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Abstract. A robust iterative algorithm, termed hybrid Wirtinger flow (HWF) method, for phase retrieval of complex
objects from noisy diffraction intensities is presented. The results indicate that HWF method consistently outperforms
the widely-used hybrid input-output and error reduction (HIO-ER) and oversampling smoothness (OSS) methods in
terms of both accuracy and convergence rate in multiple phase modulations. The proposed algorithm is also more
robust to low oversampling ratio, loose constraint, and noisy environment. Furthermore, compared with traditional
Wirtinger flow (WF) method, the sample complexity is largely reduced without needing to adjust parameters case by
case. It is expected that HWF will find applications in the rapidly growing coherent diffractive imaging (CDI) field
for high-quality image reconstruction, as well as other disciplines where phase retrieval under phase modulation is
needed.
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1 Introduction

Phase retrieval (PR), which aims to reconstruct an unknown signal or image from the phaseless
measurements, plays an important role in both science and engineering. For example, in coherent
diffractive imaging (CDI), it is used to reconstruct a noncrystalline specimen or a nanocrystal

3 In

in nanometric scale resolution from the measured far-field diffraction intensity patterns.'~
optical encryption systems, the PR technique is widely used to reconstruct phase only masks or
original images.*> To help solve the PR problem, modulator® has been introduced. Since several
diffraction patterns can be recorded through phase modulation, the possibility of stagnation can be
reduced in phase retrieval problems.

The first widely accepted method for phase retrieval is the alternating projection method pro-

posed by Gerchberg and Saxton (GS),'° which starts from a random initial guess and projects

alternatively between frequency and time domain to update the current estimate. By applying
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Fig 1 (a). Geometry for modulated coherent diffractive imaging; (b) Schematic of object plane, where the total

reconstructed object, real image, and constraint dimensions are N x N, M x M, C x C, respectively.

certain constraints, hybrid input-output method (HIO)!' is proposed based on GS algorithm, and
it may be the most widely used PR algorithms in CDI imaging. Over the years, some modified
HIO algorithms such as hybrid input-output and error reduction (HIO-ER),!! guided HIO,"* dif-
ference map,'? and oversampling smoothness (OSS)'* are proposed. Among them, HIO-ER and
OSS algorithms are widely used.'* !> Nevertheless, all of these methods are difficult to ensure the
convergence theoretically due to the use of projections onto nonconvex constraint set.'®!” Thus,
stagnation problem is still a great challenge for phase retrieval, especially for complex object un-
der noisy environment, where a strong support constraint such as positive constraint is usually
required.

Recently, some theoretically convergent algorithms have been proposed. One of the well-
known method is PhaseLift. In PhaseLift, by using the lift technique of semi-definite programming
(SDP), the non-convex problem is converted into a convex problems.18 Nevertheless, due to the
lift of matrix, the computational cost is high in PhaseLift. Later, Wirtinger flow (WF) algorithm
has been reported and is proved to allow exact recovery of the phase from magnitude measure-
ments.'” Most importantly, the computational cost in WF method is largely reduced compared

with PhaseLfit. Whereas, the WF method has two aspects which can be improved. The first is



the relative slow convergence rate, and the second is the high sample complexity which requires
O(nlogn) measurements to exactly recover a signal with n length. The high sample complexity
means that it needs to collect around 13 diffraction patterns to recover a 500 x 500 dimensional
image. Recently, to reduce the sample complexity and increase the convergence rate, improved
algorithms have been proposed such as conjugate gradient Wirtinger flow (CGWF),? truncated
Wirtinger flow (TWF),?! reshaped Wirtinger flow (RWF),?? truncated amplitude flow (TAF),> and
incremental truncated Wirtinger flow (ITWF).2* These methods can solve the issues to some ex-
tent, whereas the sample complexity is still high compared with practical requirement. Moreover,
for algorithms like truncated Wirtinger flow (TWF), there are about four parameters that need to
be tuned during optimization process, which makes the algorithm inconvenient for various cases.
In this paper, we propose a hybrid Wirtinger flow (HWF) method and present it under the
framework of coherent diffractive imaging model. It is noted that HWF method can also work
in other disciplines where phase retrieval is needed. The proposed method is compared with the
widely used HIO-ER and OSS algorithms in terms of convergence rate, accuracy, and robustness

to low oversampling ratio, loose constraint, and noisy environment.

2 Theory and methodology

In principle, the phase retrieval problems are related with the equation:

b = |Az|? (1)

where z is a complex signal to be recovered, A is the linear sampling matrix, and b is the magnitude

squared observation of the linear measurement of any complex signal z. Usually, the following



least-squared equation is used to solve z:
. 1 2 2
min f(z) = §(|Az| —b) ()

2.1 Phase modulated coherent diffraction imaging

In this paper, we consider the phase modulated coherent diffraction imaging (PMCDI) model??

to present our method. As is depicted in Fig. 1(a), a highly coherent beam of X-ray incidents
upon the sample and a phase mask is introduced immediately behind sample. Various diffraction
intensity patterns are collected on the detector at far field by changing or shifting the modulator.
Due to the loss of phase information in diffraction patterns, a phase retrieval algorithm is needed
to reconstruct the image of sample. In CDI, due to the oversampling in diffraction patterns, there is
always a non-density region surrounding the electron density region of sample region. In this paper,
as is illustrated Fig. 1(b), we assume that each diffraction pattern is sampled with a dimensional
size of N x N and the image has a dimensional size of M x M. Thus, a oversampling ratio o can
be calculated as 0 = N?/M? >

In PMCDI, for an arbitrary object matrix Z, the far-field diffraction pattern (Fraunhofer ap-

proximation) D; corresponding to the ith phase mask A/; in PMCDI can be calculated as:
D; = |FlZo M ,i=1,2,....L (3)

where “F”” and “o” denotes Fourier transform and Hadamard product, respectively. D; can further
be simplified as D; = A;z, where A; is the corresponding linear transform matrix incorporating

the Fourier transform and the 7th phase mask. z is the vectorized form of Z.



2.2 The HWF framework

To reconstruct a complex sample image Z, collected diffraction patterns are first stored in a three
dimensional matrix D with the size of N x N x L, where L is the total number of phase masks
used in measurement. Then, hybrid Wirtinger flow (HWF) method is used to reconstruct the sam-
ple image. HWF method starts with an initialization zo by spectral method, which is calculated
the leading eigenvector of the matrix A;" diag(z)A; by power iteration method with ”+” denotes
transpose conjugate.'®?! Different from TWF,?!' constraint is applied in the object plane and the
diffraction patterns are used one by one in the initialization process of HWFE. The implementation

procedures of initialization in HWF can be described as:

2.2.1 Initialization

e Step 1) n = 1 and ¢ = 1, randomly generate a normalized signal zo. Then, obtain truncated
diffraction patterns D¢ with Dy = D o T{D < «?t}, where I is a logical matrix with
element being 1 when the condition D < o2t is satisfied. ¢ is the mean values of D and « is

a constant parameter. Usually, « is around 2.5 empirically.

e Step 2) Calculate zog’ = A;"(Dy; o Ajzg), where Dy; is the truncated diffraction pattern

corresponding to ¢th mask.

e Step 3) Apply constraint and update zo: If z € S, zo(z) = zo'(x); f x & S, zo(x) =
zo'(x) — Pzo’(z). Here, S represents a finite support as is depicted in Fig. 1(b) and [ is a

constant parameter between 0 and 1 (5 = 0.95 is chosen in this paper).

e Step 4) Normalize zg. If ¢ = L, go to step 5). Otherwise, let 7 = ¢ 4+ 1, and go to step 2).



e Step 5) If n = M (M. = 20 in this paper), stop iteration and zg = V/tzg. Otherwise, let

n=mn-+1and = 1, and go to step 2).

2.2.2 Optimization direction and stepsize

In the optimization process, HWF iteratively updates zy ., through the following equation:

Zri1 = Zx — ol “4)

with k = 0, 1, 2, .... Polak-Ribiere-Polyak (PRP) direction®® is used as the search direction Iy
to accelerate the convergence rate.?’ Specifically, Wirtinger derivative at nth iteration dj, is firstly
calculated as di, = A*((|Azk|*—D)oAzy). Here, the linear operator A incorporates all the results
of L A; operators into a three dimensional matrix, and A* conducts a mean operation for all L A}

operators. Then, the PRP direction 1y is calculated as follows: If & = 0, I, = dy. Otherwise,*’

Ik = dx — (Re[dk* - (dx — di—1)]/||dk-1]]*)lk-1 %)
with ”|| - ||” and ”Re” being Euclidean norm and taking real part, respectively.
The stepsize a, is calculated as the real roots of a univariate cubic equation: >
acai + bCOz,Qg + ceap +d. =0 (6)
where the constant coefficients a, = z:il |h; |4, b, = —32 u; o |hi)%, ¢, = z:il r; o |h;|* + 2u;%, and

d. = — > u;or; with h; = Aly, u; = Re(conj(Azy) o h;), and r; = |Az,|? — D.?® Here, “conj”
i=1

means taking conjugate.
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Fig 2 Original (a) magnitude and (b) phase of the object to be reconstructed.

2.2.3 Implementation procedures of HWF

The complete implementation procedures of HWF algorithm for CDI application are described as

follows:

Step 1) Initial step, &£ = 0; Calculate the initial value z, based on the power iteration method.

Step 2) Determine the search direction according to Eq. (5).

Step 3) Determine the search length oy, according to the real roots in Eq. (6).

Step 4) Update zy1: Calculate z, = zy — oy ly. If x € S, zyq1(2) = zi (2); If = ¢ S,

21 (1) = 2 (2) — Py ().

Step 5) If termination condition such as reaching a maximum iterations is satisfied, stop

iteration. Otherwise, let k = k£ + 1, and go to step 2).

3 Results

In this section, we conduct numerical experiments to compare the proposed method with the widely

used HIO-ER and OSS methods in terms of convergence speed and accuracy of reconstructed



(b)
Fig 3 (a) Recovered magnitude and (b) Recovered phase with noise ratio R, = 15% (From left to right: HWF,
HIO-ER, and OSS). For HWF method, the results are from 150th iteration. For HIO-ER and OSS, the results are from
1000th and 2000th iteration, respectively.

results. Asis depicted in Fig. 1(b), We consider an object with N = 500, and a complex image with
M = 300 is inserted in the object to model the practical oversampling in experiment. The original
magnitude and phase of the complex image Z is presented in Fig. 2(a) and 2(b), respectively. To
reconstruct the object image, a total number of L = 3 diffraction patterns are collected, which is
much smaller than the patterns needed in traditional WF method. Tight constraint (M = C) is
conducted in the numerical analysis unless otherwise stated. In all the results, Poisson noise n
is added to the diffraction patterns D, and is quantified by noise ratio R,, = (||n||r/||D||r) X
100% with || - ||r denotes Frobenius norm. Besides the visual quality of the reconstructed image,
normalized mean square error (NMSE) is also defined to quantitatively evaluate the reconstructed
image:

NMSE = ||Zy — Z||3/||Z||% (7)



Table 1 Iterations and NMSEs under different noise, constraint, and oversampling ratios for HWF, HIO-ER, and OSS
methods (NC means not convergent). It is noted that the NMSE of OSS is still slowly decreasing after 2000 iterations.

HWF HIO-ER OSS
Iteration | NMSE | Iteration | NMSE | Iteration | NMSE

p=0%, | R,=10% 20 0.057 300 0.12 2000 0.12

oc=278 | R, =15% 20 0.1 400 0.2 2000 0.2
R, =20% 20 0.13 1700 0.25 2000 0.25

R,=15%| p=10% 25 0.1 1500 0.21 NC NC
o =278 p=20% 30 0.1 NC NC NC NC
R, = 15% oc=2 25 0.11 2300 0.21 NC NC
p=0% o =1.56 120 0.14 NC NC NC NC

where Z, is the restored object at kth iteration and Z are the original complex object. It should be

noted that Zj, is multiplied by a constant value to get the rid of effect of constant phase shift.

3.1 Effects of noisy ratio

Figs. 3(a) and 3(b) present the reconstructed object magnitude and phase for HWF, HIO-ER, OSS
methods with R,, = 15%, respectively. For HIO-ER and OSS method, we run a total number of
1000 and 2000 iterations, respectively, unless no apparent change occurs between current and last
step of the reconstructed image. For HWF method, a maximum number of 150 iterations is set. It
is found that the results of reconstructed image for HWF methods are much better than those of

the other two methods.
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To quantitatively compare the three methods, NMSEs are plotted in Figs. 4 when 15% noise
presented. It can be seen that HWF converges to the minimum point with NMSE around 0.1 at
about 20th iteration. Whereas, it takes much more iterations for both HIO-ER and OSS method
to converge to a solution. Specifically, HIO-ER takes hundreds of iterations to converges to a
minimum point with NMSE around 0.2 and OSS takes more than a thousand iterations to reach
to a NMSE value around 0.2. It is also noted that the NMSE of OSS is still slowly decreasing
after 2000 iterations. These results suggest that the reconstructed results of HWF method are
quantitatively much better than those of the other two methods. Furthermore, consider that the
computational complexities of three methods at each iteration are very close, HWF are also much
faster than HIO-ER and OSS. In the first three row of Table 1, the iterations needed and NMSE
for three methods are further compared under different noise ratios. It is found that the noise ratio
almost has no effects on the convergence rate of HWF but can affect the final NMSEs. Furthermore,
it can be seen that HWF outperforms the other two methods in terms of both convergence speed

and accuracy.

3.2 Effects of loose constraints and oversampling ratio

Practically, such as in CDI, one can hardly know the exact boundary of the sample when conducting
phase retrieval. Thus, loose constraints (C' > M) are normally used. To explore the effects of
loose constraints on the proposed HWF method, constraint ratio p. = (C? — M?)/M? is defined,
where p. = 0 corresponds to the tight constraint. Figs. 5(a) and 5(b) present the reconstructed
object magnitude and phase for HWF, HIO-ER, OSS methods with a quite loose constraint ratio
pe = 20%, respectively. It is found that the both HIO-ER and OSS can hardly converges, and only

very obscure images are observed in the results of reconstructed phase. Whereas, for HWF, high

10



(b)
Fig 5 (a) Recovered magnitude and (b) Recovered phase with loose constraint ratio (p. = 20%) (From left to right:
HWE, HIO-ER, and OSS). For HWF method, the results are from 150th iteration. For HIO-ER and OSS, the results
are from 1000th and 2000th iteration, respectively.

(b)
Fig 6 (a) Recovered magnitude and (b) Recovered phase with low oversampling ratio (o = 1.56) (From left to right:
HWE, HIO-ER, and OSS). For HWF method, the results are from 150th iteration. For HIO-ER and OSS, the results
are from 1000th and 2000th iteration, respectively.

quality reconstructed results are obtained.
In Figs. 6(a) and 6(b), the reconstructed magnitude and phase corresponding to a low over-

sampling ratio (¢ = 1.56) are also presented. To change the oversampling ratio, only the size of

11



the real image (M) is changed and the total size of the object (V) is kept invariant. It can be seen
that, with low oversampling ratio, HWF method is still able to reconstruct the complex object with
high quality. Whereas, HIO-ER and OSS don’t converge. In the last four rows of Table 1, the
effects of loose constraint and low oversampling ratios are compared among the three methods. It
is noted that the constraint ratio has small effect on convergence rate of HWF method, whereas
the convergence rate is largely reduced for low oversampling ratio case. The results also show that
the proposed HWF method is much more robust to both of loose constraint and low oversampling

ratios compared with HIO-ER and OSS method.

3.3 Discussions

It is interesting and worthwhile to discuss the reasons behind the results in Figs. 3-6 and Table 1.
For HIO-ER and OSS methods in multiple phase modulations, diffraction patterns are used one
by one in the optimization process. At each iteration, Zy; is actually updated according to the
Lth diffraction pattern, and the effects of other L — 1 diffraction patterns are alleviated to some
extend. Therefore, the methods are not accurate. For HWF method, due to the careful selection rule
and constraint application in the spectral method, a noise robust initialization close to the solution
is obtained with a low sample complexity. Moreover, diffraction patterns are used one by one
in the initialization process to further reduce the sample complexity. Based on the initialization,
constraint conjugate gradient approach is used in optimization process to accelerate convergence
rate. In the optimization process, the search direction is updated according to the mean gradient of

all diffraction patterns, which ensures the accuracy of the reconstruction results.
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4 Conclusion

A constraint hybrid Wirtinger flow (HWF) method is presented in this paper. In HWF, constraints
in CDI is combined with a new initialization process and conjugate gradient. Numerical results
show that, comparing with HIO-ER and OSS algorithms in multiple phase modulations, the pro-
posed HWF method is much faster and more accurate. Furthermore, the proposed HWF method
is much more robust to loose constraints, low oversampling ratio, and noisy environments. As
for the disadvantage of the proposed HWF method, our further simulations show that the proposed
method can hardly converges to a solution for single shot (. = 1) imaging since a single diffraction

pattern can hardly make the initialization process of HWF converge to a point near the solution.
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