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AN ENERGY STABLE AND MAXIMUM BOUND PRINCIPLE
PRESERVING SCHEME FOR THE DYNAMIC GINZBURG-LANDAU
EQUATIONS UNDER THE TEMPORAL GAUGE*

LIMIN MA' AND ZHONGHUA QIAO?

Abstract. This paper proposes a decoupled numerical scheme of the time-dependent Ginzburg—
Landau equations under the temporal gauge. For the magnetic potential and the order parameter,
the discrete scheme adopts the second type Nedélec element and the linear element for spatial dis-
cretization, respectively; and a linearized backward Euler method and the first order exponential time
differencing method for time discretization, respectively. The maximum bound principle (MBP) of
the order parameter and the energy dissipation law in the discrete sense are proved. The discrete
energy stability and MBP preservation can guarantee the stability and validity of the numerical
simulations, and further facilitate the adoption of an adaptive time-stepping strategy, which often
plays an important role in long-time simulations of vortex dynamics, especially when the applied
magnetic field is strong. An optimal error estimate of the proposed scheme is also given. Numerical
examples verify the theoretical results of the proposed scheme and demonstrate the vortex motions
of superconductors in an external magnetic field.
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1. Introduction. In this paper, we consider the transient behavior and vortex
motions of superconductors in an external magnetic field H which is described by the
time-dependent Ginzburg-Landau (TDGL) model [20]. This model was first estab-
lished in [21] with some detailed descriptions in [2, 9, 40]. The TDGL equations in
the nondimensional form satisfy

(1.1)
(8t+ili¢))’l/1+< V+A) + (W) = 1) =0 in Qx(0,7T],

(4
o (Vo + 0 A)+V x (V x A) +Re{w*<KV+A) ]:VXH in Qx(0,7]
with boundary and initial conditions
(VxA)xn=H xn, (;V—I—A)dwnzo on 09,
P(z,0) =" (), A(z,00=A%)  onQ,

(1.2)
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where ) is a bounded domain in R%(d =2,3), n is the unit outer normal vector, the
electric potential ¢ is a real scalar-valued function, the Ginzburg-Landau parameter x
is an important positive material constant representing the ratio of penetration length
to the coherence length, the relaxation parameter o is a given positive constant, the
magnetic potential A is a real vector-valued function, and the order parameter ¢ is
a complex scalar-valued function. Physically speaking, the magnitude of the order
parameter |¢)| represents the superconducting density, where |1)| = 0 stands for the
normal state, |1)| =1 for the superconducting state, and 0 < || < 1 for a mixed state.
It is proved in [4] that the order parameter in the TDGL equations (1.1) satisfies
the maximum bound principle (MBP) in the sense that the magnitude of the order
parameter is bounded by 1, i.e.,

if the initial condition [|1/°||cc < 1. The solution of the corresponding stationary
Ginzburg-Landau equation minimizes the Gibbs energy functional [26, 39]

2

1 i 1 1
() Glaw) = (1v+a)u| +3IVxa- B+ Jl -1,

0

As analyzed in [34], the energy dissipation law below holds for (1.1),

(1.5) %G(A,zp) < —4n(M,0,H),

where the magnetization M = ﬁ(v x A — H). Particularly, if the applied magnetic
field H is stationary, the Gibbs energy of a solution of (1.1) decreases in time. As
stated in [7], the solution of (1.1) is not unique, that is, given any solution (¢, A, @),
a gauge transformation Gy (¢, A, ¢) = (e'™X, A+ Vx, ¢ — d;x) gives a class of equiv-
alent solutions sharing the same |¢| and magnetic induction field V x A, which are
of physical interests. Although the solutions of (1.1) under different gauges are the-
oretically equivalent, numerical schemes under various gauges are computationally
different. The temporal gauge is adopted in the paper since the corresponding TDGL
equations can be viewed as a gradient flow and admit the energy dissipation prop-
erty when H is stationary. The existence and uniqueness of the TDGL equations
(1.1)—(1.2) were given in [4, 7, 31].

For the TDGL equations, some numerical schemes using finite difference methods
for spatial discretization were proposed and analyzed to preserve the discrete MBP and
energy bound in [8; 10, 15]. These MBP-preserving finite difference schemes require
uniform or rectangular meshes, and the bound of the discrete energy may be very
large in long-time simulations. Numerical schemes using finite element methods for
spatial discretization can simulate the motion of superconductors with more general
shapes, and are easy to extend to three-dimensional simulations. Many finite element
based numerical schemes were proposed and analyzed for different gauges, especially
the temporal gauge ¢ = 0 (see, e.g., [6, 33, 34]) and the Lorentz gauge ¢ = -V - A
(see, e.g., [3, 16, 18, 27]) under an additional boundary condition. This boundary
condition is indispensable to guarantee the well-posedness of the discrete problems
and to analyze the convergence rate of numerical solutions. However, the regularity
of the finite element solution under such boundary conditions is higher than expected,
which leads to some nonphysical phenomena if the mesh is not refined enough. Two
mixed finite element methods using Hodge decomposition in [28, 30] weakly impose
this additional boundary condition on the approximation of A for the TDGL equations
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under the Lorentz gauge, which avoid the nonphysical phenomenon to a certain extent
for the TDGL equations in nonconvex polygons. Recently, a nonlinear numerical
scheme with no additional boundary condition was proposed in [13, 24] for the TDGL
equations under the temporal gauge, which resolves physically interested phenomena
on relative coarse meshes. The energy dissipation law was proved under a strict
restriction on time steps in [24], but no MBP analysis was provided for this scheme.

It is of great importance to analyze the MBP (1.3) and energy dissipation law
(1.5) for these finite element based schemes in the literature. Although the discrete
MBP for the TDGL equations is usually observed for finite element based schemes, it
has not been proved theoretically. The magnitude of the discrete order parameter was
proved to be bounded above in [34] under the assumption 7 < h1z and T < h? in two
and three dimensions, respectively. The TDGL equations under the Lorentz gauge
cannot be viewed as a gradient flow of the Gibbs energy, and thus the energy stability
analysis of numerical schemes concerning this gauge is difficult and the relevant work
is very limited in the literature. The boundedness of a modified energy with an extra
term ||¢[|2 was analyzed for the scheme in [31] concerning the Lorentz gauge with
the bound depending on the terminal time. The TDGL equations under the temporal
gauge can be viewed as an L?-gradient flow with respect to G(A, 1) and

d
(1.6) ZG(A¥)+ 10: A3 + 101§ = —4m (M, 0. H),

which benefits the energy stability analysis of numerical schemes under this particular
gauge. The discrete energy dissipation law was analyzed for the nonlinear schemes
in [6, 24], where the uniqueness of solution for both schemes requires time step sizes
Ts h?/2 where d is the dimension of space. A modified energy was proved to be
bounded in [34], where the bound tends to infinity as the perturbed model tends to
the original one.

In this paper, we propose a decoupled numerical scheme for the TDGL equations
under the temporal gauge

. 2
atw+<1v+A) b+ (92 = 1) =0, in 0 (0,7]
(1.7) " .
00t A+YV x (VX A)+ Re {W (;V—i—A)w]:VxH in Qx(0,7]

with boundary and initial conditions (1.2). The scheme employs the lowest order
second type Nedélec element and the linear Lagrange element with mass lumping for
finite element discretization of A and v in space, respectively. For time discretization,
the proposed scheme solves A first by the backward Euler method with the nonlinear
term treated explicitly, and then v by the first order exponential time differencing
(ETD) method [1, 5, 22, 23]. The ETD method has been proved to preserve the
discrete MBP in many applications; see, e.g., [11, 12, 25, 29]. Different from the MBP
analysis for real-valued differential equations, the complexity of the order parameter v
leads to a complex-valued matrix that is not diagonally dominant, and poses difficulty
in the MBP analysis for (1.7). Besides, the highly coupled terms in (1.7) add to
the difficulty in analyzing the energy dissipation and error estimate for the proposed
decoupled scheme. For the proposed decoupled scheme, we analyze the discrete MBP-
preserving property and the discrete energy dissipation law with respect to the original
Gibbs energy, and give an optimal error estimate. This is the first finite element
based scheme that preserves the strict discrete MBP (1.3) theoretically, and the first

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/08/24 to 158.132.161.180 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

2698 LIMIN MA AND ZHONGHUA QIAO

decoupled finite element based scheme that admits the discrete energy dissipation
law (1.5) with respect to the original energy (1.4). These stabilities are of great
benefit since they allow the application of adaptive time-stepping strategy in [38] to
significantly speed up long-time simulations.

The rest of the paper is organized as follows. The decoupled numerical scheme
is presented in section 2. The discrete MBP for the order parameter and an uncon-
ditional energy stability are analyzed in sections 3.1 and 3.2, respectively. The error
estimate of the numerical scheme is given in section 4. Some numerical experiments
are carried out in section 5 to verify the theoretical results and demonstrate the per-
formance of the proposed scheme in long-time simulations. The paper ends with some
concluding remarks in section 6.

2. Fully discrete scheme for the TDGL equations. In this section, we
present the fully discrete scheme for (1.7). Some standard notations are given below.
Let C be the set of complex numbers, L?(Q,R) and H'(Q,R) be the conventional
Sobolev spaces defined on a domain Q C R? (d = 2 or 3). For any two complex
functions v, w € L?(£, C), denote the L?(£2,C) inner product and the norm by (v, w) =
Jovw*dz, ||v||§ = [, |v]? dz, respectively, where w* is the conjugate of w and |v] is
the magnitude of v. Denote the complex-valued Sobolev space as

HY(Q,C)={p=u+iv:u,ve H(Q,R)}
and the vector-valued space with d components as
H(curl)={B:B e L*(Q,R?%), V x Be L*(Q,RY)}.

The weak formulation of the TDGL equations (1.7) with boundary conditions (1.2)
is specified as follows: find (A,%) € H(curl) x H'(2,C) such that

o) (06,4, B) + D(1s; A, B) + (¢()), B ) (H,V x B) VB e H(curl),
(006,0) + B(A:,0) — (fol2h),6) = Vo€ H'(©,0)
with A(z,0) = A%(z) € H(curl) and (z,0) = ¢°(z) € H'(Q,C), where
D(;A,B)=(Vx AV x B)+(WPAB),  g(b)=5-(4"V6 = pvy°),
(2.2) i i
Blav.0) = (174 4) v (29 +4)0). fule)=(1- laPa-+ o

Let T, be a regular partition of €2, &, be the set of all interior edges of Ty, t. be
the unit tangent vector of an edge e € &, and hx be the diameter of element K € Tj,.
Define the mesh size h = maxgeT, hx. Let Pi(K,C) be the set of all polynomials
with degree not greater than one. Define the linear element space by

Vi ={dn € H(Q,C) : ¢n|x € P1(K,C)},

and the lowest order second type Nedélec element space by
Qn = {Bh € H(curl): By|k € P1(K,R), /Bh -t.ds is continuous on any e € Sh} .

Let II;, be the canonical interpolation operator of the linear element, namely, IT;v(x) =
Ef\il v(z;)¢;(x), where N is the number of vertices {z;}¥, of Ty, and ¢; € V}, is the
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corresponding basis function with respect to vertex x; with (bi(xj) = d;5. Let w; be
the support of ¢;(x). Define a diagonal matrix D = diag(dy,...,dy) with entries
d; = |$ilo.1.w:- Denote the inner product (V,W)e = WHDV = SN VW |¢4lo1.,
for any V, W € CV, and the operators I, : V}, — CY and II}, : CN¥ — V), by
Lw= (w(zy),...,w(xy))T and T,W = Zfil W;¢i(z), respectively. Note that

(2.3) (Inv, Ihw)e = (ML (ow”), 1), [[vllo S [Tnvlle2 < [lv]lo,

where the notation A < B means that there exists a positive constant C, which is
independent of the mesh size, such that A < CB. Define the Ritz projection Ry A € @y,
by

(2.4) (Vx(A—RpA),VxBp)+(A—RyA ,B,)=0 VYByj€Qy,
which admits the following estimates on a convex domain [32],

(2.5) IV x (I = Rp)Allo + (I = Rn)Allo S h(|A[1 + |V x Af),
provided that A,V x A€ H'(Q,R%), and

(2.6) |V x (I = Rp)Allo + [[(I - Rn)Allo S h*| Alz,

provided that A € H%(Q,R?). Given a positive integer K; and time steps {Ti}fi‘l, we
divide the time interval by {t, =" (7 :0<n < K;} and T =tg,. For any function
F(-,t), define F" = F(-,t,,) and Of F = 0;F (-, t,,). For any given sequence of functions
{F"}, denote d?F = (F" — F"~ 1) /7,.

Let A) = R, A" and ¥) = I,4°. Given the approximation (A}~ ' ¥7~!) €
Qn x CN at the previous time step t,_;, we first solve the approximation to A" by
applying the backward Euler method for time discretization and treating the nonlinear
terms explicitly. That is to find A} € Qp, such that for any B, € Qp,

(2.7) (df An, By) + D(v, ™5 A, By) = (H",V x By,) = (9(¢7,7"), Bn),

where ¢! =TI, U7~'. We adopt the first order ETD (ETD1) with stabilization for
time discretization of ¥ and the linear finite element method with mass lumping for
spatial discretization by treating the nonlinear terms B(A;),¢) and fo(y) in (2.1)
explicitly. To be specific, we seek up, € C([tn—1,tn]; Vi) such that ¥ =up(-,t,) € V3
with up (-, tp—1) = Z_l such that for any ¢, € Vj, and t € [t,,—1, tn],

(L (Bsun ), 1) + B(AR; wny dn) + pn(Mr (und}y), 1) = (ML (£, (05~ H)67),1) =0,

where i, > 0 is the stabilization parameter and A} is given by (2.7). The matrix
form of this formulation reads

d n n—
(2.8) @Uh(t) =Ly wUn(t) + fu,. (Y5 D) VEE [tn1,tn],

Uh(tnfl) = \Ilzilv
where Uy, (t) = Inup (-, t) € CV and the entries of the complex matrix Ly, , are

(2.9) Lt =D 'L"—p,I with (L");;=—B(A};¢;, ).
Since the Hermitian matrix L™ is negative semidefinite,

(2.10) Re(Ly ,W,W)e=WHL"W <0 v WeC".
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An equivalent form of (2.8) is

(2.11) n=0(taly, w) U 1001 (T L)y p) fru, (P70,

where ¢g(a) = e® and ¢1(a) = (e® —1)/a for a # 0. We use the Krylov subspace
method in [36] to compute the exponential integral in (2.11).

3. Discrete energy stability and maximum bound principle. In this sec-
tion, we will show that the proposed scheme (2.7)—(2.8) inherits the mbp (1.3) and
the energy dissipation law (1.5) at the discrete level.

3.1. Discrete MBP. In this section, we consider the discrete MBP for the
complex order parameter v, of the proposed decoupled scheme (2.7)—(2.8). To begin
with, we consider an ODE system taking the form

du
N u=Lu+ N
(3.1) g T = Lut N,

uw(0,2) = u’ ()

with real-valued constant p, L, N(§) = u€ + h(§). An analytical framework was
established in [12] to give some sufficient conditions that lead to the MBP for (3.1).
This framework can be extended to complex-valued systems, which is presented below.

LEMMA 3.1. Given any real-valued positive constant p and T, assume that
(a) for any U € CN, it holds that Re(U;(LU);) <0 if |U;| = maxi<j<n |Ujl;
(b) there exists Ao >0 such that \oI — L is reversible;
(c) NI < upB for any || < B and [N (&) — N(&2)| < 2u|é& — &of for any [&] < B
and |&2| < B.
If [[uP| o < B and p > maxpe|<g [P/ (§)|, it satisfies ||u(t)|| < B for any t € [0,T].

Assumptions (a) and (b) in Lemma 3.1 indicate that the linear operator L is a
generator of a contraction semigroup since assumption (a) implies

(AL = L)U |3 >|A\U; — (LU);|?
=\ U; |2 + [(LU);|? = 2ARe(U; (LU );) > X?||U|| 2.

Lemma 3.1 follows directly from this fact and a similar analysis in [12]. The detailed
proof is omitted here.

Notice that for real-valued systems, the first assumption reduces to U;(LU); < 0
if |U;| = maxi<j<n |U;| for any U € RV, which is exactly the assumption in [12]. Tt
is widely used in the MBP analysis of ETD schemes that if all the diagonal entries
of a strictly diagonally dominant matrix L are negative, assumption (a) holds for the
real-valued system. For the classic two-dimensional heat equation, since the sign of
diagonal entries L;; = fQ Vo¢;-V¢;dx and the corresponding U;(LU); depends on the
interior angles, the discrete maximum principle holds for the mass lumping method
in the case that the triangulations contain no obtuse triangles [35].

Similarly, if L is a complex-valued matrix with negative entries on the diagonal
and strictly diagonally dominant, assumption (a) still holds. Although the real part
of the matrix L7, is strictly diagonally dominant, the complex-valued off-diagonal
entries can make the matrix itself not even weakly diagonally dominant. If the tri-
angulation contains some right triangles, the imaginary part of Lj; , can dominate
the sign of Re(U;(Ly ,U)i) when the stabilization parameter u, is of O(h™'**)
with a > 0. However, the sign of the imaginary part of L7, , is uncertain, and thus
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the linear operator Lj; , is not necessarily the generator of a contraction semigroup
on a triangulation with right interior angles. Therefore, the discrete MBP is not
guaranteed.

To guarantee the discrete MBP of the complex order parameter vy, we consider
the scheme on triangulations satisfying the following assumption.

Assumption 1. The triangulation is shape regular and quasi-uniform, where all
the interior angles (d =2) or dihedral angles of faces (d = 3) are acute.

By Lemma 3.1, the key to analyzing the discrete MBP of the solution to the
ETD1 scheme (2.8) is to prove that LG, . is a generator of a contraction semigroup,
namely,

(3.2) Re(U; (L}, nU)i) <0 for some i€ {1,...,N}

holds for any U € C. Note that even though the real part of the matrix Lg ), is diag-
onally dominant, the matrix itself is not necessarily weakly diagonally dominant. To
derive the discrete MBP for the proposed scheme, we need to look into the properties
of the linear operator Ly ;. Denote the entries of Lj} , € CN*N by (Lij){N;—, with
O,l,Q) )

where d; = |@ilo.1,0. It follows Assumption 1 that there exist positive constants Ci,
Cs, and C3, which are independent of the mesh size, such that for any i # j,

1/ 1 .

L=~ (—2 / V- Vs d — / (AR 216, dw — pin |
i K= Ja Q

lem /QAh . (¢JV¢Z — ¢ZV¢J) diL’,

K /idi

/ Vo; - Ve de < —Crh™2, [kd; LI < Coh2 =2 A |owr; s dilo,1,w; > Ch,
Q

where the second estimate employs the Cauchy—Schwarz inequality and w;; = w; Nw;
is the intersection of the support of ¢; and ¢;. For any 1 <4, 7 < N, define vector

Uij = (aij, bij, ¢ij) by

h

2—d
aij= - /Q Vo, Véide, by=dh L e = /ﬂmsjdx,

K

where the constant p, is to be determined later. It follows that each entry of the
vector ;5 is independent of the mesh size i and

C1 Cy, _1
0<bis| < —=h 2 AR 0w, €ij = pnCs.

(34) aij Z ?,

Assumption 1 implies that the number of elements sharing the vertices x; and z; is
bounded above. Thus, there exists a positive constant Cy such that

Coy_dy gn
(3.5) Z lbi;|? < /{Tjh YNARNG -
i

For each element K, it holds that [, ¢;dz = 1|K| and [, ¢? dx = |K|; then

_ 1 _
(3.6) Sy =t [ (6= ) do = gt
J#i

Copyright (C) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/08/24 to 158.132.161.180 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

2702 LIMIN MA AND ZHONGHUA QIAO

The following theorem shows that the operator L7, , is a generator of a contrac-
tion semigroup and the discrete MBP holds for v, of (2 11) when the stabilization
parameter

3C2|| AL ..,
3.7 > d
(3.7) Hn = 113%{ Chlwi| 4\wl|

where the constants C'; and Cy are independent of the spatial mesh size h and the
Ginzburg-Landau parameter k, w; is the support of basis function ¢;, and A} is given
by (2.8).

THEOREM 3.2. Assume that matriz Lj; , is assembled with stabilization param-
eter fiy, satzsfymg (3.7) and Assumption 1 holds Then the discrete MBP holds for iy,
of (2.11), i

[hlle= <1 if 90 < 1.
Proof. Define a matrix 7'€ CNV*V with entries T, =U;U; =T;7 + 1Tlm Then,

N
(38) Re | U 32 LUy | =LETEE + Y (LT - LTI,
= i

It follows from YN | ¢s(x) =1, YN, Vi(z) =0, and (3.3) that
re 1 1 ni2 2
(39)  Lif=— (D | Vi Voido— | |AJ26] dx— pun|dilore
Q i Q Q
Substituting (3.3) and (3.9) into (3.8) yields
al 1
(3.10) Re | UF ZLijUj = d—i(R} + R?),

where the stabilization parameter u, = fi1 + fi2 is to be determined later and

==Y LU 8y), (U3 85) = aih® (T = i) + bigh® ' T + ¢, AT,
i

N
= / AL Pu; TS — a2 o T
j=1

Let (r;,0;) be the polar coordinates of U;. We can find ¢ € {1,...,N} such that
r; =maxi<;<n ;. Then, Tj; —Ti; = r? —r r; 10=0) Note that

Ci(Uj;035) = agrih® 2 — agjririh2 cos(0; — 0;) + byjrir h® tsin(6; — 0;) + ;2
> pi—2 (aijriz - rier—i— cijr?hQ) .
The inequality (3.4) indicates that a;; is positive. Since , /a + b2 h? <a;; + bjflzz,
(3.11)

b2 b2,
&(Uj; '1717) > Clij?"?hd_2 — aij’I“iTjhd_Q + (Cij 1 ’I“izhd > | cij — 4 T?hd,
J

2a;; ;i
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and the equation holds only if r; =7, and b;; = 0. It follows that

b2,
(3.12) R} = —Z&(UJ‘;UU‘) < —Z (Cij - 2aZj> rih?.

J#i Jj#i

3Ca|| ARG,
When p,, > R _Drs

> —Go s it follows (3.5) and (3.6) that

2

b2,
> - < SN AR R < e
J#

J#i

which implies that

(3.13) Ri == 4:i(Uj;#;) <0

J#i

Since ¢; >0 and Y-, ¢; =1~ ¢; and [|di[|§ o = Hwil,

<Y / AL P iy daTf — /Q AL P2 ArTIE — ol i3 0TI

J#i
n|2 1 re 1 1 n|2 re
=2 [ [A]"( ¢i — 1 deii - 6#n|wi| - gHAh”O,wi daTi;.
Q
It follows from TUF > 0 and u, > Sujr‘b “i that R? < 0. A substitution of R? <0
and (3.13) into (3.10) leads to Re Ur> .1 LijU;) <0, which verifies the assumption

(a) in Lemma 3.1 and implies assumptlon (b) in Lemma 3.1. For any z1, 22 € C with
magnitude not larger than 1, it is easy to verify that | f,,, (1) — fu, (22)| < 2pn|z1—22|.
As proved in [11],

[fun @)= frn (1)) S pn 3 > 2,

which verifies assumption (¢) in Lemma 3.1 with 8 =1 and completes the proof. 0O

Remark 3.3. Consider the stabilization parameter tn in (3.7). The value of pu,
%. Note that SN
bounded by a multiple of || A}|[ o from both above and below. This, together vvlth
the error estimate in Theorem 4.4 and the fact that N = O(h~%) = O(|w;| 1), implies

that there exist positive constants ¢; and co such that

crlAG >||OQ_N2”| <ol At

Z

is

mainly depends on the value of maxi<;<n

The stabilization parameter p, depends on the maximum of %, where its av-

erage is bounded by [|A(t,)||§ . Thus, the value of the parameter p, depends on
the regularity of A}, and usually will be bounded when the exact solution A(t,) is
not too singular. Note that the approximation Ay is already known when generating
the stabilization parameter p, for the computation of W}. Thus, we can always find
a stabilization parameter p,, satisfying the condition (3.7) to guarantee the discrete
MBP even if the solution is not smooth.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/08/24 to 158.132.161.180 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

2704 LIMIN MA AND ZHONGHUA QIAO

3.2. Discrete energy stability. Define the discrete energy G} in an analogue
form to (1.4) by
2

Gi =y | (L9 an) i+ 519 < 4p - Eig L1l -1

and M} = (V x A — H").

THEOREM 3.4. For any positive {Tn}fél, the solution {(A}., 1/1,’;)}5;0 generated by

the discrete system (2.7)—(2.8) with stabilization parameter p, satisfying (3.7) satisfies
the energy inequality

a7 G+ 45 Anl3 + (o — Dl < —4m(MF P H) V1<n<K,.

0

Furthermore, if H is independent of t, we have
Gp<Gp ' V1<n<K,
i.e., the proposed scheme is unconditionally energy stable.

Proof. The difference between discrete energies at two consecutive time levels
yields
2

1 7 1 1
=5t | (29 An) vn| + G + eI - 1]
K 0 2 4
It follows from (2.2) that
, 2
dn iv A _i B n n n —B An—l n—1 n—1
¢ K+h1/1h —T((h»¢h7¢h) (AR v, ),
0 n
and therefore,
Ly ("v+Ah)wh =L (B - BAL )
t - 9 ) s ¥h s ¥h
(3.14) 2 K 0 2Tn1
5 (dE LA [ ) + (g(wh ), i ).
Note that
1 m 2 _ n gn Tn m, |2
—di|u|® =Re(u",dju) — —|djul”.
2 2
Thus,
(315) (MR 7 M) = St | M+ 2y M 2

Let By, =d} Ay, in the scheme (2.7). It holds that
7 A4 3+ (47D Amcdy M, + df HD) + (105 AT di An) = — (o057 As).

A summation of (3.14), (3.15) and the equation above yields
2

1 ¢ 1 Tn n
30 | (£ An) on]| o+ G + 102 Al + T amap M
K 0o 2 2
1 n n n n n— n— n mn
=5 (B(AR, i, vf) = B(AR, v oY) — (4 My, d H)

M| =~

— ([ PAL P Ap) + 5 (A7 AR, [ ).
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Note that
n— n m 1 m n— Tn n— m
(|von 1|2Ah7thh)_§(dt |Awl?, |4, 1\2)=7H|¢h Hdy Apll§ >0
and

B(A}Y; én, 0n) = —(Inon) L (Tndn) = —(L§ . (Indn), Indn)ez Vebn € Vi

It follows that
2

1 1 1 Tn m
S| =V +Ap ) || + SdP [4m My |5+ 147 Anll§ + < | 4mdy My
2 K 2 2
(3.16) ) 0
< =5 ((LoaYh Vi) — (Lo WL )e) — (4n M, df H).
By (2.10),

— (LG nYh, Vi) — (L5 a0 W5 )ee)
(3.17) = —27,Re(L{ , Uy, dp V) e + 2Re(L§ pdy U, df Uy )2
< =27, Re(Ly U}, dr0,) .
Suppose a and b are complex numbers and |a| <1, || < 1. It holds that

i((a2 —1)7 = (0" = 1)) < (v* = DRe(b"(a — b)) + (a = b)*(a - b),

which, together with |¢;]o,1,.; > 0, implies that for any g, > 1,
(318) AN~ U+ G — Dm0 < Relpin W~ fo, (W5 0), d7 W)
Substituting (3.17) and (3.18) into (3.16) yields
agy O IEAME G Drd s+ I < A EDIR
< —Re(fu, (W51 + L, w ¥, diUn)e — (4n M, df H).
The ETD1 scheme in (2.11) indicates that
Fun (W) = = (L P ™) L (W) — Hnmy )

Hnsh

= — (1= bl ™) TLLE (W= W o (T — b W)

= 7—”(1 - eLZn’th)ilL}nln7hd?‘1/h - LZnah\IjZ_l'
Define g(z) = —x + x/(1 — e®) and the operator Ay = g1(L}; ;7). It follows that
—Lyy w5 = fu, (971) = A (d] Tp).

Since g(z) < 0 for all x < 0 and L7 is self-adjoint and negative definite, the operator
Ay is also negative definite. Thus,

_Re(fun(qu_l) + LG,h Z’ d?q/h) <0,
which combined with (3.19) gives
n 3 n 7 mn n mn
di Gn + A AnllG + (= D7l Onll7 + < l|4mdy MG < (4w M, d7 H).

If H is stationary, the right-hand side of the above inequality equals zero, which
indicates G, < G;L“l and completes the proof. ]
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4. Error estimate. In this section, we analyze the convergence of the numerical
solutions by the proposed scheme (2.7)—(2.8) under the regularity assumption below.

Assumption 2. Assume that € is a convex polygon (or polyhedron). The solution
of the initial boundary value problem (1.7) with (1.2) satisfies the regularity conditions

¥, O € L(0,T; H*(Q,C)), A, §,Ac L>(0,T;V,),
oA e L=(0,T; H (Q,RY)),

where Vi = {B € H'(Q,R?):V x B € H'(,R%)}.

To begin with, we explore the relation between the errors ey and Ej at two
consecutive time levels by use of the error equations, where

ey =A} —RyA, E, =V -1, e =I,E).
By the estimate (2.6) and the interpolation error of the linear element

(4.1)
|A™ — Ry A" (o + h|[V x (A" = Ry A")|lo + [ — Tl + AV (¥ — TIL)[|o < b,

LEMMA 4.1. Assume that Assumptions 1 and 2 hold. Let A = R, A° and v =
00 with ||[Y°e < 1. The approzimation solution {(Aj, Wm)}XL, is generated by

the numerical scheme (2.7)—(2.8) with stabilization parameter p, satisfying (3.7) and
uniform time step 7, = 7. For any 1 <n < Ky,

2
olleall® + 27|V x eilld < o (1+Cr)lle | +7

7
o An—l n—1
(Kv—i— h >ew

(4.2) 0
+Cr (||EZ_1||§2 +h? + 7'2) ,
. 2
— ¢ n— — — n
IV x Al < IV x e 1||%+OT<H(HV+A,L et e+ el
0
(4.3)

+ 1B Iz +h2+72>~

Proof. By the definition of the Ritz projection Ry, in (2.4) and (2.7),
o(diea,Bp)+ (V x e,V x Bp)
g (re|ny Gy an) et - @ (D)o e
=0(0fA—d}A,Bp)+0o((I — Rp)d}A,By) — (I — Rp)A"™, By,).

Since

1 tn
OMA—dlA= - " A — 8,A(s) ds,
T

tn—l
(4.5) (07 A — di' A, By)| < 7| Bhllo-
By the estimate (2.5),

(4.6) o((I = Rn)d} A, By)| + [((I = Rn) A", Bp)| < b Bhlfo-
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Note that
n—1yx* i n n—1 Y * i n n
(r ) Ev"_Ah hoo— @) ;V‘FA (0
n—1yx 1 n n— n—1\x*x 1 n n—
= (5" <KV+A )HLw Y (yph (HVJrA )ew !
+ () (A — AN g
+ (HL,(/}nfl)* <;V+An> HLwnfl _ (wn)* (;V+An> T,ZJn,
where Assumption 2 and the error estimate in (4.1) imply that
Sl ol Bullo,
n—1\* i n n— i n n— n—
(@ (2 ar) e < (v an) | 1Balolvr 1,
0
[((wn ™) (AL — A"~ B)| < (llello + Ch) I Ballollvy 12
((HLwn_l)* (;V+An> HL’(/Jn_l _ (,wn)* (;V+A7L> wnth)

(ezfl)* (;V_i_An) HLwn_lth)

<

S (7 + 1)l Bhllo-

By Theorem 3.2, |[¢)}!||oo < 1. It follows that
(re | (Svap) o -y (Lv e ar)e] B
<([|(v+ar)er| +teao+ cleg o+ o on) 1B

It follows from e} [|oo < [[Tn" oo + [ oo < 2 and (2.5) that
H (;V + A") 6271 . < ” (;V + A2_1> eﬁfl
< H (;v +AZ‘1> en!

Let By = ¢’ in (4.4). By Young’s inequality, a combination of (4.4), (4.5), (4.6),
(4.7), and (4.8) leads to

(4.7)

e ae

+2|le’y Mo+ C(r + h).
0

olleall® +27[IV x e4ll3
2

<o+ Crle P +7 +07 (e I3+ 72+ h2).
0

i

il v/ Anfl n—1
(e i)
Let By, =d}ea in (4.4). A similar analysis yields

2

1 _ _ _
||V><e2,||§§Vxeﬁ,‘1||§+CT<H<EV+AZ ) e+ e 13 + el
0

n ez‘1||3+72+h2),

which completes the proof. 0

Given any p > 0 and B € H'(Q), denote the linear operator L,[Bly =
—(+V + B)*) — jp. The matrix L7, in (2.8) relates to a spatial discretization
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of the operator L, [A"]. Let Sy(t) = Un(t) — ¥(t) with Uj defined in (2.8) and
U(t) =1Ipt(-,t). A subtraction of (2.8) from (1.7) reads

d n n— n—

(4.9) %Sw = L S + O + 05 + 0, + S (W - frn (Int Yt € [tno1,tal,
Sﬂf(tn—l) = Ez_la

where

(4.10) On =Ly, nIn = InLyu, [A™N0, 6 = In(Ly, [A7] = Ly, [},

O = o In0" ™) = fou, (In10).

The first term J. represents the consistency error of the numerical scheme (2.8) and
the other two terms relate to the error in time discretization.

LEMMA 4.2. Under Assumption 2, it holds for any W € CN that

1
(63, < (el ) (| (20 + a3 ) maws | +pmwlo ).
0
Proof. Let wy, =11,W},. It follows from (2.3) that
. 2
1
A1) (L, (A" W) = (L, (A" )| S0 (29 +.4) 6| o
1

By the definition of L, »[A}] in (2.9),

(LG,h-[hd]a Wh)£2 = — ((;V + AZ) HL¢7 (;V + AZ) U)h) - ’LLn(ﬂlﬂp’wh)'

It follows from the above equation and the integration by parts that

5
(4.12) (L5 W Int, Wa)ee — (L, [A™b,wn) = > T,

i=1

where 11 = (iv(d) - HLw)vth)’ I = (An(qz/} - HL’l/))ath)v I3 = ((An - AZ)HL@ZJ,th),
Ii=((-V+A")Y, (A" = Ay wy), and Is = p, (I =111 )Y, wp) with t, = (= V4 A} )wp,.
It follows from the estimate (4.1) that

(413) Ll o] + 3| + [ Ll + 15] < (lefallo + B)lltnllo + (leallo + h2)llwn lo-

This, together with (4.11) and (4.12), leads to

+ (lleallo + B)llwnllo,

i n
62| S (eilo+ 0 | (29443 ) wn
0

which completes the proof. ]

LEMMA 4.3. Assume that Assumptions 1 and 2 hold. Let AY, = R, A° and U9 =
100 with |90 e < 1. {(A}, UM)}EL s generated by the discrete system (2.7)-(2.8)

n=1
with the stabilizing parameter stabilization parameter w,, satisfying (3.7) and time step
Tn=T7. For any 1 <n < K,

2

(4.14) B} +7 (;V+A;;> ep|| <A+CnIE) R+ Cr(llealls + 72 + h?).
0
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Proof. Tt follows from (4.9) that

By = [ G 824 88 4 1 (V) = () s
Acting I —7L} ,on both sides of the equation above and taking the 2 inner product
with E7 yield
2

1B +7 + || E]I7
0

i n n
(HV + Ah) Gw
=(a(7Ly,, )BT+ 1a2(TLy ) (Fu (W3 0) = fu (I 1)), B2

(4.15) T .
+ /0 (I =1Ly )em i) BN ds

+ / (I=7Lp, )T inn(52 +63), Ep)e ds,
0
where ¢1(z) = (1 — z)e”, q2(z) = (1 — x)(e® — 1)/x. Note that for any = <0,
0<qi(z) <1l<gqaz)<2.
Since Lj; , is negative definite,

(@ (rLy,, B ER) e S I EG e | E e,
7 (@2(rLis, ) (frun (U ™) = foun In" 1)), E)ea| < OTI|EGT |2 | B -

It follows from Lemma 4.2 that

n 7
(1 - TLZV’“h)e(T—S)Lanh(S}L,E;Z;)f2| < (|le'allo + h) (H (HV + AZ) ty

(4.16)

n ||t;:||o> ,

0

where

P (T—7(L ) )em " B,

Since 0 < ¢1(x) <1,

/ (I —7Lp,)em i) BN ds
0

(4.17) ,
<eliealo+m ([ (1o +a3) e

+1E3le).
0
Note that [|d7[[o + [|63 [lo < 7. Thus,

(4.18) STE e

/O (I =1Ly )em i (62 +63), Ef) e ds

A substitution of (4.16), (4.17), and (4.18) into (4.15) gives
: 2
_ An n

(KV + h) ew

. J75% S
B3 + 7 oy I
0
1
< (14 OB e Bl + Or(lello + 1) H (nv i Az) .
0

+CTlIEo(lealle + 1B 2 + 7+ R).
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By Young’s inequality,

. 2
i
- A’Vl n
("Jv—'_ h> v 0

which completes the proof. ]

1B +7 <@+ CONESHE + Cr(llealld + 72 + h?),

The following theorem presents the main result of the error estimate of the pro-
posed numerical scheme (2.7)-(2.8).

THEOREM 4.4. Assume that Assumptwns 1 and 2 hold. Let A) = R,A° and
WY = 1,00 with ||thollee < 1. {(A}, UM }EL is generated by the discrete system (2.7)—
(2.8) with the stabilizing pammeter stabzlization parameter p, satisfying (3.7) and
time step T, =7. For any 1 <n < K,

1AR = Ao + [V x (A = A")lo + [V} =" [lo S7 + h-

Proof. Denote

2

i
(“ * h> “ 0

T"<(A+Cr)T" ' +Cr(h? +77),

+ 27|V x €4 ||3.

T =|EjlZ +olealls +

By the estimates (4.2) and (4.14),

which implies that
T"<(1+Cr)"T° + C7(1* + h?) Z (1+C7)"
i=1

Note that there exists a constant Cj such that

T zn:(l +C1)’

i=1

|14+ Cm)"| + < Cp.

This, together with the fact that |79 < k2, leads to

(4.19) le@llo + 1EG e S 7+ A

As a consequence, the estimate (4.14) reads
2
<L+ CIEL 7 + Cr(r% + h?),

1
_ A’n. n
(“V_‘_ h) R 0

i .
(HV + A%) efp

n—1
<A+C0n)"|EYE +Cr(r2+ 11> (1+Cr) <C(r2 +1h?).
7=0

1B 1% + 7

which leads to
2
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Substituting this into the estimate (4.3) yields

2
+C(T% + h?) < C(T? + h?).
0

n—1

IV x eallg <V x Qg +Cm
j=0

i N
(HV + A';L) 61/}
A combination of the estimate above and (4.19) gives

lefallo + [1E e + [V x eallo S 7+ h.

This, together with the estimate (4.1), completes the proof. d

Remark 4.5. In the decoupled numerical scheme (2.7)—(2.8), the first order con-
vergence rate of ||A}y — A"|o is one degree lower than that of the projection error
| R, A™ — A™||o provided that A € H?(Q2,R%). The gap is caused by nonlinearity, that
is the explicit gradient term g(1}' ') in (2.7). We can fix the gap by applying the
gradient recovery technique in [41] and replacing g( 71 in (2.7) by the recovered

gradient, that is, to seck (A},97) such that
(di Ay, By) + D(dy ' AfL Br) = (H",V x Ba) — (gur (5" 05 1), B)

for any B, € Qp, and.\ilﬁ = Uy (ty) satisfying (2.8) with \ilg = I,° and A? — R, A°,
where g (Vn, ¥n) = 5- (V5 (Knton) — Yn(Knty)) with recovered gradient Kpvp,.

Remark 4.6. Note that the convergence analysis in Theorem 4.4 relies on the in-
terpolation error of the solutions, thus the first order convergence rate does not hold
theoretically for the numerical solution when the domain is not convex. Nevertheless,
the discrete MBP in Theorem 3.2 and the energy dissipation property in Theorem 3.4
still hold for nonconvex superconductors.

5. Numerical examples. In this section, we present some numerical examples
to verify the theoretical results and show the vortex motions of superconductors in
an external magnetic field.

5.1. Example 1: Convergence test. Consider the artificial example on 2 =
(0,1)? with k=1,

. 2
éw——<IV+A) Y- [Pty n 0,
(5.1) K

A= — (V) —hV) — [YPA -V xVx A+ f inQ,

1
QiK(
and boundary and initial conditions (1.2). The functions f, g, %%, and A" are chosen
corresponding to the exact solution @ = e f(cos(2rz) + icos(my)), A =
[etal 001 (1 — 2)5/4y, etyt001(1 — )1-001]T with H = V x A. We set the terminal
time T'=1 and the stabilization parameter u, = 2 in this example. Table 1 records
the L?-norm errors of Ay, V x Ay, 9y, and Vi, on uniform triangulations with
spatial mesh size h, which coincide with the convergence result in Theorem 4.4 and
show the accuracy of the proposed numerical scheme when the solution is smooth
enough.

5.2. Example 2: L-shaped superconductor. We use the proposed formula-
tion to simulate the vortex dynamics in the superconductor Q = (—0.5,0.5)\[0,0.5] x
[—0.5,0] with the Ginzburg-Landau parameter £ = 10. The initial conditions and
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TABLE 1
Errors and convergence rates with time step 7 =1072.

1/h  ||JA—Apllo Rate ||[VX(A—Ap)|]lo Rate [ —vnllo Rate |[[V(¢—1vn)|lo Rate

4 1.81E 4 00 9.75E-01 8.18E-01 1.28E + 00
8 1.31E 400 0.46 4.58E-01 1.09 3.36E-01 1.28 4.91E-01 1.38
16 6.32E-01 1.05 2.29E-01 1.00 2.23E-01 0.59 2.21E-01 1.15
32 3.01E-01 1.07 1.14E-01 1.00 1.26E-01 0.83 1.07E-01 1.04
64 1.48E-01 1.02 5.70E-02 1.00 6.60E-02 0.93 5.35E-02 1.01
128 7.39E-02 1.00 2.85E-02 1.00 3.38E-02 0.97 2.67E-02 1.00
256 3.70E-02 1.00 1.43E-02 1.00 1.71E-02 0.98 1.34E-02 1.00
1 10
098 8
013
06 ) 0.12
= g 0.1
= 094 4oy 01
1 2 3
092 2
s
09 . 0
0 10 20 30 40 0 10 20 30 40
Time Time

Fic. 1. Discrete mazximum bound and energy of the discrete order parameter for Example 2.

applied magnetic field are 1»° = 0.6 +0.8i, A° = (0,0), and H = 5. This example was
tested before by different methods; see [14, 30] for reference. We simulate the prob-
lem on a uniform triangulation with M = 16 nodes per unit length on each side with
stabilization parameter p,, =2 and time step 7 =1/16. Figure 1 plots the maximum
norm of the discrete order parameter and the discrete energy of the proposed scheme,
which verifies the theoretical results in Theorems 3.2 and 3.4.

Figure 2 plots |¢,| and V x Aj, at different times by the scheme (2.7)—(2.8).
It shows that one vortex enters the material from the reentrant corner as the time
increases, which is similar to those reported in [14, 30]. Physically speaking, the
superconducting density should be between 0 and 1, and the average magnetic field
should be less than H when the superconductor is in a mixed state [9]. The numerical
results in Figures 1 and 2 coincide with this physical observation.

Comparing this with the numerical schemes in [14, 17, 18, 24, 28, 30, 31] where
this example was tested, there are four virtues of the proposed scheme. First, it
is easy for the proposed scheme to implement the boundary condition, where the
conventional finite element method and the second order scheme in [16] need to deal
with an extra boundary condition. Second, the physical boundary condition for the
proposed scheme avoids the appearance of the nonphysical numerical phenomena,
where the aforementioned schemes generate incorrect solutions when M = 16 and 32
as reported in [14, 30]. Third, the proposed scheme solves a decoupled linear system
of two variables without introducing any auxiliary variables as in the mixed element
schemes in [14, 17, 28, 30|, and the computational cost of the linear system is smaller
compared to the nonlinear systems of the numerical schemes in [24, 27]. Moreover, the
unconditionally energy stability is guaranteed for the proposed scheme, which allows
relatively larger time steps and therefore the application of adaptive time-stepping
strategies to speed up simulations.
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Fic. 3. Discrete energy and time steps for Example 3 with H =1.1.

5.3. Example 3: Hollow superconductor. We present simulations of vortex
dynamics of a type-II superconductor in a square domain [0,10]?> with four square
holes {(x,y) :  and y € [2,3] U [7,8]}. We set 0 = 1, k = 4, ¥° = 1.0, A° = (0,0),
and test on two different external magnetic fields H = 1.1 and 1.9 with u,, = 2. The
example was tested before in [17, 24, 37]. We simulate the motion on triangulations
generated by Gmsh [19]. Since the discrete energy decays as proved in Theorem 3.4,
we adopt the adaptive time-stepping strategy in [38] which takes the form

Tmax
ar-l_gn-2
\/1 + o ‘ b Tn—lh

where the positive constant o = 10°, Tiax = 0.2, and 7Tin = 0.02.

Figures 3 and 4 plot the discrete energy and time steps of the proposed scheme
with H = 1.1 and H = 1.9 when t < 1000, respectively. As shown in Figure 3, the
adaptive time-stepping strategy can successfully capture the change of discrete energy
and save computational time. Note that the time steps are nearly Timax = 0.2 when
t > 100 for H = 1.1, which is much larger than 7 = 0.005 and 7 = 0.02 in [17] and
[24], respectively. When the applied magnetic field H = 1.9, the new approach gives
a physical simulation of the vortex motion until ¢ = 1000 with the time step nearly
Tmax = 0.2 when ¢t > 400 as shown in Figure 4. The vortex motion under H = 1.9

(5.2) 7" =max < Tmin, =0
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F1a. 5. Discrete mazimum bound of || for Ezample 3 with H = 1.1 (left) and H =1.9 (right).

was simulated for ¢ < 150 in [17] with time step 7 = 0.002 on a triangulation with
405416 elements. A nonphysical phenomenon starts to appear in the simulation when
t = 10. We use the proposed scheme (2.7)—(2.8) with the adaptive time-stepping
strategy (5.2) on a triangulation with 516526 elements and the simulation exhibits
physical phenomenon before ¢ = 800 and nonphysical behavior starts to appear after
t =800. As shown in Figures 4, 5, and 7, our approach on a triangulation with 786482
elements gives a physical simulation of the vortex motion under H = 1.9 until £ = 1000
with the time step nearly 7pna.x = 0.2 when ¢ > 400. This implies that the proposed
scheme (2.7)—(2.8) with adaptive time-stepping strategy is more stable and efficient
in long-time simulations. As shown in Figure 4, the discrete energy decays even when
the time step is not changing continuously which also verifies the unconditional energy
decay property of the proposed numerical scheme.

Figures 6 and 7 plot |¢p| and V x Ay, at ¢ = 10, 50, 200, and 1000 for H = 1.1
and H = 1.9, respectively. As observed in Figures 6 and 7, the vortices start to pene-
trate the material near the four square holes. When H becomes larger, more vortices
are generated and triangulation with a much smaller mesh size is required to resolve
the singularity of solutions, which coincides with the physical phenomenon. Physi-
cally speaking, the penetrated magnetic flux will separate into the smallest bundle
to guarantee the largest interface area since the interface energy in type-II super-
conductors is negative, and the vortices form a lattice because of the weak repulsive
interactions among them. In long-time simulations, numerical schemes with high
convergence accuracy may produce some nonphysical numerical phenomena because
of the lack of stability. This nonphysical phenomenon often happens near the reen-
trant corners when the applied magnetic field is strong. The vortex dynamics in Fig-
ures 6 and 7 show that the proposed numerical scheme is robust and stable even when
H=1.9.
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t=10
F1G. 6. |9 (above) and V x Ay, (below) at t =10, 50, 200, 1000 for Example 3 with H =1.1
on a triangulation with 516526 elements.
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F1G. 7. || (above) and V x Ay, (below) at t =10, 50, 200, 1000 for Ezample 3 with H =1.9
on a triangulation with 786482 elements.

6. Conclusions. In this paper, we propose a decoupled scheme for the TDGL
equations under the temporal gauge by combining the ETD method and the back-
ward Euler method for time discretization and finite element methods for spatial dis-
cretization. Compared to the existing schemes for the TDGL equations, the proposed
numerical scheme admits four advantages. First, the scheme works for simulations
of superconductors with complicated shapes, and so do the energy stability, MBP,
and error analysis. Second, an unconditional energy dissipation law is proved for the
proposed scheme. This allows the application of an adaptive time-stepping strategy
which can significantly speed up simulations compared to other numerical schemes
for the TDGL equations in the literature using a fixed time step. Third, the discrete
MBP is proved for the order parameter which indicates the stability of the numerical
scheme, while no other numerical schemes using finite element methods can preserve
the MBP property theoretically. The analyzing technique can also be used in other
problems with complex order parameters. Finally, the relatively low regularity of the
numerical solutions prevents the appearance of some nonphysical numerical solutions.

For the discrete scheme in Remark 4.5 with gradient recovery techniques, the
discrete MBP is also guaranteed under the mesh requirements in Assumption 1. But
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how to preserve the energy dissipation law in a discrete sense is still an open problem.
A major difficulty comes from the discretization of the coupling nonlinear terms in
the equations for both the magnetic field and the order parameter. The proposed
scheme (2.7)—(2.8) is only of first order in time. The fact that the differential operator
L[A] depends on the variable A leads to the failure in constructing high order MBP-
preserving numerical schemes using the standard ETD methods with second order
accuracy. How to design an MBP-preserving numerical scheme with higher accuracy in
time is also open, which requires some delicate treatment with respect to the coupling
terms of the TDGL equations. A fast solver of numerical schemes is important in
simulating the vortex motion of superconductors, especially when the shape of the
superconductor is not smooth and a strong external magnetic field is applied. The
design of fast solvers for the proposed numerical scheme and the theoretical analysis
to guarantee the efficiency of the solver deserve deeper study.
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