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Abstract. Extensive modeling studies on viral infection have significantly improved immunological insights
into the dynamics of host responses to infectious agents and helped to design new avenues for
experimentation. Various dynamical behaviors have been found in existing models, in particular,
the global stability of the boundary equilibrium or the positive equilibrium, as well as different types
of bifurcations. However, limited studies have been performed on the connection of invariant sets
when global stability results no longer hold. This motivates the current study through considering the
dynamics of a viral infection model, with new features that nonmonotonic functional responses are
contained in the cytotoxic T lymphocytes (CTL) growth rate and incidence rate. The well-posedness
of the four-dimensional differential equation model is established, and the model is further reduced
into a three-dimensional nonmonotone system. The reduced system is demonstrated to admit three
types of equilibria that represent different states of viral infection. The local stability and global
stability of these equilibria are established under some suitable conditions. The coexistence of two
positive equilibria poses challenges to model analysis, which is addressed through an algebraic-
topological invariant, the Conley index. The index provides a topological description of the local
dynamics around each equilibrium. With the aid of connection matrices, nontrivial invariant sets
are detected, and the existence of connecting orbits between these invariant sets are determined.
Further numerical simulations are conducted to supplement and verify the analytical results. It is
shown that the model exhibits the rich dynamical phenomenon including bistability and periodic
solutions due to diverse nonmonotonicities. Global dynamics from local stability analysis in the
current study extensively extend and improve some existing studies on virus dynamics models.
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1. Introduction. Mathematical models of viral infections, which are based on a firm un-
derstanding of biological interactions, have significantly improved immunological insights into
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the dynamics of host responses to infectious agents and helped to design new avenues for
experimentation [5, 9, 10, 18, 20]. To explore the basic dynamics of virus-host cell interaction
and immune responses on reducing the virus load, the interplay between infection process
and immune responses should be incorporated simultaneously into a model. Starting with
the smallest number of essential assumptions, a model was formulated in [17] to illustrate the
relation among antiviral immune responses, virus load, and virus diversity:

T =A—dx— Bxv,

Y= prv—ay — pyz,
(1.1)

v =ky — uv,

z=cyz— bz

with four variables: uninfected cells z(t), infected cells y(t), free virus particles v(t), and the
magnitude of the cytotoxic T lymphocytes (CTL) response z(¢). In (1.1), uninfected cells
are produced at a constant rate A and die at a rate dx. Infected cells are produced from
uninfected cells and free virus at rate Sxv and decline at rate ay. Free virus particles are
released from infected cells at rate ky and die at rate uv. cyz represents the rate of CTL cells
(CTLs) proliferation in response to antigen, and bz is the CTLs decay rate. The response of
immune system on killing infected cells is described by the term pyz, with p specifying the
rate at which CTLs kill infected cells.

In (1.1), the intrinsic growth rate of uninfected cells is given by the growth function
A—dx, which is linear. The contacts between uninfected cells and viruses are described by the
incidence function Bzv, following a simple mass action process. The CTL immune response
is characterized by bilinear terms cyz and pyz for virus-specific CTLs proliferation and CTL
induced death rate, respectively.

The human immune system, as one of organismic physiological systems, is highly complex.
Therefore, extensive modeling studies have been performed to extend the above model to
accommodate various immunological aspects [13, 30, 33, 36, 37], including the delayed effect
of responses, and age structure of infected cells. One specific aspect to extend the model
is incorporating other types of functional responses in the growth function and incidence
function [25]. By considering various immunity forms (specific and nonspecific immunity,
cell-mediated immunity, and immune impairment), some chronic viral infection models with
nonlinear immune functions like lfri —myz were proposed to describe the immune stimulation
and impairment of infected cells [22, 34]. Other expressions, such as l‘f;yK (y) for immune
response of HIV infection, were proposed in [32] to consider the effects of the oxidative stress on
the process of viral infection, and the Monod—Haldane function of the form % was used in
[31] to characterize the nonmonotonic immune response in a simplified viral infection system.

The main focus of the current study is to investigate the effects of nonlinear rate func-
tions (i.e., growth function, incidence function, and immune function) on the dynamics of
interactions among virus, host cells, and immune systems. For that purpose, we modify the
model with different assumptions on the growth rate, the incidence function, and the rate of
CTLs proliferation. In particular, we make the following assumptions: (i) uninfected cells are
produced at a nonlinear rate A —dx +rz(1— ) [3]; (ii) the incidence rate for the virus-to-cell
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infection is not monotonic: instead, it takes the form Sz ((v—b)e™ " +b) [25]; and (iii) the rate

of CTLs proliferation in response to antigen is in the Monod—Haldane form % [31], and
correspondingly the rate at which CTLs kill infected cells is assumed to be %. Then

the classical model in [17] (system (1.1)) can be replaced with the following one:

( y'c:)\—dac—i-mc(l - %) — Ba((v — b)e™ +b),
. —ev by=
y=Pz((v—->ble " +b) —ay - ————,
. (=D +0) —ay— 2
U:ky - M1,
o wr
a+yy+y?
The initial condition of (1.2) is specified as
(1.3) z(0) 20, y(0)=0, v(0)=0, 2(0)=0,

and all parameters are assumed to be positive.

Based on the assumptions on the nonlinear growth rate for uninfected cells, nonmonotonic
incidence function in the virus-to-cell infection, and immune function, the Jacobian matrix of
system (1.2) at an arbitrary point of ]Ri may have one of the following structures:

*x 0 — 0 *x 0 0 0 *x 0 + 0
(1.4) P I R U SR

0O + *x O 0 + x 0 0O + x O

0 £ 0 =« 0 £ 0 =« 0 &£ 0 =

where some of the + and — signs can be zero for points on the boundary of Ri. The
coexistence of these diverse positive and negative feedbacks among variables makes the system
nonmonotone [26] in the usual cone

Ri = {(wl,:rg,xg,m) eR*:z;>0forall i= 1,2,3,4}.

This observation makes the powerful techniques for monotone dynamical systems [26] invalid.
The Lyapunov functional method [8] is a powerful tool for global analysis. However, its
construction here becomes a challenging task due to the involvement of multiple nonlinear
and nonmonotonic functions in the system. On the other hand, it is expected from three
cases of rich structure of the Jacobian matrix in (1.4) that solutions to system (1.2) may
display a variety of behaviors.

Although rich dynamics is expected intuitively for model (1.2), it becomes challenging
and interesting to develop rigorous techniques to illustrate the behavior of solutions. This
poses the main objective of the current study, which will be addressed by studying the global
dynamics of system (1.2) on its critical manifold. Specifically, the well-posedness of model (1.2)
will be justified and the model with four equations will be reduced into a three-dimensional
system through fast-slow systems in section 2. The solution dynamics of boundary behavior
will be investigated through studying its subsystems in Ri in section 3. The existence of
various equilibria and their linear stability will be explored in section 4. The global stability
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of the model will be argued through considering appropriate Lyapunov functionals, and the
possible connections between invariant sets without global attractivity will be presented via the
Conley index in section 5. Numerical simulations are performed to supplement and verify the
theoretical results. A brief summary and discussion of our findings will be given in section 6.

2. Well-posedness and model reduction. This section is devoted to establishing some
basic properties of model (1.2) and reducing the model into a system of three variables under
some mild and immunologically reasonable assumptions.

2.1. Basic properties of solutions. Since model (1.2) describes the time evolution of
the population sizes/densities of agents, the first critical step is to validate that all related
variables are nonnegative and bounded ultimately, which is given by the lemma below.

Lemma 2.1. Let (z(t),y(t),v(t),z(t)) be a solution of system (1.2) under the initial condi-
tion (1.3). Then it is nonnegative and ultimately uniformly bounded for allt > 0. Furthermore,
all solutions of (1.2) with (1.3) eventually enter the following region:

TK+4)\}

Q—{(x,y,v,z)ERi:x+y+;€v+§z§ P

where v = min {d, %,Ml,/,bg}.

Proof. For any initial value 1 = (x(0),y(0),v(0), 2(0)) € R?, it easily follows from the fun-
damental theory of ordinary differential equations that system (1.2) admits a unique solution
(x(t),y(t),v(t), 2(t)) on [0,ty), with ¢, being the maximal time of existence, dependent on the
initial value ¥. We can further observe that for any (z,y,v,z) € Ri, the right-hand sides of
system (1.2) admit

i?‘xZQZ)\>0, g)]yzoz,@a:((v—b)efcv—kb)zO, i}|v:0:ky20, Z|Z:0:O.

Therefore, by Remark 2.1 in Chapter 5 of [26], we conclude that (z(t),y(t),v(t),2(t)) € R% for
all t € [0,t,). Furthermore, by considering a new variable W (t) = x(t) +y(t) + grv(t) + %z(t),
we have

- T\ a  am pps
—A— 1_7)_7 _ Gk, PH2
W= d:v+r:v< I 2y ka qz
rK 44\ a ajiy D2
< TR TN gy Gy, G, P2
=Ty YT ok q
K+ 4X
Si—min{d,g,ﬂl,ﬂg}w
4 2
Suppose that WN/(t) is the solution of
= K+4
WZ%—VVV,
W(0) =2(0) +9(0) + z0(0) + _2(0),

where v =min{d, §, i1, pi2}. Then

—~ K44\ ~ K+4X
W(t :H+<W(0)_H

="E* s )exp<—vt>
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exists for all ¢ € [0,00) and the comparison principle [26] implies that W (¢) < W (t). Therefore,
the maximal interval of existence for the solution (x(t),y(t),v(t),2(t)) is [0,00). Moreover,
it is easy to observe that limsup,_,. W(t) = A Therefore, 2(t),y(t),v(t), and 2(t) are
ultimately uniformly bounded. This completes the proof. |

2.2. Four-dimensional model reduction. In this subsection, we are going to reduce the
four-dimensional viral infection model (1.2) to a three-dimensional system on the normally
hyperbolic critical manifold. Experimental observations have shown that p, is significantly
greater than the rate a in system (1.2) [21], that is, a < p;. Setting e = ﬁ < 1, we can
convert system (1.2) into a fast-slow system.

First, we introduce rescaled variables

)\zex, d:ec?, r=er, ﬁZEE, a=ea, p=€p, q=¢€q, [z =€z, S=¢t.

By implementing these changes and omitting the tildes from the resulting equations for the
sake of notational simplicity, we obtain the following system:

dx Cew

= =\— d:L‘—I-rx(l——) Bx((v—>b)e " +b),

dy - Pyz

25 = Pev=b)e™ +b) —ay — —= "=,
(2.1) dv ) a+yy+y

Gdfs Yy — v,

dz qyz

— =" — loZ.

ds  atyy+y2 P

Letting e =0 on the fast time scale formulation, we obtain the fast subsystem

dv
2.2 = —ky— pyo.
(2.2) o =Ry

The zero set of ky — p1v thus defines the critical manifold [11]:
2 ky
My = (y,v)ERJr:v:M—,yE [0,M] ¢,
1

- __ rK+an
with M = s g}
It can be easily shown that M, is normally hyperbolic and each point (y,v(y)) on My

is an asymptotically stable fixed point of (2.2). That is, My is hyperbolically asymptotically
stable. Therefore, on the critical manifold My, by setting ¢ =0 in the formulation of the slow
time scale (2.1), we obtain the following slow subsystem:

T=A— dx—i—mv(l——) ﬁx((jy b)e 1 —I—b)

. k ek py?
(2.3) _ << b>e Mub)a _owyE
v=0 i’ YR
_
a+yy + y?
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The slow subsystem (2.3) is also referred to as the reduced problem [11]. In what follows, we
shall study the reduced system (2.3) of model (1.2).

Remark 2.2. The reduced system (1.2) can also be derived using the quasi-steady-state
approximation [24], a method frequently employed in existing immunological modeling studies
[23, 31]. It’s important to note that this approximation is only valid when the decay rate of
the infected cell population, a, is significantly lower than that of the free virus, pu;. Figure 1
illustrates that the reduced system (2.3) can approximate the original system (1.2) for given
initial and parameter values.

For notational simplicity, we introduce the following new variables:

z
fzi? g:7y7 2:77 T:/LQt;
K G} 12

(2.4) y=kBz((y—b)e ¥ +b) —ay — Rl
7= ayz _
a+yy+y
where
. A - d _ _
A= , d=—, f:L7 5:£7 b= be,
p2 KK 2 2 cl2
- ckK _ a N _ _ ck _ ckq
k=——, a=—, p=plck/m)’, a=a(ck/m)’, F=7y—, q=-—-.
m K2 o 41 2

Dropping the bars and denoting 7 by ¢, system (2.4) becomes
t=A—dr+rz(l—z)— Bx((y —b)e ¥ +b),

pyz

) — _ -y _ g7
(2.5) y=kBz((y—b)e™¥ +b) —ay P L

: qyz
z = —Z
a+yy+y?

=

2)(0)-(05,12,035,15)
o

4,10,025,10)
(03, 058,015,5)

x

m
o 8
/
H

i

p

variable
8

2 i
S50t I -100

Deviation of the variable y

Deviation of the variable z

Deviation of
& A o v & o o

Figure 1. Deviation between solutions of original model system (1.2) with initial value (z(0),y(0),v(0), z(0))
and the reduced model (2.3) with initial value (z(0),y(0),z(0)). The parameter values for the simulations are
listed in Table 1.
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Table 1
Parameters (PAR for abbreviation) and their values of systems (1.2) and (2.3) used in Figure 1.

PAR Value PAR Value PAR Value PAR Value
A 10 [25] B 0.1 [25] c 1 (Assumed) D 9 [25]
d 0.1 [25] k 0.8 [25] b 20 (Assumed) a 1 [31]
r 0.6 [25] H1 3.5 [25] a 0.01 (Assumed) ~y 1 [31]
K 500 [25] 2 0.1 [31] q 0.03 [25]

with initial condition
(2.6) 2(0)>0, y(0)=0, =(0)>0.

Using arguments similar to Lemma 2.1, we can show that system (2.5) is still well-posed.
That is, the solution of system (2.5) through initial value (2.6) exists and is nonnegative and
ultimately uniformly bounded in Ri. In addition, we can estimate the upper limits of three
components in (2.5). The first equation of (2.5) indicates that @ < A —dx + rz(1 — z), and

thus we obtain
r—d++/(r—d)?+4xr
2r '

limsupz(t) < xy, :=
t—o00
From the first two equations of (2.5), it follows that
pPyz
kx+y) =kA—dr+rz(1-2)] —ay — ————
(ka4 = WA= do 4 ra(1 =) — o — 25
k(4

< (4+T) —min{a,d}(kz +y),

and thus limsup,_, . (kz(t) +y(t)) < % and therefore lim sup,_, . y(t) <y, := %.

Furthermore, the differential inequality
(k:a:—|—y—|—£z)’:k[)\—dx+rx(1 — )] —ay—gz
q q

k(4X
§(4+T)—min{1,a,d}(kx+y+§z)
implies that
. . q p kq(4X+r)
limsup z(t) < limsu 7<ka:t +y(t —l-fzt)gzm::,—.
msup (1) < timsup ? (ke (t) +y(0) + (0 ST S

We will mainly investigate the dynamics on the bounded feasible region below:
I'= {(ma%z) GRE- :xéxm,yﬁym,ZSzm},
which contains all w-limit sets of system (2.5). Furthermore, I' is positively invariant.

3. Solution dynamics on the boundary. This section investigates the dynamics on the
boundary of the feasible region I" of system (2.5). Obviously, the flow of (2.5) in the yz-plane
always points to the inside of I', so there is no invariant subsystem in the yz-plane. To this
end, the boundary dynamics of (2.5) will be illustrated through analyzing its two subsystems
in the zy-plane and the xz-plane.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/07/24 to 158.132.161.180 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

ANALYSIS OF EQUILIBRIA AND CONNECTING ORBITS 1279

3.1. Subsystem in the xy-plane. Let z=0 in (2.5), then the subsystem in the zy-plane
can be described by
(3.1) t=A—dr+rz(l—z)— px((y—b)e ¥ +b) :=hi(x,y),
| §=FkBx((y —b)e™ +b) — ay = ha(z,y),

and it is defined in the set
Pa}y:{(xvy)eRi5x§xm’y§ym}-

This subsystem reflects the infection dynamics when immunity responses are not activated.
Denote

fl@)y=A—dex+rz(1—2x), g(z,y):=Pz((y—>b)e ¥ +b).

To investigate the dynamics of subsystem (3.1), we will define two threshold parameters as
follows:
kBxm (145 kg(x,
Ry = FBTm (1 40) Riz,y) = 9(z.y)

a ay

where Ry is commonly known as the basic reproduction number of viral infection without CTL
immune response and can be derived by using the next generation matrix method as shown
in [4, 29]. R(x,y) can be regarded as the time-dependent infection reproduction number, and
Ry can be evaluated through R(z,y) at the absence of infected cells (y =0), that is,

Ry = R(x,0) := lim R(xm,y).

y—0+

Taking advantage of the properties of the function g(x,y), we can show that
(3.2) Ry = R(xm,0) > R(m,y) > R(x,y) for z€[0,z,), y<(0,ymnl,

due to

OR(z,y) kB((y—b)e ¥ +0b) >0 OR(z,y) _ kBx [e*y(b +by —y?) — b]

= s 3

<0
ox ay oy ay

for z € (O,(Em), ye (O7ym]'
Let us define the following set:

Xg= {f € [07551%] : (.’L‘ =) (92 (gf(x)) — 92 (gf(§>)) >0forz#¢§, v € [O,xm]} )

where go(y) = (y — b)e ¥ 4+ b. This indicates that the compound function m(x) = g2 (%f(a:)) is
monotonically increasing in X, which will be used to guarantee the uniqueness of the positive
equilibrium in subsystem (3.1).

Then we establish a lemma concerning the existence of equilibria in subsystem (3.1).
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Lemma 3.1. Consider system (3.1).
(1) If Ry <1, then Ey(xm,,0) is the unique equilibrium in T'z,.
(2) If Ry > 1, in addition to Ey, there is at least one positive equilibrium E1(Z,y) in
int (Iyy). Furthermore, the followings hold:
(2a) if & of E1(2,7) satisfies & € X, then Ey is the unique positive equilibrium in
int (I'zy);
(2b) if the largest root of g(x, %f(az)) — f(z) =0 on the interval (0,z,,), still denoted
by T, satisfies & >1— g, then Ey is the unique positive equilibrium in int (I'yy).

Proof. The equilibrium (z,y) of (3.1) should satisfy

{ A—dx+rz(l1—2z)—Bz((y—b)e ¥ +b)=0,
EBx((y —b)e™¥ +b) —ay=0.

Clearly, Ey(xy,,0) is an equilibrium that always exists. Here, z,, is the cell concentration
when the host is infection free.
Note that the positive equilibrium Fj(z,9) exists if (z,y) satisfies

(3.3) %yzg(x,y) = f(x).

Solving ¢y = f(x) for y gives

Clearly, ¢(z,,) =0 and ¢(0) = £, Define
Fla) = g(x,6(x)) - 76(x) = g(x, 6(x)) — ().

Then F(0)=—-A<0 and F(zy,) = g(xm, ¢(xm)) — f(xm) =0. Note that

F'(x)
_ Gg(xéf;(x)) + 8g(xé¢(x))¢/(m) . f’(m)
= B((¢(x) — b)e=?@) +b) + Bz [¢/ (z)e @) — ¢ (x)e~*@) (¢(x) — b)] — ¢¢/(x)
= B((¢(x) — b)e=%®) 4 b) + Brg/ (x)e @) (1 +b— p(x)) — L4/ (x)

for x € [0, z,,]. Noticing that ¢(z,,) =0, we have

F! () = Brmd (2m) (1+0) = £/ (@m)

<kﬂxm£1 +b) 1)

= %gb,(*fm) = %Qs/(l‘m) (Ro—1).

Since ¢/ (zm) = £ f'(xm) <0, we have F’ (2,,) <0 if Ry > 1. This indicates that F () =0
possesses at least one positive root & € (0,x,,). Then we obtain § = ¢ (&) > 0. Thus, we can
ensure that Fq exists if Ry > 1. To proceed, we claim that Ry > 1 is also necessary for the

existence of a positive equilibrium E;. For 0 < z <z, and y > 0, we get ayRy > kg(x,y) from
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the inequality (3.2). We further obtain ay > ayRoy > kg(z,y) if Ry < 1. This is obviously in
contradiction with the equality (3.3). Hence, there is no positive equilibrium for system (3.1)
if Rp <1. This implies that a positive equilibrium E;(Z,7) exists if and only if Ry > 1.

Let g1(x) = px and go(y) = (y — b)e ¥ +b. Now we deal with the case in item (2a) about
the uniqueness of F1(Z,y) with & satisfying & € X, through proof by contradiction. Suppose
not, then there is another positive equilibrium Ej(&,y). Without losing generality, we suppose
that & < &; then ¢2(9) < g2(y) since & and & are in the set X,. Moreover, we have

% (51((?)) =° gzx

This implies i((?) > gfl((?). Since g2(y) = gfl((g;)) as specified in (3.3), we obtain g2(y) > g2(7).
This is a contradiction, and therefore E; is the unique positive equilibrium in system (3.1).
Item (2b) can also be established through proof by contradiction. If the largest root & of
9(z, 2 f(2))— f(z) =0, z € (0,2,,) satisfies & > 1— <, then for x # &, z € [0,2,,], we can obtain
(x—2)(f(xz)— f(2)) <0. Assume that there exists & € (0, z,,) with & > & such that Fy(Z,y) is
also an interior equilibrium of (3.1). This implies f(Z) > f(2) (i.e., ¥ > ). By (3.2), we easily
get g(z’y) < g(ggy) < g(z’y). On the flip side, as the pairs (#,9) and (Z,¥y) satisfy (3.3), we get
9(2.9) _ 9(&,9) _ %, which gives a contradiction. Thus, E is the unique positive equilibrium in

] ]
system (3.1). This completes the proof. [ ]

<0 for z € (0,2).

Remark 3.2. The semitrivial equilibrium Ey(zy,,0) of system (3.1) always exists. However,
when Ry > 1, system (3.1) may admit multiple positive equilibria; see Figure 2. The parameter
values used are primarily taken from [25, 31].

We first discuss the local stability of Ey(xy,,0) through the Jacobian matrix of system
(31) at EQZ

r—d—2rz, —Br,(1+D)

J:Cy(xTrL)O): 0 k:ﬁxm(l—{—b)—a

It is clear that the eigenvalues of matrix Jg,(xy,,0) are p1 = r —d — 2rz,, < 0 and pp =
kBxm(14b) —a=a(Rp—1). So Ey is a locally asymptotically stable node if Ry < 1, and it is
a saddle if Ry > 1. If Ry =1, then there is a locally invariant center manifold tangent to the
y-axis.
The Jacobian matrix of system (3.1) at the positive equilibrium E;(Z,9) is
- Ju Jiz
Tl 0 [ T ] |

Table 2
The parameter values (PAR for abbreviation) for the rescaled system (3.1) in Figure 2.

PAR Value PAR Value PAR Value PAR Value
A 0.001 d 0.01 r 0.5 B 1000
b 0 k 1 0.001
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h (x,y)=0 =+ B(x,y)=0 h (,y)=0 = +  By(x,y)=0
(a) (b)
. 1.6 .
‘/ /
Vd .
. 7
10.47 R -,
P 1.4 .
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10.0- e
' /
y . y 1.0
9.8*/——;"'/7
/
. 0.8
9.61 R4
./ 0.6
9.4+ /
/ ‘ ‘ 04 : : :
0.01 0.02 0.03 0.04 2.x107° 3.x107° 4.x10°°
X X
|— B (xy)=0 = + - h(xy)=0 |— 1 (xy)=0 = - - h(xy)=0)|
(c) (d)

Figure 2. The graphs of equilibrium equations and positive equilibria of system (3.1). The parameter values
for the simulations are listed in Table 2. (a) The graphs of hi(z,y) = 0 and ha(z,y) = 0 with functions
hi and hy being defined in (3.1); (b) positive equilibrium (0.9532114161,13.767592); (c) positive equilibrium
(0.01833620633,9.816632872); and (d) positive equilibrium (2.721909707 X 1076, 1.001333732).

where
Ji=r—d—2ri—B((7—be ¥ +b)<0, Jipo=—Bie (1+b—7),
Jo1 =kB((5—b)e T +b)>0, Jop=kBie V(1+b— ) —a.
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The determinant of Ju,(,7) is

Det(Jyy (7, )) = |1 — d—2ri = B((§ — b)e™? +b)| (kB2e (1 +b ) — a)
+kB2Ee (L4 b—§)((§ —b)e 7 +b),

and its sign is determined by

B((§—b)e™ +b) )
r—d—2r3—B(g—>be¥+0b))"

a§ =kBie 9(1+b—7) <1 +
The trace of Jyy(2,7) is
Tr(Joy(2,9)) =r —d —2r& — B((§ — b)e ¥ +b) + kBze V(1 +b—19) —a,
and its sign is determined by
aS=r—d—2ri—B((J—be ¥ +b)+kBie I(1+b—1).

Let

[r—d—2ré — B((§ —b)e ¥ +b)]?
kBie=9(1+b—7) ’

The above arguments establish the following statement.

(3.4) ke = §#1+b.

Lemma 3.3. If Ry <1, then system (3.1) has a unique stable equilibrium Ey(zy,, 0) in T'y,.
If Ry > 1, then Eo(xm,0) is unstable and system (3.1) has at least one positive equilibrium
Ey(2,9) inint (Lyy). In this case, the followings hold:
(I) when g =1+0b (ie., a5 < a$§=0), Ey is a stable hyperbolic node (or focus) due to
a>af;
(IT) when y > 1+b (i.e., k> 0>k and af < a§ < 0), Ey is a stable hyperbolic node
(or focus) due to a > a$§;
(ITI) when gy <1+b (i.e., k°>0), we have
(i) if k <k® (i.e., af > a§), then
(i1) Ej is a hyperbolic saddle when 0 < a < af;
(i2) Ei is an attracting saddle-node when a = a§ > 0;
(i3) Ej is a stable hyperbolic node (or focus) when a > a§ >0;
(ii) if k=k° (i.e., a§ =a$§), then
(iil) Ei is a hyperbolic saddle when 0 <a < af;
(ii2) Ey is a cusp when a=a§ > 0;
(ii3) Ei is a stable hyperbolic node (or focus) when a > a§ > 0;
(iii) if k> k¢ (i.e., af <a$), then
iiil) E4 is a hyperbolic saddle when 0 < a < af;
s a repelling saddle-node when a =af > 0;
is an unstable hyperbolic node (or focus) when 0 < af <a < a$§;
E, is a weak focus (or a center) when a=a$ >0;
E, is a stable hyperbolic node (or focus) when a > a$ > 0.

SRS
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3.2. Subsystem in the xz-plane. When there is no infection, we let y = 0 in (2.5) and
the subsystem in the zz-plane can be described by

{i:)\—daz-l—rx(l—x),

Z=—z.

(3.5)

It is evident that system (3.5) has only one feasible equilibrium Eo(zp,,0). The Jacobian
matrix of system (3.5) at Ej is

r—d—2rz,, 0

Jrz (X, 0) = [ 0 RRE

The eigenvalues of J,.(z,,0) are py =7 —d—2rz,, <0 and ps = —1, and thus the equilibrium
Ey of (3.5) is always stable.

Until now, we have completed the analysis of the dynamics on the boundary. Before
proceeding with further analysis, we present a flowchart (Figure 3) to outline the analytical
techniques that will be used to investigate the local and global dynamics in sections 4 and 5,
respectively.

Conducting
local analysis

Is there a global

attractor?
Yes

Computing
Conley indices
of invariant sets

Demonstrating
global stability

Listing possible
connection matrices

Detecting
new invariant sets

Does not exist

\

Obtaining - Giving global
global dynamics connections

Figure 3. A schematic diagram of the techniques utilized in sections 4 and 5.
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4. Local dynamics of the three-dimensional system. This section focuses on the exis-
tence of various equilibria for system (2.5) and their stability properties.

4.1. Existence of equilibria. Based on the analysis for the boundary dynamics of system
(2.5) in the previous section, we see that system (2.5) has two types of boundary equilib-
ria, known as the infection-free equilibrium Ey(x,,,0,0) and CTL-inactivated equilibrium
(CTL-IE) E1(Z,9,0). There may be interior equilibria with positive coordinates, called CTL-
activated equilibrium (CTL-AE). Now we establish the necessary and sufficient conditions
ensuring the existence of interior equilibria in system (2.5). For this purpose, we first define
several indices as follows:

ko(ws,ys) o _ R(za.ys) = k(@ ys)

ay+ ayYsx
kg(x_,y_
and R_:=R(z_,y_)= M,
ay—

r—d—Bg2(y.)++/A% a—vE\/ (7—q)2—da _ .
= 22r y Yt = \/27,3/*:%, with

* =

Ry = R(z4,y4) =

—a= +
Where o r—d ﬁg2(2%,.i)+ AZ T

AT = (Bgalys) +d—7)2 +4r), AL =(Bga(ys) +d—7)>+4r\.
Then we present the following proposition.

Proposition 4.1. Let o := %. For system (2.5), the existence of positive equilibria is
stated as follows.
(I) When v =gq, system (2.5) has no positive equilibrium in int(T").
(IT) When v #gq, i.e., ae. >0, we have
(i) there is no positive equilibrium in int(T) if and only if one of the following condi-
tions holds:
(i1) g<~;
(i2) ¢>v, > a;
(i3) ¢>v, a=a., and R, <1;
(i4) ¢>7v, 0<a<ae, and max{R_,R;} <1;
(ii) there is a unique positive equilibrium E*(x*,y*,2*) (E, E4, or E_) in int(T) if
and only if one of the following conditions holds:
(iill) ¢>~, a=ac, and R, > 1;
(ii2) ¢>v,0<a<a.,, R-<1, and Ry > 1;
(ii3) ¢>v, 0<a<ae, R->1, and Ry <1;
(iii) there are exactly two different positive equilibria E_(x_,y_,z_) and E4 (x4, y4+,24+)
in int(I") if and only if g >, 0<a<a., and min{R_, Ry} > 1.

Proof. Note that any positive equilibrium E(x,y,z) € int(I") for system (2.5) satisfies the
following equations:

A—dx+rz(l1—2z)—Bz((y—b)e ¥ +b)=0,

. —y _ _ byz _
(4.1) kEBz((y —b)e ¥ +b) — ay p— 0,
%Y 4y
o+ vy +y?
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It follows from the third equation of (4.1) that
(4.2) v+ (1 —qy+a=0,

which determines the number of positive equilibria in system (2.5).

Especially, when v = ¢, (4.2) is turned into y? + a = 0. Obviously, it has no real root.
Below, we only consider the case where vy # ¢q. Equation (4.2) has at most two roots y_ and
Y+, which may coalesce into a unique root y., where

_ 17t VAy At R et Vi
2 2 ’

) Y = 2 9

Y+
with the discriminant

Ay= (v = ¢)* — 4a.

Notice that A, >0 is equivalent to o < % = a.. Therefore, it possesses a unique positive
root if and only if ¢ > v and a = ag; it has two different positive roots if and only if ¢ > v and
«a < a; and it has no positive root if and only if ¢ <~ or ¢ >y and a > a..

Now we are discussing each case one by one.

(i) ¢ >~ and a = .. Substituting y, into the first equation of (4.1) yields
(4.3) ra? + (Bg2(ys) +d — 1)z — A=0,
where go(ys) = (y« — b)e ¥ +b. Let A% = (Bga(ys) +d —1)? 4+ 4r\. Obviously, (4.3) always

has a positive root:

_r—d—Bg2(ys) + /A
— o .

T

We have
_ g (kB ((y« —b)e™ +b) —ay.) _ agy. (R. —1)
p p

by solving the second equation in (4.1). If R, > 1, then z, > 0; otherwise, 2z, <0. So there is
a unique positive equilibrium in system (2.5) if R, > 1.
(ii) ¢ >y and a < a,. Substituting y4 into the first equation of (4.1) yields

(4.4) ra® + (Bga(y+) +d —r)z — A =0,

Zx

where ¢ga(y+) = (y+ — b)e Y= + b. In a similar way, we can prove that (4.4) always has a
positive root:

_r—d—fBg(y+) + VAT
2r ’

where AT = (Bga(y+) +d —7)% +4r\. Then we solve the second equation of (4.1) for z to
obtain

T+

_aqy+ (Ry — 1)
=" 7
b

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/07/24 to 158.132.161.180 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

ANALYSIS OF EQUILIBRIA AND CONNECTING ORBITS 1287

Thus, if Ry > 1, then E exists; if R— > 1, then E_ exists; if min{R_, R4} > 1, then F_ and
E. exist simultaneously; and if max{R_, Ry} <1, then neither E_ nor E exists. The proof
is completed. |

Remark 4.2. Proposition 4.1 indicates that system (2.5) has at most two positive equilibria.
If ¢ > v and «a € (0, o], then Ry and R, are well-defined. The maximum of g2(y) = (y—b)e Y+b
is achieved at y = b+ 1 as go2(y) is decreasing for y € [b+ 1,00), and it is increasing for
y € [0,b+1). We cannot judge the size relationship among g2(y—), g2(y«), and g2(y4 ) according
to y— <y« < Y4, so we cannot further determine the order of x_, x,, and x;. This also leads
to various possibilities among R_, R,, and R, but they are all less than Ry by (3.2).

4.2. Local stability of equilibria. To analyze the local stability of various equilibria, we
linearize system (2.5) in a small neighborhood of these equilibria. The Jacobian matrix asso-
ciated with system (2.5) at an arbitrary equilibrium E = (x,y,2) € ' is given as follows:

Juu Jiz 0
J(x,y,2)=1| Ja Jaz2 Jog |,
0 Js2 Js3

where

Jii=r—d—-2rx—B(y—be Y+b), Jio=-Lre Y(1+b—y),

- - pz(a—y?)
Jon=k —b)e Y +b)>0, Jyn=k Y14+b—y)—a— — T2
u == )= 2= hpe v)-a (a4y +y?)?
Py qz(a — y?) qy
Jog=—— 17 <0, Jyg=—t I e
BT Aty ry? T Pty 2?2 TP av gt P

First, we compute the Jacobian matrix J(z,,0,0) at Ey(x.,,0,0) as follows:
r—d—2rz, —fr,(1+Db) 0
J (2, 0,0) = 0 kBrm(1+b)—a 0O
0 0 —1
It is obvious that the matrix J(z,,,0,0) has three eigenvalues py =1 —d — 2ra,, <0, py =
kBxm(14+b) —a=a(Rp—1), and pg = —1. Thus, Ej is locally asymptotically stable (node) if
Ry < 1, while it is unstable in the y-direction (saddle) if Ry > 1. When Ry =1, there exists a
locally invariant center manifold tangent to the y-axis.
Next, we consider the Jacobian matrix J(z,9,0) evaluated at the boundary equilibrium
Ey(%,7,0) as below:

J(2,9,0)= | Jo1 Ja Jaz |
0 0 Ji
where
Ju=r—d—2ri—B((j—be T +b) <0, Jio=—Bre I(1+b—17),
Jo1 =kB((5 —b)e ™ +b)>0, Jyp=kBie V(1+b—7)—a,
Py =~ qy

j - — ~ ~ <O, J :f_
BT et iR BT a g+
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Clearly, p1 = #gﬂp—l is one eigenvalue of J(&,7,0), so the planar equilibrium Fj is unstable
or stable in the z-direction (i.e., the positive direction orthogonal to the xy-plane), depending
on whether p; is positive or negative, respectively. Specifically, its sign admits the following
situations:

(a) if g <~ or ¢>~,a > ag, then p; <0 for all § > 0;

(b) if ¢ >~ and « = a, then p; =0 for g =y, or p; <0 for § # ys;

(c) if ¢>~ and a < ag, then p; <0 for g € (0,y—) U (y+,Ym), or p1 >0 for g € (y_,y4), or

p1=0 for §j=y..

The other two eigenvalues of J(Z,9,0) are determined by
Jin Ji2
Jor Jag |
Then we present the conditions for the local stability of Ej(Z,7,0) in combination with
Lemma 3.3.

Proposition 4.3. Suppose that Ry > 1, then system (2.5) possesses at least one planar
equilibrium E1(Z,9,0) in int (I'y,). Moreover, the followings hold:
(I) when ¢ <~ or g > 7v,a > a, then Ey is locally asymptotically stable if one of the
following conditions holds:
(i) g>1+0b;
(ii)) y<1+0b, k<k® and a>a§>0;
(i) y<14b, k >k and a>a§>0;
(IT) when q >~ and o = e, then Ey is locally asymptotically stable if § # y. and one of
the conditions (I)(i)—(iii) holds;
(ITI) when q >~ and o < ., then Ey is locally asymptotically stable if one of the following
conditions holds:
() §=1+b€(0,y-) U (y+,ym);
(i) g€ (1+b,y-) U (max{ys,1 + b} ym);
(iii) g € (0,min{y_,1+b}) or § € (y4+, min{ym, 1 +b}), k <k, and a > a§ >0;
(iv) g€ (0,min{y_,1+b}) ory € (y4, min{ym, 1 +b}), k> k°, and a > a§ > 0;
here, k¢ is defined in (3.4) and Yy, = %.

Then we continue to investigate the local properties of interior equilibria in system (2.5).
By Proposition 4.1, we see that system (2.5) may have one or two positive equilibria. We
first consider that there exists a unique positive equilibrium E*(z*,y*,2*) (E,, E4 or E_) in
int(T") and then study its stability. The Jacobian matrix at E*(z*,y*, z*) is

R
J(xayaz): J31 I3 Jsg |
0 J3 O

where
Jy=r—d—2r" = B((y" = b)e™ +b), Jiy=—pre ™V (L+b—y"),
pz*(a— (y)?)
(a+7y* + (y7)?)?

Ty =kB((y* = b)e ¥ +b)>0, Jp=kBzre ¥ (1+b—y*)—a—

I

. py* I gz (a — (y*)?)

Ty =— <0, Jip= .
B a4 (v)? 2 (at o+ (1))
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When E* = E,, i.e., ¢ >, a = ., and R, > 1, using the equilibrium relations, we have
Jh=Jf=r—d—2rz, — B((yx —be™ +b), Jiy=Ji=—Br.e " (1+b—y.),
T3 = J5 = kB((ys = b)e " +b) >0, Ty =T =kpr*e ™V (1+b—y") —a,

* _ px PYx * Tk
J23_J23__a+7y*+(y*)2 <0, Jz=J3,=0.

So the Jacobian matrix J(x*,y*, 2*) at F.(«,y«, 2«) becomes

Jh Jfp 0
J({B*, Yses Z*) - J;l '];2 ']53
0 0 0

It is clear that p; = 0 is one eigenvalue of J(z,y«, 2«), and hence E, is always a degenerate
equilibrium, and there is a center manifold tangent to the z-axis. FE, is nonhyperbolic, so
we cannot say anything about its stability. To consider the stability of E.(z.,y,2«) in the
z-direction, let & = & — 24, § =y — Yx, 2 = 2 — 24, and dt = (o + vy + y?)dr. Under this
transformation, dropping the tildes and denoting 7 by ¢, then system (2.5) converts into

i=A—d@+z.)+r(@+z)l—2—2) = B(@+2) (Y + yu — b)e V7Y +b)]
[+ (Y +y.) + (Y + )%,
y=1Ik

Blx+z.)((y+ye —b)e™ ¥ +b) —aly + yu)lla+ vy +y.) + (¥ +:)°
—p(y+y) (24 24),

F=qy+y)(z+2) - (+z)la+y(y+u) + v+’

(4.5)

Correspondingly, E. (., Y, 2+) is shifted to Ey (0,0,0). Linearizing (4.5) around this point and
omitting the third- and higher-order terms, we get

@ aip a2 0 x bix? + byxy + bgy?
(4.6) g | =| a2 a2 a3 y | + | baxy+bsy® +beyz |,
Z 0 0 0 z —2,1°

where a;; = Jfi[a+v(y +ys) + (U + 5:)2], 0,5 = 1,2, ass = Jg[a +v(y + v4) + (¥ + +)?]. The
eigenvalues of the linear part of (4.6) are

~ _aiptagx+ \/a%l — 2a11a22 + 4ar2a91 + a3,

P1 2 )
2 2
~ a1 +ax— \/Cbll — 2a110a22 + 4a12a21 + a3y
p2 = 2 )
and 0, and the associated eigenvectors are v; = (vi1,1,0)7, vo = (v21,1,0)7, and v3 =
T .
(’031,1}32, 1) N Wlth
v 2a12 " a12a23
1= VS s ———
age — ai + /a2, — 2ai1a2 + daizas; + ad, a11a22 — a12a21
_ 2a12 _ a11a23
Vo] = V32 = —

, _—
agy — a1 — \/0%1 — 2a11a92 + 4aj2a21 + a%2 a11a22 — A12021
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Now we use the center manifold theorem [35] to draw a conclusion about the stability of FE.
Let

V11 V21 V31
T = (’Ul V9 1)3) = 1 1 w3
0 0 1

Using the transformation (z,y, 2)T = T (u,v,w)T, the linear part of system (4.6) is diagonalized
and (4.6) is reduced into the following form:

i pr 0 0 u G1
(4.7) ) = 0 P2 0 v + G2
w 0 0 O w Gs

for some constants G;. The center manifold theorem concludes that there is a center manifold,
denoted by

we(0)
= {(u,v,w) €R:u=hy(w), v=ho(w), lw| <6, hi(0) = ha(0) =Dhy(0) =Dhy(0) =0},

where Dh; is the derivative of h; with regard to w for ¢ = 1,2 and ¢ is small enough. To
determine the approximate expression of the center manifold W¢(0), we put

(4.8) u=hi(w) =muw?+mpw® + O (Jw||?), v=ha(w)=maw?® +mapw®+ O (|[w|*).

Substituting (4.8) into the first two equations of (4.7), simple mathematical calculation yields
mi1 =mig =ma; = maog =0. Thus, from the third equation of (4.7), we obtain

(4.9) W =mzw® + O (|w[®),

where

[Py (=08 — =¥ By. — b — 2ra, — d 1)
N2 ’

m3 = —Z2x
with V

= (e7Ybf — e Y Bys — b — 2rx, — d + 1) (kBxre Y Yby, — kBxie YV yy?
+ kBx.e Y- byf — kBx.e™Y" yf — e Y vbBkx, + 2kBrie”V vy, + kBrie Y ab
— kBrye Y ay, — 2e" YV bBkx Y + Skﬁx*e_y*yf + kBxie Y o+ ybBkx, + 2b8kx s
— 2vay. — 3ay; — ac — pz)kB(e Vb — eV y. — b)(—Brae Y by, + Brae” Yyl
= Brae byl + Buse”V Yl + eV ybBr. — 2Bze ™V yys — Brie”ab + BT ay,
+ 2 Y bBayy, — 3Bxse Yyt — Brye Y a — YbBxz, — yrat — 208z, ys — 2raiy, — ydx,
+ YT Ts — 2dT4Ys + 2rTays + YN + 2Ay4).

Obviously, the zero point w =0 in (4.9) is locally asymptotically stable; that is, the zero point
z=01n (4.6) is also locally asymptotically stable.
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Besides, the other eigenvalues of J(z,y«, z«) are determined by

Ji Jf
ot = 33 |

Its determinant is

Det(Jpy (24, y4)) = [r — d = 2rz, — B((y« — b)e ¥ +b)] (kBzwe ™ (1+b—ys) —a)
+ kB2 (L+b— ) ((y" —b)e™ +1),

whose sign is determined by

aly = kBr.e ¥ (1+b—y.) (1 n B((y« —b)e ¥ +b) > |

r—d—2rz, — B((ys — b)e Y- +b)
while the trace of Jyy (24, ys) is
Tr(Jpy (T4, y4)) =r —d —2rz, — B((y« — b)e” ¥ +b) + kfzse ¥ (14+b—ys) —a,
whose sign is determined by
ajo=1—d—2rz, — B((y« —b)e ¥ +b) + kfxie (1 4+b—ys).

To study the topological type of the interior equilibrium FE, of system (2.5) in the xy-plane,

we define

[r—d—2rz. — B((ys — b)e ¥ +b)]?
kBxz.e v (1+b—ys) ’

which will be used in the following proposition.

Based on the above analysis, the local property of the positive equilibrium F,(Z, ¥s, 2x)
is clarified by the following proposition.

K =

Proposition 4.4. Suppose that ¢ > v, o = a¢, and R, > 1, then system (2.5) possesses a
unique interior equilibrium E, in int (T'). Moreover, the followings hold:
(I) when y. = 1+ b (ie., a$y < a$y = 0), Es is locally asymptotically stable due to
a>0>ag;;
(IT) when y, >140b (i.e., k>0>kS and a$y < a$y <0), Ey is locally asymptotically stable
due to a> 0> agy;
(II1) when y. <1+40b (i.e., k¢ >0), E. is locally asymptotically stable if one of the following
conditions holds:
(i) 0<k <k (i.e., aly > aSy) and a > a$; > 0;
(ii) k=kS (i.e., a$y =a$y) and a > aly > 0;
(iii) k> kS (i.e., a$y <aly) and a > ae > 0.

When E*=FE_,ie., ¢>7v, a<ae R_>1,and R4 <1, the Jacobian matrix J(z*,y*, z*)
at E_(x_,y_,z_) simplifies to

J1:1 J1:2 0_
J(ﬁU—ay—aZ—): Jou Ja Jog |
0 J;p O
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where
Ji=r—d—2rz_ —B((y- —b)e” ¥ +b) <0, Joy =kB((y— —b)e” ¥~ +b) >0,

B B _ pPy—
J12:_/8$—€ y7(1+b_y_)7 J23:_Oé+'yy—+(y—)2 <0’

pr_(a—(y-)*)  __ az—(a—(y-)")
(a+yy-+-)»)?" "% (a+7y- + (y-)?)?

The characteristic equation of J(z_,y_,z_) is

p(p— J11)(p — Jy) — JazJ3a(p — J11) — J1ad51p=0.

For convenience, the above equation can further be rewritten as

> 0.

Jy=kBx_e V- (1+b—y_-)—a—

(4.10) p*+ Agp? + A1p+ Ag =0,

where Ap = —(J; + Jos), A1 =J11d55 — J1adoy — Jogdae, Ao =J11J53055 > 0.

The Routh theorem [7] indicates that the number of roots with positive real part for the
cubic equation (4.10) equals the number of variations of signs in the first column of the Routh
array (FCRA). A straightforward calculation concludes that the Routh array for (4.10) is

Ao

1, Ao, Al—E, Ap.

To this end, we need to judge the signs of Ay and Ay — 2‘—‘2}. Solving A2 A1 — Ap gives
A Ay — Ao = — (Ji1 + o) (Ji1 Jop — 121 = Jasdn) — T dos sy
== (J11)* s + Ty Jiaan = Jia (o) + Tia Ty o + T3 T

We regard the above polynomial as a quadratic polynomial about the unknown variable Jo,,
denoted by

H(Jy) =lo(J5)? + 1115 + o,
where Iy = —Jp7, 1 = Jipdoy + Joz e — (J11)% and lo = Jy; I 5.

When y_ =1+ b, we have J, =0 and Jy, < 0. Since J;; <0, Jy3 <0, and Js5 > 0, we
obtain

Ay >0, Al—ﬂ>0, Ap > 0.
A
Then the sign in FCRA is +, +, +, +. Thus, the number of changes of signs is zero, and there
is no eigenvalue with positive real part in (4.10). Utilizing the Routh-Hurwitz criterion for
stability [1] yields that E_ is locally asymptotically stable (node or focus-node).
When y_ > 1+ b, we have J, >0 and Jy, < 0. Since J;; <0, Jy3 <0, and Jgp > 0, we
obtain

Ay >0, Ay>0.

Observing that the coefficients lp >0 and lp <0 (due to J5; > 0) of the quadratic polynomial
H(J,,), we have the following results:

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/07/24 to 158.132.161.180 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

ANALYSIS OF EQUILIBRIA AND CONNECTING ORBITS 1293

(a) If Jop < J5p = “hoylizabl VQE_MZZO, then H(Jy,) > 0, indicating that A; — %2 > 0; namely, all
eigenvalues of J(x_,y_, z_) possess negative real parts and E_ is locally asymptotically
stable (node or focus-node).

(b) If J5! < J5p <0, then H(J5) <0, indicating that A; — ﬁ—;’ < 0; namely, J(x_,y_,z_)
has two eigenvalues with positive real part and E_ is unstable, i.e., a saddle (or focus-
saddle) possessing a two-dimensional unstable manifold.

When y_ <1+ b, we have Jj, <0; however, J,, remains unknown. Let

Ay = (I + J3ds — (J7)%)? +4(J5) T d0;
= (Jiada1 + (J11))? + 2033 J 55 (Jia 5 — (J11)?) + (a3 d32)°

Since J;; <0, Jy; >0, J53 <0, and Js, > 0, it would be easy to conclude that Ay > 0. Together

. —ly—/12—4l,1 —ly /12—l
with —4 > 0, we have 0 < J53 < J55, where J53 = ——5—= and J53" = %
Meanwhile, we can show that 0 < J2<21 < J5f < Jsy, with J5¢ := —J;; > 0 based on the

following calculations:

J2<2r _ J2<2C :_J1_2J2_1 - ']2_3J3_2 - (J1_1)2 + A A]

—2J};
s~ T~ U + T + ()
—2J;
TR
—2J;
and
re— s ZUR Tl + i + VA
22 29 2
R+ T 5 + I + U + Jids + T el o
—2J7; -
Therefore,

Ay >0, Ay>0.

Observing that the coefficients [ > 0 and lp < 0 of the quadratic polynomial H(J,,), we have
the following;:

(a) if Jy < J53, then the sign in FCRA is +,+, +, +;

(b) if Js3! < Jop < J5, then the sign in FCRA is +,+, —, +;

() if J55f < Jop < J53, then the sign in FCRA is +, —, +, +;

(d) if J55 > J53", then the sign in FCRA is +,—, —, +.
In case (a), the real parts of all eigenvalues of J(x_,y_,z_) are negative and thus E_ is a
locally asymptotically stable node (or focus-node). In cases (b)—(d), there are two eigenvalues
with positive real parts for J(z_,y_,z_), meaning that E_ is unstable, i.e., it is a saddle
(or focus-saddle) possessing a two-dimensional unstable manifold.
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When E* = F,, e, g>7, a<a, R- <1, and Ry > 1, a direct computation using
the equilibrium relations can simplify the Jacobian matrix J(x*,y*, 2*) at Ey(2x4,y4,24) as
below:

JioJh 0
J(I+7y+7z+): ‘]2—"1 ‘]2—5 JQ—E 5
0 Jh 0

where
Jhi=r—d—=2rzy — B((y+ —b)e ¥ +b) <0, Jh=—Brie ¥ (1+b—y4),

pzi (o — (y+)2)
(a+yys + (y4)H)?

T =kB((ys —b)e ¥ +5) >0, Jfh=kBrie " (1+b—y;)—a—

S 0 g 0l )
a4yt + (y4)? (0 +yys + (y4)?)?

The characteristic equation of J(z4,y4,24) is a cubic equation below:

(4.11) P’ = (Jfy + J5o)p™ + (T T = T = T Jh)p + T Jof T = 0.

<0.

Simplifying (4.11) in a similar fashion, we then have
(4.12) p° 4+ Bop? + Bip+ By =0,

where By = —(Ji} + J35), B1=Ji1J5h — JihJ5) — Jos T, Bo=Ji i Jo5 55 < 0.
Notice that the Routh array for (4.12) is

By
1, B Bi——, B
) 2 1 327 05
and thus the sign in FCRA must be +,*,%, —. This indicates that the Jacobian matrix

J(x4,y4,24) possesses at least one eigenvalue with positive real part, and its other two
eigenvalues remain to be determined.
To investigate the specific type of E(x4,y+,24), we make the following calculations:
ByB1 — By = — (Ji} + JH) (Ji1Jo5 — JhJ5y — I J5h) — JihJ55 05
== (J{)? I + T Ty = 1 (J55)? + 15 I + S S 55,
and we define
H(Jh) =la(J5)? + 11 J + 1o, Ay =13 — 4l

where Iy = —J}, Iy = JhJd + 508 — (J11)?, and o= J{ T 05
When y; > 1+ b, we have J;;, > 0, which means ly < 0. Thus, H(J5;) = 0 must have a
positive root and a negative root, denoted by J3," and J2>21. Furthermore,

(Ji)? + T Js + JohJdh — VA,

—2J7;
U IS 4 T — IR+ T + T
—2Jy

>c >r o
J22 - J22 -

0.

Then we have the following results:
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(a) if J3, < J5, then the sign in FCRA is +,+, +, —;

(b) if J5; < Joh < J537, then the sign in FCRA is +,+, —, —;

(c) if J5" < J)h < J5f, then the sign in FCRA is +, +, +, —;

(d) if Jf, > J53°, then the sign in FCRA is 4, —, —, —

Hence, in cases (a)—(d), J(z+,y+, 2+ ) has one and only one eigenvalue with positive real part;
i.e., B is a saddle (or focus-saddle) with a two-dimensional stable manifold.

When y; <140, Jfg <0, and therefore By > 0 always holds. This implies that the sign in
FCRA is +,+,%,—, so J(z4,y+,2+) has one and only one eigenvalue with positive real part
and E is a saddle (or focus-saddle) with a one-dimensional unstable manifold.

Finally, we discuss the situation where F_(x_,y_,z_) and E(x4,y4+, z4) are both located
in int(I"). Through similar arguments, we get the following results.

Proposition 4.5. Suppose that ¢ >, 0 < a < ae, and min{R_, Ry} > 1; then system (2.5)
has two different positive equilibria E_(z_,y_,z_) and Ey(x4+,y+,24+) in int(I'). Moreover,
the followings hold:

(i) when y— <y <140b, E_ is a saddle (or focus-saddle) possessing a two-dimensional
unstable manifold or a locally asymptotically stable node (or focus-node), and E is a
saddle (or focus-saddle) possessing a one-dimensional unstable manifold;

(ii) when y— <14+b<ys, E_ is a saddle (or focus-saddle) possessing a two-dimensional
unstable manifold or a locally asymptotically stable node (or focus-node), and E; is a
saddle (or focus-saddle) possessing a one-dimensional unstable manifold;

(iii) when y— =1+ b<y4, E_ is a locally asymptotically stable node (or focus-node) and
E. is a saddle (or focus-saddle) possessing a one-dimensional unstable manifold;

(iv) when 1+b<y_ <yy, E_ is a saddle (or focus-saddle) possessing a two-dimensional
unstable manifold or a locally asymptotically stable node (or focus-node), and E; is a
saddle (or focus-saddle) possessing a one-dimensional unstable manifold.

5. Global dynamics of the three-dimensional system. To illustrate the possibility of
other complicated invariant sets including periodic solutions, this section is devoted to the
global dynamical behavior of system (2.5).

5.1. Global stability. Based on the linear stability analysis in subsection 4.2, we observe
that there are three kinds of equilibria: the axial equilibrium Eg(,,0,0), the planar equilib-
rium F4(z,9,0), and the isolated positive equilibrium E,(z«,yx, 2+) (or E_(x_,y_,2_). We
aim to identify suitable conditions that ensure the global asymptotic stability of these equi-
libria by applying the direct Lyapunov method. It should be noted that the construction of
Lyapunov functionals here is strongly motivated by earlier works in [12, 25].

The stability property of the axial equilibrium Ey(z,,0,0) is stated as follows.

Theorem 5.1. For system (2.5), if Ry <1, then Ey is globally asymptotically stable in T,
whereas it is unstable if Ry > 1.

Proof. We consider the following Lyapunov functional:

T g(@m,y) 1
Volx,y,2) =2 — 2y — lim ———=d¢+ -y +
ole:3:2) /xmwm 9(&:y) SR

r,
kq ™

We easily confirm that for any z,y,2z > 0, Vp(z,y,2) > 0.
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We calculate the derivative of 1 along the solutions of (2.5) as follows:

dVo

= (1= tim Y () — o)+ § (ko) — 0 = ph()2) + L (ah(3): 2
=ote) iy gg(@ o (1- g L0 ) -
_a (kg(z,y) 09 (zm,0) /0y o) — fla _99(2m,0) /0y _p |
~ 1 (R )y = e (1- Y ) - B
where f (z,,) =0 was used. Since
kg(z.y) (. k9(zy) _ kIg(x,0)
ay T y—0+t ay a Oy
we get
kg(x,y) 09 (tm,0) /Oy _ K Og(xm,0) _ pp

ay  0g(x,0)/0y ~a Oy

In addition, we have

(f() = Flam) (1 _ 99(am,0) /9y

=(f(z) — f(= _ JLEm 91T
0 DIV (10~ St (1

Thus, we obtain

Vo _
dt k:
for any z,y,z > 0. We notice that &t = 0 indicates that z(t) = z,, and y(t) = z(t) = 0
for t > 0, so the singleton {Ep} is the maximal compact invariant set in % = 0. LaSalle’s
invariance principle yields that Ejy is globally asymptotically stable in I' if Ry < 1.
Finally, we suppose that

(Ro—l)y<0 if Rp<1

then there is a constant y. > 0 such that

k 9g(xm,y)

1 f ).
« oy > or ye(0,y.)

According to the continuity of g(x,y), we derive that dv” > 0 in a neighborhood of Ey(zyy,,0,0)
with y # 0. Therefore, the solutions of system (2.5) Startlng from an arbitrarily small punc-
tured neighborhood of Ey in I' move away from FEy. This means that Fy is unstable if Ry > 1.
The proof is completed. |

To obtain the conditions for the global stability of F4(z,9,0), we require one additional
assumption.
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(H1) System (2.5) has a planar equilibrium Fj(z,9,0) satisfying
g(z,

(1. o) (a0 )
y  g(zy) (@g) )~
Then we present the following theorem to characterize the global stability of Fj.

Theorem 5.2. Suppose that Ry > 1, 0<r< %, and hypothesis (H1) hold; then E1(Z,4,0) is
globally asymptotically stable in T if § < %, whereas it is unstable if § fulfills §>+(y—q)j)+a > 0.

Proof. If 0 < r < 55 and Ry > 1 are satisfied, then from Lemma 3.1, it follows that
there exists a unique planar equilibrium Ej(z,9,0) for system (2.5). A Lyapunov functional
Vi:T — R is constructed as below:

cwa [f9@9) 1 A p
‘/l(xaghz)_x_x_/iq g(§ g) d§ + — < y—/g §d§)+1€(]2:7

which is positive definite for z, y, z > 0.
Calculating the derivative of V; along the solutions of (2.5) yields

(5.1)
dvi 9(2,9) 1 I P
o= (1250 (@)~ gt + (1= 1) (o)~ aw = phi)2) + 2 (bl 2
9@y o1 9@&9Y\ 9 Ao PUpn ol
—g(s;y) T g(p,y)+f(;(1 I Lot + 5o+ E e +ala
A ()Z_I_Eh( )z—k—qz
9(2,9) 9@,9)\ _a ¥ a. Py p
— e P D ) (1- 2D Dy F B e - L

Using the following equilibrium equations for Fjy,

(5.1) can be further converted into

e o 9@ g @)y g
——=9(2,9) —g(2,9) (x,g)+g( ,y)g(%g) 3)g( . ) yg( Y) +9(2,9)

_I._
—~~
=
2

|
~
—~
IS
~—
S~—
I N Q
—_

|

s}

=

S

S

—~
<>
~—

-9)
~o6i) (2= S5+ TS - § - L)
@ = @) (1- 200 + 2 (hw 1) -
-0 (13355 - Frem —ren) o5 G- 5em) Geh )
#0) - 5@ (1- 22D 4 2 (o hiy) -1)
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Since the geometrical mean is not greater than the arithmetical mean, we have

(z,9) g(@
(z,y) g(x

7:?) SO.
,9)

From hypothesis (H1), we get

Furthermore, since 0 <1 < f‘li, we have

(1w~ 1) (1- 220 <o

Based on the condition that § < %, we get qgh(y) —1<0 for any y > 0. So % < 0 for

any z, y, z > 0. Moreover, ddlt] =0 if and only if z(¢t) =z, y(t) = 9, and z(¢) = 0, which implies
that the singleton Fj(Z,9,0) is the largest invariant subset of {(a:,y, z)el: % = 0}. Hence,
the global asymptotic stability of E7 is proved by the aid of LaSalle’s invariance principle.
When § satisfies 42 + (v — q)§ + a > 0, by the continuity of the functions, we have
qgh(y) —1 >0 in a small enough neighborhood of E;(&,9,0), except for the points with z = 0.
So the solutions of system (2.5) starting from an arbitrarily small neighborhood of E; with
2 # 0 leave away from E;. Therefore, E; is unstable if § fulfills 92 + (v — ¢)§ + a > 0. The

proof is completed. n

Next, we consider the global stability of the isolated interior equilibrium E*(z*, y*, 2*).
For this reason, the following hypothesis is given.
(H2) There exists a unique positive equilibrium E*(z*,y*, 2*) (Ex or E_) in int(T") for system
(2.5), whose components satisfy

(5565 G 1) =0

y h(y")
y* h(y)

Under this condition, the global stability of E*(z*,y*,2*) can be established.

Theorem 5.3. Suppose that Ry > 1 and hypothesis (H2) hold for system (2.5); then we have
the following:
(i) ifg>v, a=ae, Re>1, and 0<r < ﬁ, then E. is globally asymptotically stable in
T;
(i) ifg>7v, a<a., R->1, Ry <1,and0<r< ﬁ, then E_ is globally asymptotically
stable in T'.

and

+ah(y) <= +1.

Y
y*

Proof. We only present a proof of (i) here, and (ii) can be argued in a similar manner.
If g >, a=ac, and Ry > 1, then from Proposition 4.1, it follows that there is a unique pos-
itive equilibrium F, (2, y«, 2«) in system (2.5). We define a Lyapunov functional V, :T' — R as
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Vi(z,y,2)

g [Ty 1<_ _yhy*)><_ _ZZ*>
e /x g(f,y*)d§+k yo U / h()d5 Tre \F T /z*fdg’

which is positive definite for z, y, z > 0.
The derivative of V, along the solutions of system (2.5) can be computed as below:

avi (1 _ W) (f(z) — g(z,y)) + % (1 - h(?/*)) (kg(z,y) — ay — ph(y)z)

at 9(x,y.) h(y)
+k%1(1——)(qh( )2 — 2)
ooy LB Y o (1o 9@y () + % h(yx)
o) D) )4 g0 (1= D) g R 20
+%h(y*)z+g(w,y)—%y—%h(y)ZwL%h( )Z-,{%Z-Eh( ,f
ol 9 E Y g@eys)\ Wy e Dy
=4 ’y)g(x Yx) ti )( g(z, y*)> 9(@9) h(y) TR h(y)
(5.2) +%h(y*)z—%y—k£z—%h( )2 k%z*.
Note that the following relations hold for the equilibrium E,(z., y«, 2+):
9 (@, yx) = f (24) = (ay*+ph(y*)z*) and  gh(y.)=1.
Then we can simplify (5.2) into
dVy . x*,y* ol g(x*ay*) z g(x*,y*)
dt _< (z,y.) > 9(@m) e T )
g (mep) — 9(r.y) <( *)) % ’;(f*))—kwku—qh( Dk ) — ap.).
Since 0 < r < 1_96*, we have
_g(x*ay*) ) — T
(1- L2220 (10) - pou)) 0.
Therefore,
d;f‘ < g (24, y4) +g(ﬂf7y)gg(é*’i*)) —g(ﬂfvy)]zlg)) — g (x4, 55) gg((?,’i*))
Zy};(é/;)) - %erg(x*,y*) - %y —qh(y)g (z«,ys) + %qh(y)y*
—30(s ey d@oy) o Ry g (@ ys)
=39 (T4, yx) + g( ,y)g(x’y*) —9(z,y) h(y 9 (T, Ys) e
Zy};(gjy*)) %y—%y*—qh(y) (@) + L hi(y)y
hy) (9(zy) Yx) g , Y
9 (@nm) h(ys) <g(w,y*) 1) <h >
(@) g9(z,y) h(y) (2, *) hy) g (x,ys)

+g($*’y*) h(y*) A h(y*) g( 7y) '
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According to hypothesis (H2), we have

v 9 (T, Ys) h(ys) 9(Ts,yx) | a h(ys«)
o 539 (4 ys) +g(fv,y)m —g(z,y) — 9 (@x,yx) S TRV

9 h(y)
9(z.y) (2,2 h(y) g(z,ys)
9 (z,y) T h(y.) g (2,y)
o (s ~h(y) g(zy)  h(ys) g(zy)  g(@ays)
=9 (@ 3) (3 hy) g(z,y)  h(y) gz y) g(ﬂ%%))
a h(ys) | aq
T T E

a a aq
LY et kh(y)y* 9 (T4, Yx)

a a
h(y)ys — TV e

The relation between the arithmetical mean and geometrical mean and hypothesis (H2)
conclude that

dVie _a h(y.) aq a a a y h(ys) y
<- —h(Yye — Y — Y = —Ys | — hy)—=-1)<0
i SHVh) T E W)y = 2y = 29 = 7Y i) T () ” <

for any z,y,z > 0. In addition, we can verify that the singleton E,(x.,ys,z«) is the largest

invariant subset of
dVi
I: =0,.

Thus, F, is globally asymptotically stable with the help of LaSalle’s invariance principle. This
completes the proof. ]

5.2. Global phase portraits with double interior equilibria. When system (2.5) has two
different positive equilibria F(zy,y4,24) and E_(z_,y_,z_) (see Proposition 4.1(IL.iii)),
FE. is always a saddle through Proposition 4.5. That is, the global attractivity of solutions
becomes invalid. This makes the traditional methods fail to obtain the global dynamics
of (2.5). To this end, this subsection intends to apply the Conley index to detect other
nonequilibrium invariant sets in (2.5) and then to further analyze the global dynamics of (2.5)
in the presence of E_ and E.. Appendixes 7.1 and 7.2 provide concise introduction to the
Conley index for the reader’s reference.

From Proposition 4.1 (II)(iii), it follows that min{R_, Ry} >1if E_ and E coexist. By
(3.2), we see that R_ and Ry are all less than Ry. This implies that Ry > 1. Thus, it can
be concluded that Eg(x,,0,0) and E1(Z,7,0) also exist simultaneously in this situation (see
Lemma 3.1(2)). In the following, we assume that there are four critical points of (2.5) lying
in I, denoted as M(0), M(1), M(2), and M (3), which correspond to Ey, Ei, E_, and Ey,
respectively. M (0) is located in the coordinate axis, and M (1) lies on the zy-plane. The other
two, M(2) and M (3), are located in the interior of T'.

Throughout this subsection, S will always represent the set of all bounded solutions in
feasible set I', and CH,(S) = (CHy(S),CH(S),CH2(S),CHs3(S)) denotes the homological
Conley index of S, where CH;(S) = H;(N, L) is an i-dimensional relative homology group and
(N, L) is an index pair of S with L C N C R3. Let CH,(k) = (CH;(k));—0,1 2,3 represent the
homological Conley index of the Morse set M (k) for k € {0,1,2,3}. Referring to subsection 4.2,
we always have CH;(0) = Zs and CH;(0) = 01if i =0,2,3, and CH;(3) = Z2 and CH;(3) =0
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Table 3
Possible combinations between homological Conley indices of M (1) and M(2) in system (2.5). HCI is the
abbreviation of homological Conley indez.

HCI of M(1) HCI of M(2) Type

a (Z2,0,0,0) (Z2,0,0,0) Bistability

b (2,0,0,0) (0,0,Z2,0) Monostability
c (0,Z2,0,0) (Z2,0,0,0) Monostability
d (0,Z2,0,0) (0,0,Z2,0) Saddle-Saddle
e (0,0,Z2,0) (Z2,0,0,0) Monostability
£ (0,0,Z2,0) (0,0,Z3,0) Saddle-Saddle
g (0,0,0,Z2) (Z2,0,0,0) Monostability
h (0,0,0,Z2) (0,0,Z2,0) Unstable-Saddle

if 4 = 0,2,3 by taking coefficients in Zy. Combining Lemma 3.3 with the analysis of the
Jacobian matrix of M (1) before Proposition 4.3, we see that there are four situations for the
homological Conley index of the Morse set M (1), that is, CH;(1) = Zy and CH;(1) =0, where
i=20,or 1, or 2, or 3; j ={0,1,2,3} — {i}. Through Proposition 4.5, we have CH,(2) =
(Z2,0,0,0) or CH.(2) = (0,0,Z2,0). There exist eight scenarios, as listed in Table 3, for
possible combinations between homological Conley indices of the Morse sets M (1) and M (2).

Remark 5.4. When g =1+ b € (y_,y4+), combining Lemma 3.3 with the analysis of the
Jacobian matrix of M (1) before Proposition 4.3 yields CH,(1) = (0,Z2,0,0). Moreover, we
have CH,(2) = (Z2,0,0,0) or CH,(2) = (0,0,Z2,0) through Proposition 4.5(ii). This implies
cases (c¢) and (d) can be realized.

To present all possible connection matrices of system (2.5) with two positive equilibria, we
first compute the Conley index of S in I', with the bounded solutions of (2.5) being confined.
We choose an appropriate isolating neighborhood of S, N = N1 N Ny, with

Ni={(2,y,2) t2® +y* +2° =Ry, R >0 is large enough},
No={(z,y,2):x>—e,y>—c and 2> —¢, >0 is small enough},

such that TNON =0 and I' C N. For given N, there is an index pair of S, (Ny, Lg), contained
in N. Note that

L,:={(—¢,y,2) EN:y>—e,2>—¢c} ¢ Lo,
Ly:={(z,—e,2) e N:x>—¢e,2>—¢c} ¢ Ly,
La={(z,y,—e)eN:x>—¢,—e<y<y_} ¢ Lo,
L.,o:={(z,y,—e) e N:x>—c,y_ <y<yy4} C Lo,
L.g:={(z,y,—e)eN:x>—c,y>ys} ¢ Lo

for small e.
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Obviously, the region Lo is contractible. Moreover, the first octant does not intersect Lg
(otherwise, some orbits become unbounded in forward time). Thus, we obtain CH,(S;Zs3) =
(0,0,0,0) by calculating the homology of Ny/Lg. This implies that ker(A) —im(A) = 0.

Let M(S)={M(p):p€ (P,>;)} denote a Morse decomposition, with P = (0,1, 2,3) being
an indexing set for M(S) and A representing the related connection matrix under partial
order >;. Using the admissible flow defined partial order, >; (i = a,b,...,h), on P in cases
a—h of Table 3, we determine the possible connection matrices for system (2.5) as follows.

Case a. Define the flow determined partial order >, on P by

0>01, 3>41, 3>.2;

then the connection matrix A% can be represented as

Ho(1) Ho(2) H1(0) Hi(3)
(1)
(2)
1(0)
1(3)

FE

A® =

T
oo ™R

By Definition 7.7, we see that A® is strictly upper triangular. Since A%(p, q) is a boundary
map of degree —1, we get A%(1,2) = A%(0,3) =0. Since M(0) is unstable in the y-direction
and M (1) is stable in both directions of the zy-plane, there must be 0 — 2 connections in
the zy-plane. Since there is only one orbit in the unstable manifold of M (0) lying in T, there
cannot be any double connections. Then we have A%(1,0) = 1. Moreover, we have A%(2,0) =0
by (i) of Definition 7.7 because M (0) and M (2) are both stable in the z-direction (i.e., 0 %, 2).
Two elements, a and 3, in A® remain undetermined. Recall that CH,(M(I)) = lfzfﬁ((})) for
every interval I. So CH;(S) = 0 for i« = 0,1,2,3, implying that rank(A®) = 2. The rank
condition forces § = 1. Finally, we consider the value of a. By (III) of Proposition 4.3, we
see that there are only two situations for the position of §: g <y_ or g >y4. If g <y_, let
N3 = {(:U,y, z):e<y< %(g) + y,)} NN and L3 represent the exit set of N3. It is obvious that
L3 # 0, so h(I(N3)) # h(M(1)) = X°, with I(N3) being the maximal invariant set contained
in N3. This indicates that there are invariant sets other than M (1) inside N3. That is, M(S)
is not a valid Morse decomposition. If § >y, let Ny = {(z,y,2):y > %(y_ +y4) NN, We
can easily verify that the index CH,(I(NN4)) =0, so there is a single 3 — 1 connection inside
N4. Hence, we have o =1. This possibility is shown in Figure 4.

Table 4
The values of the original parameters (PAR for abbreviation) for system (2.5) in Figure 4.
PAR Value PAR Value PAR Value PAR Value
A 10 154 0.0015 c 1 o' 1
d 0.01 k 0.27227 a 1.1 ¥ 1
r 0.6 I 3.5 P 0.5 L2 0.1
K 500 b 20 q 0.419
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Figure 4. Time series of three components and global phase portraits for system (2.5) with different initial
conditions. The parameter values for the simulations are listed in Table 4, and the values of equilibria are listed
in Table 6. (a) Initial condition is (x(0),y(0),2(0)) = (1.016,0.0001,0) (near M(0)), then the corresponding so-

lution

converges to M(1); (b) initial condition is (x(0),y(0),z(0)) = (1.0163,1.9548,15.9485) (near M (3)), then

the corresponding solution converges to M (1); (c) initial condition is (z(0),y(0),2(0)) = (1.0143,1.9348,15.9465)
(near M(3)), then the corresponding solution converges to M(2); and (d) the phase diagrams of system (2.5)

in the

above three cases.

Case b. Introduce the flow defined partial order >, on P by

0>p1, 2>,1, 3>1.

Obviously, 0%, 3, and the connection matrix A? can be expressed as follows:

Ho(1) Hi(0) Hi(3) H2(2)
Ho(1) / 0 1 a 0
A B 0 0 0 A
mE) | o 0 0 5
Ha(2) \ 0 0 0 0
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Similar to the first half arguments for A®, we can conclude that A?(0,3) = A%(1,2) =0
and A®(1,0) = 1. Three elements, o, 3, and v, in A® remain to be determined. As discussed
in Case a, M(S) is not a valid Morse decomposition if § < y_. When 3§ > y,, we set
N5 ={(z,y,2):e <y<i(y- +y+)} NN. Then we have 0 = h(I(Ns)) # h(M(2)). Thus, there
are other invariant sets inside N5. This leads to a contradiction. Therefore, when § < y_ or
9 > Y+, there is no valid Morse decomposition. There may exist complicated invariant sets,
such as periodic orbits or invariant tori. This is illustrated through numerical simulations,
as presented in Figure 5. It is shown that a periodic orbit appears inside the first octant
(see Figure 5). It surrounds M (2), and the inner trajectories approach it (see Figures 5(a)
and 5(b)), while the outer trajectories leave away from it (see Figure 5(c)), and the trajectories
are perpendicular to the plane on which it is run towards its interior (see Figure 5(a)). We
denote this periodic orbit by M (7); then its homology Conley index is

Zo if i=0,1,
0 otherwise.

CH;(S) = {

In this instance, we use M(S) ={M(p):p € (P,>y)} to denote the Morse decomposition of
S, where P =(0,1,2,3,7), and the flow defined partial order > is defined by

O>p 1, 2>pm, 3>yl

Obviously, 0 %4 3; then the associated connection matrix A is as follows:

Ho(1) Ho(m) Hi(m) Hi(0) Hi(3) Ha(2)
Ho(1) / © 0 0 1 1 0
Ho(m)| 0 0 0 a 3 0
Av_ Him)| o 0 0 0 0 1
T Hmo | o 0 0 0 0 0
H@3)| o 0 0 0 0 0
H(2) \ 0 0 0 0 0 0

AV (1,7) = A¥(1,2) = A¥ (7, 7) = A¥(7,2) = A¥(7,0) = A¥(7,3) = A¥(0,3) = 0 can follow
from the algebraic properties of the connection matrix. An argument similar to AP results in
AY(1,0) = AY(1,3) = 1. The fact that A o A¥ =0 implies AY(0,2) = A¥(3,2) = 0. The
rank condition forces A (7,2) = 1. Utilizing AY o AY =0 again yields AY(1,7)=0. Finally,
the rank condition requires o+ 5 =1, ie., a=1,8=0 or « =0,5 = 1. However, the unstable
manifold of M (0) has only one orbit lying in the first octant. So we obtain a =0, =1. This
possibility is also verified in Figure 5.

Remark 5.5. In Figure 5, we computationally determine the existence and stability of
a periodic orbit for system (2.5). Based on the local stability analysis of F_ (M(2)) in
subsection 4.2, these results can also be confirmed analytically. Since the Routh—Hurwitz
criteria are necessary and sufficient for stability, there is the possibility of nonconstant periodic
solutions when y_ > 1+4+b and y_ < 1+b. Notice that there are analytical proofs of the existence
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Table 5
The values of the original parameters (PAR for abbreviation) for system (2.5) in Figure 5.
PAR Value PAR Value PAR Value PAR Value
A 10 15} 0.0015 c 1 o 350
d 0.01 k 0.27227 a 0.01 ¥ 1
r 0.6 " 3.5 P 0.5 112 0.1
K 500 b 0.0891 q 4

—

z
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t

(a) (b)

1.02

Figure 5. Global phase portraits and time series of three components for system (2.5) with different initial
conditions. The simulated parameter values are listed in Table 5, and the values of equilibria are listed in
Table 6. (a) The solutions converge to a periodic orbit; (b) the time series of z(t), y(t), and z(t) versus
t of system (2.5) with initial condition (x(0),y(0),2(0)) = (1.0158,0.0374,3.7108) (near M(2)); and (c) four
solutions (red, manganese purple, blue, black) through different initial conditions (1.0160,0.0001,0) (near M(0)),
(1.0161,0.2007,0.138) (near M(3)), (1.0161,0.2307,0.138) (near M(3)), (1.0158,0.0374, 18.7098) (above M(r)),
converge to M (1), M(m), M(1), and M (1), respectively.
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Table 6
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The equilibria of system (2.5) in Figures 4 and 5.

M (0) M(1) M(2) M(3)
Figure 4 | (1.016,0,0)| (1.015,2.034,0) | (1.015,1.089,147.229) | (1.015,1.945,15.948)
Figure 5 | (1.016,0,0)| (1.006,0.221,0) | (1.014,0.027,3.709) | (1.006,0.220,0.128)

of a Hopf bifurcation in [9, 16] and their techniques can be applied to systems which need not
be monotone. Selecting a parameter (e.g., r) as the bifurcation parameter, we may possibly
follow the proof ideas in [9, 16] to show the existence of a Hopf bifurcation point r = r,.
Arguments similar to Proposition 3.4 in [28] may further establish the stability properties of
the Hopf bifurcation.

Cases c—d. In the flow defined partial orders >. and >4, the connection matrices A° and
A? take the following forms:

Ho(2) Hi(1) Hi(0) Hi(3)
Hy(2) 0 * * *
ne_ H(D)| 0 0 0 0
= mo)| o 0 0 o |
H3)\ 0 0 0 0
and
Hi(1) Hi(0) Hi(3) Ha(2)
H(1)/ 0 0 0 %
aa_ HO)[ 0 0 0 .
H(3)| 0 0 0 « |
Ha(2) \ 0 0 0 0

where * represents an undetermined entry. In both cases, the rank condition does not hold.
Case e. In the flow defined partial order >., 0 %, 3, the associated connection matrix
becomes

Hy(2) [ 0 a B 0

pel HIO[ 000 4
- H(3)| o0 0 0 5
Hy(1)\ 0 0 0 0

The property A€o A® = 0 gives ay + 0 = 0. Combining the rank condition yields (i)
a=1,=0,v=0,0=1, (i) a=0,8=1,y=1,6=0,0r (ili) a=1,=1,y=1, = 1.
Since 0 %, 2, we have a = 0 by (i) of Definition 7.7. By Theorem 7.8, there admits at least
one connection matrix for every Morse decomposition. That is, only (ii) holds.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/07/24 to 158.132.161.180 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

ANALYSIS OF EQUILIBRIA AND CONNECTING ORBITS 1307

Case f. In the flow defined partial order >, 0 #; 3 and 0 #; 2, the connection matrix Af
has the form indicated below:

Hy(0) Hi(3) Ha(l) H(2)

H1(0) / 0 0 a B8
A HIB)| 0 0 5 5
Hy(1)| 0 0 0 0
H(2)\ 0 0 0 0

We have ad, 3y #0 and o, 8,7,5 Z 1 due to rank(AS) =2,
Case g. In the flow defined partial order >,, 0 #,4 3, the associated connection matrix can
be treated as a 4 x 4 matrix

Ho(2) Hi(0) Hi(3) Hs(1)
no_ HO)[ 0 0 0 0
= me)| o 0 0 0
Hy(1) \ 0 0 0 0

Based on the definition of the connection matrix A9, the rank of A9 must be 2. Obviously,
the rank condition is not satisfied. Thus, the Morse decomposition M (.S) is not valid.

Case h. In the flow defined partial order >, 0 ¥ 3, the connection matrix A” has the
following form:

0
3

Hy(0)
1(3)
2)
)

E

h __

A=
(

o

2
3

T T
o oo

1

Using A" o AP =0 yields oy =0 and 3y =0. This indicates that « = =0 or y=0. In either
case, the rank condition is not established, and therefore M (S) misses some information in
this case.

Remark 5.6. An algebraic-topological tool, called the connection matrix, is introduced in
this subsection. By the aid of the connection matrix, we are able to find new invariant sets,
except for equilibria. Furthermore, the connecting orbits between these invariant sets are
detected via connection matrices and the global phase diagrams of the system are obtained.
If there is no connection matrix satisfying Definition 7.7, it means that this combination does
not exist or there are more complex invariant sets.

6. Discussion. This paper investigates a mechanistic model on the interplay between virus
dynamics and immunological responses. The main features of the model (system (1.2)) include
a general recruitment rate for uninfected cells, a nonmonotonic growth rate of immunity level,
and a nonmonotonic incidence rate for virus infection. These features pose challenges to
dynamics analysis while bring various dynamical outcomes. The model is first shown to be
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immunologically well-posed. With the help of fast-slow systems, the original model of four
equations can be reduced into a system of three differential equations (system (2.5)).

The main techniques for illustrating the rich dynamics of the reduced system (2.5) involve
(i) the Routh theorem and Routh-Hurwitz criteria for the local stability of feasible equilib-
ria; (ii) the Lyapunov functional formulation and LaSalle’s invariance principle for the global
stability; (iii) the Conley index to describe the local behavior around each Morse set associ-
ated with a Morse decomposition for a given isolated invariant set; (iv) connection matrices
to capture other invariant sets besides equilibria and to detect connecting orbits between
Morse sets.

Most global results of existing viral infection models are established when the functional
responses are assumed to be monotonic and equilibria are in a monostable case. The model
in this manuscript includes two nonmonotonic functional functions for the growth rate of
immunity level and the incidence rate of virus infection, and coexistence of two interior equi-
libria is possible. The current study extends and improves existing results. Different from
those in some existing studies [3, 25, 31], the current manuscript illustrates the bistability
and existence of periodic orbits. These interesting dynamical phenomena may be induced
due to nonmonotonicity of the growth rate of immunity level and the incidence rate for virus
infection.

7. Appendix. Some results used in the main text concerning the Conley index and the
connection matrix are provided in this appendix for easy reference. These materials are taken
from existing references [ 2, 6, 14, 15, 27].

7.1. The Conley index. Isolating neighborhoods and isolated invariant sets are main
concepts in the Conley index.

Definition 7.1 (see [2, 27]). Let ¢ : X x R — X be a flow on a locally compact topological
space. A compact set N C X is an isolating neighborhood if its maximal invariant set is
contained strictly in its interior, i.e.,

Inv(N,p):={z e N:p(z,R)C N} CInt(N).

S is called an isolated invariant set if S =1Inv(N,p) for some isolating neighborhood N .
Index pair is a basic tool for studying isolated invariant set .S, whose definition is as follows.

Definition 7.2 (see [2, 27]). Let S be an isolated invariant set. A pair of compact sets
(N, L) where L C N is called an index pair for S if the following conditions are satisfied:

(i) S=Inv(c(N\ L)) and N\ L is a neighborhood of S, where cIl(N \ L) is the closure of
N\ L;

(ii) given x € L and ¢([0,t],x) C N, then ¢([0,t],x) C L (L is positively invariant in N );

(iii) given x € N and t; > 0 such that p(t;,x) ¢ N, then there exists to € [0,t;] for which
©([0,t0],2) C N and p(ty,x) € L (L is an exit set for N).

In the following, we give the definition for the (homotopy) Conley index of S.

Definition 7.3 (see [2, 27]). The homotopy Conley index of S is

h(S) = h(S,¢) ~ (N/L, [L]).
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To overcome the difficulty of homotopy calculation, one gives the definition of the (homol-
ogy) Conley index of S as follows:

CH.(S;F):= H,(h(S);F) = H,(N/L,[L]) = H.(N, L),

where H,(h(S);F) denotes singular homology of h(.S) relative to special point with coefficients
in a ring F and H.(N,L) = (Hg(N,L))kez., = (Ho(N,L),H1(N,L),...) denotes the relative
homology groups. .

To simplify the computations even further, we usually take the coefficient in Zs. For some
specific isolated invariant sets, we determine their homology Conley indices via the following
standard results.

Proposition 7.4 (see [14, 15]). If S is a hyperbolic critical point with an unstable manifold
of dimension n, then

Zo if i=mn,
0 otherwise.

CH;(S)= {

If S =0, then CH,(S)=(0,0,...).

Proposition 7.5 (see [14, 15]). Let S be a hyperbolic periodic orbit with an oriented unstable
manifold of dimension n—+ 1. Then

Zo if i=n,n+1,
0 otherwise.

CH;(S)= {

7.2. The connection matrix. The connection matrix is an important notion widely used
in Conley index theory. Before we proceed, let us review some useful concepts. The decom-
position of an attractor-repeller pair is the coarsest decomposition of an invariant set. We use
the pair (A, A*) to represent the decomposition of an attractor-repeller pair for S. Then the
set of connecting orbits from A* to A in S is given by

C(A* A;S)={zeS:w(x)C A a(x)C A*},

where a(z) and w(z) represent the alpha and omega limit sets of z, respectively.

A partial order on a set P is a relation > satisfying the following:

(i) p> p never holds for p € P;

(ii) if p>q and ¢ > r, then p>r.
We use (P, >) to represent a finite indexing set P with a partial order >.

Two elements p,q € P are adjacent under > if there is not » € P such that p > r > ¢ or
q > r > p. We refer to a subset I C P as an interval if p > r > g and p,q € I imply that
r e I. We use Z(P,>) to represent the set of intervals on (P,>). The definition of a Morse
decomposition is as follows.

Definition 7.6 (see [14, 15]). A finite collection M(S)={M (p) :p € P} of disjoint compact
mmwariant subsets of S is a Morse decomposition if there exists a strict partial order > on the
indexing set P such that for every

ze S\ | Mp),

peEP
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there exist p, g € P such that p > q and
w(@)C M(q) and alz)C M(p),

that is, x € C(M(p), M(q)).

The sets M(p) are called Morse sets. An arbitrary order on P possessing the above
property is called admissible. We usually record the Morse decomposition M(S) as

M(S)={M(p):pec(P,>)}

after selecting an admissible order >. Furthermore, each M(p) is also isolated if S is isolated.
Let I € Z(P,>), then a new isolated invariant set can be defined by

MI)=||JMp) |u| | Cc@(q), M)
pel gpel
CH,(M(I)) is well-defined, as M(I) is isolated. Let CHy(I) = CHy(h(M(I));Z2) be the
singular homology of the pointed space h(M(I)). Particularly, given p € P, CHy(p) =
CHy (h(M(p)); Z2).
We consider the collection {CH,(M(p)):p € (P,>)} of an Abelian group, indexed by P,
and a group homomorphism (i.e., a linear map)

A: P CH.(M(p)) = @ CH.(M(p)).

peEP peEP

Then a matrix of maps is written as

A=(A(p,q)),

where the corresponding (p,q)-component of A is denoted by A(p,q) : CH.(M(q)) —
CH,.(M(p)). Particularly, we use

A(I) = (A(p,q))pger - ED CH.(M(p)) = @D CH.(M(p))

pel pel

to represent the homomorphism A(7) for I € Z(P,>).
The definition of an associated connection matrix is stated as follows.

Definition 7.7 (see [14, 15]). A is called a connection matriz for M(S) if the following
four conditions are satisfied:
(i) if ¢ # p, then A(p,q) = 0; namely, A(p,q) # 0 implies ¢ > p (A is strictly upper
triangular);
(ii) A(p,q) (CH, (M (q)) CCHp—1(M(p))) (A is a boundary map of degree —1);
(iii) boundary operator: Ao A =0;

(iv) for each interval I € Z(P,>), H.A(I) := % ~2CH.(M(I)) (rank condition).
The following theorem concerning connection matrices is used in the arguments of theo-

retical proofs.
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Theorem 7.8 (see [6]). Given a Morse decomposition, there exists at least one connection

matrix.
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