Stability and Robustness Analysis of Uncertain Multivariable Fuzzy Digital
Control Systems"
F. H. F. Leung, The Hong Kong Polytechnic University, Hung Hom, Kowloon, Hong Kong
H. K. Lam, The Hong Kong Polytechnic University, Hung Hom, Kowloon, Hong Kong
P. K. S. Tam, The Hong Kong Polytechnic University, Hung Hom, Kowloon, Hong Kong

Abstract

This paper presents the stability and robustness
analysis of digital fuzzy control systems subject to
parameter uncertainties. To carry out the analysis, we
first describe exactly a digital nonlinear system with
parameter uncertainties with a fuzzy plant model. Second,
a digital fuzzy controller is proposed to close the feedback
loop. Three design approaches are introduced. Based on
the resultant fuzzy control system, a stability condition is
derived for each design approach. A numerical example
is given to show the merits.

1. Introduction

Fuzzy control has been successfully applied to some
many practical systems [1-2]. Stability conditions of the
fuzzy systems have been derived through different ways.
Tanaka [4] gave the stability condition for systems formed
by fuzzy plant models [3] and fuzzy controllers by using
the Lyapunov’s method. If there exists a common
Lyapunov’s function for all local subsystems, the fuzzy
system is guaranteed stable. In [7], a fuzzy control system
was proved to be equivalent to a switching system and a
stability condition was derived. However, the robustness
of the fuzzy control system was not considered in these
papers. Results on robustness can be found in 5], and the
problem is still under active research. In this paper, a
digital fuzzy control system subject to parameter
uncertainties will be analyzed. - Stability conditions and
robust areas will be derived for the system with and
without parameter uncertainties. Here, the results are
developed from those obtained for continuous-time
systems [6, 8-9].

2. Fuzzy plant model and fuzzy controller

An uncertain multivariable fuzzy control system can be
regarded as consisting of a fuzzy plant model and a digital
fuzzy controller closing the feedback loop.
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2.1. Fuzzy plant model with uncertainties
Let p be the number of fuzzy rules describing the plant.

The i-th rule is of t!'xe following format,‘

Rulei:IFx;is M/ and ... and x, is M,/

THEN x(k +1) = (A’ + AAD)x(k) + (B’ + AB)u(k) (1)

where M,/ is a fuzzy term of rule i corresponding to the

state Xp, @ =1, ..., m, i =1, ..., p; AA' eR™" and

AB' e R™™ are the uncertainties of A'€ RV

B'e R™™ respectively; X € R™ is the system state

and

1, . .
vector, u € R is the input vector and k€ R* is an
integer. The inferred system states are given by

xtk+1) = fw"(x(k))((A" +AA (k) + (B’ + AB")u(k))

i=1

@)
Swi=1, w@elo, 1] foralli ®)
i=1
. Ky (x)e B, (x2 )°"'°#M; (x,)
w'(x) = )

’g(ﬂM; (r) o s (6 )00l (X))
Hy,i (xg) is the grade of membership and ‘o’ denotes the

f-norm operator.

2.2. Fuzzy controller :

A fuzzy controller with p fuzzy rules is to be designed.
The j-th rule of the controller is of the following format:
Rule j: IF x; is N and ... and x, is N,/

THEN u(k) = G/x(k) + r(k) 5)
where Ny is a fuzzy term of rule j corresponding to the
state xg, B=1, .,m, j=1, .., p; G/ eR™" is the
feedback gain of rule j, r € R™! is the input vector. The
inferred output of the fuzzy controller is given by

u(k) = 5m! x(K))G x(k) +r(k))

j=1

(6)

Smi =1, mx)efo, 1] forallj
J=1

)
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; Hs (x1)°#Né' (I2)°'"°uN’,'» (x,)
m/ (X) =" (8)
Ig-l(#N‘j (x;)e #N{ (x, )O-uo#N’{. e™))

My (xg) is the grade of membership.
[

3. Stability and robustness analysis

The stability and robustness of an uncertain fuzzy
control system are to be analyzed in this section. Three
cases of design approaches are to be investigated.

3.1. General Design Approach (GDA)

General design approach allows difference in the rule
antecedents between the fuzzy plant model and the fuzzy
controller. This approach gives designers the largest
freedom on designing the fuzzy controller. From (1) to
(8), the closed-loop fuzzy system is given by,
x(k+1) = 3 Swim! (@7 + AHT)x(k) + (B + ABY)r) (9)

i=1 j=1

H' = A’ +B'G/,AHY = AA' + AB'G/ (10)

3.2. Parallel Design Approach (PDA)

Parallel design approach uses the same rule antecedents
of the plant model in the fuzzy controller. Hence, some of
the terms in (9) can be grouped together. This makes the
stability criterion to be satisfied more easily. The closed-
loop fuzzy system is given by,

x(k+1) = $wiw (H + AH )x(k)
i=1

1
+23 wiwl (JY +AJ”)x+£w' (B' +ABY)r
i<j i=]
N ¢ U Ji B ij Ji
gi JHAHT gy AHT +AHT (12)
2 2
H =A'+B'G/, AHY = AA" + AB'G/ (13)

3.3. Simplified Design Approach (SDA)

Simplified design approach requires the sub-system in
each rule of the fuzzy plant model possesses a common
input matrix B, and the fuzzy controller has the same
number of rules with the same antecedents as the fuzzy
plant model. In this simplified case, the closed-loop fuzzy
system is given by,

x(k+1)= Swi(H' + AH/)x(k) + (B +AB))Ir)  (14)
j=1

H/ =A’+BG’, AH/ = AA/ + ABG’ (15)

Because the input matrices are common, we have,
B=B', AB=AB' or, (16)

$wB =B, $wAB' = AB a7
i=1 i=1

In (16), B and AB are constants. In (17), B and AB
vary during the operation as w' in each rule varies. Still
in both cases, when G’ is designed such that
H/ =A’+BG’/ =H for all j, and the system has no

parameter uncertainty (ie. AA’ = AB/ = AH’ =0 for
all j), a linear closed-loop control system can be obtained.
If (16) holds, the linear system is obtained by feedback
compensation (i.e. pole placement technique); otherwise, it
is obtained by feedback linearization with respect to linear
sub-systems satisfying (17). Nevertheless, the structure of
the fuzzy controller for the latter is more complicated than
that of the former.

3.4. Stability and Robustness Analysis

In this section, the stability and the robustness of the
fuzzy control systems are analyzed. Theorem 1 to 3
summarize the stability and robustness analysis results for
the three design approaches. Theorem 1 and 2 are
applicable only to those systems without parameter
uncertainties, whereas Theorem 3 is for systems subject to
parameter uncertainties. Although Theorem 2 is
applicable to systems without parameter uncertainties,
Theorem 1 is less conservative. The use of Theorem 2 is
to serve as a basis to determine the robust areas of the
uncertain systems as stated in Theorem 3.

Theorem 1: Under GDA, the fuzzy control system as

given by (9) without uncertainty, i.e. AHY =0, is stable if
the following inequality hold.

a1 <1

where H,, = HYx---xH" , the values of i, j in each term of

p times

the product can be different from one another, i = 1, ..., p,
j =1, .. ¢ pis a nonzero positive integer arbitrarily
chosen by the designer, TeR™" is a transformation
matrix of rank n, "" denotes the I, norm for a vector or the

induced norm for a matrix.
Under PDA, the fuzzy control system as given by (12)

without uncertainty, i.e. AH* =0 and AJ ¥ =0, is stable
if the following inequalities hold.

e || <1
JralT| <1
fesm ) <1

oz
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where Hj = Hix-xH" HJ =H" xJ7 xH" xJix--;,

p times v times
H_ 3 o H x 39 xH % L T R L
Jy =JIxH" xJY xH" %5, J,=1"x-xJ7, the
U times p times

values of i, j in each term of the product can be different
from one another, i = 1, ..., p, j = 1, ..., ¢, it should be

noted that i < j for JV, p and v are nonzero positive
integers.

Under SDA, the fuzzy control system of (15) without
uncertainty, i.e. AH’ =0, is stable if the following
inequalities hold.

e, T <1

1 i ..
where H, = H'x---xH' , the values of i in each term of
p times
the product can be different from one another, i = 1, ..., p,
p is a nonzero positive integer.

Theorem 2 (more conservative stability condition):
Under GDA, the fuzzy control system as given by (9)

without uncertainty, ie. AHY =0, is stable if the
following inequality holds.
llTHijT"'||< lforalli=1, .,pandj=1, ..,c

Under PDA, the fuzzy control system as given by (12)
without uncertainty, i.e. AH' =0 and AJ? =0, is stable
if the following inequalities hold:

"TH""T““ <1foralli
“TJ"J’T'l || <1iforalli < j

Under SDA, the fuzzy control system of (15) without
uncertainty, i.e. AH’ =0, is stable if the following
inequality holds:

"TH’T‘1 |I<I foralli=1,..p

Definition 1: The robust area of a fuzzy control system is
defined as the area in the parameter space inside which
uncertainties are allowed to exist without affecting the
system stability.

Theorem 3: Under GDA, with the uncertain fuzzy control
system given by (9), the robust area is governed by,

"TH"!‘T-l <1 -"TH"!'T—’" foralli=1, .., pand

Robust area

ji=1..c

The uncertain fuzzy control system is stable if the

uncertainty ||TAH‘7T"[|, with l!’l‘AHijT""I as its
max

maximum value, satisfies the following condition:

374

o] ransr

frante| <|rami|
< "TAH"!' T

for all i and j

Robust area
Under PDA, with the uncertain fuzzy control system
given by (12), the robust area is governed by,

frméT- o <1- [rafT |for aui

"TJijT-’ Robust area <l —"TJUT_I,lfor alli < ]
The uncertain fuzzy control system is stable if the
uncertainties llTAHi"T'1 II and “TAJ it n, with

Irl‘ fip- II and "TAJ it " as their maximum
max max
values respectively, satisfy the following conditions:
[rame!|< framiz- |
max

for all i

Robust area

< "TAH"T“

fravrsfraa'r

<|rayiz
Under SDA, with the uncertain fuzzy control system

given by (15), the robust area is governed by

"TAI.I]T“l Robust area sI- HTAH]’T‘I " for a”j'

The wuncertain fuzzy control system is stable if the

uncertainty ||TAH!'T“", with IITAHfT"llm as its

max

foralli< j
Robust area

maximum value, satisfies the following condition:

for

Robust area ’

allj.

Proof: As the proofs for PDA and SDA are similar to that
for PDA, they are omitted in this paper. On multiplying T
to the fuzzy system of (9), we obtain

p c . . e e - .
Tx(k+1)= Y Sw'm/T(HY + AHY )x(k) + (B’ + AB')r)

i=1j=1

(18)

To prove Theorem 1, let AHY =0. The fuzzy system
becomes,

P . . .
Tx(k+1)= 3 3w m/ T x(k) +B'r)

i=1 j=1

= i i Wit mle wite e it aJte rppyinie Hit-ve ot ! (Tx(k,))

sy v =l gy v fi=]

k=k, c . ;
+ X f T w' me it pdeci L pltesi-ty Jeovier o
121 i oo ig=1 y, oo dy=l

THsh it g gty § S gy

ig=1jg=1

where k, € R* <k is an integer,
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frxce+ D < 5 zwt.ml. witigginet ooyt gyt [ERE I Qi e pb e T".’l"((k )|
Ay oo dgml jyg e jemi
kg $ wl.,,,;;“a'...,,,j.,,,,,wu.u-n,,,h..Hhi.j.ﬂ-‘.,.i...,..H":.-:»vik.u-nT-lITB"-.u—-,I
121 iy o gy, et
LA
+3 3 whmh
Py |‘l'l '|
< Z Wit mIt it e L ylte n’n{uh Hie-vet . ot T—lll'rx(ku)l
iy v =, o fy=)

)

121 gy i

Zwi' O A A
=l fyy o =1

x I,’ruiu} Hitver ottt pel ,ITB'},, et r'
max

< . P .
+ f 2z w"m"tl'l'B"rI
max

w

=L je=1
< f 3wl m wit-t e ceew'te it iade [ie-vitar L. g iedte ! x(k,
S, S % POT
+k—£‘ f iwi‘mj‘ Wie et et et b et
[N Sy |
x'.l-ﬂi,i.ﬂi,,‘jp,_,,Hi.ﬂ,,.ug,.,.| T—lﬁ Bt |rI
i, +-1 max
+m A rl
i msx
where,
(TR [ [/
[ < frmiere] < max et and
max g+l max
B o <[rBir| < max|TB 1]
max iy max

For (19), two cases can be identified: r = 0 and r # 0.
For the former case, the necessary and sufficient condition

for [Tx(k + 1| -0 @.e. fx(k+ 1| >0) as k = is
[rai e T - 0 as & - o 20)
For the latter case, if the condition of (20) holds,
|Tx(k +1)| can be proved to be bounded as k — oo
because the second and the third summation terms of (19)
are bounded. Consequently, “x(k + 1)“ is also bounded as
k — o . However, the condition of (20) is difficult to be
found. Thus, we divide TH/ H*-e-1...H*** T into
segments with length smaller than or equal to p. As a

result, the norm of these segments can be calculated easily,
but, the result may be more conservative.

I3 P
HTx(k-rl)IS 2 w‘m}'w' it w'te pyte
iy =Ly e fy=
k kb4t
; ; kb4l P
TH' D A a'rerrf-t-vaqed X(ka)ﬂ
pls- U+ ([’k-k.ﬂ}) .
| 2 )+
»
Z 'm" ool W'.,.mml‘._.m
0= iy i iy =
’ I‘L—-k,-lu'l_‘
[ » ; n ke, 1+ P’ o ;
X i [ITH At tttemeay nmr wezlt-te 2T max h‘B' "rI
s=l =pls=1)+1 [k-k,-!+l] iy, +-1 nax
v =)+t
»
+max|[TB' 1]
sl

It should be noted that if F——’;”—ﬂ]<1 in the last

equation, we take
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[k-k,,ﬂ‘_l

4 i i | -1 e

I [1TH"**o-e+2k-to-2 7~ =1, The stability
s=1 g=p(s-1+1

of the system is guaranteed for the two cases if the
following condition is satisfied.

sp R .

[ITH**o-2lt2 1 for all i, ., and
=p(s—D+1
Jeky-gs2 (€2))

This condition is equivalent to the condition of GDA in
Theorem 1. This ends the proof of Theorem 1. Now, we

consider the situation of AHY # 0. From (18),

ITx(k + 1 < g }::lw‘mf e + am? YT fexco) + T8’ + a8 )

< £ Sowtm! (re T |+ fraso T piexcol +Jres’ + 4
£ Suimhwiomiowtemie l'l(hH""T"H frastvierPlrxce, )

<
igy v k=, o it
k=k, P e, L . B
+ X X 3w mlt witt . odi=t g to it
[0 iy, oo 2 gy o=
L +l-

Ih'“ v/qT‘-l " + ITAH sy T«II)Ih-(BIA, el g AB""'H )rll

+ ‘):l 3 witm frB +aB* )
=1 Jx

2
< X Zw"m" Wittt o w'te mote n(hﬂ "’T_II Ih'AH "'T"“ )'l‘x(k,,)“
iy, o gLy, oo de=1 max
=k, P . .
+ Z Z Zw"m"‘ wt, ,m]k_ . _w'k,ol-lmlk,or—l
It iy, e =Ly, o jg=t
k-1

X 1'[ (M’I'l-l"’"T"u+i'l'Al-l"°’l‘"I )ﬂ’r(n‘*o'u,AB'n

+ £ Swimh fregi +aBion]

fe=ljg

é A iwi‘m"‘wi"‘mj“‘ w'to mite n(h'H'/wT—a ITAHelq'rli “)iTx(ka)u

iy, oo ig=l iy, oot

k=k, P
+ X

2

P g

" )rﬂmax

<

USSR ey
Zw“m o ety Jroeimt

- Q=

wit-tmdt oy
=1 gy -

x‘ﬁ-l(l’m iyt fran "'T“|mu)mﬁllT(Bi‘""" +AB/ )r!m

+ Z Zw" m maxl’l'(B“ +AB#* )rI

=1,

(22)
where,
h(B'k,,ol—l + AB':,,.H )rl IIT(B'k oti=l 4 AB‘I,'I-I )rl <'nwaT(B"""’ + AB‘I:,«-: )rﬂ
and

“T(B"" +AB# )r" < “’l‘(B“ +AB# )rﬂm < n’;_ax“r(n‘k +AB# )rﬂmx

The stability of the system of (22) is guaranteed if the
following condition holds.
<1 forall i; and j,

|THi"j”T"“+‘ITAHi4j”T"

max
For GDA, Theorem 2 and 3 can be obtained from (23).
This ends the proofs of Theorem 2 and 3. It should be
noted that Theorem 2 (p = 1) is a special case of Theorem

1 (p 2 1), hence, we can conclude that Theorem 1 is less
conservative than Theorem 2. QED

(23)
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By using a transformation matrix T, we can transform
matrices with norms greater than 1 into matrices with
norms smaller than 1, so that the stability conditions
derived can be applied.

4. Application Example

A numerical example is given in this section to illustrate
the design procedures and the application of the theorems
derived. Let an uncertain nonlinear plant be described by
the following fuzzy rules.
Rule i: IF x; is M} and x, is M}
THEN x(k+1)= (A’ + AA )x(k)+ (B’ + AB Ju(k)

4)
with the ~-norm operation being the multiplication, i = 1, 2,
3, 4. The operating range of the states is assumed to be
within —1.5 and 1.5. The fuzzy rules of the fuzzy
controller are defined as follows,
Rule 1: IF x, is M,j and x; is M{
THEN u(k):ij(k),j= 1,2,3,4 25)
where the membership functions of Mf,, ,i=1,2,3,4,a=
2

Lo 2 e pg)=mG)=1-3h,
xl2
IJM?(X)=#M]4(X)=Z§,
xzz
#M;(x2)=,uMg(X2)=1—2—'gy
"22 Xy
#Mg(n):ﬂM;(xz)’-ﬁ; X=[x2}
y [-02 o , [-02 o
A _[—-0.801 0.1} A _[-—0.801 0.1]’
A3=[ -02 0], A4=[ -02 0}
-08535 01 -08535 01

AAI S AAZ —AA’opaato| © O ’
c(k) ¢y (k)

B' = 0 B? = 0 B3 = 0
0.14387 | 0.05613]" 0.14387(’

0 0
B4 = s L. AB2 = 3= 4 _ .
[0.05613] AB AB” =AB o)

u L U L
+
(k) =Ly ok -5‘—;12—) sin(10k)  so that
akyelef,cl ],
U L U L
+
cy(k) = £2'—0—2—+ (c{‘ - —cz—g—c—z—) cos(5k) SO that

e (k) eler,c ],

U+ L U+ L
es(k) = 2 203 +(ck —-03—2—6—3)cos(5k) so that

eskyelel V1, ef =-011, cf =-001, ¢& =-001,

¢/ =011, ¢j =001, ¢y =001.  Although the
parameter uncertainties ¢;, ¢; and c¢; are modeled as
functions of k in order to illustrate the performance of the
designed controller, the exact parameter values are
unknown practically. The equations used to describe the
uncertain parameters are just for the purpose of illustrating
the robustness property of the controller.

PDA is applied to design the fuzzy controller, the
feedback gains are designed as G'! = [1.3971 -2.0852],
G'" = [3.5810 -5.3447], G™ = (1.5535 —2.0852] and G

= [3.9818 —5.3447] S0 that
Hll =H22 =H33 ___H44 = —-02 0 . The
0o -02{

10
transformation matrix is chosentobe T = [O 1] .

Figure | and 2 show the responses of x;(k) and x(k)
with (solid line) and without (dotted line) parameter
uncertainties with initial states of x(0)=[-1, —1]. The

stability and robustness analysis results are tabulated in
Table I. By Theorem 2, the system without uncertainties is
guaranteed stable as the values of column 2 are all smaller
than one. As stated in Theorem 3, the robust areas are
listed in column 3. Column 4 lists the maximum norms of
the parameter uncertainties specified before. As we find
that the maximum norms of parameter uncertainties are
smaller than the corresponding robust areas (the
differences are listed in column 5), we can conclude that
the system with parameter uncertainties is stable.

5. Conclusions

The stability and robustness of digital multivariable
fuzzy control systems subject to parameter uncertainties
have been analyzed. Stability conditions and robust areas
for three design approaches have been derived. An
example has been given to illustrate the design procedures
and the stabilizability and robustness property of the

digital fuzzy controller designed based on the developed
theorems.
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Figure 1. The responses of x,(k) of the system
with (solid line) and without (dotted line)
parameter uncertainties.
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Figure 2. The responses of x(k) of the system

with (solid line) and without (dotted line)

parameter uncertainties.

ij “H i " “ AH “ AH Column (3)
Robust area max minus

or or or Column (4)

|IJ “ ||AJ Robust area ||AJ max

1,1 | 0.6606 0.3394 0.2569 0.0825
1,2 | 0.6325 0.3675 0.3173 0.0502
1,3 | 0.6658 0.3342 0.2585 0.0757
1,4 | 0.6228 0.3772 0.3212 0.0560
2,2 | 0.6606 0.3394 0.2867 0.0527
2,3 | 0.6429 0.3571 0.2875 0.0696
2,4 | 0.6658 0.3342 0.2895 0.0447
3,3 | 0.6711 0.3289 0.2585 0.0704
3,4 | 0.6332 0.3668 0.2895 0.0774
4,4 1 0.6711 0.3289 0.3212 0.0077

Table I. The stability and robustness analysis result.
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