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On the flame height of circulation-controlled firewhirls with

variable density
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Abstract:

A theoretical analysis on the flame height of circulation-controlled firewhirls is presented with
emphasis on studying the influence of variable density that was ignored in most previous studies. A
circulation-controlled firewhirl is approximated as a non-premixed flame, with variable density and
temperature-dependent diffusivities in a steady and axisymmetric Burgers vortex. A coupling-
function-based formulation is established to describe the firewhirl by invoking the assumption of
unity Lewis number. By virtue of a Howarth-Dorodnitsyn-like coordinate transformation, the
transport equations for the coupling functions can be solved analytically to result in the well-known
linear relation between the normalized flame height and the modified Peclet number. The variable
density effect in enhancing the flame height is characterized by a dimensionless temperature factor
multiplied to the linear relation. For the firewhirls supplied by a fuel in condensed phase, the
boundary conditions at the fuel surface are specified by considering the physical mechanism of

Stefan flow.
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Nomenclature

Physical quantities
a strain rate of Burgers vortex
Cp constant pressure specific heat

do (1) diameter (radius) of fuel pool

D mass diffusivity

p pressure
qc heat of combustion per unit mass of fuel
Qv latent heat of vaporization per unit mass of fuel

r,x,0 cylindrical coordinates
T temperature
u, v, w velocity components in x, 7, 8 directions

w molar weight

Y mass fraction

Zs  stoichiometric mixture fraction
r circulation of Burgers vortex

A thermal conductivity

v kinematic viscosity

p density

Opp  ratio of molar weights oo = W, /W5
Q angular velocity

Average quantities at x = 0

Qo =;-J," (0. "dr, Q = (. T, Yr,p)

T modified temperature Ty = Ty — q,,/c,
Non-dimensional and normalized variables
X=X/X,, X=(D,p,7,x,u,v,w,Ys,p,V)

a a=aré/v,



T T= cpT/qcYro

Yo Yo = Yo/0r0Yro

Bro  Bro=Yr =T,

Brr  Ber =Yp+T

r I'=T/uyr,

Transformed coordinates

X,¢  stream function coordinates

&,n  density-mass diffusivity-weighted coordinates

Subscripts

O quantities on the oxidizer side
F quantities on the fuel side

N quantities for inert gas

0 quantities at x = 0

o quantities in far field

1. Introduction

Firewhirls are spinning non-premixed flames that often occur in wild and urban fires and may
cause severe destructions. A number of experimental and theoretical studies have been conducted to
understand the occurrence and characteristics of firewhirls[1-20]. Flame length or flame height is an
important parameter for characterizing a firewhirl[6,9-12,15,21], as the increasing rotational velocity
and entrainment of ambient air result in an appreciable lengthening of the flame due to the
conservation of angular momentum([4,5,11,15]. Moreover, the increase of flame length may also
enhance the radiant energy flux transmitted to the ambience which in turn leads to the spread of spot

fires in distance[4,5,11,15].

It was commonly believed that the flame length of a firewhirl is mainly controlled by the
buoyancy effect, which can be characterized by Froude number (Fr) measuring the relative

importance of the inertial force compared with the gravitational force. An upwardly convective flow



will be induced by the buoyancy when a substantial density variation is caused by the large heat
release from the firewhirl [1, 3-6, 9, 10]. Since a firewhirl must involve a rotating fluid motion, its
characterization often needs another non-dimensional parameter, the Rossby number (Ro), to

measure the ratio of the inertial force to the Coriolis force.

Compared with a large number of experimental investigations reported in the literature, the
theoretical analysis of firewhirls has not been attempted sufficiently. By assuming firewhirl as an
inviscid and incompressible flow with buoyancy, Battaglia et al.[5] obtained the numerical solutions
of velocity components near the axis for Ro>0.5. It is noted that a "non-Boussinesq" model was
proposed in their study to account for the large density variation through a density-scaled velocity
transformation, which was introduced by Yih [22] for incompressible stratified flows. Recently,
Kuwana et al.[12] experimentally observed that the presence of a weak circulation in buoyancy-
controlled firewhirls can have a considerable influence on the flame height by enhancing the burning
rate. By introducing a modified "Top-hat" approximation for the axial velocity distribution near the
axis, they obtained a linear relation between the dimensionless flame height and the Peclet number,
which is the ratio of the flow velocity at the vaporizing liquid surface to the characteristic gaseous

diffusion velocity.

In the recent study of Chuah et al.[11] on inclined firewhirls, the flame heights were found to be
independent of the inclination angles and the burning rates, and thereby confirming the existence of
circulation-dominated firewhirls. The physical explanation to the phenomena is that the inclined
firewhirls remain to be inclined rather than vertical when sufficiently strong circulation was imposed
onto the firewhirl. The strong vortex in the firewhirl stretches the flame along its axis of rotation and
preserves its direction under the constraint of the conservation of angular momentum. In their study,
a linear relation between the normalized flame height and the Peclet number was obtained
theoretically by approximating the firewhirl as a constant-density Burgers vortex. Although Chuah et
al.'s linear relation predicts the right trend of the flame heights for the concerned firewhirls with or

without whirls, it significantly underestimates the flame heights in the presence of strong rotational
5



flow[11]. Considering that the vortex-stretching effect in Burgers vortex may not be sufficiently
strong to account for the strong vorticity in a firewhirl, Klimenko and Williams[15] proposed an
theoretical model by employing a strong-vortex approximation[23] and its compensating regime[24].
A modified linear relation between the normalized flame height and the modified Peclet number was
obtained and can produce good agreements with the experimental data by adjusting an effective

exponent responsible for flame elongation.

In spite of these worthy advances in understanding the factors affecting the firewhirl lengths,
the approximation of constant density that is always invoked in the previous studies[11,15] has not
been adequately justified. The influence of density variation arising from the large temperature
nonuniformity of firewhirl cannot be simply neglected. Because the decrease of density and hence
the flow inertia within the high-temperature vortex core of a firewhirl flow renders the fuel mass
more readily to be advected to a larger height. The Boussinesq assumption is often applied to
account for the effect of variable density in body force, but it is not applicable for circulation-
controlled firewhirls[15]. It is noted that the "non-Boussinesq" approximation adopted in Battaglia et
al.[5] for large temperature and density variations is essentially a low Mach number approximation
that is however inappropriate when the circulation became sufficiently intense, corresponding to Ro

being less than a threshold value 0.5.

In the present study, we established a "variable density and diffusivity" model in order to
propose an alternative interpretation to the experimentally observed flame height of the circulation-
controlled firewhirls. In section 2, a steady, axisymmetric firewhirl system is mathematically
formulated in terms of the coupling functions by assuming unity Lewis number. In section 3, a
Howarth-Dorodnitsyn-like coordinate transformation[25,26] is used to reproduce a formulation that
is formally the same as the "constant-density" one obtained in the previous studies[11,15]. In section
4 and 5, the influence of density variation on the flame height is discussed, followed by the
specification of the boundary conditions at the vaporizing surface when the firewhirl is supplied by a

fuel in condensed phase, in section 6.



2. Coupling-function Formulation

A firewhirl is called circulation-controlled when the vortex-stretching effect plays a dominant
role in determining the flame height and the buoyancy effect is negligible. We consider such a
firewhirl as a steady non-premixed flame in a forced, axisymmetric rotating flow with chemical

reaction in place[6,11,12,15]. The schematic of such a firewhirl is shown in Figure 1.
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Figure 1. Schematic of circulation-controlled firewhirls

The flow temperature varies considerably in space due to the large heat release from the flame
and therefore causes a substantial variation in density as the pressure change insignificantly in low
Mach number flows[26]. To analytically characterize the firewhirl, we need to solve the spatial
distributions of fuel, oxidizer mass fractions and temperature, which constitute two coupling
functions Sry and Brr by assuming that the fuel and oxidizer have equal density-weighted mass

diffusivity pD and the Lewis number Le = A1/pc,D is unity.

The dimensional transport equation for the coupling functions can be written as

3p; B, 9 AN ap;
pur 5 -t pvr 5= a(f’ma) + a(PDrW)

(1)



where ; = Brop or fgr. The boundary conditions (BC for short hereinafter) for Equation (1) are
specified as follows: the axisymmetric BC(i) atr = 0, df;/0r = 0, the far-field BC(ii) at r - oo,
dp;/0r = 0; BC(iii) at x = 0,7 <1y, puPpo — pD 0Pro/9x = pu/Yro, puPrr — pDOPpr/0x =
pu(1/Yeo + T+ qu/q:Yr0) » at x =0,7>15, 8B;/9x =0; BC(iv) at x > o, Bro = Yy ,
Brr = To. BC(iii) describes the additional physical conditions on a liquid fuel pool of radius r,: the
diffusive and convective transport of fuel is balanced by the fuel evaporation[11,26], which is driven
by heat transport from the flame [26]. Being compatible with BC (ii), BC(iv) literally indicates that
no fuel is present in the far field of the fuel source, as the result of the assumption of infinitely fast

reaction rate or equivalently the flame sheet assumption.

3. Coordinate Transformation

To transform Equation (1) into an analytically tractable form, we shall first rewrite it in terms of
the non-dimensional variables defined in the nomenclature, and then introduce a density-mass
diffusivity-weighted coordinate system defined by

Dy ("= .
§ = p dx', n= J pdr’
0

UoTo
)

which is an analog of the well-known Howarth-Dorodnitsyn transformation[25] for compressible
boundary layers, in spite of the latter is particularly useful for self-similar flow fields. In the present
problem, the flow is not self-similar because of the characteristic length scale 7y. It is noted that the
strong-vortex solution of Klimenko and Williams[15] was obtained by forcing self-similarity in the
firewhirl flow.

Applying the transformation (2) to Equation (1), we can have

aﬁl Nlﬁ : li( aﬁl)-l_nan( aﬁl)

“ar vV oy TpetpaE Fr Ton
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where the Peclet number is defined as Pe = uyd,/D, and ¥' = ﬁPe(Zﬁﬁ)_l an intermediate

variable for mathematical conciseness. To derive Equation (3), we have invoked the well-known
- " -1
Chapman-Rubesin approximation[26] by C = p?Df ( for ﬁdr’) = const. It is seen that, although

the density and mass diffusivity do not appear explicitly in Equation (3), their variations are taken
into account in the new coordinates. Accordingly, the boundary conditions BC(i-iv) are rewritten as

follows: BC(i") atn =0, dB;/dn = 0; BC(ii’) at n - o0, df;/0n = 0; BC(iii’) at £ =0,n <1,

_vy-1_, % (9Bro _4 (9Bt _ 9Bi _ (.
BFO_YFO +P62( af) dﬁFT_YFO +T0 chFo-I_PeZ( af ), and atf 077>1, 6{ 0,

BC(iv*) at § = 00, Bro = ~Ypeo, Bpr =T
In the present study on circulation-controlled firewhirls, we assume the Peclet number is
sufficiently large so that the axial diffusion is limited in a thin evaporation layer adjacent to the

liquid pool and it can be negligible outside the layer. Consequently, Equation (3) can be written as

o102

4)
In the large Peclet number approximation, BC (i’) and BC(ii’) remain intact; the simplified BC(iii*)
isthatatE = 0,1 < 1, Bro = 1/Yeo,Brr = 1/Yeo + Tyand at E = 0,1 > 1, Bro = —Yoeo, Brr = Too;
BC(iv’) is not required by Equation (4).

Formally, we can regard the coordinates (§,n) as “constant density” ones, in which we
approximate the firewhirl flow as a Burgers vortex[11]. Burgers vortex[27] is a generalization of
two-dimensional Oseen vortex[28] by introducing an additional linear radial and axial secondary
flow to account for the vortex-stretching effect, which plays a crucial role in determining the flame

heights of circulation-controlled firewhirls. The stream function of the Burgers vortex is given by
Y = (gf + %) n?. In terms of the stream function 1, the axial velocity i, the scaled radial velocity ¥’

and the azimuthal velocity W can be expressed by



(5)
In the physical coordinates, Equation (5) is written by

u= afx (i)z de' + Ug v = —laﬁgfr (ﬁ) dr’ w = r; [1 — e—%(f;%dr’)zl
0 \po/ Do ’ 2 po Do 0 \pg ’ 27 [ p/podr’

(57)
where the integrals in the velocity components represent the stretching effects of the density
variation. Given that the density is a slowly-varying function of x and Chapman-Rubesin number is
constant, it is readily seen that Equation (5°) satisfies the equation of continuity as does the primitive
model[28]. The direct validation of Equation (5) is not available in the present study while it merits

future study when experimental measurements are available.

Making use of the stream function 1, we can introduce the stream function coordinate defined
as y = ¢,{ = /2y, which was also used by Klimenko and Williams[15] in a dimensional form.

Equation (4) can be rewritten in the stream function coordinate (y, {) as

g, 10 ( a.Bi)

ox (o

a¢

(6)
Correspondingly, the BCs (i’) to (iii’) can be rewritten as BC(a) at { = 0, df;/9{ = 0; BC(b) at
{ >0, 06/ =0; BC(c) at x =0,{ <1, Bro =Yg, Bpr = Yig' +Tg and at x =0,{ >1,
Bro = —Yow, frr = To. Equation (6) together with BCs (a)-(c) constitute an analytically solvable

formulation describing the firewhirl problem, to be solved in the following section.

4. Solutions for Coupling Functions
Equation (6) can be solved by means of separation of variables which results in the Bessel

function of the first kind[29]. After taking into account of BCs (a)-(c), we have
Bro = —7000 + (YF_Ol + 17000)_]‘ ]1(‘0)]0(0)()@_“)2)(‘10)
0

(7)
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Brr = Too + (T(; + YF_Ol - Too)f ]1((0)]0(0)()3_“)2)(610)
0

(8)

where ], and J; are the zeroth- and the first-order Bessel functions of the first kind, respectively.
The flame location, expressed by x = f({), can be determined by using fro = 0 in Equation
(7) because the reactants vanish on the non-premixed flame sheet. Since oxidizer is absent on the

fuel side in the flame-sheet assumption, Yr is determined from Equation (7) by

17F = Pro = —7000 + (YF_Ol + 17000)[ ]1(0))10((009_“)2)(610)
0

)
and T from Equations (7) and (8) by
T = BFT - ﬁFO = Too + YO,oo + (T(; - Too - 170c>o)f jl(w)]o(w()e_wzxda)
0
(10)
Similarly, fuel vanishes on the oxidizer size and we hence have
170 = —Pro = 17000 - (Y1~"_()1 + 17000)] 11(0))]0(&’()6’_“)2%610)
0
(11)
and
T=Brr=Tu+ (T(; + Vit — ~oo)f ]1(0))]0((009_“’2%610)
0
(12)

Transforming y and { in the Equations (9)-(12) back to ¥ and # and expressing T and ¥ in their
dimensional forms, we can obtain the spatial distributions of T, Y and Y, in physical coordinates and

hence the firewhirl is completely determined.

5. Flame Height and Variable Density Effect
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The flame height of the firewhirls is defined as the highest flame location on the y-axis and
denoted by yj, which can be determined by setting both { and Sz, equal to zero in Equation (7),
yielding

Tow
Yol + Voo

st

j Ji(w)e @ Xnde =
0

(13)
In actual experimental conditions, the flame height is usually significantly larger than the radius of
fuel source pool, namely, y, > 1. Therefore, the integral on the LHS of Equation (13) is mainly
attributed to a small region around w = 0 [30]. By using the Taylor expansion of the Bessel function
Ji(w) around w = 0, i.e., J;(w) = w/2 — w3/16 + -+, substituting it into Equation (13), and using
integration by parts, we have (4x,)"*[1 — (8x,) '] = Z,; and therefore

1 1

~ 47, 8

Xn

(14a)
where only the first two terms in the Taylor expansion were used because of 8y, > 1. To facilitate

the comparison with previous experimental observations, we write yj, in its dimensional form by

1 T¢ (™ D
= Ddx = J —dx
An pauyTs jo P ugr J, T?

(14b)
To derive the above equation, we have adopted the isobaric approximation [11,15,26] which has
been well justified in low Mach number flows. Substituting (14b) to the RHS of Equation (14a), we

have

1 1
16Z;, 32

Xp
j T 2dx = PeT¢ ?d, [
0

(15)
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where the mass diffusivity in arbitrary axial location is related to Dy at x = O through the relation
D = Dy(T/Ty)%, in which a is usually less than 2[11,31] and equal to 1.5 in the kinetic theory of
gases employing the rigid-sphere model[26].

Because Z; is around 0.1 under the actual experimental conditions[11], we can neglect 1/32 in

Equation (15) and formally rewrite the equation as

Xp (Tm>2_a Pe
dy \T, 16Z,,

(16)
which has exactly the same form as that given by Klimenko and Williams[15] except for the
additional term (T,,,/T,)?~% describing variable density effect on the flame heights. Introduced for

mathematical convenience, T, denotes the integral

1 (% 1/(a-2)
T, = l—f Ta‘zdxl
Xp 0
(17)
and 1s determined, with the help of Equation (10), by
_ 1/(a-2)
1 [*n Yo Yoo [ x/ro e
T, = —f [Too 4 dcfow | <TO _ I _AcTo >f J1(w) exp (—wzf p*D dx’) dw] dx
Xn Jo OroCp Cp  OroCp) o 0
(18)

Considering that directly evaluating T,, by means of (18) is mathematically challenging due to
multiple-fold integrations of a product of Bessel function with exponential function, we can roughly
estimate T,, by the arithmetic mean, the geometric average or the well-known 1/3-rule[26] to
facilitate the interpretation of variable density effects and the comparison between theory and
experiments.

For the following illustrations, both the 1/3-rule, T,,, = (TO + 2T, f) /3, and the arithmetic mean,
T, = (TO + Tf) /2, are adopted to estimate T;,,, where the quantity Ty denotes the flame temperature.

In Chuah et al.'s experiments, Tr of alcohols (methanol, ethanol and 2-propanol) are estimated at

1300 K[11] rather than 1500K[31] since the alcohols burn cooler than hydrocarbons. T, is
13



approximated as 337K, the boiling point temperature of methanol at atmospheric pressure, although
T, should be lower than the actual boiling point temperature. The slight difference of the boiling
point temperatures between methanol (337K) and 2-propanol (370K) does not cause any significant
change to the temperature factor (T,,,/Ty)%~%. Two typical values for the exponent a, such as 1.5
from the kinetic theory of gases[26] and 1.8 suggested by Chuah et al. [31], will be used and

compared to minimize the uncertainty caused by the choice of the exponent.
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Figure 2. Normalized flame length plotted against normalized Peclet number. Solid symbols represent experimental data

given by Chuah et al[11]. Fuel types are distinguished by solid symbols, methanol ( ¢), ethanol (), 2-propanol (7).

Figure 2 shows the present theoretical predictions for different values of @ and different
estimates of the mean temperature. For comparison, the previous theoretical results based on the
constant density assumption are also shown and can be readily reproduced by using a physically
unrealistic value of @ = 2 in the present theory. It is seen that the constant density predictions result
in a linear relation with a unity slope in the parameter space of the normalized flame height, x; /d,,
and the modified Peclet number, Pe/16Z;;. When the variable density effect is taken into account in
the present theory, the linearity between x;,/d, and Pe/16Z,; remains while the slope is modified by
a factor (T,,/Ty)?>~® > 1 because T, > T, and a < 2. This result implies that the flame height
undergoes an additional increase in circulation-controlled firewhirls when the variable density effect

is taken into account. The underlying physics can be understood by that the decrease of density and
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hence the flow inertia within the high-temperature vortex core of a firewhirl flow renders the fuel
mass more readily to be advected to a larger height.

It is also seen by comparing Figure 2(a) with 2(b) that the different approximation methods for
estimating the mean temperature T,, do not cause any qualitative changes to the theoretical
predictions. Furthermore, the good agreements with the experimental data have been achieved by the
present theory with either « = 1.5 or @« = 1.8, while the latter seems better and more physically
realistic. It is noted that the present theory seems to moderately overestimate the experimental data
below the horizontal dot line, which however represent the experimental cases without whirl and
therefore should not be used for a direct comparison. As circulation decreases, the buoyancy effect
may become a nontrivial or even dominant factor in determining the flame height.

An alternative way to estimate Ty is by evaluating Equation (10) at x;, and setting { equal to

zero. Neglecting the slight difference between T, and T in most actual situations and evaluating T,,

and using the arithmetic mean as an example, we have

Xp 1+K+ qc % ' Pe
dy K 167,

TR AT

(19)
where the inclusion of the coefficient « is to account for possible heat loss due to radiation and other
factors, which might play important role and therefore merits further studies. Although it is noted
that q. and Z,; do not vary significantly for common hydrocarbon fuels, Equation (19) also indicates
the influence of other physical-chemical properties, such as ¢, and T, on the flame height. Detailed

investigation on these properties is beyond the scope of the present study due to the currently

unavailable experimental data.

6. Specification of boundary conditions for condensed fuels

If the fuel is in condensed phase, we need to consider the physics of Stefan flow at the

evaporating surface of the fuel source to determine the fuel vapor mass fraction Yz (0,7), the fuel
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convection velocity, u(0,r) and temperature, T'(0,r), which requires analyzing the thin evaporation
layer in the large Peclet number approximation. By applying the stretched coordinates such as

X = 2Xx'/Pe, ¥ = 7' to the transport equation for Yz, we have

=, 0Yp
(%)

9 ””’Y)— d (~5 aYF>+ 4 0
pVTtF PET 5%7) T ez a7

a =1
(20)

Neglecting the radial convection and diffusion terms in Equation (20) because of the large Peclet

number and integrating the equation over X' across the evaporation layer, we have (ptiYp) —

(,55 %) = ¢, which indicates that the convective and diffusive transport of fuel is balanced by the

evaporation. Since both the inert gas and the oxidizer gas are non-condensable, the total mass flux at

the evaporating surface is completely attributed to the fuel vapor. We hence have

dYp
PUYr | x=0 PD | =pu | x=0
21)
Similarly, by considering the heat transport in the evaporation layer, we have
dT
Aa |x=0 = quPU | x=0
(22)

Combining Equations (21) and (22), we can solve for Yz(0,7) and u(0,r) as

u(0,r) =2 j ol = &TOT) + 4 You/ Ir0 + v fo " (@) () + 52 ()] do

To v 3 h (5
(23)
Ye(0,1) =1 - 4v(1 + Yoo/ ro)
cpToo — ¢, T(0,7) + qc Yooo / OF0 + q
(24)

In Equations (23) and (24), T (0, r) is related to p(0, ) by the Clausius-Clapeyron relation,

Y (0,7)/ W Peo {ql 11 l}
Vr (0,1 /Wy + [1 = Ye(0,)]/Wy _ p(0,7) TR |Tye T,

16



(25)
Furthermore, p(0,7) can be approximately determined by using the body-force-free Bernoulli’s

equation and the velocity components of the Burgers vortex as follows

2

1 1 ,
p(O,r) =P — E,D(O,T') u(z) + Zazrz + (1 _ e—ar2/4v)

4m2r?
(26)
In addition, the equation of state gives another relation
_ pO,r) Peo
p(ol r) - - 2
RT(0,r) RT(0,7)(1 +yMa?/2)
(27)

According to Equation (26), increasing the vortex circulation, the static pressure p(0, 1) over the fuel
pool becomes smaller and so does the temperature T(0,7) due to Equation (25) because the
temperature is close to the boiling point temperature under the reduced pressure[26]. As a result, both
u(0,7) and p(0,7) and therefore the evaporation flux p(0,r)u(0,r) increases with the circulation
with the circulation, given that the vortex Mach number is sufficiently small.

By solving Equations (23)-(27), we can obtain Yz, u, T, p and p at the evaporating fuel surface.
Therefore, the firewhirl system considered in the present problem is closured with the boundary

conditions specified in the section.

7. Concluding Remarks

The variable density effect on the flame height of circulation-controlled firewhirls was
investigated theoretically by assuming the flow field as steady, axisymmetric Burgers vortex. Similar
to the previous studies based on the constant density assumption, the normalized flame height x;, /d,
can be expressed as a linear function of the modified Peclet number Pe/16Z,,. An additional
increase in flame height due to the variable density effect is determined by a multiplication factor
(T /To)?>*, in which T,, is a temperature integral within the core of firewhirl, T, the average

temperature of fuel vapor on the surface, and a determines the temperature dependence of mass
17



diffusivity. Either the physically realistic @ = 1.8 or the approximate value @ = 1.5 from the kinetic
theory of gases predict well the previous experimental data by Chuah et al. [11]. Consequently, the
present theory provides an alternative interpretation to the increased flame heights of circulation-
controlled firewhirls, which was attributed by Klimenko and Williams to the deficiency of constant-
density Burgers vortex in accounting for strong rotation. Future studies are still merited to unify
these theories and to consider other important albeit previously ignored factors such as the non-unity

Lewis number effect, the finite-rate flame chemistry, and the radiative heat loss.
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