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Abstract

In this paper we study the feasibility problem of scheduling a set of start time dependent tasks on a
single machine with deadlines, processing rates and identical initial processing times. First, we
show that the cases with arbitrary deadlines are strongly NP-complete. Second, we show that the
cases with two distinct deadlines are NP-complete in the ordinary sense. Finally, we give an optimal
polynomial algorithm for the makespan problem with two distinct processing rates. We solve a
series of open problems in the literature and give a sharp boundary delineating the complexity of the

problems.
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1. Introduction

Machine scheduling problems with start time dependent processing times have received
increasing attention in recent years. The linear model is one of the most popular ones. Formally,
these problems can be stated as follows. A task system consists of n independent tasks and is

denoted by TS =({T,}.{d,}.{a,}.{b;}) . Each task T, is associated with a deadline d, and
characterized by an initial processing time a, >0 and a processing rate b, > 0. Depending on the
task starting time s,, the actual processing time of task T, is p, =a, £b;s, >0 and its completion
timeis C; =s; + p; =a; +(1xb;)s;. For all tasks, the release time is 0. Since the processing times
are not integers in many practical cases, values a,, b, and d, are allowed to be rational numbers.

Adopting the three-field notation proposed by Graham et al [9] to describe a scheduling problem,

we denote the makespan problem as 1/p, =&, £b;s;,d,/C

max *

A nonpreemptive schedule is feasible if each T, is completely processed in the interval [O,di].

The feasibility problem is to decide whether there exists a feasible schedule for TS . Let

Cmax = max{C;} denote the maximum completion time of a schedule and G = max{d;}=d

1<i<n 1<i<n

max

denote a threshold. The feasibility problem is equivalent to the decision version of the makespan
<G.

max —

problem, which is to decide whether there exists a feasible schedule for TS with C

Several papers consider the makespan problems of single machine scheduling with start time

dependent tasks. For the model p, =a, +b;s; >0 without deadlines, Gupta and Gupta [10] show

. . . oa . :

that the schedule of tasks arranged in nondecreasing order of the ratios b—' is optimal for the
makespan problem. Meanwhile, Browne and Yechiali [2] obtain a similar result for a stochastic
version of the problem. Cheng and Ding [7] show that the makespan problem with arbitrary
deadlines is strongly NP-complete, and the case with b, =b can be solved in O(n5) time. Kononov
[12] shows that the maximum lateness problem is NP-complete in the ordinary sense even with

a, =0 for all tasks except one, and the due dates d, =d for all tasks with a, =0.

For the model p, =a, —b;s, >0, Ho et al [11] show that the schedule of tasks arranged in

. . . a . : s .
nonincreasing order of the ratios b—' is optimal for the makespan problem with identical deadlines.



Cheng and Ding show that the case with b, =b and arbitrary deadlines is strongly NP-complete [6],
while the case with b, =b and two distinct deadlines is NP-complete in the ordinary sense [4].
Woeginger [14] and Chen [3] give two dynamic programming algorithms to solve the number of
late task problem with identical deadlines in O(n3) and O(nz) time, respectively. The more recent
results for scheduling models with time dependent processing times are surveyed in Alidaee and
Womer [1].

The scheduling problem with identical processing times is an important branch in classical
scheduling theory (see the results surveyed in Tanaev et al [13]). However, the corresponding
problem with time dependent processing times is a virtually new area of study. In this paper, we
focus on the complexity of the feasibility problems with arbitrary processing rates and identical

initial processing times, i.e., a, =a. We show that the cases with arbitrary processing rates and

arbitrary deadlines, denoted as 1/p, =a+b;s;,d,/C are strongly NP-complete. We also show

max !

that the cases with arbitrary processing rates and two distinct deadlines, denoted as
1 p; =azxhb;s;,d; €{D;,D,}/C. , are NP-complete in the ordinary sense. Finally, we give an
optimal polynomial algorithm for the makespan problem with only two distinct processing rates,
denoted as 1/p, =a+b;s;,d;,b, € {B,,B,}/C ., -

The considered models are rich in practical applications. Ho et al [11] introduce an interesting
military application with negative processing rates. The task is to destroy an aerial threat and its
execution time decreases with time as the longer the action is delayed, the closer the threat gets.

This application is actually a problem with a, = a, considering that the efficient scope of the action
is usually a sphere. For the case with positive processing rates and a, = a, we consider medical

treatment as an application example. At the outset, the treatment is common to the patients that take
an identical processing time. However, if the treatment is delayed, additional efforts are needed for
each treated individual, resulting in a longer time for each subsequent treatment.

For the model p, =&, —b;s; 20, not only p,, but also C; is decreasing in s; if b, >1. In such
a case, some performance measures become non-regular. We assume 0 <b, <1 in this paper. Ho et
al [11] make some additional assumptions, such as b.d; <a, <d,, which are reasonable and indeed

help eliminate some uninteresting cases. However, they are not necessary for the results in this
paper. On the other hand, a similar model with arbitrary processing rates is considered in Cheng et
al [5].



Furthermore, only schedules without idle time need to be considered. Without affecting the
results of NP-completeness, in Sections 2 and 3, we assume that the identical initial processing time

is1,i.e, a=1,isused in the formula describing the completion time of a task.

2. NP-completeness of the problems with arbitrary deadlines

The strongly NP-complete 3-Partition problem (see Garey and Johnson [8]) can be reduced to
]7/p =1- bISI’d /Cmax '

3m
3-Partition. Given a list H = {h,,h,,---,h, } of 3m integers such that Zh =mB and Z< h, <%
=1

for each 1<i<3m, can H be partitioned disjointedly into H,,H,,---,H_, such that Zhi =B for

hieH;

each 1< j<m?

Given an instance | of 3-Partition with a list H = {n,,h,,---,h, } and B, define q=2mB,

v =32m?@gB . Construct an instance 1l of 1/p, =1-b;s;,d,/C,,, as follows.

1 I’ max

The set of tasks is TS=VURuQuU:--uQ,, , where V :{'I'Oll,To,z,--qTo,v} ,
R={T,, T, Tan}s Q ={Ti0:Tios-+ Tiqf, for 1<i <m-—1. Define A =3n®and A, = A, = 2nmB,
where n=v+3m+ (m-1)q is the number of tasks in TS .

m-1 q _ m-1
Given the threshold G:n—zzv+qk+3k I (v+ gk +3k)B

k=1 1=1 AlAS k=0 A1A2A3

and the constants

_ i-1
D, =v+qi+3i- sz+qk+3k | (v-+ ok +3K)B , for 1<i<m-1. We assume that the
k=1 1=1 k=0 A1A2A3

processing rates and the deadlines are

b,; =0, dy; =v, for 1<i<v,

b_:L, d;=D;,forl<i<m-land1<j<q,

"OAA,



b =
AA, A,

,d, =G, for 1<i<3m.

Now, we analyze the structure of the feasible schedule for 1l (see Figure 1). Let S be a given

feasible schedule for 11 . Since d,; =v, for 1<i<v, the tasks in V should be scheduled in the first
v positions in S . Since the tasks in Q, u---uQ, , have identical processing rates, we can arrange
them in nondecreasing order of their deadlines and indices. The set of tasks after T, and before T, ,

consists of the tasks in Q, and some tasks in R. All of their deadlines are larger than D,. We re-
arrange the task set in nonincreasing order of the processing rates. Since the processing rates of
tasks in R are smaller than the processing rates of tasks in Q,, the resulting schedule is in the form
of (R,,Q,). Since the schedule of tasks in nonincreasing order of the processing rates minimizes the
total processing time (see Ho et al [11]), the resulting schedule is also feasible. Similarly, we can

swap the tasks after T, and before T, in the form of (R,,;,Q,,,) for L<i<m-2. Finally, we

i+1,q
obtain a new feasible schedule in the form of (V,R,,Q,,R,,---,Q,,,R,, ), which is called a basic

m-1'"*'m

schedule. Thus, we obtain the following lemma.

Lemma 1. If there exists a feasible schedule for I1, then there exists a feasible basic schedule. g

In a basic schedule for 11, if there are exactly three tasks in each R; and > h;, = B, for
T eR;

1< j <m, then we obtain an ideal schedule, which is called a standard schedule. Now we illustrate
that every standard schedule is feasible as follows.
Given a standard schedule S, since the processing rates are very small, all actual processing

times are almost equal to 1. For any task T, eR; in S, the actual processing time is
p,=1-Dbs, =1-b,-[v+(j-1)q]-b; -As,, where As, =s, —v—(j—1)q is much smaller than g

Since there are exactly three tasks in R; and > h; = B, we have

Ti eRj
[v+(j-1)a]B
pi :3— bisi :3——— biASi . (1)



Define Py :3—M, for 1< j<m. Since the error term > b, As; is much smaller
J AIAZAS T, eR;

than g , from (1), we have
AZ

Py — i <P 2
AR < 2.psP @

If Q, is scheduled consecutively and completed exactly at D, then the total actual processing time
of Q; is its minimum, denoted as PQj ,for1< j<m-1.

Note that D, =v+ P, + P, ; that is, if Q, is scheduled consecutively and completed exactly at
D, , then the length of the interval left for R, is exactly Py . Such a sub-schedule (R,,Q,) is feasible.

By induction, we can generalize the above results to the reminder of the schedule and obtain the

following lemma.
Lemma 2. If a schedule for Il is standard, then it is feasible.

On the other hand, if a basic schedule is not standard, then we can show that it is not feasible

either. Given a basic schedule S, if there are more than 3j tasks in R, U---UR;, then, from (1), it

is easy to see that > p, >3]j + > ZP From the definition of D, the task set Q; cannot

TieR L+ UR;

meet D, . Similarly, if there are exactly 3j tasks in R, u---UR; and Zhi < jB, then we also
TieR,L--UR;

i
have that Z p, > Z P, and Q; cannot meet D;. Thus, we obtain the following remark.

TieRL-+-UR; i=1

Remark 1. For a feasible basic schedule, there are no more than 3j tasks in R, u---UR; and

>h 2 jB,fori<j<m. u

TieRL--UR;

Now, we analyze the converse cases. Given a basic schedule, suppose that there are only two

tasks in R,. Comparing with a standard schedule, the starting times of tasks in Q, are all earlier by



g . Meanwhile, the total

almost 1. The total actual processing time of tasks in Q, is near P, +

actual processing time of tasks in Q; is always larger than its minimum PQj . As to the tasks in R,

similar to (2), we have

Zpi—zmlpai Szbi'(si_V)S%' (3)

9 is much larger than q(3m-B-2m+1)
A1A2 A1A2A3

C,.x > G; that is, the schedule is not feasible. Thus, we have that there are exactly three tasks in R;.

Since

, from (3) and the definition of G, we get

By induction and Remark 1, we obtain the following remark.

Remark 2. For a feasible basic schedule, there are exactly 3j tasks in R, u---UR; and

D h >jB,forl<j<m. -

TieRL--UR;

Given a feasible basic schedule, from Remark 2, there are exactly 3 tasks in R, U---UR; and

D> h; > jB,for 1< j <m. Suppose that

TieRL--UR;

>h=B+1, >h =Band Y h=B-1. 4)

TeR, TieR, L --UR; 4 TieR;

Similar to (1), we have

.3 V(B+) 5
DI VW ©)
and
[v+(i-1)ql(B-1)
.~ 33— . 6
DL AAA, ©)
From (5) and (6), we have
_(i-Yg q
IR PR ) 2a A, g

If the other parts of the given schedule are in the standard form, then, from (2), we have

> - DR 2_+A3' Further, from (7) and the definition of G, we have that

TeR,UR; TieR i#]),2<j<m 4A1 2



Z p;, — ZPRi 2ﬁ and C_,, > G, contradicting the feasibility assumption. Thus, the given

T,eR 1<j<m 4
schedule is standard. If there exists another sub-schedule which is not in the standard form, then,
from Remark 2, the structure of this sub-schedule should fulfil the assumption for the originally

given schedule. Repeating the above analysis and results, we obtain the following lemma.
Lemma 3. If a basic schedule for 11 is feasible, then it is standard. u

Given a solution for I, we can construct a corresponding standard schedule. From Lemma 2,
it is feasible. Given a feasible schedule for 11, from Lemmas 1 and 3, there exists a feasible basic
schedule, which is standard and corresponds to a solution for | . A similar reduction with a detailed

proof is presented in Cheng and Ding [6]. Thus, we obtain the following theorem.

Theorem 1. The problem of whether there exists a feasible schedule for the problem
1/p, =1-b;s;,d, /C,., isstrongly NP-complete. -

A similar technique can be used to tackle 1/p, =1+b;s;,d,/C,.. . Given an instance | of 3-

1 I' max

Partition with a list H = {h,,h,,---,h,. } and B, define q =32m”B, v =16m?gB and construct an

instance 1l of 1/p, =1+b;s,,d,/C,,. as follows.

The set of tasks is TS=VURuQuU:--uQ,, , where V :{'I'Oll,To,z,--qTo,v} ,
R={T,, T, Ton} and Q; =1{T,;, T, T; o}, for L<i<m—1. Define E = 4mnB and A=32n°E?,
where n=v+3m+ (m-1)q is the number of tasks in TS .

o 3E( v+qk+3k+1 +””Bv+qk+3k+1) 2mB

Given the threshold G=n+) and the
k=0 k=0
i-1
constants D, —v+q|+3|+23E(V+q'kA+3k+l)+ B(v+qkA+3k+l)+2rXB , for 1<i<m-1.
k=0 k=0

We assume that the processing rates are

b,; =0, dy; =v,for1<i<v,

b;=0,d,; =D, for1<i<m-land1<j<q,



b.:E+hi

,d, =G, for 1<i<3m.

Let S be a given feasible schedule for Il. Since d,; =v, for 1<i<v, the tasks in V should be

scheduled in the first v positions. Since the schedule of tasks arranged in nonincreasing increasing
processing rates minimizes the total processing time (see Gupta and Gupta [10]) and the increasing

processing rates of tasks in R are larger than those of tasks in Q, u---UQ,,,, the tasks in R
should be scheduled as early as possible. By swapping tasks in Q, u---uQ,, , and R, we obtain a

feasible schedule in the form of (V,R,,Q,,R,,-,Q, . R, ). Moreover, the number of tasks in each

R; is exactly three and the sum of the processing rates is exactly % Similar to Theorem 1, we

obtain the following theorem.

Theorem 2. The problem of whether there exists a feasible schedule for the problem
1/p;, =1+b;s;,d;/C

I max

is strongly NP-complete. -

3. NP-completeness of the problems with two distinct deadlines

Now we discuss the complexity issue for cases with two distinct deadlines. The NP-complete

Partition problem (Garey and Johnson [8]) can be reduced to 1/ p; =1-b;s;,d; € {D;, D, }/C ax -

Partition. Given a list H =1{h,,h,,~--,h } of m integers such that >'h, =2B, can H be
i=1

partitioned disjointedly into H, and H, suchthat > h, = > h =B?

hjeH; hieH,

Given an instance | of Partition with a list H = {h,,h,,---,h_} and B, construct an instance II

of 1/p, =1-b;s;,d; € {D;,D,}/Csy as follows.



The set of tasks is TS =R, UR, u---UR,, where R, =T, ,,T;;, T, --,Ti’mﬂ}, for 0<i<m.

Define A =4n®and A, = A, =2""m"n’B, where n=(m+1)(m+2) is the number of tasks in

TS . We assume that the processing rates are

b0,0 =b0’1=0| bO,j =ﬁ, fOI’ 2S1£m+1,

biO:M,bij=_2|¢,forlsi£mandlsj3m+1.
©O(+DAAA T ((HDAAA
Define
D, =2m+2- 3 (Db, — > (M )by, + s
= i AAA 2AA A
and

m+1

=n- Zm:(|+1)bIl Z(m+1)bOJ Z(|+1)(m+1)b,0

i=1

m m i B 1
Z;,Z (i +DMm+D)+ jb, .- AlmAZAS e

The deadlines are d,; =D, and d;; =D,, for 1<i<m and 0<j<m+1. The threshold is

G=D,.
If there exists a feasible schedule, then, using a strategy similar to the above two reductions, we
get a basic feasible schedule in the form of Ry,(R,1,R,1,-Ryi Ro2(RissRyp Ry, ), Where

Ri,UR,=R;, for 0<i<m . Moreover, if a basic schedule is feasible, then we have
Roi = OO,TM} and there is exactly one task, either T, , or T,,, in R;,. That is, the schedule is in a
standard form such as (To,5, Tos KTo s To + s T NRo2 KRu2+ Razio+ Runz ), ki =0 or 1, (see Figure
2). The total actual processing time of a schedule with k; =0 is different from that of the
counterpart case with k; =1 by a multiple of h.. The multiple for each index i is equal, ensured by

the structure of 11 . For the case Zhi > B, the sum of processing rates before R, , is so small and
ie{jk; =0}

the total actual processing time before R, is so large that R, , cannot meet D,. On the other hand,

for the case Zhi < B, the sum of processing rates after R,, is so small and the total actual
ie{jk; =0}

10



processing time after R, is so large that we have C_, >G = D,. Each standard feasible schedule

for 11 corresponds to a solution for I . A similar reduction with a detailed proof is presented in

Cheng and Ding [4]. Thus, similar to Theorems 1 and 2, we obtain the following theorem.

Theorem 3. The problem of whether there exists a feasible schedule for the problem

1/ p; =1-b;s;,d; € {D;,D,}/C.x is NP-complete in the ordinary sense. |

max

An instance Il of 1/p, =1+b;s,,d, € {D,,D,}/C,,. is constructed as below: TS consists of

n=(m+2)(m+1) tasks: TS :{TO,O’TO,l"“’TO,mH} NTLIRTREE Tl,m+1}u"'u{Tm.o’Tm,lv""Tm,mﬂ} '

Define E =n®2*"m*"B and A =16n°E*. The processing rates are
2E

bo,ozbo;:T, bo,j =0,for 2< j<m+1,
2M-2i+2 1y 2M-2i+2
bi0:E+2 -m B+hi'bij:bi0 n ,for1<i<m, 1< j<m+1.
' (i+DA Y i+ )A

Define

D, = 2m+2+4E_2—i{3+1+i(i +1)o,
i=1

and

D, = n+%+zml(i+l)bi’0 +Zmlzm: [+ m+1)+j], ..
i=1 i=1 j=0

The deadlines are d,; =D, and d;; =D,, for 1<i<m and 0<j<m+1. The threshold is

G =D, . Similar to Theorem 3, we obtain the following theorem.

Theorem 4. The problem of whether there exists a feasible schedule for the problem

1/p, =1+bs,,d, €{D,,D,}/C,,. is NP-complete in the ordinary sense. n

4. Solvable cases

Now we present a polynomial optimal algorithm for the makespan problem

1/p, =a+bs,,d; b, €{B,,B,}/C,. . In this algorithm, we try to generate a feasible schedule, in

11



which the tasks with the smaller processing rate B, are scheduled as early as possible and the tasks
with the larger processing rate B, are scheduled as late as possible (see Figure 3).

Given an instance | of 1/p, =a-bs,,d,,b €{B,,B,}/C,, With m distinct deadlines
D, <D, <---< D, . Aschedule is called canonical, if it satisfies that the tasks with the same b, are
in the early due date (EDD) order and the tasks in R, = {T, : C, € (D, ;,D,]}, where 1<i <m and

D, =0, are in nondecreasing b, order. If there exists a feasible schedule for a given instance, then,

similar to Lemma 1, we can get the following lemma.

Lemma 4. |If there exists a feasible (optimal) schedule for an instance of

1/p, =a-bs,,d,,b, €{B,,B,}/C,. . then there exists a canonical feasible (optimal) schedule. g

Now, we introduce the algorithm. Schedule the tasks with the same b, in EDD order and we get
two task chains S, and S, . Insert the tasks in S, into [0,D,, | from backward as follows. Schedule
the tasks in S, with the largest deadline D, as a consecutive subschedule S,  completed at D,.
Schedule the tasks in S, with D, as a consecutive subschedule S, , completed at the minimum
of D, , and the stating time of S, . By induction, we can insert the remainder tasks in S, and
generate a schedule in the form of (1,,M,)1,,M,)---(1,,M, ), where I, is the i-th idle time and
M, is the i-th consecutive subschedule, k <m. This schedule is called the middle schedule,
denoted as M . If some tasks in S, cannot be inserted in M, then put them in a late task set,
denoted as L. Then, we insert the tasks in S, into the idle times in M from forward. Starting from
the beginning of 1, insert the tasks according to the order in S,, until the spare space of I, cannot
hold the next task. If an inserted task cannot meet its deadline, then take it out of the schedule and

put it in L. Then, insert the following task continuously. Let S, denote the inserted consecutive
subschedule. Shift M, forward to connect with S ,. Apply the same operations to the remaining
schedule. We get a final schedule F in the form of (31,1, Ml)(Slvz, Mz)m(Sllk,M k) and a late task

set L. The following two lemmas are used to show that the above algorithm is optimal.

12



Lemma 5. For an instance of 1/p, =a-b;s,,d,,b, € {B,,B,}/C,.. , the final schedule is optimal if

1~ I

the late task set is empty.

Proof. Since L is empty, all tasks with b, = B, are scheduled in M . From the generation of F, F

is a feasible schedule for Il and the tasks in M and S, are inserted in EDD order, respectively.
From Lemma 4, there exists a canonical optimal schedule for 11, denoted as S. In S, the tasks
with the same b, are also in EDD order. In S before the last task in M, the tasks with b, = B, are

no more than the tasks in S ,. Otherwise, from the generation of S, ,, the last task in M, cannot

meet its deadline in S, a contradiction.

In S, advancing the tasks in S,; to the beginning of schedule, the resulting schedule S™ starts
with (31,11 Ml). Since the tasks with the smaller processing rate b, = B, always shift forward, the
makespan of S™ is no larger than the makespan of S. A task with b, = B, before a task in S,, may

shift backward, but its completion time is still no larger than that in F. Hence, S” is also an
optimal schedule. Applying the above policy to the remaining part of S, we finally get an optimal

schedule with the same task order as F . That is, the final schedule F is optimal. -

Lemma 6. If the late task set is not empty, then an instance of 1/p, =a—-b;s,,d,,b, € {B,,B,}/C,..

does not have a feasible schedule.

Proof. Let T~ denote the first late task generated by the algorithm. For the case with b™ = B, there
exists a continuous sub-schedule consisting of (M,,--, M), which cannot be inserted in |0,D; |
according to the generation of M and L. The makespan of this sub-instance is independent of the

order of tasks, since they have identical initial processing times and processing rates. Thus, the

instance has no feasible schedule.

For the case with b" = B,, according to the algorithm, the tasks with b, = B, and the tasks

before T™ in S, have been inserted in a partial schedule F*. However, T" cannot be inserted in F.
On the other hand, if the instance has a feasible schedule, then it has a canonical feasible schedule
F , in which the task order is the same as that of the tasks in F", according to the proof in Lemma

5. This means that T~ can be inserted in F”, a contradiction. ]

13



From Lemmas 5 and 6, we obtain the following optimal algorithm for
1/pi=a_bisi'd"b'G{Bl’BZ}/Cmax'

Algorithm A:for 1/p, =a—-b;s,,d,,b, € {B,,B,}/C,..

1. Establish task chains S, and S, .
2. Establish the middle schedule M , the final schedule F and the late task set L.

3. If L isempty, then F is optimal. Otherwise, there exists no feasible schedule.

Since each step in Algorithm A can be completed in O(nlogn) time, the total running time of
Algorithm A is O(nlog n) . This method can be readily adapted to deal with

1/p, =a+bs;,d;,b, € {B,,B,}/C,., - Thus, we obtain the following theorem.

Theorem 5. The makespan problem 1/p, =a+bs,,d,,b, €{B,,B,}/C,, can be solved in
O(nlogn) time. |

5. Conclusions

In this paper, we have examined the single machine scheduling problems with start time
dependent tasks that have identical initial processing times. We have shown that the feasibility

problems, 1/p, =1£b;s;,d;/C are strongly NP-complete, and the feasibility problems with two

max !

distinct deadlines, 1/p, =1+b;s,,d, € {D,,D,}/C,., , are NP-complete in the ordinary sense. As

usually the case, all these results can be adapted to their corresponding scheduling problems with
the popular regular performance measures of total flow time and maximum lateness.
On the other hand, we have shown that the makespan problem

1/p, =a+bs,,d; b, €{B,,B,}/C,., can be solved in O(nlogn) time. For the general makespan

problem 1/p, =aths;,d;/C it is not difficulty to develop a heuristic based on the intuition of

max !

Algorithm A or design an exact algorithm by enumerating all canonical schedules. The combination

14



of these approaches should be effective on average, but it is hard to get an ideal upper bound for the
error or running time. For further research, it would be interesting to design approximation
algorithms with a constant worst-case bound for the problems or prove infeasibility of such

approximations.
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Figure 3. The middle and final schedule of Algorithm A
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