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A B S T R A C T   

The mechanical performance of fiber-reinforced structures highly relies on fibers’ paths in the matrix material. 
Unlike the level set method that offsets the zero-level contours of a higher-dimensional function, this work shifts 
the nodes of a truss network within an optimization framework to design individual paths specifically. All 
intersection manners of a single fiber with the rectangular continuum element are considered in the finite 
analysis to retrieve mechanical responses within an acceptable error margin numerically. The design variables, 
namely node coordinates, are updated via the method of moving asymptotes under the guide of the sensitivity of 
the objective function, which is smoothed using a radial basis function. After each optimization iteration, the 
paths are slightly adjusted to avoid twisting problems and control fiber gaps using a polynomial interpolation 
scheme. Numerical examples illustrate that the proposed method can generate elegant fiber paths within a few 
steps. In the meantime, the optimization efficiency is improved as the design variables are significantly reduced. 
Compared with existing methods, we found that lower objective values can be achieved as allowing nodes to 
move freely in the design domain guarantees a global minimum theoretically.   

1. Introduction 

Fiber-reinforced structures, the mixture of the matrix phase and 
short/continuous fibers [1,2], have been widely used in aviation, aero
space, marine, automation, civil infrastructures, and medical in
struments [3-5] due to their high stiffness, super strength-to-weight 
ratio, excellent fatigue, and fantastic corrosion resistance performance. 
In addition to the constituent materials, the fiber layout plays a crucial 
role in their performance. For instance, curved fiber paths can provide 
continuous-discrete variable stiffness composites (VSC) [6,7] with better 
mechanical properties than the constant-stiffness composite [8]. It was 
reported that the tensile stress of a fiber-reinforced structure could be 
improved by 36% if its originally straight-shaped curves flow around its 
central cavity [9]. Experiments also show that the fibers parallel with 
principal stress increase the structural stiffness and improve the post- 
buckling properties without increasing the weight compared to con
ventional quasi-isotropic fiber structures [10-12]. Therefore, it has great 
potential to improve the mechanical properties of fiber-reinforced 
structures. 

Researchers have found that fibers’ direction, volume content, and 

layup sequence can be well designed to improve stiffness, strength, 
elasticity, and anisotropic properties [13]. Several pioneering works 
calculated principal stresses [14] or strains [15-17] of fiber-reinforced 
structures using orthotropic material properties in finite element anal
ysis and made the optimal fibers parallel with one of them. The stress- 
based approach appears to produce slightly more efficient structures 
than the strain method due to the lower sensitivity of the stress field to 
changes in fiber orientation [18,19]. However, since compliance is 
nonconvex in fiber angle variation, the optimization problem has mul
tiple local minima. Furthermore, the potential duplicate global minima 
made it impossible to find a unique fiber layout under certain condi
tions. Luo et al. proposed the energy method [20] to correct these de
fects, in which the displacements are assumed to be continuous across 
the adjacent elements after a change in element orientation. The stress 
and strain of each element are different across the adjacent elements, 
and the energy method introduces additional stress and strain at the 
interface location to eliminate discontinuity. However, the optimal 
orientation of the fiber is low in continuity, and the fiber angle changes 
significantly in each iteration [21]. Moreover, the energy method is 
challenging to apply to the 3D optimization problem [22]. 
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Direct material optimization approach [23,24], shape function and 
penalty method [25], and binary coding parameterization method [26] 
can avoid local minima by considering fiber orientations in the effective 
elemental stiffness. The direct material optimization method employs an 
effective stiffness using a weighted sum of several fiber orientations. 
Subsequently, the optimization objective was to drive a single weight to 
one while the other weights approach zero so that only a single material 
(fiber orientation) is selected for each element [24]. The virtual quasi- 
isotropic composite structure is applied as the initial structure. There
fore, these methods depend less on the initial solution than those 
directly optimizing the fiber orientation [23,24]. The direct material 
optimization method assumes a fiber with a distinct orientation (e.g., 0, 
±45, 90◦) as a unique material to reduce design variables [24]. Two 
other discrete fiber angle optimization methods [25,26] use weighted 
formulas to parameterize different fiber orientations and reduce the 
number of design variables required for a finite selection of fiber ori
entations. However, these fiber-orientation-based methods render 
discontinuous fiber, including abruptly-changed fiber angles [20]. These 
defects will likely result in stress concentration and manufacturing dif
ficulties [27]. 

Fiber-reinforced composite design using structural topology opti
mization methods has become a new trend in this field [28-30]. Density- 
based topology optimization methods [31] were used for pioneering 
works due to their simplicity and ease of use. Unlike the isotropic ma
terial model used in traditional structural topology optimization for 
single-phase structures [32,33], material orthotropic was considered in 
fiber optimization by adding fiber angles as design variables [21]. In a 
related study, this method combined with a dynamical system [34] was 
conducted for the composite design, resulting in structures 66–90% 
lighter than the initial conditions. Similarly, this approach has been 
successfully extended to the design of 3D composites, and relevant parts 
have been produced with additive manufacturing based on the opti
mized design [35], improving the stiffness of parts by 14–29%. More
over, a bi-material-density-based topology optimization framework is 
developed for length scale separation and the decreased design freedom 
problems by considering the total volume and local fiber proportion 
constraints to generate continuous fiber paths [13]. 

Smooth fibers can be naturally and implicitly expressed as the zero- 
level contour of a higher-dimensional level set function [36,37]. With 
such a novel expression method, the continuously varying fiber paths 
can be optimized by the level-set method with the analytical sensitivity 
of energy-based approximation [38], reducing compliance by up to 
86%. Further, the level set method was utilized with the offset method 
for material distribution and fiber path optimization of additive 
manufacturing composites, which had advantages over other methods in 
complex cases such as L-shaped brackets.[21]. However, the initial 
condition often influences the optimization results of the level-set 
method. Fiber optimization will have more design flexibility if the 
level set function is parametrized by a set of radial basis functions since 
RBFs are only spatial coordinate-related, and the evolution process is 
transformed to update the coefficients [39]. In a similar work, fiber 
paths were designed by parameterizing their orientations with a nodal 
level-set function, reducing mean compliance by at least 50% [40]. 

The bi-direction evolutionary structural optimization (BESO) 
method [41] has also been introduced into the fiber-reinforced com
posite design. An early pioneering study extended the BESO method 
from isotropic materials to anisotropic composites [42], reducing 
compliance by 50%. In follow-up studies, the BESO method was used for 
multi-scale optimization problems of porous materials [43,44], which 
can be analogous to the fiber orientation problem. Likewise, a two-scale 
topology optimization method to concurrently optimize the general to
pology of structure and the material orientation based on the BESO 
method, where an analytical approach with the hybrid stress-strain 
method is adopted to determine the optimal material orientation, 
obtaining a 50% reduction in compliance[22]. In addition, an aniso
tropic topology optimization based on the BESO algorithm for designing 

composite parts [45] optimized both the part shape and the local fiber 
orientation, directly obtaining the part structure manufactured by fiber 
placement technologies. 

Automatic fiber placement and additive manufacturing allow the 
fabrication of composite structures with continuous but spatially vary
ing fiber. Thus, it is highly demanded to consider their fabrication fea
tures in optimization design. In the related work, a force line approach is 
proposed to place fiber-reinforced filaments along the load paths to 
design parts for additive manufacturing [46], achieving higher strength 
and toughness. However, the design of VSC should satisfy several 
manufacturing constraints, such as the fiber continuity, the minimum 
gap requirement, and the minimum turning radius of fiber paths [7,47]. 
Although intersected fibers may facilitate load transfer under limited 
circumstances (e.g., in woven- or knitted-fiber composites [48]), over
lapped fibers fabricated by AFP or additive manufacturing lead to un
desired thickness variations [49,50]. Furthermore, some experiments 
and simulations have shown that fiber knots can significantly reduce 
structural performance and might result in material failure [51,52]. 
Therefore, it is crucial to comply with manufacturing constraints during 
the design phase to avoid structural defects. In addition, the fiber paths 
must be defined as smooth continuous curves to be manufacturable by 
automatic fiber placement or 3D printing. A sharp turn of the fiber 
orientation angle may cause structural defects, including buckling or 
stress concentration, leading to reductions in structural performance 
[53]. Moreover, the material properties of composites with discontin
uous fibers, such as strength or stiffness, are lower than those with 
continuous fiber paths, as short fiber or particle structures are me
chanically inferior to continuous fiber structures [54]. Therefore, it is 
necessary to take manufacturing constraints into account in the opti
mization problem. 

The critical issue in optimizing fiber paths is ensuring fiber conti
nuity and avoiding fiber crossover, specifically truss intersections (as 
described in detail below). One solution to this problem is to express the 
fiber path as a curve function. This parameterization forces continuity 
and smoothness of the fibers and reduces optimization variables [55]. In 
the initial research, Gürdal et al. studied linearly changing fiber di
rections widely used in designing variable stiffness plates [56]. After 
that, quadratic functions, cubic functions [57], and trigonometric 
functions [58] were introduced to describe the path of the fiber. How
ever, this kind of function path is relatively simple, and the complexity is 
insufficient. In order to expand the shape of the fiber path that can be 
designed, more complex functions are also applied, including Bezier 
curves [59] and Lagrange polynomials[60,61]. The flow field function 
has described the fiber path arrangement of variable stiffness composite 
plates [62]. In their research, the flow field function consists of a uni
form linear flow field and a two-point vortex based on the superposition 
theorem. Although this type of processing limits the design space of 
advanced manufacturing technologies, it provides direct access to 
smooth fiber trajectories, which gives us great inspiration. 

Recently, feature-mapping methods that predetermine fiber orien
tation in each primitive before optimizing its layout have gained sig
nificant attention. Based on the movable morphable component method 
that utilizes exclusively geometric primitives [63], Sun et al. proposed 
an explicit topology optimization method for fiber-reinforced materials 
to effectively optimize the structural layout and fiber orientation angle 
while considering the specified number of fiber layers and layer thick
ness [64]. The geometry projection method [65,66] capable of gener
ating composed primitives was expanded by Smith and Norato to design 
orthotropic fiber-reinforced bars via projecting the structure onto a fixed 
finite element mesh for analysis and adjusting bar node position [67]. 
Though this method works on the design of spatial composite laminates 
and VSC [68], it is primarily used for structures composed of unidirec
tional fiber-reinforced bars or laminates. 

It can be seen from the above literature review that fiber path opti
mization is still an open topic at present. However, these existing 
methods have some drawbacks. The first type of scheme defines the fiber 
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orientation of the element center or design point as a design variable 
[27,69]. This scheme provides a more extensive design space but re
quires post-processing to extract fiber paths and has difficulty in satis
fying manufacturing constraints. Second, the analytic function defines 
the fiber path [57-61]. These methods guarantee the bent fibers’ con
tinuity and significantly reduce the design variables. However, the 
quality of the optimized design depends heavily on the type of analytical 
function. Third, in the level set-based method, the contours of the scalar 
function are used to describe the curve fibers [38,39]. These methods do 
not require post-processing to extract fiber paths and naturally avoid 
fiber crossings. However, the level set-based fiber optimization pro
cedure requires many iterations and a complex derivation of the sensi
tivity. Moreover, this method still treats composite as an orthotropic 
material in the finite element analysis ignoring the effect of fiber density 
on the mechanical properties. 

Fiber-reinforced constructions can be continuous or short fiber- 
reinforced structures. However, this work only focuses on continuous 
fiber design in automatic fiber placement and additive manufacturing. 
Given the above reviews and facts, this work proposes a node position- 
based fiber path optimization method for VSC design. To the best of our 
knowledge, no studies on topology optimization methods for FRC 
employ node coordinates as design variables. Compared with the opti
mization method using the elemental orientation as the design variable, 
the proposed method is more intuitive for obtaining the fiber paths 
directly and sets moving limits to meet manufacturing constraints. 
Compared to the level-set method, the proposed method is more 
straightforward in sensitivity derivation, and the structure of each fiber 
is obtained based on rigorous mechanical analysis. Nodal position-based 
optimization methods have optimized discrete structures [70-72], 
where the researchers used the nodal coordinates of discrete elements as 
design variables to optimize the structural stiffness by updating the 
nodal coordinates and connection methods. Resembles the geometry 
projection method mentioned for fiber-reinforced composites [67], 
treating rebars as embedded discrete elements and manipulating their 
endpoints can lay out the reinforcement to minimize weight or 
compliance [73]. Inspired by this concept, we express fibers embedded 
in the matrix material as a continuous truss network and control its 
nodes to yield desirable fiber paths. In addition, the endpoints would be 
fitted by polynomial functions and corrected according to the fitted 
functions. Finally, the overlap constraint is aggregated into the move
ment limit of each endpoint. The sum of compliance and fiber length is 
minimized by using the method of moving asymptotes (MMA) [74]. 

Unlike the orthotropic materials usually assumed in previous studies, 
the mechanical properties of the composites are analyzed by considering 
11 representative hybrid elements consisting of truss members and 

rectangular continuum elements. The coordinates of the nodes 
embedded in the truss elements were used as design variables to obtain 
continuous fiber paths, which MMA updated to minimize compliance 
and fiber length. In each iteration, the nodes can only be moved within 
an acceptable range to avoid numerical instability. This approach has 
several significant advantages. First, since the polylines represent fiber 
trajectories, fiber paths can be obtained directly without post- 
processing. Second, hybrid elements consisting of embedded trusses 
and continuum elements can better reflect the mechanical properties of 
fiber-reinforced composites. Third, using a small number of represen
tative endpoints to control fiber paths can reduce design variables and 
improve optimization efficiency. In addition, the number of truss ele
ments used to represent the fibers gradually increases. A smaller number 
of elements at the beginning can improve computational efficiency. In 
the final optimization stage, more truss elements can accurately repre
sent the fiber paths and control the fiber spacing. 

The paper is organized as follows. Section 2 describes the finite 
element analysis of VSC. The optimization problem and its sensitivity 
analysis are given in Section 3. Section 4 describes the numerical 
implementation. Numerical examples are demonstrated in Section 5. 
Finally, Section 6 concludes the article. 

2. Finite element analysis of VSC 

In some reinforced concrete studies, fiber-reinforced concrete is 
described as a hybrid element [75,76]. The fibers are discretized as 
multiple fiber segments, which are embedded truss elements; the meshes 
of the fibers are generated independently of the matrix material meshes. 
Moreover, a coupling procedure is used to connect the two independent 
meshes. In this work, we apply such methods to finite element analysis 
of VSCs. The schematic of three fibers (dashed lines) embedded in 4 × 4 
rectangular elements is shown in Fig. 1. 

Finite element analysis for the static elasticity problem of fiber- 
reinforced structures yields a linear system of equations, 

Ku − F = 0 (1)  

where u is the global displacement vector of the continuum element; F is 
the global force vector; K is the global stiffness matrix. For the quadri
lateral isoparametric element with four nodes and eight degrees of 
freedom, its elemental stiffness matrix consists of two items as 

Ke
8×8

= Ktr
8×8

+Kcon
8×8

(2)  

where Kcon is the stiffness matrix of the continuum element and the Ktr is 
the stiffness matrix of the embedded truss elements, given as 

Fig. 1. An example of VSC with 4 × 4 rectangular elements and three continuous fibers. Black star points represent nodes of the continuum elements. The blue points 
represent nodes of the truss elements. 
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Ktr
8×8

=
∑

Ktre
8×8

(3)  

where Ktre is the stiffness matrix resulted from an individual truss 
element as shown in Fig. 2. 

Usually, the stiffness matrix for a truss element is 

K*
4×4

=
AE
L

⎡

⎢
⎢
⎣

λ2 λκ − λ2 − λκ
λκ κ2 − λκ − κ2

− λ2 − λκ λ2 λκ
− λκ − κ2 λκ κ2

⎤

⎥
⎥
⎦ (4)  

with A, E, and l being the truss element cross-sectional area, Young’s 
modulus and length, respectively, and 

λ =
y2 − y1

l
, κ =

x2 − x1

l
(5)  

where x1(x2) and y1(y2) are the coordinates of the truss nodes. 
Consider the stiffness matrix of a continuum Kcon obtained by means 

of a finite element method and the stiffness matrix from a single 
embedded truss element K*. The challenge is to add the contribution of 
K* onto Kcon. 

For the quadrilateral isoparametric element, the shape function is 

N1(x, y) =
1
4

(
1 +

x
a

)(
1 +

y
b

)

N2(x, y) =
1
4

(
1 −

x
a

)(
1 +

y
b

)

N3(x, y) =
1
4

(
1 −

x
a

)(
1 −

y
b

)

N4(x, y) =
1
4

(
1 +

x
a

)(
1 −

y
b

)

(6) 

Assuming that two nodes are inside the continuum element (Fig. 2), 
the node displacement vector of the truss can be calculated as 

u
4×1

=

⎡

⎢
⎢
⎣

u1
v1
u2
v2

⎤

⎥
⎥
⎦ =

⎡

⎢
⎢
⎣

N1 0 N2 0 N3 0 N4 0
0 N1 0 N2 0 N3 0 N4
N1 0 N2 0 N3 0 N4 0
0 N1 0 N2 0 N3 0 N4

⎤

⎥
⎥
⎦ue

8×1
= N

4×8
ue
8×1

(7) 

The stiffness matrix of a single truss node K* will be mapped to 
another matrix Ktr in terms of the continuum nodes, so that its contri
bution can be added to Kcon. Therefore, we have 

NT
8×4

K*
4×4

N
4×8

= Ktr
8×8

(8)  

where N is the transformation function matrix. 
The above description only considers the case where discrete fiber 

segments are fully embedded in continuous elements. To sweep all 
possible intersection manners, 11 representative hybrid elements, as 
shown in Fig. 3, are considered in this work to achieve a complete 
material description. Note that the blue rectangles represent continuous 
elements, and the red and black line segments represent discrete fibers 

Fig. 2. The first hybrid element: the red lines represent the truss element 
embedded in the continuum element. Dashed lines indicate other fiber seg
ments connected to it. The coordinates of two nodes, P1 and P2, are (x1,y1) and 
(x2,y2), respectively. a and b are half of the side length of the rectan
gular element. 

Fig. 3. The 11 representative hybrid elements considering all potential fiber-passing manners through the rectangular continuum element. The red line segment 
represents the part that contributes to the stiffness of the hybrid element, and the black line segment represents the part that is not inside the hybrid element and 
therefore does not contribute to the stiffness. Dashed lines indicate other connected fiber segments. 

Fig. 4. An example of three discrete fiber segments in a representative 
hybrid element. 
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inside and outside the elements, respectively. The blue dots represent 
the intersections of the element boundaries with the discrete fiber seg
ments. Star points denote nodes of discrete fiber segments whose co
ordinates are design variables. Only the fiber segments embedded inside 
the hybrid element contribute to the stiffness of that element. Therefore, 
in the case where a fiber segment has intersections with a hybrid 
element, the calculation of its stiffness matrix should replace the nodal 
coordinates (star nodes) with the corresponding intersection coordinates 
(blue dots). The coordinates of the intersection points C and D are 
calculated by linear interpolation, given as 

{xC, xD, yC, yD} = f (x1, x2, y1, y2, a, b) (9)  

where function f is given in the Appendix for all hybrid elements. 
There are cases where multiple discrete fibers are present in the same 

hybrid element (Fig. 4). 
The stiffness of the hybrid element is provided by the matrix material 

and all the fiber segments embedded in the element; that is, 

Ke = Kcon +
∑n

i=1
Ktr,i (10)  

where n is the number of fiber segments embedded in the element. For 
the case in Fig. 4, n should take 4. 

3. Optimization problem and procedure 

3.1. Problem formulation 

Compliance is an essential criterion for performance in structural 
design evaluation. As such, it is used as the objective of this work. 
Similarly, optimization objectives have been widely adopted in related 
research on composite optimization [39]. Like volume fraction 
constraint, length constraint is used in fiber path design. In addition, 
such a constraint can avoid twisted fibers and fiber paths with sharp 
angles as it can effectively control the curvatures. Thus, the costing 
function in optimization is given as: 

find x = {x1, x2, ..., xM}
minf (x, d, u) = C
s.t. Ku − F = 0

L < Lexp

(11) 

The design variables x are nodal coordinate vectors of M nodes. xk (k 
= 1,2,…,M) is the coordinate vector of the kth node with an unknown 
location in the matrix with M as the number of such nodes. L is the total 
length of the embedded truss, and Lexp is the fiber length limit. The total 
compliance of an elastic body is 

C = FTu (12) 

According to the static equilibrium equation, Ku = F, Eq. (12) can be 
rewritten as 

C = FTu = uKTu (13) 

The discrete form corresponds to 

Ce = FT
e ue = ueKT

e ue (14)  

where Ke is the elemental stiffness matrix, and Fe is the load applied on 
the element. According to the above equation, the total compliance is 
the sum of the compliance of all elements; that is, 

C =
∑n

e=1
uT
e Keue (15)  

where n is the number of the continuum element. 

3.2. Sensitivity analysis 

Because MMA is used to update the design variables, the first-order 
derivative of the costing function needs to be derived. The optimiza
tion problem subject to the elastic equation is equivalent to the mini
mization of a Lagrangian function, given as 

ming = C+ λT(Ku − F) (16)  

where λ is the Lagrange multiplier. To facilitate control of fiber spacing, 
nodes are only allowed to translate in the y-direction, although this 
operation may limit the design freedom of the fiber, which will be dis
cussed in Section 5. Thus, the global sensitivity information should be 
the assembly of the sensitivity to one variable; that is 

S =
∂g
∂yk

(17) 

It is necessary to solve the derivation of the Lagrange function to a 
design variable because it is necessary to find a stationary point; at that 
point, the derivation is equal to 0, given as 

∂g
∂yk

=
∂C
∂yk

+ λT
∂(Ku − F)

∂yk
= 0 (18) 

The external loads are assumed to be independent of nodal co
ordinates, so the first-order derivation of the function is 

∂g
∂yk

= FT ∂u
∂yk

+ λT
(
∂K
∂yk

u + K
∂u
∂yk

)

(19) 

Rearranging the previous Eq. (15) leads to factoring out the deriva
tion of the displacement 

∂g
∂yk

=
(
FT + λTK

) ∂u
∂yk

+ λT
∂K
∂yk

u (20) 

The adjoint term should be equal to zero to remove the derivation of 
displacement, which means that our added unknown variable must 
satisfy 

λTK +F = 0 (21) 

Thus 

∂g
∂yk

= − uT ∂K
∂yk

u (22) 

The derivative of g of the entire structure for yk can be written as 

∂g
∂yk

=
∑n

e=1
uT
e
∂Ke

∂yk
ue (23)  

and 

∂Ke

∂yk
=
∂Kcon

∂yk
+
∂Ktr

∂yk
(24) 

The stiffness matrix of the continuum element is not related to the 
nodal coordinates of the truss element, so the first term is zero. 

The derivative of the elemental stiffness with respect to the truss 
nodal position is 

∂Ke

∂yk
=
∂K+

e

∂yk
=
∂NT

∂yk
K*N +NT∂K*

∂yk
N +NTK*∂N

∂yk
(25) 

In that manner, the global sensitivity becomes 

S =
∑p

e=1
− uT∂NT

∂yk
K*N u − uTNT∂K*

∂yk
N u − uTNTK*∂N

∂yk
u (26) 

Note that the power of yk in N is 1. Its second-order partial derivative 
is 
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∂S
∂yk

=
∑p

e=1

(

− uT∂NT

∂yk
∂K*

∂yk
N u − uT∂NT

∂yk
K*∂K*

∂yk
u − uT∂NT

∂yk
∂K*

∂yk
N u

− uTNT∂
2K*

∂y2
k

N u − uTNT∂K*

∂yk
∂N
∂yk

u − uT∂NT

∂yk
K*∂N

∂yk
u − uTNT∂K*

∂yk
∂N
∂yk

u)

(27)  

where p is the number of embedded trusses connecting node k. The total 
length is 

L =
∑l×q

e=1
Le(x) (28)  

where Le is the elemental length. The first and second derivatives of the 
total length are. 

∂L
∂yk

=
∂
∑l×q

e=1
Le(x)

∂yk
=
∑l×q

e=1
∂Le(x)
∂yk

and ∂2L
∂y2

k
=
∑l×q

e=1
∂2Le(x)
∂y2

k
(29) 

4. Numerical implementation 

4.1. Optimization procedure 

The key idea of nodal-based fiber path optimization is using polylines 
to represent fibers. As shown in its flow chart in Fig. 5, each iteration 
contains four major steps: meshing, sensitivity analysis, nodal position 
updating, and nodal position correction. First, the dimensions and me
chanical properties of the VSC to be optimized are input. The initial fi
bers in the horizontal direction are uniformly distributed inside the 
matrix, and the number of fibers is also determined (Fig. 5(a)). Then, 
this program meshes the matrix uniformly (dash lines) and picks a small 
number of nodes (red star nodes) on the fiber as the polyline endpoints 
(Fig. 5(b)). Afterward, the finite element analysis is performed to 
calculate the nodal displacement for sensitivity analysis in Eq. (1). The 
calculated sensitivities guide the MMA to upgrade the nodal 
coordinates. 

Crossed fiber paths in composites facilitate load sharing, reducing 
stress concentrations and potential failure [48]. Crossings also enhance 
resistance to shear forces and promote interlocking between layers, 

strengthening interlaminar shear strength and preventing delamination 
[77,78], contributing to a more durable material that can withstand 
various mechanical stresses. However, as previously mentioned, over
lapped fibers fabricated by automated fiber placement or additive 
manufacturing lead to undesired thickness variations and even material 
failure. Therefore, in this work, which focuses solely on intersection-free 
fiber path optimization, controlling fiber spacing is crucial to ensure 
consistent thickness and prevent associated issues. In the implementa
tion of MMA, the fiber nodes can only move in a prescribed range [αlow, 
αup] in the vertical direction to avoid fiber-crossing problems, which can 
be described as: 

αup =
dup − dmin

2
,αlow =

dlow − dmin

2
(30)  

where dup/dlow is the distance between a node (the yellow star in Fig. 5 
(k)) on a fiber with the nearest node (the dark star) on its top/bottom 
adjacent fiber, and dmin represents the minimum manufacturable gap. 
With this scheme, the nodal coordinates are precisely controlled to avoid 
the problem of fiber crossings and overlaps. 

However, the fibers connected by the optimized nodes are often not 
smooth (the solid line in Fig. 5(c)). The proposed method uses poly
nomial functions to fit the upgraded fiber nodes (dash line in Fig. 5(c)) to 
ensure smooth and continuous fibers. It moves the endpoints of the 
polyline to the fitted curve to correct the node positions (Fig. 5(d)). Like 
the previous upgrading node position, the nodes can only be shifted in 
the y-direction, and their x-coordinates remain unchanged. However, 
since the corrected node coordinates depend on the form of the fitted 
equation, the nodal position correction limits the range of movement of 
the node and reduces the design space. In order to avoid the fiber path 
being restricted to a specific area, we upgrade the node position every 
Iter times and perform a correction of the node coordinates. In this work, 
Iter = 10. The above part is called Cycle I (Fig. 5). The convergence 
criterion of Cycle I optimization process is defined as 

Cerr =

⃒
⃒
⃒
∑3

j=1

⃒
⃒Ck− j+1 − Ck− 3− j+1

⃒
⃒
⃒
⃒
⃒

∑3
j=1Ck− j+1

⩽δc (31) 

Fig. 5. The flowchart of a representative iteration in the method nodal-based fiber path optimization.  
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where Cerr is the error of the compliance and the error limit, δc, is set as 
1%. 

However, the correction process often leads to intersections or too 
small spacings of the fitted paths. The finer mesh level represents fiber 
paths to control the nodal spacing between adjacent fibers. In Fig. 5(e), 
more nodes are inserted on the fitted fibers (The red square nodes). This 
operation has three advantages. First, the initial iterative process can use 
fewer nodes to reduce design variables and improve computational ef
ficiency. Second, more nodes are more likely to exhibit smooth fiber 
paths. Third, a sufficient number of nodes ensures the spacing of fiber 
paths. When MMA upgrades nodal positions, the distances between fi
bers are gradually adjusted to meet the movement range constraints. In 
Fig. 5(g), the optimized nodal positions are also corrected by fitting the 
curve. The above steps are called Cycle II. Similarly, when the conver
gence condition is satisfied, the finest node level with more nodes is 
applied (Fig. 5(h)), which is Cycle III. This process will continue until the 
spacing of the fitted fiber paths meets manufacturing constraints. 

4.2. Sensitivity assembling 

Since the node positions of the fibers are constantly changing, the 
interpolation relationship shown in Eq. (9) is different, making it diffi
cult to obtain an explicit objective function expression. Therefore, a 
concept similar to assembling a global stiffness matrix is used in the 
finite element analysis for sensitivity analysis. The sensitivity of Node 1 
in Fig. 2 depends on the coordinates of itself and the affected nodes 
(Node 2). To calculate its sensitivity, as shown in the below pseudocode 
(Table 1), 

After entering the material’s properties, the hybrid element stiffness 
matrix is immediately assembled. Thus, the symbolic expression for the 
derivative of the design variables, dgx and dlx are also “pre-assembled” 
as explicit expressions in MATLAB. For simplicity purposes, this section 
uses first-order partial derivatives as an example, and the assembly 
process for second-order partial derivatives is consistent. After applying 
boundary conditions and finite element analysis, the displacement u of 
each continuum element’s node can be calculated. The sensitivities of 
the nodal coordinates to the objective function and constraint equation 
are output in the matrix form dfdx and dhdx, so the matrix size is 
consistent with truss nodal coordinates xval (Table 1 Line 1). This al
gorithm calculates one by one in the order of embedded truss elements 
(Table 1 Line 2). The algorithm first extracts the truss nodal coordinates 
x (Table 1 Line 3) and the member node vector [p1, p2] for the two nodes 
(Table 1 Line 4) of the nth truss element. The algorithm calculates the 
intersection coordinate vector, a, that this truss will produce with the 
mesh of the matrix material. In addition, the serial number of the cor
responding continuum elements are also found, b1, b2,…,bm (Table 1 Line 

6). Therefore, the truss element is divided into m subsections according 
to the number of continuum elements it passes through, and their con
tributions to the sensitivity are calculated one by one (Table 1 Line 7). 
The node displacement of the continuous element ue is found by the 
corresponding element serial number (Table 1 Line 8). Afterward, the 
corresponding elemental sensitivities matrix Wj and Vj of size 2 × 1 are 
calculated through the built-in eval function of MATLAB (Table 1 Lines 9 
and 10). According to [p1, p2], this elemental sensitivity matrix is 
assembled to the corresponding position of the sensitivity matrix dfdx 
and dhdx (Table 1 Lines 12 and 13). The algorithm will calculate the 
sensitivity of all elements. This “pre-assembled” explicit symbolic 
expression can significantly reduce repetitive calculations and improve 
computational efficiency. 

4.3. Radial basis function-based filtering technique 

To reduce excessive tortuosity in the fiber path and make the fiber 
path more concentrated, we introduce a filter based on the Radial basis 
function (RBF). There are many different RBFs, including Gaussian, In
verse Multiquadratic, Globally Supported Radial Basis Function, and 
Compact Supported Radial Basis Function (CSRBF) [79,80]. CSRBF has 
zero function values within a medium-sized support radius and typically 
consumes less memory for coefficient matrices and less computation for 
solving linear equations. In this work, CSRBF (weighting factor) with C2 

continuity is used: 

ψ(r) = r4
0(4r + 1) (32)  

where 

r0 = max{0, (1 − r)} (33)  

r =
di
R

(34)  

where di is the distance between the support node and the ith observation 
node, and R denotes the support radius. The yellow star node is the 
support node, and the circle with R as the radius represents the support 
range of this filter (Fig. 6). In this work, the R-value is set to the initial 
fiber spacing, g. 

Therefore, the sensitivity of the ith node should be 

Si =
∑q

j=1
ψijSij

/
∑q

j=1
ψij (35)  

where q is the node number in the support range of the filter. 
As a comparison, an average-based filter algorithm is also intro

duced. The sensitivity of the ith node is determined by itself and the 
surrounding nodes; that is, 

Table 1 
Pseudocode of sensitivity analysis.  

Algorithm 1 Sensitivity analysis 

Input: Symbolic expression of sensitivity dgx and dlx, truss element elem of size eln ×
2, node coordinates xval of size 2nn, node displacement u 

Output: the sensitivities of the costing function dfdx and dhdx of size 2nn × 1 
1. Initialization the zero matrix dfdx and dhdx of size 2nn × 1 
2. for n = 1 to eln do 
3. [x] ← nodalcoordinate (elem, xval, n) 
4. [p1, p2] ← nodenumber (elem, n) 
5. [a] ← intersectionpoint (p1, p2) 
6. [b1, b2,…,bm] ← hybridelement (x) 
7. For j = 1 to m do 
8. [ue] ← nodaldisplacement (u, bj) 
9. [Wj] ← Evaluate the expression dgx(x, a, ue) 
10. [Vj] ← Evaluate the expression dlx(p1, p2, a) 
11. End 
12. dfdx(p1, p2) ← dfdx(p1, p2) + sum(W) 
13. dhdx(p1, p2) ← dhdx(p1, p2) + sum(V) 
14. END  

Fig. 6. The CSRBF filter: the red star nodes represent the nodes for the 
average filter. 
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Si =

(

Si +
∑p

j=1
Sj

)/

(p+ 1) (36)  

where p is the number of the surrounding nodes. For example, the 
sensitivity of the yellow star node is determined by itself and its eight 
surrounding neighbors (the red node in Fig. 6). 

4.4. Adaptive curve fitting 

The updated polylines may have jagged structures that cannot 
represent smooth, continuous fibers. The proposed method uses an nth 

(n = 3, 4, or 5) order polynomial to fit the curve (the dashed line in 
Fig. 5) and correct the node positions; that is, 

y =

⎧
⎨

⎩

C1x5 + C2x4 + C3x3 + C4x2 + C5x1 + C6
C2x4 + C3x3 + C4x2 + C5x1 + C6

C3x3 + C4x2 + C5x1 + C6

(37)  

where C1~6 are the coefficients to be fitted. The order of the fitting 
function is determined according to the fiber length. 

Fig. 7 shows the fiber length distribution for the cantilever optimi
zation case. Since fiber nodes are only allowed to translate in the y-di
rection, the more twisted the fiber, the longer its length. For longer and 
more tortuous fibers, this method uses a higher-order polynomial 
function to fit. For example, the indicated long green fibers in Fig. 7 were 
fitted with a 5th-order polynomial. The shorter red fibers were fitted 
with a 3rd-order polynomial. This process is called adaptive curve 
fitting. In this work, the proportions of the 5th, 4th, and 3rd-order 
polynomials are 30%, 40%, and 30%, respectively. 

5. Numerical examples 

In this section, three examples of the design optimization of VSC are 
investigated to verify the effectiveness of the proposed method. Since 
the plane-stress state is assumed, these structures are subjected to in- 
plane loads. Furthermore, the thickness of VSC is set as 2, and the self- 
weight is not considered. In all the examples, the mechanical proper
ties of the matrix material are Em = 1/15 and υm = 0.3, while the me
chanical properties of the fiber are Ef = 1 and υf = 0.3. In addition, the 
cross-sectional area of the fiber is Af = 1. Fiber lengths are all limited to 
110% of the original length. 

5.1. MBB beam 

The first example is to find the optimal distribution of fibers in a 
Messerschmitt–Bolkow–Blohm (MBB) with an aspect ratio of 3:1. 
Because of symmetry, only half structure is considered, and the nodes on 
the symmetry edge (dashed line in Fig. 8) only can move in the vertical 
direction. A downward force and a roller support are applied at the 
upper-left corner and the right-bottom corner, respectively. Without loss 
of generality, the initial fibers are straight lines uniformly distributed in 
the matrix. Note that the number of fibers is equivalent to the number of 
straight lines uniformly distributed in the initial structure (e.g., Fig. 8 
shows five continuous long fibers). 

The optimization results are shown in Fig. 9. During the optimization 
process, the upper right corner of the MMB hardly bears the load, so the 
fibers move slowly to the lower left. The fibers are mainly concentrated 
at the top and bottom of the MBB beam, and this distribution is very 
similar to the optimal structure of the MBB beam for isotropic material 
[81]. The fibers in the middle are longer, so higher-order polynomial 
functions are used for fitting, and there are multiple inflection points. 
This internal structure can also be observed in the optimal solution of 
the MBB beam. None of the final optimized fiber paths crossed, which 
complies with the manufacturing constraints. The convergence history is 
divided into three sections (Fig. 10) corresponding to Cycle I, II, and III. 
In Cycle I, compliance decreases to a minimum value. The curve fitting 
and correction process inevitably causes the nodes to deviate from the 
nodal positions obtained after MMA, leading to fluctuations in the 

Fig. 7. The fiber distribution of the cantilever beam.  

Fig. 8. Initial fibers in the MBB beam (right part).  
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objective function. In Cycle II and III, the algorithm increased the 
optimal number of nodes and made the fiber spacing larger than the 
minimum manufacturable gap. Adopting more nodes results in slightly 
unstable convergence of the objective function but makes the fiber 
arrangement meet manufacturing requirements. 

The normalized compliances (compliance/initial compliance) of 5-, 
10-, 15-, and 60-fiber MBB beams are 0.4404, 0.5009, 0.4769, and 
0.4566, respectively. The case in Fig. 9(d) also shows that the proposed 
method can be applied to the intensive case with many fibers, which is 
rare in other studies [39,82]. Local enlargements of the fiber densities 

Fig. 9. Optimal fiber distribution in the MBB beam with n fibers: (a) n = 5, (b) n = 10, (c) n = 15, and (d) n = 60.  
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are also given, without crossover or overlap problems. Additionally, the 
mean stiffness is introduced to study the efficiency of fiber; that is, 

S =
1
C⋅L

(38) 

The mean stiffness of 5-, 10-, 15-, and 60-fiber MBB beam is 1.446 ×
10− 4, 7.390 × 10− 5, 5.684 × 10− 5, and 5.4416 × 10− 7 respectively, 
which means that as the number of fibers increases, the stiffness pro
vided by the fibers per unit length decreases. However, in this study, the 
fiber nodes can only move in the y-direction, which limits the design 
space of the fiber path, and thus the compliance cannot be further 
reduced. This problem is significant in the case of more dense fibers. As 
shown in Fig. 9, the optimal fiber paths gradually become parallel and 
equally spaced with the increase of fiber number. The increase in the 
number of fibers limits the movement range of its nodes, making the 
decrease in compliance insignificant. 

The right-hand sections of the MBB beams with aspect ratios of 2:1 
and 3:2 are optimized for comparison (Table 2 and 3). There is no 
relevant optimization code for other optimization results in the 

literature, and they tend to use finite element models for orthotropic 
materials. Therefore, this work performed finite element analysis by 
scanning their optimal fiber paths and inputting them into COMSOL 
using the physical properties parameters in this study. The results in 
Table 2 show that our optimization results in lower compliance with 
fewer fibers, and the higher mean stiffness also indicates that the 
structure obtained by this method is more efficient for utilizing fibers. 
Table 3 shows a 50%-56% decrease in compliance of the optimized MMB 
beam compared to the initial case. Thus, this one of their MMB examples 
does not impose fabrication constraints, so obvious fiber overlap and 
crossover problems can be seen. In another of their studies, the spacing 
range of fibers was further restricted so that the fiber paths remained 
essentially equally spaced. However, circular fiber paths emerged in 
their research, which is challenging to manufacture in practice [39]. 
Besides, their study uses a level set approach, which makes its iterations 
much more than the proposed method. In addition, their method uses 
orthogonal materials to characterize the composite properties, but the 
optimization results in many fiber-free regions, especially in the lower 
left corner. Therefore, the obtained fiber paths of this method depend on 

Fig. 10. The convergence history of MBB beam optimization with five fibers.  

Table 2 
Comparison of the MBB beam optimal results with an aspect ratio of 2:1.  

Results Compliance Length Mean stiffness Iterations 

45.956 156.615 1.389×10-4 40 

Ref. [82] 56.655 164.305 1.074×10-4 27  
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the gradient vector of the level set function and may be inaccurate in the 
case of a small number of fibers. 

5.2. Cantilever beam 

The design optimization problem of a cantilever beam with an aspect 
ratio of 3:2 is shown in Fig. 11. The initial structure has horizontal fiber 
paths. Symmetry constraints are activated. 

The optimization results are shown in Fig. 12(a). During the opti
mization process, the upper right corner and lower right corner of the 
cantilever beam hardly bear the load, so the fibers move slowly to the 
middle. The fibers at the right end are gradually concentrated towards 
the load point. This structure is also very close to the cantilever beam 
structure in continuum topology optimization [83]. None of the final 
optimized fiber paths crossed, complying with the manufacturing 
constraints. 

Similarly, the convergence history is divided into three sections 
(Fig. 13). In Cycle I, the coarse mesh helps us quickly find an approxi
mate result. In Cycles II and III, the method increased the density of the 
mesh, i.e., more nodes were used to represent fiber paths. As can be seen, 
compliance has risen slightly due to the need to adjust the fiber spacing 
to meet the manufacturing constraints. The cantilever beam with 
adaptive curve fitting has the lowest compliance, 0.2311. 

The influence of the fitting function on the resulting fiber paths is 
also investigated. For comparison, the normalized compliances of the 
cantilever beams fitted by the 3rd, 4th and 5th order polynomials are 
0.3576, 0.2337, and 0.2806, respectively. Too low order makes the 
fitting curve unable to describe more complex fiber paths, resulting in 
simple fiber paths and higher compliance (Fig. 12(b)). The fitting curves 
of higher-order polynomials can describe complex fiber paths and have 
less restriction on the design space, thus exhibiting better performance. 
However, too high order often makes the fitting overfit and creates some 
unnecessary structures appear. For example, some fibers at the right end 
of Fig. 12(d) are not concentrated at the load point. 

Compared with the optimization result obtained from initial hori
zontal fibers, the optimization result for the initial configuration with 
vertical fibers (Fig. 14(a)) is different, although both gradually reveal 
the profile of the cantilever beam obtained by other optimization 
methods [83]. Fig. 14(b) and (c) show the fiber distribution at the 10th 
and 25th iterations. Although fiber paths remain discontinuous due to 
the coarse mesh in Cycles I and II, the paths roughly have the appearance 
of a cantilever beam. The fibers near the right end of the cantilever beam 
form a sharp angle, while the fibers in the middle show an almost 
network-like structure, which is a representative result of cantilever 
beam optimization. Fig. 14(d) shows the final optimal result with a 
mean stiffness of 1.637 × 10− 4. The same value in Fig. 12(a) is 2.901 ×
10− 4. In addition, the initial value of mean stiffness with horizontal fi
bers (6.505 × 10− 5) is lower than that of vertical fibers (7.644 × 10− 5). 
Numerically, the optimized structure of horizontal fibers has a higher 
material utilization efficiency, but this conclusion varies from case to 
case. Furthermore, mono-direction-dominant fiber orientations, 
whether vertical or horizontal, throughout the optimization process 
indicates a dependency on the initial structure. 

Similarly, a cantilever beam with a 3:1 aspect ratio was compared 
with results from other literature (Table 4). The fiber paths of cantilever 
beams were optimized using the level set method in related studies 
[38,39]. The results show that our results have shorter fiber lengths but 
lower compliance. The problem of equal spacing of fiber paths is 
considered in their studies and thus may further limit design freedom. In 
addition, the number of iterations of this proposed method is much 
lower than that of the level set-based method, and convergence results 
are obtained in only 30 iterations. 

Table 3 
Comparison of the MBB beam optimal results with an aspect ratio of 3:2.  

Results Compliance Length Mean stiffness Iterations 

38.533 141.984 1.827 × 10–4 40 

Ref. [39]   

32.157–47.980 129.128–145.762 1.6141–2.267 × 10− 4 200–1000  

Fig. 11. Initial fibers in the cantilever beam.  
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5.3. Bridge beam 

The design optimization problem of a bridge-type beam is shown in 
Fig. 15. The design domain is a rectangle with an aspect ratio of 3:2, and 
the left edge and right bottom corners are fixed. Here, the structure has 
two concentrated forces. One force is applied at the left top corner, and 
another at the top edge middle point. 

The influence of the filter on the resulting fiber paths is investigated. 
The optimization results using the RBF-based filter (Fig. 16(a)) have the 
lowest compliance (0.4361). The compliance of the optimized structure 
using the adjacent point average filter (Fig. 16(b)) and the filter-free 
optimized structure (Fig. 16(c)) is 0.4528 and 0.4028, respectively. 
Especially in the case without a filter, it can be seen that the fibers are 
distributed in the entire design domain, and there are still fibers in the 
upper right corner that cannot bear the load, which means that the 

material is not fully utilized. 
The effect of different filter radii on the optimization results is also 

studied. The compliances corresponding to the filter radius of g/2 
(Fig. 17(a)) and 2 g (Fig. 17(c)) are 0.4029 and 0.4570, respectively. The 
results are close to the optimization results without a filter (Fig. 17(c)) 
for the smaller filter radius, which means that the filter is too small to 
make the filter almost useless. For the larger filter radius, the sensitivity 
filter considers more nodes so that the fibers are over-concentrated, and 
fiber reinforcement is lost in some areas that require fiber support. 

5.4. L-shaped bracket 

The benchmarking of the L-shaped bracket has been less investigated 
in fiber optimization studies (Fig. 18). The top edge is fully fixed, and a 
concentrated downward force is applied to the top corner of the right 
end. For this case, a vertically aligned initial fiber configuration is used, 
and the x-coordinates of the fiber nodes are used as a design variable. In 
addition, the design domain of the L-shaped bracket is nonconvex, and 
the graph is divided into two sub-regions along the dotted line. The fi
bers are constrained in their initial sub-regions to avoid the problem of 
fibers going beyond the design domain. 

Fig. 19 shows the optimization results with 15 and 30 fibers. The 
normalized compliances of 15-and 30-fiber L-shaped brackets are 
0.2410 and 0.2552, respectively. The mean stiffness of the 15-fiber 
result is 6.413 × 10− 5, higher than the one of the 30-fiber (3.080 ×
10− 5). Consistent with the previous MMB beam case, the fewer the fi
bers, the more fiber stiffness per unit length is provided. 

Both optimal fiber distributions show a similar profile, found in other 
optimization studies on the L-shaped bracket [70,84,85], which shows a 
potential solution to the dependency on the initial structure using the 
region-dependent fiber initials. The lower left and lower right areas are 
less loaded and therefore have less fiber distribution. In Fig. 19(a), the 
fibers in the left half are divided into two bundles and distributed along 
the border, leaving a blank area in the middle. After adding more fibers 

Fig. 12. Optimal fiber distributions in the cantilever beam with (a) the adaptive fitting function, (b) the 3rd-order polynomial, (c) the 4th-order polynomial, and (d) 
the 5th-order polynomial. 

Fig. 13. The convergence history of the cantilever beam optimization with the 
adaptive curve fitting. 

X. Zhang et al.                                                                                                                                                                                                                                   



Composite Structures 323 (2023) 117455

13

Fig. 14. The fiber distribution in a cantilever beam with initial vertical fibers at the iteration step (a) m = 0; (b) m = 10; (c) m = 25 and (d) m = 40.  

Table 4 
Comparison of the cantilever beam optimal results with an aspect ratio of 3:1.  

Results Compliance Length Mean stiffness Iterations 

33.010  407.710 7.430 × 10− 5 30 

Ref. [38]  

48.511  429.769 4.796 × 10− 5 900–1000 

Ref. [39]    

38.843  406.007 6.341 × 10− 5 600–700  
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(Fig. 19(b)), the original blank area is filled with several twisted fibers, 
and this form of structure can effectively improve the stiffness [70,84]. 

Although the above four examples obtained similar results in other 
literature, proving the validity of the proposed method, the proposed 
method still has some limitations. First, the final optimization results 
depend on the initial configuration. The approximate orientation of the 
fibers (vertical/horizontal) is determined in the initial setup, and a 
similar limitation was also discovered in the level-set method [38]. The 
second problem is that it limits the design space. Using the y-coordinates 
of the nodes as design variables limits the node movement, which is a 
compromise made to control the fiber spacing. In addition, the 
manufacturing constraints considered in this study are still inadequate. 
The nodal moving limit constrains the fibers’ minimum spacing, but the 
maximum fabricable spacing [39] is not introduced. Due to the curve 
fitting, the fiber path does not show sharp corners. Our future research 
will focus on optimizing fiber-reinforced composites with multiple 
layers and curvature constraints on the fiber paths. 

6. Conclusions 

The adoption of fiber-reinforced structures has become imperative to 
increase the mechanical performance of structures. This paper assumes 
fiber paths in the matrix material as a truss network and minimizes 
compliance via moving truss nodes to optimal locations in the design 
domain. A finite element analysis method is proposed to simulate the 
deformation of fiber-reinforced structures by considering 11 represen
tative hybrid elements with different truss intersection manners with the 
rectangular continuum element. 

The nodal position appears in design variables for fiber path opti
mization for the first time. By controlling the movement range of the 
design variables in MMA, fiber crossing or overlapping problems are 
prevented. Thus, fiber smoothness and continuity are guaranteed 

Fig. 15. Initial fibers in the bridge beam design problem.  

Fig. 16. Optimal fiber distribution in the bridge with different filtering tech
niques (a) with filter based on RBF; (b) with filter based on adjacent point 
average, and (c) non– filter. 

Fig. 17. Optimal fiber distribution in the bridge with different filter radii: (a) R 
= g/2; (b) R = g and (c) R = 2 g. 

P

Fig. 18. Initial fibers in the L-shaped bracket design problem.  
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through the adaptive curve fitting. In addition, this number of fiber 
nodes increases with iteration, improving the initial step efficiency and 
increasing the final result accuracy. 

The proposed method can optimize the fiber paths and produce a 
manufacturable solution within 30 iterations in all cases examined. In 
the case of the most significant effect, compared to the initial cantilever 
beam, the methods can reduce compliance by approximately 77% with 
just a little fiber material increase (<10%). These results exceed or are at 
the same level as other fiber path optimization methods. However, the 
mono-axis design variables and fitting functions in the proposed opti
mization algorithm, although technically avoiding fiber crossings, limit 
the design freedom, which hinders the exploitation of VSC performance 
potential. Therefore, additional work, refining the method and adding 
appropriate constraints, is necessary to define fiber paths that can be 
manufactured using advanced fiber placement techniques. 
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Fig. 19. Optimal fiber distribution in the L-shaped bracket with n fibers: (a) n = 15 and (b) n = 30.  

Table A1 
Comparison of maximum displacement of MATLAB and COMSOL.  

Case Schematic δx/uc,x δy/uc,y δe/wc 

1 0.513%  1.231%  0.754% 

2 0.117%  0.629%  0.442% 

3 0.426%  1.152%  0.612%  
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Table A2 
Hybrid element with no intersection.  

Case Schematic Equation variant 

1 xc = x1;

yc = y1;

xd = x2;

yd = y2  

Table A3 
Hybrid element with one intersection point.  

Case Schematic Equation variant 

2 xc = x1 +
(y1 − b)(x2 − x1)

(y1 − y2)
;

yc = b;

xd = x2;

yd = y2;

3 xc = a;

yc = y2 +
(a − x2)(y1 − y2)

(x1 − x2)
;

xd = x2;

yd = y2;

4 
xc = x2 +

(y2 + b)(x1 − x2)

(y2 − y1)
;

yc = − b;

xd = x2;

yd = y2;

5 xc = − a;

yc = y2 +
(a + x2)(y1 − y2)

(x2 − x1)
;

xd = x2;

yd = y2;

Table A4 
Hybrid element with two intersection points.  

Case Schematic Equation variant 

6 
xc = x1 +

(y1 − b)(x2 − x1)

(y1 − y2)
;

yc = b;

xd = − a;

yd = y2 −
(a + x2)(y1 − y2)

(x1 − x2)
;

7 
xc = x1 +

(y1 − b)(x2 − x1)

(y1 − y2)
;

yc = b;

xd = a;

yd = y1 +
(a − x1)(y2 − y1)

(x2 − x1)
;

8 xc = a;

yc = y2 +
(a − x2)(y1 − y2)

(x1 − x2)
;

xd = x1 +
(y1 + b)(x2 − x1)

(y1 − y2)
;

yd = − b;

9 
xc = x1 +

(y1 − b)(x2 − x1)

(y1 − y2)
;

yc = b;

xd = − a;

yd = y1 +
(a + x1)(y2 − y1)

(x1 − x2)
;

10 
xc = x1 +

(y1 − b)(x2 − x1)

(y1 − y2)
;

yc = b;

xd = x1 +
(y1 + b)(x2 − x1)

(y1 − y2)
;

yd = − b;

11 xc = − a;

yc = y2 +
(a + x2)(y1 − y2)

(x2 − x1)
;

xd = x2;

yd = y1 +
(a − x1)(y2 − y1)

(x2 − x1)
;
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Data availability 

No data was used for the research described in the article.  

Appendix A. Finite element verification 

This work implemented numerical simulation in COMSOL to verify this finite element analysis method. The Young’s moduli of the matrix and fiber 
materials are 1/15 and 1, respectively. The Poisson’s ratio of the matrix material is 0.3, the thickness of the plate is 2, and the cross-sectional area of 
the fibers is 1. 

The previous finite element analysis was coded in MATLAB. Moreover, the same plane stress model was modeled by COMSOL to compare the 
results. The validation work focuses on analyzing the displacement field distribution of the fibers. Comparing the displacement distribution over the 
fibers along the x-direction and y-direction, our previous finite element analysis and commercial software results are less different. Similarly, we also 
compare the strain energy (Table A1), the error of which is acceptable. In Table A1, 

δx =
⃒
⃒um,x − uc,x

⃒
⃒, δx =

⃒
⃒um,y − uc,y

⃒
⃒, and δx = |wm − wc|, (A.1)where um,x and um,y are the maximum displacements in the MATLAB model in x- 

direction, uc,x and uc,y are the maximum displacements in the COMSOL model in y-direction and wm and wc are the maximum elemental strain energy 
in MATLAB and COMSOL model. 

Appendix B. Hybird elements 

The transformation matrix will change according to the positional relationship between the truss and the continuum element. Appendix B enu
merates all possible cases and their Eq. (8) variation (shown in Tables A1–A4). 
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