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For the study of topological phases in photonics, while quantum-Hall-type first-order chiral edge states are
routinely realized in magneto-optical photonic crystals, higher-order topological states are mostly explored in
all-dielectric photonic crystals. In this work, we study both first- and second-order topological photonic states in
magneto-optical photonic crystals. In specific, we revisit a simple magneto-optical photonic crystal in a square
lattice with one gyromagnetic cylinder in each unit cell. However, rather than investigating the conventional
unit cell where the cylinder is at the center of the square unit cell as previous works have done, we consider
a configuration where the cylinders are located at the four corners of the square unit cell and show that this
configuration hosts rich topological phases, such as dual-band Chern, dipole, and quadrupole topological phases.
Our detailed characterizations of these topological states are based on the Wannier bands and their polarizations
via the Wilson loop and nested Wilson loop methods. We study in detail both the edge and corner states of the
different topological phases and show that they exhibit a special feature of “spectrum robustness.” For example,
though the edge and corner states of the dipole phases living in a band gap could be pushed into the bulk bands
by tuning the boundary conditions, they can pass through the bulk bands and reappear within a different band
gap. For dual-band quadrupole phases, we can find a regime where both band gaps host a set of corner states
simultaneously and, intriguingly, the filling anomaly of one set of corner states can leave their signatures in
the filling anomaly of the other set of corner states though they are separated by an extensive number of bulk
states. The rich topological physics revealed in a simple magneto-optical photonic crystal not only provides new
insights on higher-order topological phases in time-reversal symmetry-broken photonic systems, the results may
also find promising applications by harnessing the potentials of both edge and corner states.

DOI: 10.1103/PhysRevB.109.045402

I. INTRODUCTION

Topological states in general could be classified as first
order or higher order according to the codimension between
those of the boundary state and its bulk. For example, if the
boundary state lives in a dimension of one less than its bulk, it
is a first-order topological state. On the other hand, if the dif-
ference between the dimensions of the boundary state and its
bulk is larger than one, it is a higher-order topological state. In
photonics, the first topological state proposed is the first-order
quantum-Hall-type state introduced by Haldane and Raghu
in 2008, where they constructed photonic analogs of chiral
edge states from the quantum Hall effect originally discov-
ered in two-dimensional (2D) electron gases under external
magnetic fields [1,2]. A more practical implementation based
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on square-lattice gyromagnetic photonic crystals (PhCs) con-
sisting of yttrium-iron-garnet (YIG) rods was proposed by
Wang et al. [3] and the unidirectional backscattering-immune
electromagnetic chiral edge states were later observed in mi-
crowave experiments [4]. After these seminal achievements,
photonic quantum Hall states have been extensively investi-
gated and many interesting phenomena and applications have
been demonstrated to date, such as self-guiding unidirectional
electromagnetic edge states without the ancillary cladding
layer [5,6], multimode one-way waveguides with large Chern
numbers [7,8], topological lasing in cavities of arbitrary ge-
ometries [9], photonic antichiral edge states [10,11], unpaired
photonic Dirac point [12], nonlinear one-way frequency mix-
ing [13], topological large-area waveguides [14,15], one-way
bulk states [16], and chiral edge states in quasicrystals [17].
As magneto-optical effects in general are weak at optical
frequencies, electromagnetic one-way edge states based on
gyromagnetic materials and external magnetic fields to break
the time-reversal symmetry are mostly limited to microwave
frequencies. For detailed developments and applications of
magneto-optical photonic crystals in topological physics,
please see the recent review papers [18,19].

Higher-order topological phases were proposed recently by
Benalcazar, Bernevig, and Hughes (BBH) [20,21] in an effort
to quantize higher electric multipole moments in crystalline
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insulators, such as quadrupole and octupole moments. Such
systems with quantized multipole moments exhibit gapped
boundaries, which are themselves lower-dimensional topolog-
ical phases. The BBH model for the topological quadrupole
insulator is based on the tight-binding 2D Su-Schrieffer-
Heeger (SSH) model with π -flux insertion [20,21], which
requires both positive and negative hopping strengths between
the nearest-neighbor lattice sites, and for photonic systems,
this requirement is not easy to fulfill. Nonetheless, several
platforms and methods for implementing the BBH π -flux
model have been proposed and demonstrated, such as coupled
ring resonators [22], plasmon-polaritonic nanocavities [23],
and orbital-induced synthetic flux in waveguide arrays [24].
Moreover, other systems and techniques beyond the π -flux
mechanism, such as twisted PhCs [25], magneto-optical
PhCs [26,27], hexagonal and Lieb lattice PhCs [28–31],
Floquet PhCs [32], and photonic Thue-Morse quasicrys-
tals [33], have also been explored for photonic quadrupole
topological phases. In general, for a bulk quadrupole mo-
ment to be well defined, the dipole moment of the bulk
system has to vanish [21]. However, if one only concerns
about corner states, it is not necessary to have a nontrivial
bulk quadrupole moment. Instead, a nontrivial bulk dipole
moment (i.e., bulk polarization) is also possible to result
in corner states in systems with open edges and corners.
This was theoretically demonstrated in 2D all-dielectric PhCs
mimicking the SSH model with only positive hopping [34]
and later confirmed in experiments with periodic dielec-
tric rods on a perfect electric conductor (PEC) [35,36].
Additional developments of corner states based on nontriv-
ial bulk dipole moments, such as dual-polarization corner
states [37,38], multiband corner states [39,40], non-Hermitian
corner states [41,42], etc., have been further pursued. More-
over, many interesting applications of corner states, such
as high-quality-factor nanocavity [43,44], topological las-
ing [45,46], PhC fibers [47,48], rainbow trapping [49,50],
nonlinear harmonic generation [51,52], topological edge
and corner state coupling [53,54], and quantum informa-
tion [55,56], have been demonstrated. For more details about
higher-order topology and corner states, please see the recent
review papers [57–59].

In this work, we revisit a simple magneto-optical PhC in
a square lattice [3,4] and study both the first- and second-
order topological phases of the system. Note that rather than
focusing on the conventional unit cell where the gyromagnetic
cylinder is at the center of the square unit cell, we consider a
configuration where the cylinders are located at the four cor-
ners of the square unit cell [see Fig. 1(a)]. This configuration
is motivated by a recent study [60], which shows that simply
translating the conventional unit cell by half lattice constant
along both x and y directions can result in nontrivial bulk
polarizations. We find that this unconventional unit cell can
lead to rich topological phases, such as quantum-Hall-type
first-order topological phases (i.e., Chern phases) with the
Chern number of C = 1, dual-band Chern phases with C =
−1, dual-band second-order dipole phases with nontrivial
bulk polarization of px = py = 1

2 , and dual-band second-order
quadrupole phases with nontrivial bulk quadrupole moment
of qxy = 1

2 [see Fig. 1(e)]. Our detailed characterizations of
these topological phases are based on the Wannier bands and
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FIG. 1. (a) Schematic of a square-lattice magneto-optical PhC
consisting of gyromagnetic cylinders in air. (b) Unit cell of the PhC
as marked in (a) with lattice constant a and cylinder radius r. (c) First
Brillouin zone of the PhC with the high-symmetry points �, X , and
M marked. (d) Band structure of the PhC at r = 0.2a. Parameters of
the gyromagnetic cylinders are ε = 15, μ0 = 1, and μ21 = −μ12 =
0.9i. (e) Band-gap diagram as a function of r, where four typical band
gaps at r = 0.13, r = 0.2a, r = 0.26a, and r = 0.48a are marked by
the red lines. D denotes dipole whereas Q quadrupole and C = ±1 is
the Chern number of the band gap.

their polarizations via the Wilson loop and nested Wilson
loop methods, which could provide a unified framework for
calculating the Chern numbers, bulk dipole, and quadrupole
moments of the bands.

We investigate both the edge and corner states of the differ-
ent topological phases. In more detail, for the Chern phases,
the nontrivial winding of the Wannier band determines the
Chern number, leading to one-way edge states propagating
along the system edges anticlockwise (C = 1) or clockwise
(C = −1). For the dipole phases, though without nontrivial
Wannier windings, the Wannier functions are located away
from the center of the unit cell, corresponding to the ob-
structed atomic limit. The edge and corner states living in
a band gap exhibit the feature of spectrum robustness, i.e.,
though the edge and corner states could be pushed into the
bulk bands by tuning the boundary conditions, they can pass
through the bulk bands and reappear within a different band
gap. For the quadrupole phases, though the whole system has
vanishing bulk dipole moment, the polarization of the Wannier
band itself could lead to nontrivial bulk quadrupole moment.
We can realize a dual-band regime where both band gaps host
a different set of corner states and, intriguingly, the filling
anomaly of one set of corner states can leave their signatures
in the filling anomaly of the other set of corner states though
they are separated by an extensive number of bulk states.
This is a different manifestation of the spectrum robustness
of the corner states. The rich topological physics revealed in
a simple magneto-optical PhC not only sheds new light on
higher-order topological phases in time-reversal symmetry-
broken systems, the results may also offer new opportunities
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for practical applications by harnessing the merits of both
edge and corner states.

The paper is organized as follows. In Sec. II, we present
the model system and its main phase diagram. In Sec. III,
we describe the computational method based on the tools
of Wilson loop and nested Wilson loop for characterizing
topological properties of the system. In Sec. IV, we discuss
the Chern phases, their Wannier band windings, and chiral
edge states. In Sec. V, we show the dipole phases, their
edge and corner states. In Sec. VI, we study the quadrupole
phases, edge-localized polarizations, corner states, and filling
anomaly. We conclude and discuss some future directions in
Sec. VII.

II. MODEL SYSTEM AND ITS TOPOLOGICAL PHASES

The model system we consider in this work is a simple
2D magneto-optical PhC consisting of gyromagnetic cylin-
ders with radius r, which are embedded in air and arranged
in the square lattice with lattice constant a [see Fig. 1(a)].
The permeability tensor of the gyromagnetic cylinders ac-
quires off-diagonal terms under an external magnetic field
perpendicular to the 2D PhC and, for simplicity of the dis-
cussions, we keep μ0 = 1 and add the off-diagonal terms μ21

and μ12 to account for the magnetic field and time-reversal
symmetry-breaking effects. Note also that different from the
conventional unit cell as studied previously [3,4,7,8], where
the cylinder is at the center of the unit cell, in this work
we consider an unconventional unit cell, where the cylin-
ders are located at the four corners of the square unit cell
[see Fig. 1(b)] as recent works have demonstrated that this
configuration could naturally have nontrivial bulk polariza-
tions [34,60]. Figure 1(c) shows the first Brillouin zone of the
PhC in momentum space, where the high-symmetry points
�, X , and M are marked. Moreover, we will only focus on
the transverse magnetic (TM) modes of the PhC in this work,
which have nonzero components of Ez, Hx, and Hy.

A typical band diagram for the TM modes of the PhC
with cylinder radius r = 0.2a is shown in Fig. 1(d), where the
first three band gaps show dipole and quadrupole topological
properties. We only consider the first three lowest band gaps
in this work, as they already host all the interesting topological
phases we would like to illustrate. Meanwhile, the lower-order
band gaps usually have relatively large sizes and thus the bulk-
edge-corner correspondence could be more easily manifested
in the study of edge and corner states. Note that though the
band diagram of the PhC does not depend on the choice of the
unit cell, the topological properties of the bands and band gaps
can be different for different kinds of unit cell. The parities
of the eigenmodes at high-symmetry points � and X are also
marked in the band diagram as “±,” which could be used
conveniently to derive the topological properties of the band
gaps [60,61].

In specific, if the parities of a band at � and X have
different sign, i.e., a parity inversion happens, then this band
for a C4-symmetric PhC has a nontrivial bulk polarization of
px = py = 1

2 (defined only to modular 1). According to this
criterion, the first and second bands have nontrivial polar-
izations whereas the third band has a zero polarization and,
consequently, the polarizations of the first, second, and third

band gaps (i.e., the sum of polarizations of all the bands below
the band gap) show nontrivial, trivial, and trivial features,
respectively. On the other hand, the quadrupole moment of
a band could be defined as qxy = px py and the quadrupole
moment of a band gap (defined only to modular 1) is simply
the sum of all the quadrupole moments of the bands below the
band gap [28]. Note also that for the quadrupole moment of
a band gap to be well defined, the dipole moment of it has to
vanish [21]. According to these criteria, the first and second
bands have qxy = 1

4 whereas the third band has qxy = 0 and,
consequently, one can deduce that the second and third band
gaps host a nontrivial quadrupole moment of qxy = 1

2 . In the
following, more sophisticated methods based on the Wannier
bands and their polarizations via the Wilson loop and nested
Wilson loop techniques will be used to confirm the dipole and
quadrupole moments derived above based on the symmetry
properties of the parities at � and X .

The evolution of the topological nature of the band gaps as
a function of the cylinder radius r is presented in Fig. 1(e),
which show Chern, dipole, and quadrupole topologically
phases. Interestingly, this simple PhC structure with an un-
conventional unit cell can host dual-band Chern, dipole, and
quadrupole phases at r = 0.48a, 0.26a, and 0.2a, respectively.
It can also have two different Chern phases with C = +1
at r = 0.13a and C = −1 at r = 0.48a. These four cases as
marked by the red lines in Fig. 1(e) will be discussed in detail
in the following sections.

III. COMPUTATIONAL METHOD BASED
ON THE WILSON LOOP TECHNIQUE

In this section, we briefly outline the computational method
for characterizing the topological properties of crystalline in-
sulators based on the Wilson loop and nested Wilson loop
techniques originally developed by Benalcazar et al. [21].
To use this method in the context of photonics [62–64], one
would need to first obtain the eigenmodes un

k of the PhC
using any available eigensolver (e.g., COMSOL). For the TM
modes of the PhC we consider in this work, the key quantity
needed for such computation is the field profile of En

z (k), i.e.,
the spatially periodic part of the Bloch function for the nth
band. Based on the eigenmodes un

k [we denote un
k ≡ En

z (k) in
the following], one can define the Wilson line element from
k = (kx, ky) to k + �x along the x direction as

F mn
k,�x

=
∫∫

unit cell
dx dy um∗

k+�x
(x, y)ε(x, y)un

k (x, y), (1)

where ε(x, y) is the dielectric distribution and the integral is
done within the unit cell. From the Wilson line element, one
can construct a Wilson loop winding along the x direction and
crossing the whole first Brillouin zone (i.e., k → k + 2π x̂) as

Wk,x ≡ Fk+2π x̂−�x,�x . . . Fk+�x,�x Fk,�x . (2)

Note that due to the periodic boundary conditions of the
square first Brillouin zone, the above result implies a closed
loop in the Brillouin torus [see Fig. 2(a)]. The Wilson loop
is a Nocc × Nocc matrix with Nocc the number of bands below
the band gap of interest. Then one can diagonalize the Wilson
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FIG. 2. Illustration of the Wilson loop (a) and nested Wilson loop
(b) methods using the Brillouin torus. In the Wilson loop method (a),
the Wilson loop matrix Wk,x starting from a base point k = (kx, ky )
and winding along x is constructed from the eigenmodes un

k (x, y)
of the PhC. In the nested Wilson loop method (b), the Wilson loop
matrix W̃k,y starting from a base point k = (kx, ky ) and winding along
y is constructed from the hybrid eigenmodes

∑Nocc
n′=1 un′

k [vn
k,x]n′

, where
[vn

k,x]n′
is the n′th component of the nth Wilson loop eigenstate vn

k,x

obtained from the Wilson loop matrix Wk,x winding along x.

loop matrix as

Wk,x

∣∣v j
k,x

〉 = ei2πv
j
x (ky )

∣∣v j
k,x

〉
. (3)

The phases v
j
x (ky) with j = 1 . . . Nocc are the Wannier centers,

which correspond to the average positions of the electromag-
netic wave functions relative to the center of the unit cell. Note
that as v

j
x (ky) has a dependence on ky, the Wannier centers

in general form bands, i.e., Wannier bands. The ky-resolved
polarization px(ky) along the x direction can be obtained by
summing over all the Wannier bands below the band gap as
px(ky) = ∑Nocc

j=1 v
j
x (ky). Finally, the total polarization of the

system along x could be obtained by integrating over the
momentum ky, i.e., px = 1

2π

∫ 2π

0 dky px(ky). The polarization
py along the y direction could be analyzed similarly, however,
due to the C4 symmetry of the PhC we consider in this work,
one can simply get py = px by symmetry and thus it suffices
to consider only the results along x.

For the three topological phases we will be focusing on in
this work, i.e., the Chern, dipole, and quadrupole phases, the
topological invariants for characterizing these phases could
be calculated conveniently via the above framework based
on Wannier bands. First, for the Chern phases, the winding
behavior of the Wannier band determines the Chern number.
To show this, we note that the Chern number is defined to be

C = 1

2π

∫
BZ

d2k Tr[F (k)], (4)

where F (k) = ∂kx Ay,k − ∂ky Ax,k is the Berry curvature and
Amn

i,k = −i〈um
k |∂ki |un

k〉 with i = x, y is the Berry connection.
Choosing the gauge ∂kx Ay,k = 0 [21], one can obtain

C = 1

2π

∫
BZ

d2k(−∂ky Tr[Ax,k])

=
∫ 2π

0
dky∂ky

(
− 1

2π

∫ 2π

0
dkxTr[Ax,k]

)

=
∫ 2π

0
dky∂ky px(ky). (5)

The above result implies that the Chern number C could be
determined by the winding of the Wannier band px(ky), whose
winding direction gives the sign of the Chern number whereas
the number of times of winding over the momentum ky gives
the absolute size of the Chern number. Note that, if one uses
py(kx ) for the winding calculations, the sign obtained would
be opposite compared to that obtained from px(ky). The Chern
number could also be calculated from Eq. (4) by discretizing
the first Brillouin zone and performing the numerical integral
of the Berry curvature [65,66]. Typically, Chern phases in
photonic systems are created in magneto-optical PhCs, where
the time-reversal symmetry is broken by external magnetic
fields.

For the dipole phases, they are characterized by the po-
larization p = (px, py) and are mostly studied in systems
preserving the time-reversal symmetry, e.g., all-dielectric ma-
terials. The Wannier band px(ky) typically locates around
px = 0 or px = ±0.5, showing trivial or nontrivial polariza-
tion. A primary requirement for the quadrupole moment to be
well defined is that the polarization has to vanish because a
bulk quadrupole moment is only well defined with zero bulk
dipole moment. To characterize the quadrupole phases, one
would need the nested Wilson loop method as the Wannier
sector vx(ky) itself may also have nontrivial polarization along
y. To use the nested Wilson loop method, one would need to
first construct a new basis ũ j

k,x through ũ j
k,x = ∑Nocc

n=1 un
k[v j

k,x]n,

where [v j
k,x]n is the nth component of the jth Wilson loop

eigenstate |v j
k,x〉 obtained from Wk,x. With this new basis,

we can repeat the Wilson loop calculation defined above but
with winding along the y direction in order to resolve the
polarization of the Wannier sector vx(ky) [see Fig. 2(b) for
illustration]. Writing this new nested Wilson loop as W̃ vx

k,y, we
can diagonalize it as

W̃ vx
k,y

∣∣vvx, j
k,y

〉 = ei2πv
vx , j
y (kx )

∣∣vvx, j
k,y

〉
, (6)

where v
vx, j
y (kx ) is the polarization of the Wannier sector

v
j
x (ky). Similarly, one can define the kx-resolved total polariza-

tion pvx
y (kx ) over the Wannier sector vx by summing over all

the occupied bands and then obtain the total polarization pvx
y of

the system by integrating over kx. The meaning of the Wannier
sector polarization is as follows: the existence of a Wannier
gap along x implies a spatial separation of the electromagnetic
wave function along x. Then a nonzero polarization in the y
direction of such a Wannier sector implies a shift of that sector
up and down along y, thus offering the possibility to form a
nontrivial bulk quadrupole moment defined by

qxy =
Nocc∑
j=1

pv
j
x

y p
v

j
y

x . (7)

Finally, the Wilson loop method could also be applied to a
supercell that is periodic along x and has finite unit cells (Ny)
along y, which can be simply viewed as a one-dimensional
(1D) periodic system along x. In this case, it is convenient
to define the unit cell Ry (Ry = 1 . . . Ny) resolved polarization
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FIG. 3. Photonic Chern phase at r = 0.13a. (a) Wannier band for
the first energy band, which shows nontrivial polarization around
px = ±0.5. (b) Wannier band for the second energy band, which
shows positive winding as a function of ky, giving a Chern number
of C = +1. (c) Projected band diagram of a supercell with 20 unit
cells along y (with PEC boundary conditions) and periodic along x.
The red and blue curves correspond to the chiral edge states located
at the top and bottom edges of the supercell, propagating leftward
and rightward, respectively. (d) Field profile and Poynting vector
distributions for the two eigenmodes marked as A and B in (c).

along the y direction via

px(Ry) =
Nocc∑
j=1

ρ j (Ry)v j
x (8)

with ρ j (Ry)=∫ a
0 dx

∫ Rya
(Ry−1)a dy

∑
kx

ũ j∗
kx,x

(x, y)ε(x, y)ũ j
kx,x

(x, y),

where ũ j
kx,x

(x, y) is the hybrid basis defined above. This
unit-cell resolved polarization is convenient to show the
emergence of edge-localized polarization due to nontrivial
bulk topology.

IV. PHOTONIC CHERN PHASES

We first discuss the Chern phases of the system. Our simple
PhC can have two kinds of Chern phases, one with C = +1
at small r and one with C = −1 at large r. At r = 0.13a as
shown in Fig. 1(e), the first band gap is a dipole band gap with
nontrivial bulk polarization whereas the second band gap is
a Chern phase with Chern number of C = +1. The Wannier
bands vx(ky) for the first two energy bands calculated using
the Wilson loop method are shown in Figs. 3(a) and 3(b).
Figure 3(a) shows that the first band has a nontrivial polariza-
tion of px = 0.5 without winding (note that the polarization
is defined only up to modular 1). Figure 3(b) shows that the
second band has a nontrivial winding as a function of ky,
giving a Chern number of C = +1. To show that there will
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FIG. 4. Photonic Chern phase at r = 0.48a. (a) Wannier band for
the first energy band, which shows negative winding as a function
of ky, giving a Chern number of C = −1. (b) Wannier band for the
second energy band, which shows trivial polarization around px = 0.
(c) Projected band diagram of a supercell with 20 unit cells along y
(with PEC boundary conditions) and periodic along x. The red and
blue curves correspond to the chiral edge states located at the top and
bottom edges of the supercell, propagating rightward and leftward,
respectively. (d) Field profile and Poynting vector distributions for
the four eigenmodes marked as A, B, C, and D in (c).

be chiral edge states emerging within the second band gap
due to the nontrivial gap Chern number of C = +1, we con-
sider a supercell of 20 unit cells along y (with PEC boundary
conditions at the two open ends) while periodic along x. The
projected band diagram of the supercell is shown in Fig. 3(c),
from which one can see the emergence of one-way edge states
within the band gap, where the red colored curve corresponds
to the one-way edge states located at the top edge whereas the
blue colored curve corresponds to these located at the bottom
edge. The field profiles (|Ez|) of the two eigenmodes marked
as A and B in Fig. 3(c) are presented in Fig. 3(d), from which
one can see that they are indeed localized at the top and bottom
edges. Moreover, from the Poynting vector distributions, one
can see that the eigenmode A at the top edge propagates to the
left whereas the eigenmode B at the bottom edge propagates
to the right, which are consistent with their group velocities,
i.e., the slope of the edge-state dispersion curve.

For the Chern phase at r = 0.48a, the Wannier bands of
the first two energy bands are shown in Figs. 4(a) and 4(b).
Figure 4(a) shows that the first band has a nontrivial winding
opposite to that of Fig. 3(b), thus resulting in a negative
Chern number of C = −1. Meanwhile, the second band has
a trivial polarization of px = 0 without winding. As the gap
Chern number is the sum of the Chern numbers of all the
bands below the band gap, this means that both the first and
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FIG. 5. Wannier bands vx (ky ) for the first (a) and third (b) band
gaps at r = 0.26a, which show nontrivial polarization of px = 0.5
for both band gaps.

second band gaps have a gap Chern number of C = −1, i.e.,
there will be chiral edge states emerging both in the first and
second band gaps. To demonstrate this, a similar supercell
as in Fig. 3 is considered and its projected band diagram is
shown in Fig. 4(c), from which one can see that chiral edge
states indeed emerge within both the first and second band
gaps. The field profiles of four eigenmodes marked as A, B,
C, and D in Fig. 4(c) are presented in Fig. 4(d), from which
one can see that while the eigenmodes A and B are localized
at the top edge of the supercell, the eigenmodes C and D are
localized at the bottom edge. Moreover, from the Poynting
vector distributions, one can see that while eigenmodes A and
B move to the right, eigenmodes C and D move to the left, also
consistent with the slope of the edge-state dispersion curve. It
is to be noted that the edge states in Fig. 3(c) and those of
Fig. 4(c) at the same edge counterpropagate with each other,
due to their opposite Chern numbers.

V. PHOTONIC DIPOLE PHASES

In this section we study the double dipole band gaps at r =
0.26a [see Fig. 1(e)], where the first and third band gaps show
nontrivial bulk polarizations. The Wannier bands for all the
energy bands below the first and third band gaps are shown in
Figs. 5(a) and 5(b), respectively. From Fig. 5(a), we can see
that the Wannier band for the first band gap locates around
±0.5 and thus has a nontrivial polarization of px = 0.5 after
integration over ky. For the third band gap, which contains
three Wannier bands, the two bands close to vx = 0 cancel
with each other and thus the total polarization is also nontrivial
of px = 0.5. The nontrivial bulk polarizations will result in
edge and corner states in systems with open edges and corners.

Before studying the edge states of the dipole phases, we
would like to clarify a main difference between the Chern
phases and the dipole and quadrupole phases. In general, all
topological phases are related to some topological invariants.
While the bulk topological invariant only provides a basis for
the existence of topological edge states, details of the edge
states, such as shape of their dispersion curve and/or location
of the states in the spectrum, are related to the specifics of
the boundary conditions. The Chern number has its root from
the nontrivial distribution of the Berry curvature in the whole

FIG. 6. Edge states and edge-localized polarizations at r =
0.26a. (a) Supercell with Ny unit cells along the y direction and
periodic along the x direction. PEC boundary conditions are applied
at the two open ends along y with an air gap of size g. (b) Projected
band diagram of the supercell with Ny = 20 and g = 0, where the
number of states for the bulk and edge bands are marked to show the
topological feature of the system. The two dipole bandgap are shaded
as light blue. (c) Wannier centers of the bands at different fillings of
f = 19, 38, 40, and 59. (d) Unit-cell (Ry) resolved polarization along
y at different fillings corresponding to (c).

Brillouin zone whereas the dipole and quadrupole moments
could be determined by the symmetry indicators at certain
local points of the Brillouin zone. As such, the topology of
the Chern phases is more strong than that of the dipole and
quadrupole phases in the sense that the resulting topological
edge states of the Chern phases are gapless, i.e., they cross
the whole band gap and are connected with the bulk states
both up and below the band gap [see Figs. 3(c) and 4(c)] and
thus can not be removed outside of the band gap as long as
the band gap persists (though the shape of their dispersion
curve can still be tailored by the boundary conditions [13]).
On the other hand, the topological edge states of the dipole
and quadrupole phases in general are gapped, which lack the
necessary mechanism to pin their position within the corre-
sponding band gap, i.e., their location in the spectrum strongly
depends on the boundary conditions and is not constrained by
the topological invariants of dipole or quadrupole moments
themselves.

To study the topological edge states of the dipole phases,
we consider a supercell consisting of Ny unit cells along the
y direction whereas periodic along x. Furthermore, to under-
stand the effect of the boundary conditions on the spectrum
of the edge states, we consider PEC boundary conditions at
the two open ends and introduce an air gap of size g between
the supercell and the PEC [see Fig. 6(a)]. The projected band
diagram of the supercell at Ny = 20 and g = 0 is shown in
Fig. 6(b), from which one can see the emergence of edge states
in the spectrum. Unexpectedly, the emergent edge states are
not located within the first and third dipole band gaps but
are within the second quadrupole band gap. To understand
this unusual behavior, we label the number of bulk and edge
states in the spectrum [see the right of Fig. 6(b)]. As there are
Ny = 20 unit cells along the y direction, for a system without
any topology, the number of states for each bulk band should
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FIG. 7. (a) Projected band diagram of the supercell in
Fig. 6(a) with Ny = 20 and g = 0.5a at r = 0.26a, where the number
of states for the bulk and edge bands are marked to show the topo-
logical feature of the system. The two dipole band gaps are shaded
as light blue. (b) Wannier centers of the bands at different fillings of
f = 21, 40, 42, and 61. (c) Unit-cell (Ry) resolved polarization along
y at different fillings corresponding to (b).

be exactly 20. However, we could see that there are only 19
states for each of the three bulk bands, which means that these
bands have nontrivial topology and thus lead to the counting
mismatch [61]. We further show in Fig. 6(c) the Wannier
centers of the states at different fillings of f = 19, 38, 40,
and 59. From the results, one can see that when the filling
covers the two edge states, there are two additional states
appearing at 1 and 40 in the Wannier center spectrum. The
unit-cell resolved polarizations are shown in Fig. 6(d), from
which one can see that apart from the edge-localized polariza-
tion when the two edge states are filled, all the other cases have
no edge polarization. For the edge-localized polarizations,
their values at the two ends of Ry = 1 and 20 have different
signs with px = −0.5 and +0.5, respectively.

To understand the effect of the air gap size g on the location
of the edge states in the spectrum, we show in Fig. 7(a) the
projected band diagram similar to Fig. 6(b) but with g =
0.5a. The results show that the two edge states in the second
quadrupole band gap of Fig. 6(b) are brought down to the first
dipole band gap whereas additional states from the fourth bulk
band are brought down to the second quadrupole band gap
[see Fig. 8(b)]. In general, we could expect that when the size
of the air gap g increases, the frequency of the edge states
will decrease due to the loosened confinement for the edge
states around the air gap. To study the polarization behaviors
at different fillings, we show in Fig. 7(b) the Wannier centers
of the states at fillings of f = 21, 40, 42, and 61. The corre-
sponding edge-localized polarizations are shown in Fig. 7(c).
Interestingly, from the results in Figs. 7(b) and 7(c), one can
see that only when the filling is at f = 40, i.e., below the
edge states within the second band gap, the system shows
edge-localized polarization. This is different from the filling at
f = 21, where even though the filling also covers the two edge
states, there is no edge-localized polarization at the system
edges.

f
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FIG. 8. Corner states of the two dipole band gaps at r = 0.26a.
(a) Schematic of a finite PhC with size of L × L unit cells, where
PEC boundary conditions with an air gap of size g between the PEC
and the PhC are used. (b) Spectrum of the finite PhC in (a) with
L = 10 as a function of g, where two sets of corner states A and B at
g = 0.5a are marked. The bulk, edge, and corner states are colored
as black, blue, and red, respectively. (c), (d) The field profile (|Ez|) of
one representative corner state from the set A and B, respectively.

The dipole band gaps can also induce corner states. How-
ever, different from previous works, where two trivial and
nontrivial PhCs are used to construct four corners, here we
only consider a finite PhC consisting of L × L unit cells as
shown in Fig. 8(a) with PEC boundary conditions. Again,
to study the effect of the PEC boundaries on the location of
the corner states in the spectrum, we introduce a small air
gap between the PEC and the finite PhC [see Fig. 8(a)]. The
spectrum of the finite system in Fig. 8(a) as a function of the
air gap size g is shown in Fig. 8(b), where the bulk, edge, and
corner states are colored as black, blue, and red, respectively.
To demonstrate that the states marked by A and B in Fig. 8(b)
are indeed corner states, we show in Figs. 8(c) and 8(d) the
field profiles of two representative corner states for A and B,
from which one can see that their fields are indeed localized
around the system corners, indicating their nature as corner
states.

In general, the size of the air gap will have negligible
effect on the frequency of the bulk states because the weight
of the field profiles of the bulk states within the air gap is
small. Differently, with their field distributions mostly located
around the air gap, the frequencies of the edge and corner
states will be strongly affected by the size of the air gap.
One can expect that with the increasing of the size of the
air gap, the frequencies of the edge and corner states will
decrease as the confinement effect of the air gap is weakened.
It is interesting to see that by changing the size of the air
gap, the location of the corner states in the spectrum could
be continuously tuned. For example, as shown in Fig. 8(b),
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FIG. 9. Wannier bands vx (ky ) and their polarizations pvx
y (kx ) for

the second (a), (b) and third (c)–(e) quadrupole band gaps at r =
0.2a. In (b) only the polarization for the lowest band (v−

x ) is shown
whereas in (d) and (e) the polarizations for the lowest band (v−

x ) and
zero-polarization band (v0

x ) are shown. The polarization for v+
x is not

shown due to the symmetry between pv+
x

y and pv−
x

y .

when the size of the air gap decreases from g = 1.0a to zero,
the corner states of the B branch in the first dipole band gap
could be pushed to the second band gap and then to the third
band gap and similarly for the corner states of the A branch.
This demonstrates a special feature of the corner states, i.e.,
their spectrum robustness, which means that even though they
could be pushed to and imbedded within the bulk states, they
can cross the bulk states and reappear within a different band
gap, highlighting the topological nature of these states. The
edge states exhibit a similar feature, i.e., they can cross the
bulk states and reappear within a different band gap when
changing the size of the air gap since they are also originated
from the nontrivial topology of bulk polarization.

VI. PHOTONIC QUADRUPOLE PHASES

In this section, we study the double quadrupole band gaps
at r = 0.2a [see Fig. 1(e)]. The Wannier bands for the energy
bands below the second and third band gaps are shown in
Figs. 9(a) and 9(c), respectively. For the Wannier bands of
the second band gap, we can see that the total polarization is
zero. The polarization of the lower Wannier sector is shown in

Fig. 9(b), which exhibits a nontrivial polarization of pv−
x

y = 1
2 .

Note that the polarization of the higher sector pv+
x

y = 1
2 due to

the symmetry. The polarizations of other sectors can be de-
duced by symmetry and as such the total quadrupole moment

for this band gap is qxy = pv−
x

y p
v−

y
x + pv+

x
y p

v+
y

x = 1
2 . Similarly,

for the Wannier bands of the third band gap shown in Fig. 9(c),
one can see that the total polarization of the three bands is
also zero and in Figs. 9(d) and 9(e), we present the polariza-

tions of the lower (pv−
x

y ) and middle (pv0
x

y ) Wannier sectors.
While the lower sector shows a nontrivial polarization, the
middle sector has a zero polarization and as such, the total
quadrupole moment of the third band gap is also 1

2 , i.e.,
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FIG. 10. (a) Projected band diagram of the supercell in
Fig. 6(a) with Ny = 20 and g = 0 at r = 0.2a, where the numbers of
states for the bulk and edge bands are marked to show the topological
properties of the system. The two quadrupole band gaps are shaded
as light green. (b) Wannier centers of the bands at different fillings of
f = 38, 40, 58, and 60. (c) Unit-cell resolved polarization along y at
different fillings corresponding to (b).

qxy = pv−
x

y p
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y
x + pv0

x
y p

v0
y

x + pv+
x

y p
v+

y
x = 1

2 . So these results of the
Wannier bands and their polarizations confirm that our system
hosts dual-band quadrupole topological phases, which have
not been reported previously in photonic systems.

The nontrivial bulk quadrupole moment will lead to edge
and corner states in systems with open edges. To study the
edge states, we calculate the spectrum of a supercell as shown
in Fig. 6(a) with Ny = 20 and g = 0 and present the results in
Fig. 10(a). To illustrate the topological properties of the bands,
we label the number of states for the bulk and edge bands [see
the right of Fig. 10(a)]. It is interesting to see that, different
from the dipole cases, there are edge states emerging within
the second and third quadrupole band gaps. Meanwhile, one
can see that the first and second bulk bands have a count-
ing mismatch of 1 band due to their nontrivial polarizations
whereas the third bulk band has a counting mismatch of 2
bands due to its trivial polarization [see the result of parity
inversion for the three bulk bands in Fig. 1(d)]. The Wannier
centers of the states at different fillings of f = 38, 40, 58, 60
are shown in Fig. 10(b). One can see that when the filling
covers the edge states, there are edge localized polarizations
appearing at vx = ±0.5. The unit-cell resolved polarizations
are shown in Fig. 10(c), from which one can see that at fillings
of f = 40, 58, 60, nontrivial polarizations appear at the two
ends Ry = 0 and 20a of the supercell.

Next, we increase the air gap between the PEC boundaries
and the PhC supercell to study the impact of the size of the
air gap on the edge states. The spectrum of the supercell
with g = 0.07a is shown in Fig. 11(a), from which one can
see that the edge states at g = 0 in Fig. 10(a) are brought
down in frequency as the confinement effect of the air gap
is weakened. The Wannier centers of the states at different
fillings of f = 40 and 60 are shown in Fig. 10(b). The results
show that at these two fillings, edge-localized polarizations
also appear at vx = ±0.5 while other states show similar
features to the results of their Wannier bands as shown in
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topological properties of the system. The two quadrupole band gaps
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at different fillings corresponding to (b).

Figs. 9(a) and 9(c). The unit-cell resolved polarizations along
y of the supercell at these two fillings are shown in Fig. 11(c),
from which one can see that edge-localized polarizations
appear at Ry = 0 and 20a.

The nontrivial bulk quadrupole moments will also result in
corner states in a finite system. The spectrum of a finite PhC
with size of 10 × 10 unit cells as shown in Fig. 8(a) as a func-
tion of the air gap size is presented in Fig. 12(a), which shows
the emergence of two branches of corner states. As the size of
the air gap increases, the frequencies of the corner and edge
states decrease whereas the frequencies of the bulk states keep
unchanged similar to the case of the dipole phases. However,
the corner states due to the quadrupole moment are special in

f
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FIG. 12. Spectrum of the system in Fig. 8(a) with L = 10 as a
function of g at r = 0.2a, where the two sets of corner states at g =
0.07a are marked as A and B. The bulk, edge, and corner states are
colored as black, blue, and red, respectively. (b) Field profiles (|Ez|)
of two representative corner states corresponding to the case of A
and B, respectively.

that they are located between the two branches of edge states,
and have their indices as 100n − 1, 100n, 100n + 1, 100n + 2
with n = 2, 3 for the second and third band gap, i.e., two cor-
ner states are coming from the states below the filling of f =
100n and two corner states are from the states above, signaling
their nontrivial topological origin. This special distribution
of the corner states in the spectrum is the main underlying
mechanism for the filling anomaly of the quadrupole corner
states to be discussed later. Most strikingly, our system can
support two sets of quadrupole corner states within the second
and third band gaps simultaneously at g = 0.07a as marked by
A and B in Fig. 12(a). The field profiles of one representative
corner state from each of the A and B sets are presented in
Fig. 12(b), which show that the field distributions of the two
branches of red colored states are indeed localized around the
system corners, demonstrating their nature as corner states.

The corner states induced by the quadrupole moment could
show filling anomaly [21,26]. Our system provides a more
interesting scenario as it hosts two sets of corner states and
thus allows the study of their interplay at different fillings.
Here we study the filling of the two sets of corner states and
reveal the signature of their interaction within different band
gaps. The average density distributions at different fillings
around the corner states within the second band gap, i.e., B
as marked in Fig. 12(a), are shown in Figs. 13(a)–13(c) for
f = 198, 200, and 202. Note to break the symmetry of the
two diagonals, in the simulations, we add a small perturbation
in the dielectric distribution. At filling of f = 198, due to the
lacking of two states, the density distribution shows a cor-
ner charge of Q = − 1

2 . At f = 200, the density distribution
exhibits the typical configuration of a quadrupole, i.e., two
positive charges of Q = 1

2 locate along one diagonal whereas
two negative charges of Q = − 1

2 locate at the other. At filling
of f = 202, as there are two extra states than neutrality, the
four corners now all have corner charge of Q = 1

2 . Interest-
ingly, the existence of the first set of corner states can have
a noticeable impact on the filling of the second set of corner
states, which is truly remarkable and has not been observed
previously. Figures 13(d)–13(f) show the average density dis-
tributions at f = 298, 300, and 302. At the filling of f = 298,
which is different from that at f = 198 shown in Fig. 13(a),
one can see the small peaks around the corners due to the
peaks in Fig. 13(c). At filling f = 300, the effect of the first
set of corner states can still be seen, modifying the typical
feature of density distribution for a quadrupole system. At the
filling of f = 302, the average density distribution shows sim-
ilar feature as that of f = 202 in Fig. 13(c). To demonstrate
that the four small peaks in Fig. 13(d) are indeed caused by
the first set of corner states, we show in Figs. 13(g)–13(i)
the average density distributions when filling the second set
of corner states but without the first set of corner states. In
Fig. 13(g), due to the missing of 6 states, the corner charge
now shows Q = − 3

2 . In Fig. 13(h), as two additional states are
filled, i.e., four are still missing due to the artificially removing
of the four corner states in the second band gap, the corner
charges now show Q = − 3

2 and − 1
2 . Finally in Fig. 13(i),

when all the four corner states in the third band gap are filled
(but two states in total are still missing due to the absence of
the first set of corner states), the corner charge now shows
Q = − 1

2 . In Figs. 13(g)–13(i), the corner charges exhibit a
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FIG. 13. Filling anomaly of the two sets of corner states marked as A and B in Fig. 12. (a)–(c) Average density distributions at
different fillings of f = 198, 200, and 202 around the corner states in the first quadrupole band gap. (d)–(f) Average density distributions at
different fillings of f = 298, 300, and 302 around the corner states in the second quadrupole band gap. (g)–(i) Average density distributions
at different fillings of f = 298, 300, and 302 in the second quadrupole band gap without considering the corner states in the first quadrupole
band gap.

regular distribution rather than the cases with small peaks,
which clearly demonstrates that the existence of the first set
of corner states can have a nontrivial effect on the filling of
another set of corner states located in a different band gap,
even though the two sets of corner states are separated by
extensive bulk and edge states.

VII. CONCLUSION AND OUTLOOK

In conclusion, we have studied in detail the topological
phases of a simple magneto-optical PhC in a square lattice
and found that the system can host rich topological physics
when choosing the unit cell in such a way that the gyromag-
netic cylinders are located at the four corners of the square
unit cell. We have used the Wilson loop and nested Wilson
loop methods to characterize the topological properties of
the different phases, such as Chern, dipole, and quadrupole
phases. The nontrivial bulk dipole and quadrupole moments
lead to counting mismatch in the bulk bands of systems with
open edges, where the missing states appear as edge and
corner states within the band gaps. Interestingly, the different
topological phases show dual-band property, which provides
a convenient setup for investigating the evolution and interac-
tion of the edge and corner states within different band gaps.
Our results reveal that these edge and corner states exhibit
the striking feature of spectrum robustness. For example, the
edge and corner states in the dipole phases can be pushed to
and imbedded in the bulk states by modulating the boundary
conditions. Nonetheless, these edge and corner states could
cross the bulk bands and reemerge in a different band gap. For
the quadrupole phases, the system can host two separate sets
of corner states within different band gaps and, intriguingly,
the filling anomaly of one set of corner states can have impact

on the filling anomaly of the other set of corner states, though
they are separated by extensive number of bulk states. Our
results demonstrate that magneto-optical PhCs can have inter-
esting high-order topological physics, which has been largely
overlooked previously.

The tunability of the edge and corner states in the
dipole and quadrupole phases by modulating the boundary
conditions provides interesting opportunities for practical ap-
plications. For example, the possibility of embedding the edge
and corner states into the bulk states and releasing them to
different band gaps could be harnessed for information stor-
age and transfer in different dimensions (0D, 1D, and 2D).
The frequency shifts of the edge and corner states due to
changing boundary conditions could be exploited for sens-
ing applications [67,68]. Moreover, the covering of different
frequency ranges of the edge states by tuning the size of
the air gap is promising for wavelength division multiplex-
ing devices [69–72]. The spectrum robustness implies that
the operational bandwidth of the applications is not limited
to a single band gap and could be extended to much larger
frequency range covered by multiple band gaps.

While in this work we have focused on the first-order
Chern phases and second-order dipole and quadrupole phases
in the square lattice, many possible extensions could be en-
visaged. For example, the study of first- and second-order
topological phases of magneto-optical PhCs in the hexagonal
lattices [73–75] may also lead to new insights. Moreover, in
hexagonal lattices, magneto-optical PhCs can have valley or
pseudospin polarized states [12,76] due to the breaking of the
time-reversal symmetry and, recently, the study of different
topological phases in a single setup has attracted a lot of in-
terest [77–79]. So, the interplay of Chern, valley, pseudospin,
dipole, quadrupole phases, etc., in a single setup would bring
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very rich opportunities. Although finding a suitable PhC struc-
ture that can support multiple first-order and higher-order
topological phases is not a trivial task, the recent develop-
ments in inverse design, deep learning, automated discovery,
and optimization [80–82] for designing topological photonic
structures may provide a solution.
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