it alone, the performance of
the overall system is difficult to predict. In general, the
reported design approaches can only tackle the closed-loop
stability problem, but the system performance cannot be
designed. o

In view of these weaknesses, a new FLC for TS model
based control systems is proposed in [6] which applies
state-feedback technique. Its major advantage over the
existing approach is that the stability of the overall system
is ensured without the need of finding a common
Lyapunov function. The design is thus very simple.
Moreover, the closed-loop system response can be
predicted. However, this approach restricts the consequent
part of the TS model rules to be in phase-variable
canonical form. Also it requires a full state feedback
which may be expensive or even impossible to implement
in some systems.

The proposed approach in this paper has the same
advantages stated in [6]. But the restrictions in [6] are
released. The consequent part of the TS model can be in
any form and output feedback 1is used instead of full state
feedback. The TS fuzzy model will be reviewed in section
2. In section 3, the proposed stability design approach will
be detailed. In section 4, an application example will be
given to show the advantages of the proposed approach.
Finally, conclusions will be drawn in section 5.

2. The TS fuzzy model

In this paper, the i-th IF-THEN rule of the TS fuzzy
model of an n-th order system is of the following form [1,
2]
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Model Rule i: IF y(k) is A; and ...... and y(k—n+1) is Ay

THEN y(k+1)

= yilk+1)

= ap (k) + an y(k—1) +......+ airy y(k—n+1)

+ b u(k) + by ulk=1) + ..o + by u(k—m)
ey

where y(k+1), y(k), yk-1), ... , Y(k=n+1) are state
variables, u(k), u(k—1), ...... , u(k—m) are input variables,
y{k+1) is the output of rule i, Ay, ...... 5 Ajnyy are fuzzy
levels, Qigy Aity  eeeene s Qin-1) and bi(), bila ...... . b,‘m are
coefficients of the linear system in the consequent part.
The overall output of the TS fuzzy model is inferred as
follows:

iwiy,-(k+1)
yk+1) = Hee— @

r
PRZ
i=1

where 7 is the total number of fuzzy rules in the TS model
wi= UAX X UWAipy) fori=1,2, .,
% denotes the "and" operation
U(Ay) is the degree of membership of "y(k~/) is A; "
forj=0,1,2, ... ,n—-1

3. Proposed stability design approach

The proposed design approach is highly related to two
properties of the fuzzy model based control system. They
are called the changing coefficient property and the double
summation property.

3.1 Changing coefficient property

From (1) and (2), it can be derived that
y(k+1)

1 r r
= [ 2wiaoy®) + Jwiaa Y1)+ oot
i=1

i=1
W,

i=1

zwi Ain-1) y(k—n+1) + ZW,- b,‘o u(k) +

i=1 i=1

zrwi by u(k—=1) + ... + zrwi b u(k—m)]

i=1 i=]

3)

= ago y(k) + ag y(k—l) + o + Q-1 y(k—-n+1) +
de ulk) + b,ﬂ u(k—-l) F o + by u(k—m) (4)

r

Z Wil

where a, =4 forj=0,1,2, ... , n—1

r

W.

i
i=1

Er:, w;by

o _i=l
bdl -

PR
i=]

It can be seen from (4) that the overall system is a
quasi-linear system with fast changing coefficients a,; and
by. We call it the changing coefficient property. These
fast changing coefficients effectively make the system
highly non-linear. Each coefficient, say ag, is the
weighted sum of ajg, azg, vvovo. , 4. Thus each coefficient
ag5j=0,1,2, .. , h—1 is changing according to w;, and w;
depends on the state variables.

To alleviate the problem, we can make a; = ag for all ¢
(that is for all rules) by the control signal of each rule such
that azy will be unchanged in spite of the changing w;. On
applying the same approach to other coefficients, the
overall system of (4) is effectively reduced to a linear
system. Hence the control signal for each rule is as
follows:

Control Rule i: IF <premise i>
THEN num[u;(k)] = [ago y(k) + agr y(k=1) + ...... +
Agin Y(k=n=1) + ba u(k-1)
+ o + byim uCk—m)]
denfu{k)] = by

forl=0,1,2, ... ,m

where <premise i> is the short form of "y(k) is A and ......
and y(k-n+1) is Aj.y" in (1)
num{z;(k)] is the numerator of u;(k)
denfu (k)] is the denominator of u;(k)
agi=ag—agforallj=0,1,2, ..., n—1
bdik = bcl - b[[ forall [= 1, 2, ...... ,m
a. and by are coefficients to be designed later and
are independent of i.

3.2 Double summation property

The reason for dividing w(k) into a numerator and a
denominator part is to tackle the double summation
property. Conventionally [1-5], the control signal of a
FLC has only the numerator part in (5), then the overall
control signal is

> iy (k)
u(k) = %___
w;

i=1
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When this is put in (3), the term corresponding to u(k)

i w;byg

iw‘-ui(k)
i=l i=l

"
2w 2w
i=1 i=1

in (3) becomes

multiplication of two summation signs which is known as
the double summation property. In this case, the number

of fuzzy sub-systems is °.

It involves a

FUZZ-IEEE’97

u(k) = num(u; (k)]
den[u, (k)]
iw,-u,-(k) zr’w,-bio
u(k) - =1 - i=1r (6)
2 w; 2 w;
i=] i=1
Put (6) into (3), we obtain

Therefore the control signal is now divided into two
parts as given in (5) in order to eliminate the double

summation. Form (5) we have

yk+1) = ‘71—— [ZWi ap y(k) + zWi ap y(k-1) +

S

i=1

i=1 i=1

=+

r r
Swiauo yk)+ dw;ag yk=1) +

i=] i=l

EW,' bd,] u(k—l) +

i=]

i=]

1

i=1

i=l
2
i=]

Swi (biy + ban) u(k-1) +

i=1

i=1

e [ Swiaoy® + Swiaq yk-1+

j=1
ZW:'
i=1

i=l

—— [ Ywi (@i + ago) yk) + D w; (@i +agn) yk=1) +

+ ZW:' Ajn-1y Y(k—n—1) +

i=1

ZW.' Agin1y Yk—n—1) +

i=]

+ zwi Dagim u(k—m) +

+ zwi (@in1y + Qdicny) Y(k=n—~1) +

i=1

+ Zwi (bir + bgiy) u(k=m)]

+ zW,' Ae(n-1) y(k—~n—1) +

i=1

+ b, u(k—m)

Furthermore, we choose by =0 forall [ = 1, 2, ...... , m.
Then the overall system becomes
Ykt 1) = aqy(k) + Gy (k=1) + . + Aoty Yhm=1) ()

The closed-loop system in (7) becomes a linear system
on applying the FLC described in (5). By properly
choosing the coefficients @G0, @es vveree s Aen1ys the stability
and performance of the closed-loop system can be ensured.
This design approach does not require an extra and
complex process to find a common Lyapunov function to

guarantee the system stability.
performance can also be designed.

Moreover, the system

4, Examples

Consider a TS fuzzy model based system as follows:
Model Rule 1: IF y(k) is M,

THEN y;(k+1) = ~2y(k) — 3y(k—1) — y(k~2)
+0.2u(k) + 0.1u(k-1)

85
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Model Rule 2: IF y(k) is M»
THEN y,(k+1) = — y(k) = 2 y(k=1) =
2 y(k=2) + 2 uk) +
2 u(k—1)
M, and M, are membership functions as shown in Fig. 1.
An FLC is going to be designed such that the desired
closed-loop system response is
y(k+1) = 0.3y(k) + 0.2y(k—1) — 0.35y(k-2)
Hence the corresponding control rules are as follows:
Control Rule 1: IF y(k) is M,

THEN num[u (k)] = 2.3y(k) + 3.2y(k—1) +
0.65y(k=2) -
0.1u(k=1)

den[u (k)] =0.2
Control Rule 2: IF y(k) is M,
THEN num{u (k)] = 1.3y(k) + 2.2y(k—1) +
1.65y(k=2) — 2u(k-1)
denluy(k)] =2
The output response of the closed-loop system is shown
in Fig. 2. The imitial value of y(k) is 1 for all k £ 0. The
response matches exactly with the response of the linear
system of (8).

®)
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Fig. 1. Membership functions
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Fig. 2. Output response of the example
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5. Conclusion

A stability design approach for TS fuzzy model based
systems is proposed in this paper. The closed-loop
response of the system behaves like a linear system. The
coefficients of the transfer function can be chosen such that
system performance can be designed as desired. Since the
overall system is effectively a linear system, the system
stability can be easily guaranteed without applying a
complex process to find a common Lyapunov function as
in the existing approaches. Also only output feedback is
required; as full state feedback is usually expensive or
even impossible for some systems.
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