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Abstract: An accurate laser linewidth estimation technique is introduced based on the
DA-ML phase estimator. Numerical simulations show that our method is constellation
independent and applicable within a wide range of laser linewidth and symbol SNR.
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1. Introduction

The characterization of the laser phase noise due to the transmitter and receiver laser attracts extensive investigations.
Early researchers relied on the electrical spectrum analyzer for accurate estimation of laser linewidth [1]. Recently,
coherent receiver based techniques, which allows time domain digital signal processing, become more popular. Both
static and dynamic estimation can be performed using either heterodyne or intradyne receiver [2–4]. Compared with
these time domain techniques, machine learning based methods, including extended Kalman and particle filtering,
achieve even better estimation accuracy [5].

This paper introduces an accurate laser linewidth estimation based on the decision-aided maximum likelihood (DA-
ML) phase estimator [6, 7]. The estimation performance is investigated via numerical simulations.

2. DA-ML based laser linewidth estimation

We assume a laser phase noise dominant channel with perfectly compensated chromatic dispersion, polarization mode
dispersion and frequency offset [7]. For simplicity, M-ary phase shift keying (MPSK) is considered here as an example.
A canonical model of the received signal is applied, which is given as [7]

r(k) = m(k)e jθ(k)+n(k). (1)

Term m(k) denotes the kth transmitted symbol. For MPSK, it takes on values from the signal set {Si = E1/2
s e j 2πi

M , i =
0,1, ...,M−1} with equal probability. Es denote the symbol energy and M is the number of signal points. Term n(k) is
a zero-mean, complex, Gaussian random variable with variance N0, where N0 is the one-side spectrum of the additive
white Gaussian noise (AWGN). Term θ(k) denotes the laser phase noise at kth symbol, which is commonly modeled
as a Wiener process: θ(k) = θ(k−1)+ν(k) [8]. Term {ν(k)} is a set of independent, identically distributed, Gaussian
random variables with mean zero and variance σ2

p = 2π∆νT . T and ∆ν denote the symbol duration and combined
linewidth of transmitter and receiver laser. Obviously, the phase increment {ν(k)} is independent with the AWGN
noise {n(k)}. Regarding the phase of the kth received symbol, we can easily find [9]

∠r(k) = φ(k)+θ(k)+ ε(k) (2)

where φ(k) = 2πi/M,{i = 0,1, ...,M−1} denotes the phase modulation. Term ε(k) is the additive observation phase
noise (AOPN) due to n(k). For high SNR γ = Es/N0, ε is approximately Gaussian distributed with mean zero and
variance σ2

ε = 1/2γ [10]. The DA-ML phase estimation method is first derived in [6]. Assuming slowly varying phase
noise, L previous symbols are applied to estimate the current phase, where L is called the estimation window length.
Assuming perfect hard decisions of previous symbols, the DA-ML estimation θ̂(k) of the phase noise θ(k) is [6]

θ̂(k) = ∠

[
k−1

∑
l=k−L

r(l)m̂∗(l)

]
. (3)
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Here, m̂(l) is the receiver decision of the lth symbol. Due to a finite SNR in real applications, DA-ML phase estimator
would inevitably lead to a phase reference error (PRE) defined as θe(k) = θ(k)− θ̂(k). In [7], θe is shown, for high γ ,
to be approximately Gaussian distributed with mean zero and variance

σ
2
e =

2L2 +3L+1
6L

σ
2
p +

1
2γL

. (4)

To estimate the laser linewidth, we define a phase difference parameter ω(k) as

ω(k) = ∠r(k)− θ̂(k)−∠m̂(k). (5)

Supposing accurate hard decisions, we have ∠m̂(k) = φ(k). Substituting (2) into (5), ω(k) can be simplified as

ω(k) = φ(k)+θ(k)+ ε(k)− θ̂(k)−∠m̂(k) = θe(k)+ ε(k). (6)

In (6), θe(k) depends on the phase noise θ(k) and DA-ML estimation θ̂(k) of kth symbol. As aforementioned, θ(k)
consists of previous phase noise θ(k− 1) and current phase increment ν(k), where both terms are independent with
current AWGN noise n(k). Based on (3), θ̂(k) is a function of the previous measurements up to (k−1)th symbol, which
is also independent with n(k). Since ε(k) in (6) is defined based on n(k), θe(k) and ε(k) are statistically independent.
Therefore we can conclude that, ω given in (5) is also Gaussian distributed with mean zero and variance

σ
2
ω = E[ω(k)2] = σ

2
e +σ

2
ε =

2L2 +3L+1
6L

σ
2
p +

L+1
2γL

. (7)

Through inverting (7), σ2
p can be expressed as a function of γ , L and σ2

ω given as

σ
2
p = 6L

(
σ

2
ω −

L+1
2γL

)
/(2L2 +3L+1). (8)

During the implementation, the DA-ML technique is applied to estimate the carrier phase of received symbol at first.
Then, ω of each symbol is calculated for a long period of time using (5). With the series of measured ω(k), we further
calculate its variance given as σ2

ω = E[ω(k)2]. Assuming known γ , with the calculated σ2
ω , we can compute the σ2

p

based on (8), thereby generating an estimation of combined laser linewidth given as ∆ν = σ2
p/2πT .

3. Simulation results and discussions

Assuming perfect decision feedback, the estimation performance of the DA-ML based technique is investigated in
MPSK systems. Here, the inverse of the normalized mean square error (NMSE), defined as

NMSE =
1
N

N

∑
i=1

(
∆̂ν i−∆ν

∆ν

)2

, (9)

is used as the criterion, where ∆̂ν i is the ith estimation of ∆ν and N is the number of estimations used for each
calculation of the NMSE. In Fig. 1, the estimation performance for different modulations are approximately the same
as expected. In addition, the measured inverse NMSE improves with the increasing γ . This is because that the PRE
variance given in (4) is derived based on the assumption of high SNR. Moreover, Fig. 1 (b) shows that larger ∆ν leads
to better estimation accuracy. With small ∆ν , σ2

ω in (7) would be too small to be accurately estimated.
The effect of L on the estimation accuracy and the optimized L for various ∆ν are further investigated in 8PSK.

In Fig. 2 (a), we can observe a performance improvement of up to 10 dB with L increased from 5 to 10 and 15.
The cross point of the inverse NMSE indicates that the optimal choice of L depends on the laser linewidth value.
As shown in Fig. 2 (b), there exist an optimal point for each ∆ν as expected and the optimal L decreases with the
growth of laser linewidth. This is because, with small ∆ν , long estimation window is preferred to average out the
AWGN noise. However, when the system suffers from high level phase noise, long estimation window will conflict
with the assumption that the phase noise is approximately constant within an estimation window, thereby degrading
the estimation performance.
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4. Conclusion

In this paper, an accurate laser linewidth estimation technique based on the DA-ML phase estimator is proposed.
Numerical simulations show that our technique is modulation independent and the estimation performance improves
with the increase of SNR and laser linewidth value. We further investigate the optimal estimation window length while
implementing our method, which can be recognized as a meaningful reference in real applications.
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Fig. 1: Inverse NMSE versus (a). symbol SNR γ and (b). combined laser linewidth ∆ν , with symbol rate R = 50 GS/s.
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Fig. 2: Inverse NMSE versus (a). combined laser linewidth ∆ν and (b). estimation window length L, with R = 50 GS/s.

Acknowledgment

The authors would like to gratefully acknowledge the financial support of AcRF Tier 2 Grant MOE2013-T2-2-135
from MOE Singapore, Grants 61501313, 61471253, 61571316 and 61302112 from the National Natural Science
Foundation of China, and Grant 1-ZE5K from HKPU.

References
1. D. Derickson, “Fiber optic test and measurement,” in Fiber optic test and measurement/edited by Dennis Derickson. Upper Saddle River,

NJ: Prentice Hall (1998).
2. R. Maher and B. Thomsen, “Dynamic linewidth measurement technique using digital intradyne coherent receivers,” Optics express 19,

B313-B322 (2011).
3. T. Sutili, R. C. Figueiredo, and E. Conforti, “Laser linewidth and phase noise evaluation using heterodyne offline signal processing,” Journal

of Lightwave Technology 34, 4933-4940 (2016).
4. X. Chen, A. Al Amin, and W. Shieh, “Characterization and monitoring of laser linewidths in coherent systems,” Journal of Lightwave

Technology 29, 2533-2537 (2011).
5. D. Zibar, L. H. H. de Carvalho, M. Piels, A. Doberstein, J. Diniz, B. Nebendahl, C. Franciscangelis, J. Estaran, H. Haisch, N. G. Gonzalez

et al., “Application of machine learning techniques for amplitude and phase noise characterization,” Journal of Lightwave Technology 33,
1333-1343 (2015).

6. P. Y. Kam, “Maximum-likelihood carrier phase recovery for linear suppressed-carrier digital data modulations,” IEEE Transactions on
Communications 34, 522-527 (1986).

7. S. Zhang, P. Kam, C. Yu, and J. Chen, “Laser linewidth tolerance of decision-aided maximum likelihood phase estimation in coherent
optical M-ary PSK and QAM systems,” IEEE Photonics Technology Letters 21, 1075-1077 (2009).

8. E. Ip and J. M. Kahn, “Feedforward carrier recovery for coherent optical communications,” Journal of Lightwave Technology 25, 2675-2692
(2007).

9. Q. Wang and P. Y. Kam, “Simple, unified, and accurate prediction of error probability for higher order MPSK/MDPSK with phase noise in
optical communications,” Journal of Lightwave Technology 32, 3531-3540 (2014).

10. H. Fu and P. Y. Kam, “Phase-based, time-domain estimation of the frequency and phase of a single sinusoid in AWGN-the role and
applications of the additive observation phase noise model,” IEEE Trans. Inf. Theory 59, 3175-3188 (2013).


