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Abstract

This paper studies the elastic demand continuous bi-criteria traffic assignment (ED-CBiTA)
problem, in which users’ time-cost tradeoff heterogeneity is considered through the continu-
ously distributed value of time. The origin and destination (O-D) demand is endogenously
determined by the expected generalized travel time across the travel population. A variable
demand formulation and an equivalent excess demand reformulation are presented for the
ED-CBiTA problem. Based on two types of Gauss-Seidel decomposition schemes, we propose
a novel two-stage gradient projection (TSGP) algorithm, which implicitly delivers visual in-
terpretations to account for the interactions between the demand and supply functions. The
first stage, called demand equilibration, aims to adjust O-D demand and all efficient path
flows “vertically upwards or downwards” based on the network congestion level. The second
stage, namely boundary equilibration, is to perform the boundary movements and adjust ad-
jacent efficient flows “horizontally forwards or backward”, to achieve exact positions along
the Pareto frontier. Numerical results on a small network show TSGP’s features and confirm
that TSGP significantly outperforms two link-based benchmark algorithms. For instances of
practical network size, TSGP consistently promises to obtain high-quality solutions with a
rather smaller CPU time.
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1 Introduction

Elastic demand traffic assignment aims to establish a spatial equilibrium to predict network flows,
resulting from origin-destination (O-D) demands, route choice behaviors, and the interactions
between the supply functions and the demand functions (Sheffi, 1985). It consistently models the
trip generation and traffic assignment in strategic transport planning. The supply functions are
determined by the route attributes, whereas the demand functions depend on perceived benefits
derived from travel. It the literature, many have extensively studied a single criterion (time)
for the elastic demand traffic assignment problem (EDTAP), ranging from deterministic (e.g.,
see Babonneau and Vial, 2008; Ryu et al., 2014, 2017) to stochastic (Yu et al., 2014; Cantarella
et al., 2015). Under the user equilibrium (UE) principle (Wardrop, 1952), all used paths have
equal travel times and no unused path has a lower time, and O–D demands determined by the
minimum travel time also satisfy the demand functions (Beckmann et al., 1956).

However, travelers’ route choices may depend not only on travel times alone but also on toll
costs. The value of time (VOT), which combines time and toll cost in a linear manner to form
generalized travel times, plays a central role to describe how individuals make trade-offs when
facing these two criteria. Many empirical studies have reported that VOT varies significantly
across individuals due to many factors, such as social-economic characteristics and trip purposes
(e.g., see Cirillo and Axhausen, 2006; Schmid et al., 2021). Concerning continuously distributed
VOT and demand elasticity among heterogeneous users leads to the so-called elastic demand
continuous bi-criteria traffic assignment (ED-CBiTA) problem, which is the focus of this study.

1.1 Related studies

Initial efforts on time and toll bi-criteria routing choices on uncongested networks could date
back to Dial (1979), who developed a parametric path finding algorithm to search for non-
dominated paths along the Pareto frontier. To consider congestion effects on travel times, Leurent
(1993) proposed a path-based mathematical programming (MP) formulation for ED-CBiTA. The
associated equilibrium condition was established based on the monetary expense class, which
corresponds to the travelers having different VOTs but choosing the same efficient path. The
variable O-D demand relates to the level of service is determined by the expected generalized travel
time (EGTT) of that O-D pair. Later, Leurent (1996) presented a more general variational inequal-
ity (VI) formulation for ED-CBiTA, based on which the sensitivity analysis on some perturbation
parameters was conducted (Leurent, 1998). Despite ED-CBiTA’s potential applications in trans-
portation planning, this complex problem that involves a potentially infinite number of user
classes under demand elasticity receives rare attention since then.

Existing studies mainly focus on mathematical models and solution algorithms for the fixed
demand CBiTA problem. Based on the result of Leurent (1993) and Dafermos (1981), Marcotte
and Zhu (1994) presented an infinite-dimensional VI formulation and developed the Frank-Wolfe
(FW) algorithm to solve the problem. In a sequel, Marcotte et al. (1996) generalized the model
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to consider asymmetric congestion effects and provided implementation details to FW (Marcotte
and Zhu, 1997). Dial (1996, 1997) designed another link-based algorithm, called T2, that per-
mits both criteria to be flow-dependent based on the restricted simplicial decomposition (RSD)
algorithm of Lawphongpanich and Hearn (1984). An ingenious ’lazy’ trip loader is developed
to efficiently generate extreme points with an origin-based tree structure. Both FW and RSD by-
pass the need to store and manipulate efficient paths thanks to the additive route cost structure
for the two criteria. However, they could fail to fetch path flow information from the link-
based equilibrium pattern. Alternatively, Marcotte (1998) provided a reformulation for CBiTA
with VOT boundaries based on ordered efficient paths, which enables to the transformation of
an infinite-dimensional VI into a finite-dimensional problem (Marcotte and Patriksson, 2007).
Calderone et al. (2017) revisited the formulation of Leurent (1993) and Marcotte (1998) to allow
the random attribute (e.g., VOT) to be negative in a potential game. Recently, Xie et al. (2021)
extended the boundary-based formulation of Marcotte (1998) to design a new path-based algo-
rithm with a Newton-type flow equilibration procedure, namely single-boundary adjustment. It
was found that a path-based algorithm enables to efficiently obtaining high-quality solutions for
large networks. From the perspective of application, Leurent et al. (2012) applied CBiTA to model
the urban housing market, where travel demand is disaggregated based on several land-use at-
tributes. Another typical application that is built on CBiTA is the congestion pricing problem,
which has been widely studied for many years (e.g., see Dial, 1999a,b; Wu and Huang, 2014).
More recently, Xu et al. (2023) considered the non-additive cost structure in the form of time
surplus to investigate the effects of non-linear VOTs.

Another category of previous studies that address user heterogeneity is the discrete multi-
class approach, in which the entire feasible VOT range is divided into several predetermined
intervals (Dafermos, 1981; Yang and Huang, 2004; Han and Yang, 2008). If demand elasticity
is further considered, each class is differentiated with a class-specific VOT value and also a
demand function for standard practices (Clark et al., 2009; Slavin et al., 2014). However, this
approach could have several limitations. Firstly, each predetermined interval implicitly assumes
homogeneity within such a user class, bringing potential estimation errors. Second, it is difficult
to specify how many user classes is needed to obtain a satisfactory solution beforehand. Third,
the discretization method also poses computational challenges because the number of O-D pairs
potentially grows one-fold for one additional divided class for each O-D pair. Inevitably, one
may encounter huge computational burdens to preset many user classes if involving millions of
O-D pairs of a real-world problem.

1.2 Summary, contribution and structure

In summary, elastic demand traffic assignment has been extensively studied either in the context
of the single criterion of travel time (i.e., EDTAP) or discrete multi-class. However, ED-CBiTA
receives little attention since initial efforts made by Leurent (1993, 1996, 1998), and the algorithmic
development is rather limited to date. A possible reason for this lack of progress is the complexity
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of ED-CBiTA itself, since the problem not only involves an infinite number of user classes, but
also requires specifying endogenously determined travel demands characterized by EGTT from
a continuous distribution. To solve the ED-CBiTA problem, Leurent (1993) firstly suggested the
method of successive average (MSA) and Leurent (1996) later provided a more efficient path-
based algorithm, referred to as Procedure of Equation-by-Transfer (PET). However, to the best of
our knowledge, the algorithm detail of PET still remains unavailable and was never refined to
test real-world problems. This study draws its inspiration from the remarkable performance of
the advanced path-based gradient projection (GP) algorithm for various equilibrium assignment
problems (e.g., see Xu et al., 2020, 2022; Zhang et al., 2023).

In this paper, we revisit the work of Leurent (1993) and present an alternative path-based
formulation by extending the result of Marcotte (1998) and Xie et al. (2021) to further incorporate
demand elasticity. The proposed formulation uses O-D demand and VOT-based boundaries as
decision variables, which allows for replacing conventional path-based conservation constraints
with simple boxes. Moreover, an equivalent excess demand reformulation is presented under a
modified network representation. Unlike EDTAP, it is worth emphasizing that ED-CBiTA cannot
simply be transformed into a fixed demand CBiTA problem because of continuously distributed
VOT. The above observations make solving the ED-CBiTA problem a considerable challenge.

The main contribution of this paper is the development of a novel path-based two-stage
gradient projection (TSGP) algorithm for solving the ED-CBiTA problem. In the spirit of the
Gauss–Seidel method, TSGP predicates on the idea of decomposing the original problem into
two types of subproblems, i.e., the O-D excess demand subproblem for the first stage (namely
demand equilibration) and the single-boundary subproblem for the second stage (namely bound-
ary equilibration). Guided by the objective function, both subproblems can be solved very effi-
ciently using the Newton-type GP method. As we shall see, both two equilibrium operations are
in fact adjusting path flows in different ”directions” to move toward equilibrium. Interestingly,

Stage 1: Solving the subproblem is to adjust O-D demand and the path flows vertically upwards
or downwards among all efficient paths, thereby achieving demand equilibration based
on the network congestion level;

Stage 2: Solving the subproblem is to move boundaries and adjust path flows horizontally forwards
or backwards between adjacent efficient paths, thereby achieving exact positions along the
Pareto frontier.

In short, TSGP implicitly delivers visual interpretations to account for the interactions be-
tween the demand and supply functions. We use a two-link network to demonstrate TSGP’s fea-
tures and ED-CBiTA’s generality compared with the discrete multi-class approach. We found that
discretization errors on the equilibrium flow pattern could still exist even when a large number of
user classes are considered. Moreover, toll revenues can be underestimated without addressing
user heterogeneity. For the convergence performance, computational experiments consistently
confirm that TSGP significantly outperforms the two link-based benchmark algorithms. For in-
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stances of practical network size, TSGP still promises to obtain high-quality solutions with a
rather smaller CPU time.

The rest of this paper is structured as follows. Section 2 describes the assumption, formula-
tion, and solution properties for the variable demand formulation. Section 3 presents an excess
demand reformation and highlights the differences with the discrete multi-class problem. The
TSGP algorithm is presented in Section 4, followed by the numerical results on small and large
networks in Section 5. The concluding remarks and future research directions are specified in
Section 6.

2 Formulation

2.1 Definitions and assumptions

Consider a network represented as a directed graph G(N, A), where N and A denote the sets
of nodes and links, respectively. Let RS denote the set of O-D pairs, Krs the set of simple paths
from origin r to destination s, fk the flow on path k ∈ Krs. The travel demand is represented as
the number of trips for each O-D pair rs, denoted by qrs. Each link a ∈ A is associated with two
attributes: travel time ta and toll cost τa. The path travel time ck and path toll τk are, respectively,
the sum of the time and cost of each link belonging to path k, i.e.,

ck = ∑
a∈A

δa,kta, ∀k ∈ Krs, rs ∈ RS, (1a)

τk = ∑
a∈A

δa,kτa, ∀k ∈ Krs, rs ∈ RS, (1b)

where δa,k = 1 if path k passes link a, and 0 otherwise.
The generalized path travel time is defined as a linear combination of the two objectives

through a user’s value of time (VOT, $/hour):

Ck(α) = ck +
τk

α
≡ Ck(β) = ck + βτk, (2)

where α is VOT, β = 1/α is denoted as the time equivalence of money (TEM) to simplify notation.
To consider heterogeneous users, the VOT α (or equivalently TEM β) is treated as a random

variable that follows a probability density function (PDF) across individuals. Accordingly, let
hrs(·) and Hrs(·) denote the PDF and cumulative distribution function (CDF) of β for O-D pair
rs, respectively. For practical purpose, we assume that hrs(·) > 0 lies in a closed positive interval
Φrs = [β, β]. Since each user with a particular β attempts to minimize his/her generalized travel
time, the continuous bi-criteria traffic assignment problem involves a potentially infinite number
of user classes. Nevertheless, it is possible to track users who have different TEMs but choose
the same efficient path, which is defined as follows:

Definition 1 (Efficient path (Dial, 1979)). A path k ∈ Krs is said to be an efficient path if it is chosen
by at least one user with TEM β ∈ Φrs, i.e., Ck(β) ≤ Ck′(β), ∀k′ ∈ Krs, and k′ , k.
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To explain the above concept, Figure 1(a) shows 10 paths, each of which corresponds to a
certain travel time ck and toll cost τk. The black line represents the Pareto frontier, along with
efficient paths 1 to 4, such that the generalized time defined in Eq. (2) is minimized within the
support Φrs. Consider a user with β such that β2 < β < β3 as plotted Figure 1(a), we have
C3(β) < Ck(β) for any other path k , 3. In other words, those dominated paths (paths 5 to 10)
will not be taken by any user. The consecutive slope of the frontier that connects two adjacent
efficient paths is the TEM threshold across which the efficient path choice changes (i.e., β1 to β3).
More specifically, a user will choose path 1 if his/her β ∈ [β, β1), path 2 if β ∈ [β1, β2), path 3
if β ∈ [β2, β3) and path 4 if β ∈ [β3, β]. The distribution of TEM is shown in Figure 1(b), which
illustrates four path-choice groups. The integral of each shaded area, i.e.,

∫ βrs
k

βrs
k−1

hrs(z)dz, is the
choice probability corresponding to the selected efficient path.

1
2
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4

Pareto frontier

5
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(a) Efficient path and Pareto frontier
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Figure 1: Illustration of efficient paths and path-choice groups.

Following Leurent (1993), Marcotte (1998) and Xie et al. (2021), we rank all paths in Krs in a
descending order of τk. A set of boundaries to generate TEM intervals is defined as

Φrs
k =

{
[βrs

k−1, βrs
k ), if k = 1, . . . , |Krs| − 1

(βrs
k−1, βrs

k ], if k = |Krs|
∀rs ∈ RS, (3)

where βrs
0 = β, βrs

|Krs| = β, and βrs
k−1 ≤ βrs

k for any k = 1, . . . , |Krs|.
After determining the TEM boundaries, given O-D demand qrs, the flow on any path can be

readily obtained:

fk = qrs
∫ βrs

k

βrs
k−1

hrs(z)dz, ∀k = 1, . . . , |Krs|, rs ∈ RS. (4)

Notably, if both travel times and toll costs are flow-independent, one can first apply the
parametric shortest path algorithm of Dial (1979) to identify those efficient paths for a given O-
D pair, then assign a portion of flows to each efficient path according to its choice probability.
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In reality, however, travel time is generally flow-dependent and the O-D travel demand would
be influenced by the level of service in a congested network. To model more realistic travel
characteristics, this paper is built on the following widely adopted assumptions (e.g., see Leurent,
1993; Babonneau and Vial, 2008).

Assumption 1. The link toll cost τa, ∀a ∈ A is a non-negative constant.

Assumption 2. The link travel time ta(·), ∀a ∈ A is a positive, continuously differentiable and strictly
increasing function with respect to (w.r.t) its own flow xa.

Assumption 3. The O-D travel demand qrs is determined by the equilibrium expected generalized travel
time (EGTT) T∗

rs for O-D pair rs among the population, i.e.,

qrs = Drs(T∗
rs) = Drs

(
∑

k∈Krs

∫ βrs∗
k

βrs∗
k−1

Ck(z) · hrs(z)dz

)
, ∀rs ∈ RS, (5)

where β∗ = {βrs∗
k } is the equilibrium boundaries corresponding to the efficient Pareto frontier, and Drs(·)

is a continuously differentiable, non-negative, upper bounded, and strictly decreasing demand function.

Assumption 4. The inverse of demand function D−1
rs (·) is integrable and separable.

We proceed to define elastic demand continuous bi-objective traffic assignment (ED-CBiTA) UE
condition as follows:

Definition 2 (ED-CBiTA UE). A path flow vector f∗ = { f ∗k } is a ED-CBiTA UE flow if for any O-D
pair rs ∈ RS such that (i) the positive O-D travel demand qrs∗ = ∑k∈Krs

f ∗k = Drs(T∗
rs), and (ii) for any

path k ∈ Krs and f ∗k > 0, then Ck(f∗, β) ≤ Ck′(f∗, β), ∀β ∈ Φrs∗
k , ∅, k′ ∈ Krs.

In Definition 2, Condition (i) states that the O–D travel demand must satisfy the demand
functions according to EGTT at equilibrium, whereas Condition (ii) implies that any user whose
TEM belongs to Φrs∗

k would choose efficient path k to achieve the shortest generalized travel
time per Definition 1. In a congested network under above assumptions, the TEM boundaries
for efficient paths vary with the flows assigned to each path as travel times are flow-dependent,
while the total travel demand depends on the network condition also relates to the boundaries,
leading to complex interactions between the supply and demand functions. We now set up to
present a mathematical program (MP) according to Definition 2.

2.2 Variable demand formulation

The ED-CBiTA problem simultaneously accounts for both trip generation and traffic assignment
while involving an infinite number of user classes. To model ED-CBiTA, Leurent (1993) firstly
proposed a convex MP that works in the space of path flows under Assumptions 1-4. However,
a mapping had to be constructed between path flow f and TEM boundaries β in Leurent (1993).
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Following Marcotte (1998) and Xie et al. (2021), we present an alternative MP that uses demand
and TEM boundaries as decision variables, i.e.,

min
q,β

Z1 = ∑
a∈A

∫ xa

0
ta(z)dz︸                ︷︷                ︸

Beckman transformation

+ ∑
rs∈RS

∑
k∈Krs

qrs · τk

∫ βrs
k

βrs
k−1

z · hrs(z)dz︸                                          ︷︷                                          ︸
Continuous monetary expense

− ∑
rs∈RS

∫ qrs

0
D−1

rs (z)dz︸                       ︷︷                       ︸
Inverse demand integrals

(6a)

s.t. βrs
k − βrs

k−1 ≥ 0, ∀rs ∈ RS, k = 1, . . . , |Krs|, (6b)

xa = ∑
rs∈RS

∑
k∈Krs

δa,kqrs
∫ βrs

k

βrs
k−1

hrs(z)dz, ∀a ∈ A, (6c)

qrs ≥ 0, ∀rs ∈ RS, (6d)

where q = {qrs} is a vector of O-D travel demand, β = {βrs
k } is a vector of boundaries, D−1

rs (·) is
the inverse of the demand function associated with O-D pair rs.

For objective function (6a), the Beckman transformation term and the Continuous monetary
expense term relate to the path travel time and toll incurred by choosing a path, respectively. To-
gether, as we shall see, they aim to minimize the generalized travel time for each user class. While
the inverse demand integral term reflects the elasticity of O–D demand associated with network
level of service. Constraint (6b) corresponds to the relationship between adjacent boundaries by
Eq. (3). Constraint (6c) ensures that the link flow xa is the sum of all path flows traversing link a.
Non-negativity constraint on the O–D demand is imposed in Eq. (6d).

Although the solution variables (i.e., q and β) of the above formulation are not commonly
seen as path flows in many traffic assignment problems, path flows can be readily obtained by
calculating definite integrals. Therefore, MP (6) still belongs to a path-based formulation but
eliminates the necessity to map path flows to TEM boundaries and O-D travel demand. Indeed,
the above formulation equips with the simple box and non-negative constraints, i.e., Eqs. (6b)
and (6d), can remove traditional flow conservation constraints as in Leurent (1993). We proceed
to formally prove the equivalence between the proposed formulation with that of Leurent.

Proposition 1. MP (6) is equivalent to that of path-based formulation in Leurent (1993).

Proof. See Appendix A. □

Next, we show an optimal solution must coincide with the ED-CBiTA UE condition.

Theorem 1. A solution (q, β) to MP (6), along with its corresponding path flows f, satisfies the ED-
CBiTA UE conditions specified in Definition 2.

Proof. The Lagrangian function associated with MP (6) can be written as follows:

L(q, β, µ) = Z1(q, β)− ∑
rs

∑
k

µrs
k (βrs

k − βrs
k−1), (7)

where µrs
k is the multiplier associated with Constraint (6b).
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The Karush–Kuhn–Tucker (KKT) conditions for this program are:

∂L
∂qrs ≥ 0, ∀rs ∈ RS, (8a)

qrs ∂L
∂qrs = 0, ∀rs ∈ RS, (8b)

∂L
∂βrs

k
= 0, ∀rs ∈ RS, k = 1, . . . , |Krs|, (8c)

µrs
k ≥ 0, µrs

k (βrs
k − βrs

k−1) = 0, ∀rs ∈ RS, k = 1, . . . , |Krs|, (8d)

where

∂L
∂qrs = ∑

k∈Krs

∑
a∈A

δa,kta

∫ βrs
k

βrs
k−1

hrs(z)dz + ∑
k∈Krs

τk

∫ βrs
k

βrs
k−1

z · hrs(z)dz − D−1
rs (qrs)

= ∑
k∈Krs

∫ βrs
k

βrs
k−1

[ck + zτk] · hrs(z)dz − D−1
rs (qrs), (9a)

∂L
∂βrs

k
= qrs · hrs(βrs

k ) · [ck + βrs
k τk − ck+1 − βrs

k τk+1]− (µrs
k − µrs

k+1). (9b)

Consequently, Eqs. (8a) and (8b) can be rewritten as

Trs − D−1
rs (qrs) ≥ 0, and qrs

(
Trs − D−1

rs (qrs)
)
= 0, (10)

which ensures a positive O–D demand satisfying Condition (i) in Definition 2.
In case of zero O-D demand (i.e., qrs = 0), Eqs. (8c)-(8d) become trivial since they can be

directly removed corresponding to this O-D pair. Otherwise, it has been shown that Eqs. (8c)-
(8d) by fixing demand qrs yields (Calderone et al., 2017; Xie et al., 2021):

Ck(β) ≤ Ck′(β), ∀β ∈ Φrs
k , k′ , k, k′ ∈ Krs, (11)

which ensures the UE Condition (ii) in Definition 2. To see this, consider two adjacent used paths
k and k + l such that βrs

k−1 < βrs
k < βrs

k+l (i.e., βrs
k = βrs

k+1 = · · · = βrs
k+l−1 and µrs

k = µrs
k+l = 0) and

τk ≥ τk+l , summarizing Eq. (8c) from k to k + l yields

ck + βrs
k τk − ck+l − βrs

k τk+l = 0. (12)

Therefore, paths k and k + l either share the same position with equal path times and tolls or
produce the TEM boundary along the efficient frontier, which reads:

βrs
k =

ck+l − ck

τk − τk+l
. (13)

This completes the proof. □
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We proceed to discuss the solution existence and uniqueness results concerning MP (6). Be-
cause the objective function Z1 is continuous w.r.t the solution variables, and the feasible set is
nonempty, bounded and compact, there must exists at least one optimal solution. As shown in
Lemma 1, MP (6) is equivalent with that of path-based convex formulation in Leurent (1993),
implying that Z1 has a global minimum once the ED-CBiTA UE condition is satisfied. Below, we
show the uniqueness w.r.t q, x and β under certain conditions.

Theorem 2. Under Assumptions 1-4, MP (6) has unique link flows x∗ and O-D demands q∗.

Proof. It is straightforward to show that MP (6) is strictly convex w.r.t q and x, which guarantees
the uniqueness of total link flows and O-D demands. □

Theorem 3. Under Assumptions 1-4, if every path belonging to the same O-D pair rs has a unique toll,
i.e., τk , τk′ , ∀k, k′ ∈ Krs, then MP (6) has unique TEM boudaries {βrs∗

k , k = 1, . . . , |Krs|} corresponding
to O-D pair rs.

Proof. Given unique link flows x∗ by Theorem 2, we first note that path travel times {c∗k} is also
unique. For O-D pair rs, the efficient frontier with unique ck and τk shown in Figure 1 is also
unique, resulting in unique optimal boundaries {βrs∗

k } corresponding to rs. □

The result of Theorem 3 further implies a unique path flow pattern f∗ if a set of paths for any
O-D pair is differentiated from each other in terms of the toll cost (see also Theorem 3 in Leurent,
1993). However, such a strong condition may be hard to satisfy in real-world networks.

3 Excess demand reformulation

This section reformulates MP (6) by replacing the O-D demand with excess demand, which is
represented by a modified network and further compared with the discrete multi-class problem.
Recall that the travel demand determined by the demand function is consistent with the network
level of service via EGTT for each O–D pair, as illustrated in Figure 2. Given the O-D demand
vector q, EGTT is the integral of the shaded area associated with equilibrium boundaries across
all efficient paths (see Figure 2(a)). Meanwhile, EGTT is equal to the inverse of the demand
function (see Figure 2(b)). Let q̄rs be the upper bound demand between O–D pair rs, ers = q̄rs − qrs

is interpreted as the excess demand. Then, the inverse demand integrals term in Eq. (6a) can be
rewritten as follows:

− ∑
rs∈RS

∫ qrs

0
D−1

rs (z)dz =− ∑
rs∈RS

∫ q̄rs

0
D−1

rs (z)dz + ∑
rs∈RS

∫ q̄rs

qrs
D−1

rs (z)dz

=− ∑
rs∈RS

∫ q̄rs

0
D−1

rs (z)dz + ∑
rs∈RS

∫ ers

0
Wrs(z)dz, (14)

where the first term on the right-hand side of Eq. (14) is a constant, and Wrs(z) = D−1
rs (q̄rs − z) is

defined as the excess demand function for O-D pair rs.
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Using the excess demand variable, MP (6) can be reformulated as follows:

min
e,β

Z2 = ∑
a∈A

∫ xa

0
ta(z)dz︸                ︷︷                ︸

Beckman transformation

+ ∑
rs∈RS

∑
k∈Krs

(q̄rs − ers)τk

∫ βrs
k

βrs
k−1

z · hrs(z)dz︸                                                  ︷︷                                                  ︸
Continuous monetary expense

+ ∑
rs∈RS

∫ ers

0
Wrs(z)dz︸                      ︷︷                      ︸

Excess demand integrals

(15a)

s.t. βrs
k − βrs

k−1 ≥ 0, ∀rs ∈ RS, k = 1, . . . , |Krs|, (15b)

xa = ∑
rs∈RS

∑
k∈Krs

δa,k(q̄rs − ers)
∫ βrs

k

βrs
k−1

hrs(z)dz, ∀a ∈ A, (15c)

0 ≤ ers ≤ q̄rs, ∀rs ∈ RS, (15d)

where e = {ers} is a vector of the excess demand of O-D pairs.

𝐷𝑟𝑠െ1ሺ⋅ሻ  𝑇𝑟𝑠ሺ⋅ሻ 

𝑞𝑟𝑠   Demand𝑞ത𝑟𝑠  

Generalized travel time
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Equilibrium point

Path 1

𝐶𝑘ሺ𝛼ሻℎ𝑟𝑠ሺ𝛼ሻ

𝛼 𝛽0 

Path |𝐾𝑟𝑠 | 

𝛽|𝐾𝑟𝑠 |

Paths 2,… , |𝐾𝑟𝑠 | െ 1 

𝛽1  𝛽|𝐾𝑟𝑠 |െ1

𝑇𝑟𝑠ሺ⋅ሻ ൌ ෍ න 𝐶𝑘ሺ𝑧ሻℎ𝑟𝑠ሺ𝑧ሻ𝑑𝑧
𝛽𝑘
𝑟𝑠

𝛽𝑘െ1
𝑟𝑠

𝑘∈𝐾𝑟𝑠

 

(a) Expected generalized travel time (b) Equilibrium point of elastic demand

Figure 2: Illustration of demand and supply equilibrium for ED-CBiTA.

The above excess demand reformulation brings a modification of network representation
involving an infinite number of user classes, as shown in Figure 3(a). An excess demand link
(dashed) directly connecting origin r and destination s is created to represent the excess demand
flow ers with a link performance function Wrs(·). The equilibrium is achieved when Wrs = Trs

and the latter is obtained with the optimal TEM boundaries along the efficient frontier.
Other than the continuous model, a more commonly used approach is the discrete multi-class

model, in which the entire TEM (or VOT) range is divided into several predetermined intervals.
However, it implicitly assumes homogeneity among each class m, which is usually represented
by a class-specific TEM value βrs

m. For completeness, the mathematical formulation of the discrete
multi-class excess demand problem is presented in Appendix B. Let Krs

m denote the set of used
paths for class m between O-D pair rs, Figure 3(b) illustrates the excess-demand representation
for the discrete multi-class problem. Each layer stores class-based flow information, and an excess
demand link is added to each class associated with an excess demand function Wrs

m (·). Through
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the discretization method, the number of O-D pairs potentially grows one-fold for one additional
divided class for each O-D pair.

r s

𝑒𝑟𝑠  
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(a) Continuous multi-class problem (15)

r s
𝑓|𝐾𝑟𝑠

𝑚 |,𝑚

User class 𝛽𝑚
𝑟𝑠  

r sUser class 𝛽1
𝑟𝑠

r sUser class 𝛽|𝑀|
𝑟𝑠  

𝑓1,1 

𝑓|𝐾1
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1 ห,1 ሺ𝒇ሻ 
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𝑓ቚ𝐾𝑟𝑠
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|𝑀 |ቚ,|𝑀| ሺ𝒇ሻ 

(b) Discrete multi-class problem (36)

Figure 3: Excess demand network representation for O–D pair rs.

Nevertheless, the convenience offered under discretization is that MP (36) can be solved as a
fixed demand multi-class problem using existing efficient solution algorithms, such as the mod-
ified path-based gradient projection (GP) algorithm suggested by Ryu et al. (2014). As for the
ED-CBiTA Problem (15) illustrated in Figure 3(a), individuals are distinguished using a con-
tinuous distribution and considered as a whole. As a result, travel demand is endogenously
determined by the TEM boundaries across all efficient paths among all users, which in turn are
determined by the travel demand. There is still a lack of efficient algorithms that can be directly
applied to solve this complex traffic assignment problem involving elastic demand, bi-criteria
path cost structure and random TEMs, which motivates us to fill this gap.

4 TSGP algorithm

This section presents a two-stage gradient projection (TSGP) algorithm to solve the ED-CBiTA
Problem (15), as depicted in Figure 4. In the spirit of the Gauss–Seidel method, TSGP is de-
signed based on two decomposition schemes: (i) the first stage (called demand equilibration)
decomposes the original Problem (15) into an O-D excess demand subproblem; and (ii) the sec-
ond stage (called boundary equilibration) decomposes the original Problem (15) into a series of
single-boundary adjustment problems. Both two types of subproblems can be solved very effi-
ciently using GP so as to satisfy the KKT conditions (10)-(11) for each stage. As we shall see,
path flows are accordingly adjusted in vertical and horizontal directions in the first and second
stages, respectively.
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 𝑓𝑘 ൌ 𝑞𝑟𝑠 ׬ ℎ𝑟𝑠ሺ𝑧ሻ𝑑𝑧
𝛽𝑘
𝑟𝑠

𝛽𝑘െ1
𝑟𝑠  

Stage 1: Demand equilibration 
O-D decomposition subproblem

Fix boundaries

Stage 2: Boundary equilibration
O-D single boundary subproblems

Fix demand

Output: Combined trip generation and traffic assignment O-D demands and UE link/path flows.

Adjust qrs to satisfy the   
demand function 

Adjust           to achieve the 
efficient frontier

Trip generation Traffic assignment

{𝛽𝑘𝑟𝑠ሽ 
GP GP

Input: Network topology, link time functions, link tolls, demand functions and TEM distributions.

Vertically scale path flows Horizontally shift path flows

ED-CBiTA
Definition 2

Figure 4: Two-stage gradient projection algorithm framework in solving the ED-CBiTA problem.

In the following, Sections 4.1 and 4.2 describe the GP algorithm for the first and second stage,
respectively. Finally, the full solution procedure and the convergence proof are presented in
Section 4.3.

4.1 First stage: Demand equilibration

This stage aims to simultaneously adjust the O-D demand and path flows based on the current
network congestion level. The idea is to solve a single O-D based excess demand subproblem,
while holding the excess demand associated with other O-D pairs and boundaries constant.
Given an O-D pair (we drop the subscript rs for convenience), the one-dimensional excess de-
mand subproblem with respect to e can be expressed as follows:

min Z3(e) = ∑
a∈A

∫ xa

0
ta(z)dz + ∑

k∈Krs

(q̄ − e) · τk

∫ β̃k

β̃k−1

z · h(z)dz +
∫ e

0
W(z)dz (16a)

s.t. 0 ≤ e ≤ q̄, (16b)

xa = x̃a + ∑
k∈Krs

δa,k(q̄ − e)
∫ β̃k

β̃k−1

h(z)dz, ∀a ∈ A, (16c)

where x̃a is the constant link flow contributed by O-D pairs other than rs, β̃k is the constant
boundary.

Given current solution e(n) at iteration n, the first- and second-order derivatives of Z3 with
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respect to e are, respectively, determined by

∂Z3

∂e
= W[e(n)]− ∑

k∈Krs

∫ β̃k

β̃k−1

[ck + zτk] · h(z)dz = W[e(n)]− T(n), (17)

∂2Z3

(∂e)2 = S(n) =
∂W[e(n)]

∂e
−

∂ ∑k∈Krs

∫ β̃k

β̃k−1
[ck + zτk] · h(z)dz

∂e

=
∂W[e(n)]

∂e
+ ∑

k∈Krs

[∫ β̃k

β̃k−1

h(z)dz · ∑
a∈A

δa,k
∂ta(xa)

∂xa

(
∑

k′∈Krs

δa,k′

∫ β̃k′

β̃k′−1

h(z)dz

)]
. (18)

To solve the problem, we apply gradient projection (GP) to update excess demand solution:

e(n + 1) =


min

(
q̄, e(n)− µ

W[e(n)]− T(n)
S(n)

)
if T(n) > W[e(n)],

max
(

0, e(n)− µ
W[e(n)]− T(n)

S(n)

)
if T(n) < W[e(n)],

(19)

where the step size µ is determined by performing a line search.
Or equivalently, the O-D demand q = q̄ − e can be updated as follows

q(n + 1) =


min

(
0, q(n)− µ

T(n)− D−1[q(n)]
S(n)

)
if T(n) > D−1[q(n)],

max
(

q̄, q(n)− µ
T(n)− D−1[q(n)]

S(n)

)
if T(n) < D−1[q(n)],

(20)

Remark 1. Subproblem (16) is strictly convex because its Hessian is positive definite (i.e., S(n) > 0).

Remark 2. Many stepsize determination schemes can be adopted to help convergence, e.g., self-regulated
averaging scheme (Liu et al., 2009), self-adaptive Armijo scheme (Chen et al., 2013). In our implementa-
tion, a unit stepsize is used because the second-order derivative information serves an automatic scaling
(e.g., see Bertsekas et al., 1984; Jayakrishnan et al., 1994; Chen et al., 2002; Ryu et al., 2014).

Further, flows on all paths corresponding to this O-D pair can be adjusted accordingly, i.e.,

fk(n + 1) = fk(n) + [q(n + 1)− q(n)] ·
∫ β̃k

β̃k−1

h(z)dz, ∀k ∈ Krs. (21)

As shown in Figure 5, we provide a graphical illustration for the flow adjustments using Eqs.
(20)-(21). The purpose of this illustration is to visually demonstrate the adjustments made to the
flow distribution in response to varying congestion levels.

Specifically, if T(n) > D−1[q(n)] (see Figure 5(a)), i.e., the expected congestion level by EGTT
is higher than the O-D cost at iteration n, then the demand of that O–D pair will be decreased.
Accordingly, the flow on each path is ”vertically” decreased due to the reduced demand. If
T(n) < D−1[q(n)] (see Figure 5(b)), i.e., the expected congestion level (i.e., EGTT) is lower than
the O-D cost at iteration n, then the O-D demand will be increased and the flow on each path is
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”vertically” enlarged. Consequently, both cases attempt to achieve demand equilibration based
on the current congestion level. The detailed first stage GP algorithm for solving a single O-D
pair subproblem problem is reported in Algorithm 1.

Algorithm 1 Gradient projection algorithm for a single O-D pair subproblem

1: Input: TEM boundaries Φrs and excess demand e(n) for O-D pair rs.
2: Compute W[e(n)]− T(n) and S(n) according to Eqs. (17) and (18), respectively.
3: Update q(n + 1) according to Eq. (20).
4: for each path k ∈ Krs do

5: Compute the path flow change ∆ = [q(n + 1)− q(n)] ·
∫ β̃k

β̃k−1
h(z)dz.

6: Update the path flow f n+1
k = f n

k + ∆.
7: Update xa = xa + ∆, ta(xa) and dta(xa)

dxa
of each link a on path k.

8: end for
9: Output: Updated e, q, f and x.
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Figure 5: Graphical illustration of O-D demand and path flow adjustments at iteration n.
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4.2 Second stage: Boundary equilibration

To simultaneously adjust TEM boundaries and path flows, the original MP (15) is decomposed
with respect to O-D based TEM boundaries, while holding other boundaries and O-D travel
demand constant. Noteworthy this decomposition scheme was recently studied by Xie et al.
(2021) for fixed demand CBiTA. In our study, we provide visual demonstrations illustrating the
horizontal adjustments in path flow to align with the slope observed on the Pareto frontier.

Given an O-D pair (we drop the subscript rs for convenience), the one-dimensional single-
boundary subproblem with respect to βk can be expressed as follows:

min Z4(βk) = ∑
a∈A

∫ xa

0
ta(z)dz + (q̄ − ẽ) ·

(
τk

∫ βk

β̃k−1

z · h(z)dz + τk+1

∫ β̃k+1

βk

z · h(z)dz

)
(22a)

s.t. β̃k−1 ≤ βk ≤ β̃k+1, (22b)

xa = x̃a + (q̄ − ẽ)

(
δa,k

∫ βk

β̃k−1

h(z)dz + δa,k+1

∫ β̃k+1

βk

h(z)dz

)
, ∀a ∈ A, (22c)

where x̃a is the constant link flow contributed by paths other than paths k and k + 1, ẽ is treated
as the constant excess demand at current iteration, β̃k−1 and β̃k+1 are treated as the constant
lower and upper bound of βk, respectively.

Given the current solution βk(n) at iteration n, the first- and second-order derivatives of Z4

w.r.t βk are, respectively, determined by

gk =
∂Z3

∂βk
= (q̄ − ẽ) · h(βn

k ) · [Ck(βk(n))− Ck+1(βk(n))] , (23)

Gk =
∂2Z3

(∂βk)2 = {(q̄ − ẽ) · h[βk(n)]}2 ∑
a∈A

(δa,k − δa,k+1)
2 · dta(xa)

dxa
+ (q̄ − ẽ) · h[βk(n)] · (τk − τk+1)

+ (q̄rs − en
rs) · h′(βn

k ) · [Ck(βn
k )− Ck+1(βn

k )] . (24)

Remark 3. Subproblem (22) is strictly pseudoconvex because Gk > 0 if gk = 0 (Cambini and Martein,
2008). Although the Hessian Gk could be possibly negative by the third term in Eq. (24), we can still
prove it is positive at the stationary point. To see this, gk = 0 implies that Ck(βk(n))− Ck+1(βk(n)) = 0,
leading to the third term of Gk be zero. In Eq. (24), because the first term is strictly positive and the second
term is non-negative, we must have Gk > 0. Note that the property of strict pseudoconvexity ensures the
subproblem is still uni-modal and has a strictly global minimum.

To solve subproblem (22), GP is also adopted with a modified Hessian to obtain a new solu-
tion βk(n + 1) as follows:

βk(n + 1) =


min

(
β̃k+1, βk(n)− µ

gk

G̃k

)
if gk < 0,

max
(

β̃k−1, βk(n)− µ
gk

G̃k

)
if gk > 0,

(25)
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where

G̃k = {(q̄ − ẽ) · h[βk(n)]}2 ∑
a∈A

(δa,k − δa,k+1)
2 · dta(xa)

dxa
+ (q̄ − ẽ) · h[βk(n)] · (τk − τk+1) . (26)

Note that G̃k is an approximation to Gk such that it only contains the first and second terms
of the latter to ensure a positive scaling (see also in Xie et al., 2021). After updating the boundary,
the flows on path k and k + 1 can be adjusted accordingly, i.e.,

fk(n + 1) = fk(n) + (q̄ − ẽ) ·
∫ βk(n+1)

βk(n)
h(z)dz, (27a)

fk+1(n + 1) = fk+1(n)− (q̄ − ẽ) ·
∫ βk(n+1)

βk(n)
h(z)dz. (27b)
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Figure 6: Graphical illustration of boundary and path flow adjustments at iteration n.
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Figure 6 provides a graphical illustration for flow adjustments using Eqs. (25)-(27). That is,
solving subproblem (22) is to horizontally move βk forward or backward and thus adjust the
flows between path k and k + 1. In a more general case, let us consider paths k and k + 1 have
different tolls, i.e., τk > τk+1. When gk < 0 (see Figure 6(a)), the boundary βk(n) would move
forward by −µgk/G̃k with a maximum of β̃k+1 − βk(n). Consequently, fk is increased while fk+1

is decreased, causing ck to become larger while ck+1 to become smaller. Once the subproblem

(22) is optimally solved, the slope
cn+1

k+1−cn+1
k

τk−τk+1
drops to equal to βk(n + 1), which would coincidence

with the slope of the Pareto frontier between two paths (see KKT condition (12)). On the other
hand, as shown in Figure 6(b), βk(n) moves backward such that traffic flows are shifting from
path k to k + 1 when gk > 0.

Algorithm 2 describes the procedure for boundary equilibration in detail. Note that we drop
the unused path (i.e., k and k + 1) as necessary to ensure that traffic flows can be effectively
adjusted between adjacent paths (cf. Lines 10-19). That is, we drop path k when it has zero flows
(i.e., fk = 0) and it does not have the incentive to receive flows from path k + 1 (i.e., ∆ = 0). To
remove path k + 1 as necessary (cf. Lines 14-19), we have to further check whether the objective
function value can be decreased if path k + 1 also has no incentive to receive flows from path
k + 2 (i.e., gk+1 > 0) in latter boundary adjustments.

Algorithm 2 Gradient projection algorithm for a single boundary subproblem

1: Input: TEM boundaries Φrs and excess demand ẽ for O-D pair rs.
2: Initialize k = 1 and a zero-flow path counter z = 0.
3: while k ≤ |Krs| − 1 do
4: Compute gk and Gk according to Eqs. (23) and (24), respectively.
5: Update boundary βk(n + 1) given βk(n) according to Eq. (25).
6: Compute the path flow change ∆ = (q̄ − ẽ) ·

∫ βk(n+1)
βk(n)

h(z)dz.
7: Adjust the path flow fk = fk + ∆, fk+1 = fk+1 − ∆.
8: Update xa = xa + ∆, ta(xa) and dta(xa)

dxa
of each link a on path k.

9: Update xa = xa − ∆, ta(xa) and dta(xa)
dxa

of each link a on path k + 1.
10: if fk = 0 and ∆ = 0 then ▷ Drop path k as necessary.
11: Remove path k from Krs.
12: Set z = z + 1.
13: end if
14: if fk+1 = 0 and ∆ = 0 then ▷ Drop path k + 1 as necessary.
15: if ∄ path k + 2 ∈ Krs or (∃ path k + 2 ∈ Krs and gk+1 > 0) then
16: Remove path k + 1 from Krs.
17: Set z = z + 1.
18: end if
19: end if
20: Set k = k + 1 − z and reset z = 0.
21: end while
22: Output: Updated boundaries Φrs and path flows f.

18



4.3 Full solution procedure

For completeness, Algorithm 3 presents the full solution procedure of TSGP, which mainly con-
sists of four steps. Several remarks corresponding to each step are in order as below.

• In Step 1 (cf. Lines 2-10), the algorithm starts to assign an initial demand to the network
by calling the Dial’s parametric shortest path tree algorithm (Dial, 1996, 1997), in which all
efficient paths and associated TEM intervals with the same origin can be simultaneously
obtained.

• In Step 2 (cf. Lines 12-20), the column generation generates new potential efficient paths
and adds them into the working path set Krs based on the current flow pattern.

• Step 3 (cf. Line 21) measures the overall convergence by the relative gap (RG) defined as
follows:

RG = 1 − ∑rs∈RS Drs(T̄rs) · T̄rs

∑rs∈RS qrs · Trs
, (28)

where T̄rs = ∑k∈K̄rs

∫ β̄rs
k

β̄rs
k−1

[ck + z · τk] · h(z)dz and Trs are EGTT using path sets K̄rs and work-

ing set Krs, respectively. Notably, path set K̄rs and TEM boundaries β̄ = {β̄rs
k } are generated

by Step 2 (i.e., column generation).

• In Step 4 (cf. Lines 21-36), an adaptive inner loop is deigned to efficiently solve the restricted
version of the original problem defined upon the working path set. The central idea intends
to accelerate convergence by performing an adaptive equilibration for O-D pairs that are
not fully equilibrated on two stages before naturally turning to column generation. One
may witness this strategy has significantly accelerated various traffic assignment solvers
(e.g., Chen and Jayakrishnan, 1998; Xu et al., 2020, 2022; Xie et al., 2021; Tan et al., 2022).
Moreover, we drop the unused paths for each O-D pair to keep each TEM interval set Φrs

compact (cf. Line 36).

To implement the strategy that ensures each O-D pair can be solved with a similar precision,
a convergence indicator to the first stage for O-D pair rs is defined as

∆[1]
rs =

∣∣∣∣1 − Drs(Trs)

q̄rs − ers

∣∣∣∣ , (29)

which is effectively a measure of the relative demand differences for O-D pair rs.

As suggested by Xie et al. (2021), a convergence indicator to the second stage for O-D pair
rs is defined as the maximum value of the first-order derivative, i.e.,

∆[2]
rs == max

k=1,...,|Krs|−1
{|gk|} . (30)
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Algorithm 3 Two-stage gradient projection (TSGP) algorithm for ED-CBiTA

1: Input: Network G(N, A), the maximum inner loop iterator L, the convergence criteria ϵ, two
control parameters Γ1, Γ2.

2: Step 1. Initialization: Update t based on zero-flow network. Set e = 0, q = q̄, Krs = ∅, Φrs =
∅, ∀rs.

3: for each origin r do
4: Call Dial’s parametric shortest path tree algorithm for origin node r .
5: for each destination s do
6: Set Krs = K̄rs, and Φrs

k = [β̄rs
k−1, β̄rs

k ) for all k ∈ K̄rs.
7: Assign flows to any path k ∈ Krs and links such that δa,k = 1 according to Eq. (4).
8: Update ta(xa) and dta(xa)

dxa
of each link a on path k.

9: end for
10: end for
11: Step 2. Column generation: Lines 12-20.
12: for each origin r do
13: Call Dial’s parametric shortest path tree algorithm for origin node r .
14: for each destination s do
15: for each k ∈ K̄rs \ Krs do
16: Set Φrs

k = [βrs
n , βrs

n ) such that n = argmink′{τk′ ≤ τk|k′ = 0, . . . , |Krs|}.
17: Add k into Krs based on the ordering index n.
18: end for
19: end for
20: end for
21: Step 3. Convergence test: Computer RG according to Eq. (28). If RG < ϵ or the maximum

run-time is achieved, then terminate the algorithm; otherwise go to Step 4.
22: Step 4. Adaptive inner loop: Lines 23-38.
23: Set a counter l = 0 and an indicator ν = TRUE for the next inner loop.
24: while l < L and ν = TRUE do
25: Set l = l + 1 and ν = FALSE.
26: for each origin r do
27: for each destination s do
28: if ∆[1]

rs < Γ1RG then ▷ First stage
29: Run Algorithm 1 for demand equilibration.
30: Set ν = TRUE if ν = FALSE.
31: end if
32: if ∆[2]

rs < Γ2RG then ▷ Second stage
33: Run Algorithm 2 for boundary equilibration.
34: Set ν = TRUE if ν = FALSE.
35: end if
36: end for
37: end for
38: end while
39: Return to Step 2 (column generation, Line 11).
40: Output: x∗, q∗, f∗ and Φrs∗.
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5 Numerical results

In this section, we use the proposed path-based TSGP algorithm and two link-based algorithms,
MSA (Leurent, 1993) and a modified FW (Marcotte et al., 1996), to solve the ED-CBiTA prob-
lem. Note that FW conducts a line search at each iteration whereas MSA uses a diminishing
stepsize. Implementation details of MSA and FW can be found in Appendix C and D, respec-
tively. To see the results difference between the continuous problem (15) and the discrete problem
(36) as shown in Figure 3, the latter is solved by the modified path-based GP algorithm of Ryu
et al. (2014). All algorithms are implemented in the C++ programming language, and the im-
plementations share codes wherever possible to ensure a fair comparison of the computational
performance.

The remaining section is divided into two parts. The first part uses a two-link network to
demonstrate the correctness of the formulation and the feature of the TSGP algorithm. The
second part describes the evaluation of the algorithmic performance on large networks.

5.1 A two-link network

The numerical results of this two-link network are divided into four parts. Firstly, We present
the excess demand formulation and check the correctness of the optimal solution. Secondly, we
illustrate the features of different algorithms, including TSGP, MSA and FW. Next, we compare
the flow pattern between the continuous and discrete multi-class problems. Finally, toll revenues
using the discrete and continuous approach are further examined.

5.1.1 Analytical analysis on the formulation

The simple two-link network is illustrated in Figure 7(a), which has an upper bound demand
of one unit. Note that the link index is also the path index since τ1 > τ2. Because there is
only one O–D pair, the subscript rs is omitted for simplicity. We assume that TEM follows a
uniform distribution U(0.1, 0.5), thus the PDF h(β) = 1

0.5−0.1 = 2.5 and the CDF H(β) = β−0.1
0.5−0.1 .

Accordingly, the excess demand formulation shown in Figure 7(b) can be written as below:

min
e,β

Z5 =
x2

1
4

+
3x2

2
4

+ (1 − e) ·
(

100β2 − 1
80

)
+

e2

2

s.t. 0.1 ≤ β1 ≤ 0.5,

0 ≤ e ≤ 1

x1 = (1 − e) · (2.5β − 0.25),

x2 = (1 − e) · (1.25 − 2.5β).

The optimal solution to this excess demand formulation reads β∗ = 0.3, e∗ = 0.4, and accord-
ingly, x∗1 = x∗2 = 0.3, t∗1 = 0.15, t∗2 = 0.45 and Z∗

5 = 0.23. To see the correctness of the flow pattern
that exactly satisfies the ED-CBiTA UE condition: (i) EGTT T∗ =

∫ 0.3
0.1 2.5 ∗ (0.15+ z)dz +

∫ 0.5
0.3 2.5 ∗
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Figure 7: A small network.

0.45dz = 0.4 = W(e∗), which matches the excess demand function; and (ii) the slope between
two efficient paths =

t∗2−t∗1
τ1−τ2

= 0.45−0.15
1−0 = 0.3 = β∗, which is able to achieve exact positions along

the Pareto frontier. Consequently, the optimal solution satisfies the ED-CBiTA UE Definition 2.

5.1.2 Illustrative comparison of different algorithms

Starting from an initial solution with β = 0.45 and e = 0, Figure 8 depicts three iterative trajec-
tories using TSGP, MSA and FW. We can observe that TSGP can efficiently approach the optimal
solution in almost two iterations. As for two link-based algorithms, FW begins to exhibit the
well-known zigzagging effect when it approaches the optimal solution, whereas MSA uses a
diminishing stepsize and needs a rather larger number of iterations to converge. In a nutshell,
TSGP significantly outperforms MSA and FW in solving this two-link network.

Figure 8: Iterative trajectories by three algorithm.
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5.1.3 Flow pattern: Continuous versus discrete

In subsections 5.1.3 and 5.1.4, we use more general settings on the two-link network to compare
the equilibrium results of the continuous and discrete multi-class model. The link tolls τ1 = 5
$ and τ2 = 0. The link travel time function takes the form of the Bureau of Public Roads (BPR)
function:

ta = t0
a

(
1 + 0.15

(
xa

ρa

)4
)

, (32)

where t0
a denotes the free-flow travel time on link a, ρa is the capacity on link a. Herein, we set

t0
1 = 10 and t0

2 = 15 min, ρ1 = 1000 and ρ2 = 4000 veh/h.
Following Ryu et al. (2014), the O–D demand function adopts the exponential functional form:

Drs(T̄rs) = q̄rs exp(−γT̄rs), (33)

where T̄rs is the equilibrium EGTT (h), q̄rs is the upper bound demand of O–D pair rs and γ is a
positive scaling parameter. Herein, we set γ = 0.3 and q̄rs = 5000 veh/h.

We consider two types of continuous distributions of VOT, including uniform and log-normal
distributions. The lower and upper bound of VOT are set as 6 and 30 $/h respectively as sug-
gested by Xie et al. (2021). Graphical illustrations of two distributions and the transformation
between VOT (α) and TEM (β) are provided in Appendix E.

Next, we briefly describe how to set parameters and functions for a discrete multi-class prob-
lem with elastic demand. For a single-class problem (|M| = 1), the class-specific TEM value is
set as the mean value of the continuous distribution, and the demand function is the same as
the continuous problem. For a multi-class problem (|M| > 1), we evenly divided the TEM range
[1/30, 1/6] with a total of |M| intervals, each taking the mean as the class-specific value. For the
demand function, the upper bound demand of each class in Eq. (33) is scaled by its proportion
such that the total O-D trips are comparable.

Figure 9 shows equilibrium flows on paths 1 and 2 for a different numbers of user classes
ranging from 1 to 100. We can observe that the flow differences significantly fluctuate at the
beginning (i.e., |M| < 10). After that, the fluctuation gradually reduces as the number of classes
increases. When the continuous distribution is discretized with a large number of classes, e.g.,
more than |M| = 50, it would produce a closer solution to the continuous problem. Nevertheless,
we can still observe the flow differences compared to the continuous solution.
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(a) Flows on path 1 (b) Flows on path 2

Figure 9: Equilibrium path flows for different number of user classes ranging from 1 to 100.

To see why the discrete problem fails to achieve the exact flow pattern with that of the continu-
ous problem, Figure 10(a) and 10(b) plots the class-specific equilibrium path flows with |M| = 50
for uniform and log-normal distributions, respectively. All 50 groups are ordered in increasing
order of VOT on x-axis. We found that the preferred path order by different VOT groups has
been achieved through the discretization method. However, Group 37 for uniform distribution
and Group 30 for log-normal distribution both carry positive flows on two paths, respectively.
That is, those travelers grouped into the same class can choose different paths. The homogeneity
among these two groups will bring discretization errors compared to the continuous problem.

(a) Uniform distribution (b) Log-normal distribution

Figure 10: Equilibrium class-based path flows for discrete multi-class problem when |M| = 50.

5.1.4 Toll revenues: Continuous versus discrete

This subsection further compares the toll revenues of the continuous and discrete multi-class
model (|M| = 1, 5, 10). We changes the toll on link/path 1 from 0 to 6 $, while the path 2 is
always a toll-free choice. Figure 11(a) and 11(b) show toll avenues using uniform and log-normal
distributions, respectively. We can observe that single-class problem (i.e., |M| = 1) cannot receive
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the maximum toll revenues as achieved by a continuous problem. Moreover, no travelers will
choose path 1 when τ1 is greater than about 3 $. When user heterogeneity is considered to include
more user classes (i.e., |M| = 5 and 10), we found that toll avenues for the discrete multi-class
model would be competitive with the continuous problem.

(a) Uniform distribution of VOT (b) Log-normal distribution of VOT

Figure 11: Toll avenues with different toll-settings on path 1.

5.2 Large networks

In this section, we compare the computational performance of three algorithms (TSGP, MSA and
FW) using large networks. Table 1 presents details of six large traffic networks, the information
of which is available at https://github.com/bstabler/TransportationNetworks. Because the
original instances (except Philadelphia) from the website do not contain tolls, the toll on each
link is set as the marginal toll cost by solving the system optimum standard traffic assignment
problem as suggested by Xie et al. (2021). VOT is assumed to follow a uniform distribution
ranging from 6 to 30 $/h. We use the BPR functions (see Eq. (32)) for link travel times and
exponential demand functions (see Eq. (33)) for all O-D pairs. The upper bound demand is
assumed to be the O-D demand from the original O-D matrix, and the parameter γ is set as 0.3
as suggested by Ryu et al. (2014). In our implementation, the maximum inner loops L and the
control parameter Γ1 are set by default to 500 and 0.1, respectively. Note that another control
parameter Γ2 takes the same setting as in Xie et al. (2021).

Table 1: Details of four six networks.

Networks # Nodes # Links # Zones # O-D pairs # Trips # Tolled links

Sioux Falls 24 76 24 528 360,600 68
Anaheim 416 914 38 1,406 104,694 43
Winnipeg 1,052 2,836 147 4,344 64,775 37
Barcelona 1,020 2,522 110 7,865 184,680 53
Chicago Sketch 933 2,950 387 93,512 1,260,907 862
Philadelphia 13,389 40,003 1,525 1,149,795 14,336,062 31

Note: The number of trips is the total demand from the original demand matrix.
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(a) Sioux Falls (b) Anaheim

(c) Winnipeg (d) Barcelona

(e) Chicago Sketch (f) Philadelphia

Figure 12: Convergence performance for six large networks.

The convergence performances (CPU time versus relative gap) on six networks are compared
in Figure 12. In our experiments, an algorithm is terminated if either it reaches a relative gap of
10−12 or the maximum running time. It can be seen that the superiority of TSGP becomes much
more prominent in the larger examples. We can observe that TSGP is able to attain a relative gap
of 10−12 for all networks, whereas the two link-based algorithms, FW and MSA, are unable to
achieve highly precise equilibrium solutions. Besides Philadelphia, FW can only get to around
10−6, and MSA for 10−4. Their sluggish convergence behavior, which has been illustrated in a

26



two-link network in Section 5.1.2, is aligned with the algorithm’s reputation as a standard solver
for traffic assignment. For an especially computational challenge of Philadelphia, it can be seen
that FW and MSA are struggling at around 10−3 after 24 hours. The remarkable performance of
TSGP confirms its capability to deal with real-world instances involving millions of O-D pairs.

6 Conclusions

In this paper, we revisit the work of Leurent (1993) for the ED-CBiTA problem and present an al-
ternative path-based formulation by extending the model of Marcotte (1998) and Xie et al. (2021)
to further incorporate elastic demand. The proposed ED-CBiTA formulation is defined based
on the O-D travel demand and TEM boundaries, which closely account for the trip generation
and bi-criteria traffic assignment, respectively. We propose a highly efficient two-stage gradi-
ent projection (TSGP) algorithm. This novel algorithm predicated on the idea of reducing the
original-complex problem into two types of subproblems, which can be solved very efficiently
using the Newton-type GP method. More specifically,

• At the first stage, we apply GP to solve the O-D excess demand problem, which aims to
achieve demand equilibration based on the current congestion level.

• At the second stage, we apply GP to solve the O-D single-boundary subproblem, which is
to achieve exact positions of two adjacent efficient paths along the Pareto frontier.

Graphical illustrations are provided to show that both two equilibrium operations are in fact
adjusting path flows in different ”directions” to move toward equilibrium. That is, path flows are
adjusted in ”vertically” and ”horizontally” directions at the first and second stage, respectively.
We use small and larger networks to demonstrate TSGP’s efficiency compared to two link-based
benchmark algorithms, i.e., MSA and FW. Moreover, we compare and investigate the features
between continuous and discrete multi-class models, and found that discretization errors could
still exist even when a larger number of user classes is considered.

The directions pursued by this paper have opened many other extensions that would be
interesting to explore in future studies. First, we can tailor the methodological tool developed in
this paper to other variants and applications of ED-CBiTA. For example, one may be interested
in finding first- or second-best tolls build upon TSGP. Second, one of the criteria (i.e., toll) of this
study is assumed to be flow-independent. It is of particular interest to study a continuous multi-
class problem with both attributes being flow-dependent. However, the path order no longer
being deterministic in such a general problem, which would pose new challenges to both the
model and the solution algorithm. Another possible direction for future research is to include
more criteria (e.g., travel time reliability) concerned by travelers, leading to the continuous multi-
criteria traffic assignment problem. The plan is to conduct experiments on large-scale networks
to see how flow pattern changes and how much computational costs increase by considering a
joint two-dimensional continuous distribution.
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Appendix A Proof for the formulation equivalence

The path-based convex formulation for ED-CBiTA in Leurent (1993) is formulated as

min
f

Z f = ∑
a∈A

∫ xa

0
ta(z)dz︸                ︷︷                ︸

Beckman transformation

+ ∑
rs∈RS

∑
k∈Krs

qrsτk

[
Ers

(
Qrs

k
qrs

)
− Ers

(Qrs
k−1

qrs

)]
︸                                                           ︷︷                                                           ︸

Monetary expense expectation

− ∑
rs∈RS

∫ qrs

0
D−1

rs (z)dz︸                       ︷︷                       ︸
Inverse demand integrals

(34a)

s.t. fk ≥ 0, ∀k ∈ Krs, rs ∈ RS (34b)

Qrs
k = ∑

j≤k
f j, ∀rs ∈ RS, k = 1, . . . , |Krs|, (34c)

qrs = ∑
k∈Krs

fk, ∀rs ∈ RS, (34d)

xa = ∑
rs∈RS

∑
k∈Krs

δa,k fk, ∀a ∈ A, (34e)

where Ers(·) is the primitive of the inverse CDF (i.e., Hrs(·)), Qrs
k is the cumulative flow on paths

whose tolls are less than or equal to the toll on path k corresponding to O-D pair rs. Although
we herein don’t group flows for paths such that have the same toll as in Leurent (1993), it is easy
to prove this operation won’t affect the formulation.

Constraint (34c) stores the path flow information with a descending order of toll, which is
consistent with the definition of TEM intervals as in Eq. (3). Both feasible sets in MPs (34) and (6)
are the same, i.e., including non-negative and conservation constraints for path flows (implicitly
the non-negatively of O-D demands in Eq. (34d)). Next, we show that the objective functions
(34a) and (6a) are equivalent, i.e., Z f = Z1. Recall that the first Beckman-type term and the third
inverse demand integrals term are the same for both formulations. While the second term in Eq.
(34a) that relates to toll costs can be reconstructed as follows:

∑
rs∈RS

∑
k∈Krs

qrs · τk ·
[

Ers

(
Qrs

k
qrs

)
− Ers

(Qrs
k−1

qrs

)]
(35a)

= ∑
rs∈RS

∑
k∈Krs

qrs · τk

∫ Qrs
k

qrs

Qrs
k−1
qrs

H−1
rs (u)du = ∑

rs∈RS
∑

k∈Krs

qrs · τk

∫ H−1
rs (

Qrs
k

qrs )

H−1
rs (

Qrs
k−1
qrs )

z · d(Hrs(z)) (35b)

= ∑
rs∈RS

∑
k∈Krs

qrs · τk

∫ H−1
rs (

Qrs
k

qrs )

H−1
rs (

Qrs
k−1
qrs )

z · hrs(z)dz = ∑
rs∈RS

∑
k∈Krs

qrs · τk

∫ βrs
k

βrs
k−1

z · hrs(z)dz︸                                          ︷︷                                          ︸
Continuous monetary expense

. (35c)

Consequently, MPs (6) and (34) are equivalent, which completes the proof.
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Appendix B Formulation of the discrete multi-class model

Mathematically, the discrete multi-class excess demand problem can be formulated as below:

min
{ fkm, ers

m}
Zdiscrete = ∑

a∈A

∫ xa

0
ta(z)dz︸                ︷︷                ︸

Beckman transformation

+ ∑
rs∈RS

∑
m∈M

∑
k∈Krs

βrs
mτk fkm︸                            ︷︷                            ︸

Monetary expense summation

+ ∑
rs∈RS

∑
m∈M

∫ ers
m

0
Wrs

m (z)dz︸                             ︷︷                             ︸
Excess demand integrals

(36a)

s.t. q̄rs
m = ∑

m∈M
∑

k∈Krs

fkm + ers
m , ∀rs ∈ RS, m ∈ M, (36b)

xa = ∑
rs∈RS

∑
m∈M

∑
k∈Krs

δa,k fkm (36c)

fkm ≥0, ∀rs ∈ RS, m ∈ M, k ∈ Krs, (36d)

ers
m ≥0, ∀rs ∈ RS, m ∈ M, (36e)

where each user class m ∈ M is associated with a TEM βrs
m. Flows are subscripted with user class

m, i.e., fkm is the flow on path k for class m ∈ M, Wrs
m (·) is the excess demand function for class

m, ers
m and q̄rs denote the excess and upper bound demand of O-D pair rs for class m, respectively.
The above formulation directly operates in the space of class-specific path flows and excess

demands. Notice that the unique equilibrium solution is ensured w.r.t. total link flows and O-D
demands, while it does not generally hold for class-specific link and path flows.

Appendix C The MSA procedure

Algorithm 4 MSA

1: Initialization: Given the initial demand vector q0 = q̂ = q̄, call Dial’s T2 algorithm to obtain
link flow vector x0, link moment vector u0, and the O-D based expected generalized travel
time T0. Set the loop counter n = 0 and update link cost t.

2: Descent direction finding: Set travel demand q̂n+1 = D(Tn). Perform Dial’s T2 algorithm
to obtain the auxiliary link flow vector x̄n, auxiliary link moment vector ūn, the O-D based
expected generalized travel time Tn+1.

3: Move: Set xn+1 = 1
n+1 x̄n + n

n+1 xn, un+1 = 1
n+1 ūn + n

n+1 un, qn+1 = 1
n+1 q̂n+1 +

n
n+1 qn.

4: Update: Update link cost vector t.
5: Convergence test: If the relative gap RG = 1 − ∑rs∈RS Drs(Tn

rs)·Tn
rs

∑a∈A(xn+1
a tn+1

a +un+1
a ma)

is less than the conver-
gence criteria or the maximum running time is reached, stop; otherwise set n = n + 1 and
return to Step 2.
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Appendix D The FW procedure

Algorithm 5 FW

1: Initialization: Given the initial demand vector q0 = q̂ = q̄, call Dial’s T2 algorithm to obtain
link flow vector x0, link moment vector u0, and the O-D based expected generalized travel
time T0. Set the loop counter n = 0 and update link cost t.

2: Descent direction finding: Set travel demand q̂n+1 = D(Tn). Perform Dial’s T2 algorithm
to obtain the auxiliary link flow vector x̄n, auxiliary link moment vector ūn, the O-D based
expected generalized travel time Tn+1.

3: Line search: Solving the following one-dimensional problem to find an optimal stepsize λ∗
n:

argmin
λn∈[0,1]

{[∫ λn x̄n+(1−λn)xn
a

0
ta(z)dz + τa · (λnūn

a + (1 − λn)un
a )

]
− ∑

rs

∫ λn q̂rs
n +(1−λn)qrs

n

0
D−1

rs (z)dz

}

4: Move: Set xn+1 = λ∗
nx̄n +(1−λ∗

n)xn, un+1 = λ∗
nūn +(1−λ∗

n)un, qn+1 = λ∗
nq̂n+1 +(1−λ∗

n)qn.
5: Update: Update link cost vector t.
6: Convergence test: If the relative gap RG = 1 − ∑rs∈RS Drs(Tn

rs)·Tn
rs

∑a∈A(xn+1
a tn+1

a +un+1
a ma)

is less than the conver-
gence criteria or the maximum running time is reached, stop; otherwise set n = n + 1 and
return to Step 2.

Appendix E Distributions of TEM from uniform and log-normal dis-
tributions of VOT

• Given a uniform distribution of VOT α ∼ U(α, α), it is easy to derive the distribution of
TEM β = 1/α as follows:

h(β) =
1

β2(α − α)
, (37a)

H(β) =
∫ β

1
β

h(z)dz =
α − 1/β

(α − α)
, (37b)

∫
β · h(β) =

log (β)

α − α
+ C, (37c)

where C is a constant.

• Given a log-normal distribution of VOT α ∼ Logn(µ, σ) such that α ∈ [α, α], then TEM
β ∼ Logn(−µ, σ) such that β ∈ [1/α, 1/α]. Let ∆p denote the portion within the range of
the truncated support, i.e.,

∆p =
1
2

[
er f
(

ln (1/α) + µ

σ
√

2

)
− er f

(
ln (1/α) + µ

σ
√

2

)]
, (38)

where the Gauss error function er f (x) = 2√
π

∫ x
0 exp

(
−z2) dz.
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Further, the distributions of β can be analytically derived as:

h(β) =
1

β · ∆p · σ
√

2π
exp

(
− (ln β + µ)2

2σ2

)
, (39a)

H(β) =
1

2∆p

[
er f
(

ln β + µ

σ
√

2

)
− er f

(
ln (1/α) + µ

σ
√

2

)]
, (39b)∫

β · h(β) =
1

2∆p
exp

(
−µ +

σ2

2

)
·
[

1 + er f
(

log β + µ − σ2)

2σ

)]
+ C. (39c)
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