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Progress in the Development of a New Lattice Boltzmann Method

R. M. C. So', R. C. K. Leung” *, E. W. S. Kam’, S. C. Fu’

Abstract

A new modeled Boltzmann equation (MBE) with four improvements made to
conventional MBE is formulated. The first improvement is to include the particle internal
rotational degree of freedom in the derivation of a continuous equilibrium velocity distribution
function f“/; thus, rendering the MBE applicable to diatomic gas. The second improvement is
made in the expansion assumed for f in the lattice Boltzmann equation (LBE). This

expansion is expressed in terms of the particle velocity vector ( &) alone; hence, the LBE is no

longer limited by a very low Mach number (M) assumption, and it also allows the LBE to
correctly satisfy the zero divergence of the velocity field for incompressible flow. The third
improvement is made to eliminate the bounce-back rule used to model no-slip wall boundary
condition for f because the rule leads to leakage at solid walls and mass conservation is
compromised. The fourth improvement is carried out to render the modeled LBE truly valid for
hydrodynamic flow simulation. Thus improved, the new lattice Boltzmann method (LBM) is no
longer subject to the M << 1 condition and can be confidently extended to hydrodynamic

simulations where the flow is truly incompressible. The £ expansion coefficients are found to

be functions of the primitive variables, their derivatives and their products. In this LBE, fluid
properties are inputs, and boundary values of f, are deduced from the primitive variables at the
boundaries. Only a D2Q9 and a D3Q15 lattice model are required for 2-D and 3-D flow
simulation, respectively. A finite difference splitting method is used to solve the new LBM; the
scheme is labeled FDLBM, and it has been used to simulate widely different laminar flow of gas
and liquid; incompressible with/without heat transfer, compressible with/without shocks,
aeroacoustics with/without scattering, thermo-aeroacoustics, buoyant and double diffusive flow,
and non-Newtonian flow, as well as blood flow in arteries with/without blockage. Accurate
results are obtained, and they agree with other finite-difference numerical simulations of the
same problems, and experimental and theoretical results whenever available. Furthermore, the
aeroacoustics results are in agreement with those obtained from direct aeroacoustics simulations

of the same problems.
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Nomenclature

BE

FDLBM

IBM
Kn

LBE
LBM

MBE

Pr

Re

= U

< 8

Boltzmann equation
speed of sound

specific heat at constant pressure
macroscopic reference Cp

computational fluid dynamics

problem dimension

translational degree of freedom of the particle
rotational degree of freedom of the particle
direct aeroacoustics simulations

direct numerical simulations

internal energy

total internal energy

particle distribution function

equilibrium particle distribution function
n™ element of f

finite difference lattice Boltzmann method
gravitational acceleration vector
immersed boundary method

Knudsen number

characteristic length

lattice Boltzmann equation

lattice Boltzmann method

Mach number

modeled Boltzmann equation

pressure

Prandt] number

universal gas constant

Reynolds number

gas temperature

salinity

time

fluid velocity vector

stream velocity component



v normal velocity component

X position vector

X stream coordinate

x® i"™ element of x

v normal coordinate

4 specific heat ratio

0 normalized temperature (= RT)
K fluid conductivity

u fluid shear viscosity

3 particle velocity vector

o fluid density

o lattice velocity magnitude

T relaxation time

Subscripts

ij vector and/or tensor indices

0 microscopic reference condition
r macroscopic reference condition
a index for the lattice velocity

e upstream reference condition
Superscripts

A hat denotes dimensional quantities
n indicates the order of a term in Chapman-Enskog expansion in terms of Kn

1. Introduction
1.1 Background

In the past several decades, the continuous Boltzmann equation (BE) has been proposed
as an alternative to the Euler and Navier-Stokes (N-S) equations for gas dynamic, and fluid
dynamic studies [1, 2, 3]. The BE describes the evolution of the particle distribution function ]A”
as a result of particle streaming and collisions [4, 5]. Once the transport of f is known, the
macroscopic properties of the fluid medium, such as density, momentum, internal energy, and
their fluxes, can be determined from the integral of the moments of f” . From a transport
viewpoint, it appears that the BE approach has advantages over that of the Euler and N-S

equations. For example, the BE is applicable even when the medium cannot be treated as a



continuum, such as in rarefied gas flow; also, the BE can be used to derive the gas equation of
state, viscous stresses, and heat conduction of the fluid for monatomic gas, even though the
applicability of these expressions might not be valid for diatomic and polyatomic gas.
Furthermore, the attractiveness of the BE approach is derived from the fact that the BE can be
solved by implementing the Bhatnagar, Gross, and Krook (BGK) model [6] and the Chapman-
Enskog [7] expansion for f in terms of the Knudson number Kn to enable full recovery of the
Euler [3, 4] and N-S [8, 9, 10, 11] equations in the limit of small Kn. This equation is designated
as the modeled BE or MBE. In the lattice approach to solve the MBE, typically, the equilibrium
particle distribution function f? is expanded in terms of the inner product of the particle
velocity (&) and the mean flow velocity (#) [12, 13]. Thus formulated, a lattice Boltzmann
method (LBM) like that obtained from the lattice gas automata [5, 8, 9, 10] is derived. The
resulting LBM is discrete in the velocity space and can be used to simulate the evolution of fluid
particles. The equations in the LBM are essentially linear [2, 3, 8]; therefore, the numerical code
developed could exploit the lack of second order gradient terms in the LBM model, and their
intrinsic feature of parallelism [11, 12]. Since then, a variety of finite difference LBM
techniques (FDLBM) have been proposed for different types of flow, including single
component gas dynamic and aerodynamic studies, multiphase and multicomponent flows,
particle suspension in fluids, and flow through porous media in two and three dimensions [1, 2,
3, 13]. On the other hand, the gas equation of state, the Stokes viscous hypothesis, and the
Fourier heat conduction relation must be specified in any numerical solution of the N-S
equations. Furthermore, special consideration is necessary in the treatment of the second order
gradient terms in the N-S equations and the numerical method employed to treat these terms if
artificial dissipation in numerical simulations were to be kept to a minimum. These requirements
render the development of a general numerical code, where artificial dissipation is kept to a
minimum and yet is relatively accurate, rather challenging.

As attractive as the FDLBM might be, inherent weaknesses can be found in conventional

LBM that could render the FDLBM less desirable compared to numerically solving the Euler and



N-S equations directly. For example, current FDLBM is essentially based on the assumption that
a Maxwellian distribution function can be used to represent the equilibrium distribution function
S in the BE [7] with only the translational degree of freedom of gas particles taken into
account. This assumption renders the modeled BE valid for monatomic gas only. Consequently,
Re, Pr, y, k, and viscous stresses, etc., thus calculated are not correct for diatomic gas, and the
recovered Euler and N-S equations are subject to this limitation. This inadequacy of the LBM is
quite undesirable and needs to be addressed if the FDLBM were to be valid for diatomic gas and
can recover the state equation, y, x , Re, Pr, etc. correctly. Another inadequacy originates from
the expansion of the lattice /. A mean flow velocity # is included in this expansion.
Consequently, if the expansion were to converge properly, the resulting M has to be very small,
thus subjecting the LBM to limited applications. A third inadequacy is given rise by the fact that
it is very difficult, if not impossible, to correctly evaluate f, at a solid wall such that the no-slip
condition at the wall is satisfied exactly. This inability to determine the wall value of f,
correctly leads to mass leakage at the wall. The fourth inadequacy is also related to the M << 1
assumption. Quite often, the LBM is used to tackle hydrodynamic problems. Since the LBM is
subject to the M << | condition, strictly speaking, it is not suitable for hydrodynamic flow
simulation because liquid is truly an incompressible fluid. Therefore, if the LBM approach were
used to treat hydrodynamic flow, it is necessary to show that a discrete flux representation
approach used to derive the Euler and N-S equations could lead to an equation that is similar to
the MBE and fluid density can again be defined by the summation of f“, which is now used to
represent a group of masses of fluid (instead of gas particles); thus, the LBM approach could be
extended to treat hydrodynamic flow problems. Improvements to these inadequacies are
necessary before the FDLBM can be made viable and attractive for aeroacoustics, aerodynamics
hydrodynamics and other flow problems.

For ease of reference in the following, these improvements are labeled: (i) a new
Maxwellian distribution function, (ii) relaxation of the M << 1 condition, (iii) eliminate mass

leakage at solid boundary, and (iv) extension to hydrodynamic flows. Before embarking on the



development of a truly valid and viable FDLBM, it is prudent to examine the origin of the
inadequacies and seek improvements and corrective measures to address each and every one.

1.2 Proposed Improvements
The rationale, and physical arguments and justification on why the improvements are

necessary are outlined below.

1.2.1 A New Maxwellian Distribution Function

The first improvement is carried out to seek an alternative to the Maxwellian distribution
function used for '/ in conventional MBE. In deriving the Maxwellian distribution function,
only the internal translational degree of freedom of the particles is considered [7]. This
assumption is quite restrictive and limits the validity of the distribution function to monatomic
gas only. In aerodynamic and aeroacoustics studies, it is important to consider the kinetic theory
of diatomic and polyatomic gases; therefore, it is necessary to broaden the approach to diatomic
and polyatomic gas no matter how difficult is the task. This requires considering multi-energy
modes to describe particle motion. If this approach were to apply to the modeled BE, a
generalization to include as many energy modes as mathematically possible is necessary. Such
an approach, where multi-energy modes are used to describe particle motion, has been adopted in
gas dynamic schemes [14, 15, 16], but not in an attempt to enable the BE to correctly resolve
aeroacoustics and aerodynamics problems. The difficulty is illustrated by examining the effort
took to include the internal rotational angular momentum in the derivation of f“ [17]; the
resulting theory thus derived is very complicated, especially for numerical purposes. As a result,
a WCUB equation, coined by Wang Chang et al. [17], was derived by introducing a set of
particle distribution function f for each quantum mode to represent the internal state of the
particles. In order to describe the dynamics of the polyatomic gas properly, the equation is
constructed by assuming a spherically symmetric inter-particle potential. Since then, other
researchers have attempted to use this equation as a base to formulate different models and
approaches. Even though the degenerate rotational states do play an important role in angular

momentum polarizations, this was neglected in the derivation of the WCUB equation.



An attempt has been made by Morse [18] to improve the WCUB approach by simplifying
the equation using a BGK-type modeled BE. The approach was further improved by Holway
[19] through the construction of an ellipsoidal statistical BGK model and used it to broaden the
applicability of the equation derived by Morse [18] such that a correct fluid conductivity k can
be deduced. The key to this success was in replacing the Maxwellian distribution function by an
anisotropic Gaussian distribution. The WCUB and its improvements have one thing in common;
their proposed distribution function for f“ is a set of Maxwellian distribution functions
corresponding to different internal states. If the velocity lattice approach were used to solve the
modeled BE, it is not at all clear how a corresponding lattice f“ could be derived.
Consequently, these approaches are seldom used to solve practical problems. The present paper
aims to pursue a new approach where at least one other degree of freedom of the particle, besides
the translational degree, is employed to construct a different distribution function for f“. The
resulting distribution function should be practical enough to warrant application to multiple flow
dynamics problems. Therefore, the objective is to extend the formulation to cover both
monatomic and diatomic gas, such that the resulting f“ would asymptote correctly to the
monatomic gas limit and is equally applicable to diatomic gas.

1.2.2  Relaxation of the M << I Condition

The second improvement attempts to relax the M << 1 condition in the MBE formulation.
This condition is a direct consequence of the proposed expansion for f¢/, which is expressed in
terms of the inner product of & and # [20, 21]. After proper normalization using the sound
speed as the reference velocity, M appears naturally in the expansion series for f?. Therefore,
it follows that if the expansion series for f were to converge properly, the M << 1 assumption
must be invoked. Strictly speaking, this assumption restricts the validity of the LBM to
compressible flow with very small M. As a result, most studies using the LBM to simulate fluid
dynamics, including incompressible flow, are subject to the M << 1 condition [20, 22, 23, 24, 25,
26], and the solutions for incompressible flows are taken to be valid even though the zero

divergence of the velocity field condition is not met [22].



Although this condition (M << 1) does not seem to have much effect on the simulated
incompressible flow results [3, 20], its mere existence in the LBM formulation compromises the
integrity of the incompressible flow definition. Most studies claimed that the N-S equations for
incompressible flows are recovered correctly [22, 24]; however, the exact incompressible N-S
equations cannot be deduced from the full set of recovered N-S equations by allowing M — 0 in
these equations. The reason is that even if the M << 1 condition is satisfied, a gas equation of
state is still present in the formulation, and the fluid density is determined from the state equation
once the pressure is known or vice versa. On the other hand, fluid density is constant in an
incompressible flow and should be so specified in any numerical simulation. Therefore, the
continuity equation thus deduced from the full set of N-S equations will give rise to the zero
divergence of the velocity field condition in the whole flow field. In the LBM formulation
reported in past studies, this divergence condition is not exactly satisfied. Consequently, mass
leakage would develop as calculation proceeds; this leakage is often explained away as a
consequence of the compressibility effect [2, 20, 22]. This mass leakage is not the same as that
given rise by stipulating a no-slip condition at solid boundary. The latter mass leakage occurs
because of the bounce-back method used to evaluate the boundary values of f [26] to satisfy
the no-slip condition at solid boundary. In view of this, conventional LBM will give rise to two
separate sources of mass leakage; one derived from the M << 1 assumption, which is inevitable
from the conventional expansion of £ arising from the Maxwellian distribution function, and
another from the method used to evaluate the boundary value of f, at a solid wall so that the no-
slip condition is satisfied. If an LBM absent of these mass leakages were to be formulated for
correct incompressible and compressible flow simulation, then the M << 1 assumption must be
eliminated from the formulation, and a more accurate method to evaluate f at solid boundary
has to be developed.

1.2.3  Eliminate Mass Leakage at Solid Boundary
The third improvement attempts to replace the proposed bounce-back condition [26] used

to evaluate the behavior of f at a solid boundary. According to Mei et al. [27], as [



approaches a wall node it scatters back to the fluid node along its incoming normal link while
reflection along the tangential link is normally neglected. Therefore, the bounce-back boundary
condition only considers the normal bounce back part and ignores the tangential part of the
contribution. This treatment is only correct to 1* order numerical accuracy, thus leading to mass
leakage at the wall [20, 22] that is 2" order and higher. Consequently, the continuity equation is
not quite satisfied [20], and the drawback renders the LBM less attractive compared to other
simulation methods used to solve the Euler and/or N-S equations for any flow problems with
solid boundaries.

Many improvements have been proposed to eliminate the mass leakage at a solid
boundary. For example, Verberg and Ladd [28] proposed a way to implement the bounce-back
condition for LBM such that mass conservation is maintained. In this method, a new continuous
variable is defined for all points, and distance from points on a solid boundary to grids on fluid
or solid points are stored in the new continuous variable so that the information can be applied to
the distribution function as needed. As proposed, the method is quite cumbersome. Rohde et al.
[29] put forward an improved bounce-back boundary condition, which is mass conservative in
the propagation step but not in the collision step. In order to eliminate mass leakage error, Chun
and Ladd [30] suggested an improved bounce-back boundary condition; however, the proposed
method still has mass leakage, though very small, and no side effects were noticed in the velocity
results. Bao et al. [31] had carried out a detailed assessment of the mass leakage problem and
then proposed a mass conserving boundary condition that is 2" order accurate. In their study,
mass leakage agent is searched first, then, the calculated mass leakage is assigned to a particular
term. The next step is to propose certain relations for mass leakage elimination. It should be
noted that after applying their proposed method to simulate a channel flow problem, the mass
flow converges to a constant value that is not necessarily equal to the initial value. In other
words, mass leakage has not been eliminated. Furthermore, they also analyzed the grid
refinement remedy method proposed in [32], which they named the FH method, and a 2" order

accurate correction method in [27], which they designated as the MLS method. They concluded
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that the FH and MLS methods do not quite remedy the problem because mass leakage is not
eliminated. The reason is that when the FH or MLS method is applied, mass leakage converges
to a constant rate, but not necessarily to a constant value. In other words, a constant value of
mass still leaks in each time step.

In the work of Kriiger et al. [25], the mass leakage problem was investigated using new
concepts. In their paper mass leakage was labeled mass increase; however, they suggested that
mass change could be increased or decreased. On further examination of the channel flow
problem, they found that if velocity boundary conditions at both inlet and outlet were used, mass
increase occurred and could only be reduced by choosing a smaller value for the Mach number.
This observation seems to suggest that mass leakage due to the M << 1 assumption has a
compensating effect on mass leakage derived from the bounce-back condition. Chen et al. [33]
examined the mass leakage problem and concluded that numerical instability of the interpolation
boundary schemes was responsible for the mass non-conservation effect in the bounce-back
boundary condition. Therefore, they proposed a new mass conserving bounce-back boundary
condition. In order to remove the drawback of mass loss and numerical instability in the
proposal of [33], Coupance and Verschaeve [34] put forward a mass conserving bounce-back
boundary condition. In their proposed method [34], the particle distribution function f was
divided into an equilibrium and a non-equilibrium part, and they proposed certain relations for
use in their method. They showed that the mass was indeed conserved up to round off error
during the simulations using their proposed method. Even then, the suggested remedy is not
completely satisfactory because its extension to a wider class of problems might not produce the
same kind of results. Consequently, the proposed remedy might not be generally applicable to a
wide range of fluid dynamics problems.

1.2.4  Extension to Hydrodynamic Flows

The fourth improvement is made to eliminate the presence of a state equation in the MBE

formulation. Most MBE based numerical methods requires either a specification of a pressure-

density relation or a state equation [20] in the formulation, even for incompressible flow
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simulation. Usually, the explanation is attributed to the M << 1 assumption and that the solution
of the MBE is accurate to 2™ order of M. There is no need to specify any state equation in
hydrodynamic flow simulation because the medium is a liquid. For incompressible flow the
fluid density is constant. The use of a conventional FDLBM to simulate such flows, even though
the results are reasonably correct, raise concern about whether the approach is conceptually
correct and hence its validity [35]. This implies that if the FDLBM were to be used to simulate
hydrodynamic flows, the simulation results must exactly satisfy Veu =0, i.e. zero divergence of
the velocity field. A recent attempt to alleviate this concern in the use of conventional FDLBM
to simulate incompressible flow has been made by Chen et al. [35]. In their approach, the
vorticity-stream-function form of the NS equation is used. As a result, the pressure term does
not appear anywhere in the vorticity equation and the continuity equation is satisfied through the
stream function definition. This approach has two disadvantages: (a) it is limited to flows where
a stream function can be defined, and (b) it is difficult to specify the boundary condition for
vorticity. Consequently, the approach cannot be easily applied to just any flow; thus, limiting its
applicability.

In order to demonstrate that the MBE approach could be extended to treat hydrodynamic
flows, a discrete flux distribution function f, similar in nature to that for gas particles [6], used to
represent mass and momentum transport in the flow has to be found. Then, it is shown that the
derived transport equation for f'is similar to the BE. The next step is to show that this transport
equation, subject to certain conditions, could be used to recover the Euler and N-S equations
correctly. Once demonstrated, the transport equation for f can be solved using the lattice method
adopted for the solution of the LBE. When this equivalence has been established, doubts on
using an LBE to simulate hydrodynamic flow problems would not be present any more.

1.3 Work Completed on Improvements

Studies carried out in [36-40] seemed to suggest that if the FDLBM were to be valid for

monatomic as well as diatomic gas, the rotational degree of freedom of the gas has to be

considered. Therefore, the first improvement was carried out along the line to include both the
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internal translational and rotational degree of freedom of the particles in the energy model used
to evaluate internal energy. In order to derive a new continuous distribution function for f“/,
the idea put forward in [4, 17, 18, 19] is adopted. The first term in this new f“ is given by a
modified Maxwellian distribution function constructed such that, when only the translational
degree of freedom of the particle is considered, the Maxwellian distribution is recovered exactly
for monatomic gas. Other terms in the new f“ are constructed to take into account the
contributions given by the rotational degree of freedom and its interaction with other energy
modes of the particle. Since only the translational and the rotational degree of freedom of the
particle are considered, the improvement is applicable only to monatomic and diatomic gas. This
approach deviates from that assumed in the BGK model [6]. Consequently, the specific heat
ratio could be recovered with no dependence on problem dimensions, and the approach allows
the equation of state for diatomic gas to be recovered correctly. Realization of this objective
would ensure the first improvement to be addressed, and achieved completely and correctly.

The early work of Philippi et al. [41] and the newly derived continuous f“/ [42] suggests
that the expansion for the corresponding lattice distribution function £ can be made in terms of
the particle velocity & alone. Therefore, M would not appear anywhere in the new LBM
formulation, and the solution would not be subjected to the M << 1 condition. The coefficients
in the f;? expansion are determined by imposing the condition that the Euler and/or the N-S
equations can be recovered correctly. As a result, the coefficients are functions of the primitive
variables, their derivatives, and their products. Thus formulated, the boundary conditions for f,
could be determined from the primitive variables evaluated at the boundaries, and the need to
evaluate the boundary values of f at any solid boundary is avoided. However, there is a
disadvantage to this approach and that is determination of the fluid properties. Properties such as
u, k, etc., and Newton’s definition for u, the Sutherland and Fourier law for viscosity
dependence on temperature and heat conduction, respectively, are treated as inputs to the

problem. Therefore, this approach renders the new LBM more likely to be a numerical
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technique used to solve the Euler and N-S equations, while the original intent of the Boltzmann
approach, where recovery of fluid properties is inherent in the formulation, is compromised.

In the present approach, it can be seen that the new LBM can address and accomplish the
three improvements outlined above; namely, (i) a different Maxwellian distribution function, (ii)
relaxation of the M << 1 condition, and (iii) eliminate mass leakage at solid boundary. The
fourth improvement (iv) can be achieved by extending the above treatment to simulate
hydrodynamic flows. If improvement (iv) were to be achieved, it is necessary to show
equivalence between the new LBM approach for gas flow and the discrete flux approach for
liquid flow to derive the transport equations and their eventual recovery of the Euler and N-S
equations. Once this equivalence has been established, the new LBM can be extended to treat
hydrodynamics where the flow is truly incompressible and a state equation is not required.
1.4  Present Objective

Overall, the LBM project took a number of years to arrive at the present point. This
project began by attempting to extend a conventional LBM to simulate aeroacoustics problems
through modification of existing LBM to include rotational degree of freedom in the evaluation
of internal energy in the formulation [36, 37], and by implementing nonreflecting boundary
conditions [38]. Even with these improvements, it was found that, depending on the problem
considered, the modifications might work for some aeroacoustics simulations; however, it is
necessary to modify the changes made if the approach were to be applied to another class of
similar flow problems. Therefore, the modifications are problem dependent, and this lack of
generality in the proposed modifications prompted a different approach to improve existing LBM
and FDLBM. The effort led to multiple publications [42-54], and two PhD theses [55, 56] in the
Mechanical Engineering Department of The Hong Kong Polytechnic University.

The type of flows investigated includes aeroacoustics, incompressible flows with and
without heat transfer, compressible flows with and without shocks, and hydrodynamics flows
with and without buoyancy effect, while fluid medium treated include diatomic gas, Newtonian

and non-Newtonian fluids, and nanofluids. This way of disseminating the new LBM/FDLBM
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ideas and results might be timely, but is less focused. Further, it renders attempt to concisely
outline the analysis and the concomitant new ideas appear piecemeal. As such, the generality of
the new LBM/FDLBM and its uniqueness might be lost in the process. In order to rectify this
inadequacy, the objectives of the current paper are to detail the rationale and to provide a solid
theoretical foundation for the new LBM, to present a coherent development of the relevant
equations for different fluid flows, incompressible and compressible, and to pinpoint the salient
features of the new LBM/FDLBM in this detailed review. These objectives are accomplished in
the following sections.

In Section 2, the MBE with its new continuous f“ is derived. Section 3 focuses on the
development of a new LBE and lattice f“, while Section 4 discusses the extension of the LBE
to hydrodynamic flow simulations. Section 5 discusses the new LBM, the relevant boundary
conditions, an immersed boundary method (IBM) for the new LBM, and the splitting method
together with the associated numerical technique used to solve the MBE. Section 6 reviews and
discusses the FDLBM simulation results of aeroacoustics, different kinds of flow problems, and
work by others on magnetohydrodynamics. Fluids considered include Newtonian, non-
Newtonian and nanofluids. Finally, Section 7 draws conclusions on the strengths and range of

applications of the new LBM/FDLBM.

2. Modeled Boltzmann Equation (MBE) and a New Continuous f*/
As discussed in the Introduction, the new MBE and FDLBM thus developed are able, in
principle and in practice, to handle a wide range of gas and fluid dynamic problems, including
aeroacoustics, hydrodynamics, magnetohydrodynamics, nano-fluid flows with simple as well as
complex boundary geometries. Since aeroacoustics disturbances are order of magnitude smaller
than aerodynamic disturbances, the choice of characteristic parameters used to normalize the
Euler and N-S equations has to be chosen carefully, so that the aeroacoustics terms are still
explicitly included in the governing equations after normalization. Consequently, Lele [57]

proposed to choose the following characteristic parameters to normalize the Euler and N-S
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equations in order to recover the acoustic scaling form of these equations. These parameters are:
L = x,/Kn for length, ¢, for velocity, 7, for time, o, for density, and cf / (Cp)r for temperature.
From this point on, the same characteristic parameters are used to normalize all variables in the

BE and the LBE.
2.1 MBE for Diatomic Gas

In order to recover the acoustic scaling form of the Euler and N-S equations correctly
from the MBE, the same characteristic parameters as those used to normalize the Euler and N-S

equations are also used to normalize the BGK-type MBE, which is given by

A

. 15 e
&V f=-lf-77) M)

\'v

f
At this point, the particle equilibrium distribution function £ has not been defined. Since the
current objective is to require the new MBE to have the ability to yield the correct
thermodynamic properties for diatomic gas, the conventional proposal to represent /} “by a
Maxwellian distribution might not be appropriate. Therefore, in the present approach, the correct
recovery of the thermodynamic properties, such as y, Pr, etc. is specified as a condition in the
derivation of a representation for f “
If the dimensionless symbols are represented by the same symbols without a hat, they can

be written as,
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where bold face letters and subscripts i and j are used to represent vectors and their components.
In order to recover the Euler and N-S equations correctly from the MBE, it is necessary to

employ the Chapman-Enskog expansion in terms of Kn to the variables in Eq. (1). Thus,
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expanding x , ¢ and f in terms of Kn, the following expressions for these variables and their

derivatives with respect to x , and ¢ are obtained,

x, =x" + Knx® + O(Kn*) , (3a)
t=t" + Knt® + O(Kn*) , (3b)
F=f2+Knf® +Kn’ f? + O(Kn) , (3¢)
d 0 0 ’ (3d)

o otD +An ar?

9 _ 9 (3e)

ax, ox"
These expansions are sufficient under the dense gas assumption, i.e., Kn << 1. Therefore, only
the first three elements, /', f®, and f® in the f expansion need to be determined.

Collecting same order terms to O Kn’ , the equations for £V, £, and f are obtained:
g q

fO=f9 . toOoKn") , (4)
b (0) Q)
aj;‘(l) + E'mef(o) == f? ’ to O(Knl) B (5)

af(l) af(o)

YEINFYE

f(2)
+&V V== .t O(Kn®) . (6)

Only Egs. (4) and (5) are required for the recovery of the Euler equations; therefore,
solutions of these two equations are sought for f” and f" under certain macroscopic
conditions. These conditions are the correct recovery of the thermodynamic properties such as ¥,
mass p, linear momentum Pu; and the internal energy e. According to Li et al. [36], if these
properties were to be recovered correctly, the rotational degree of freedom of the particle also
has to be considered in the collision and transport processes of the particles. In other words, D,
and D, have to be taken into consideration in the evaluation of the total energy e of the

particles. In mathematical form, these conditions can be written as:

p=[fHd& . (7)
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pu; =ffeq§id§ ’ (®)

gag )

pe, = pe+%p‘u‘2 = DT;DR f%feq

where the integral is evaluated over the entire velocity space. If the number of internal degree of

freedom K is defined as K =D, + D, - D, Eq. (9) can be recast as

pe, = pe + %p\u\z - DT;DRf%f“’ g ag

= o= L a0

E—urdé: + gf%feq

g ag + %p\u\z '

In Eq. (10), (5 - u) is defined as the peculiar velocity of the particle. Thus expanded, the first
term on the right of Eq. (10) represents the internal energy derived from the translational motion
of the particle, while the second term that of the rotational motion of the particle, and the third
term represents the kinetic energy of the flow. It can be seen that this energy model is different

from that stipulated in the BGK model [6]. Finally, higher order terms like f ™) are given by,

ff(n)d§=0 , (11a)
ff('l)§d§=0 ’ (11b)
%f%f(”) gdg=0 foralln=1 . (11c)

2.1.1 Recovery of Thermodynamic Properties for Diatomic Gas
The ideal gas law for diatomic gas is given by p=p6. Upon invoking the equipartition

theorem, the internal energy can be written as,

=DT+DR0= 0 where y=DT+DR+2.
2 y-1 D, +D,

e (12)

It can be seen that this gives rise to a correct expression for the internal energy e, and a specific
heat ratio y that does not depend on problem dimension, D. For the problem under

consideration D, =3 and D, =2; therefore, for any given D, y=7/5 is obtained. Also, the
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sound speed is given by ¢*>=y6, so once O is known, the sound speed can be determined
correctly. Once ¢ and y are recovered correctly, the next step is to examine the recovery of the
Euler equations and the formulation of a continuous f .
2.2 Recovery of the Euler Equations

The first objective of the current study is to improve the Maxwellian distribution so that it
can be correctly applied to monatomic as well as diatomic gases. Most gas flow problems deal
with diatomic gases; therefore, an MBE that relies on a monatomic gas assumption is not
appropriate. The rationale and methodology on how to accomplish this objective can be best
illustrated by considering the recovery of the Euler equation first. Once established, the same
methodology can be used to seek an improved Maxwellian distribution for recovery of the N-S
equations. Besides, the current objective is mainly focused on the development of a lattice
Boltzmann method to solve the MBE; the example on how to seek an improved Maxwellian
distribution for viscous flow will be more appropriately addressed in the section that considers
the lattice Boltzmann equation.

In order to recover the Euler equations correctly, the first step is to recover the continuity
equation and then the momentum and energy equations. Integrating Eq. (5), setting f O = e,

t =t" and X; = xﬁl) , the recovered continuity equation, with no other restrictions, is obtained:

afe 9 . fO ap 9
I\ ax, 7] i ot ox, -0 ()
Similarly, multiplying Eq. (5) by & gives the momentum equation as,
0f" 9 (e pa) S olou,)
—I\&, =-2 & —— 4y — (P, u.)=0 , 14
f{ ar dx, &) T axj( )+ o) (9

where f(&i)(fj)feqd;‘ =P +puu, and P, = f(&i —u[)(.fj —uj)feqdé have been
substituted. Since the trace of P, is not zero, rather, it is given by the static pressure p, this

suggests that £, can be rewritten as P, = péij + Pl’] where Pl; is defined as
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Pu/ - f(&i)(é‘j)f“’dg = puit; = po, (15)
and Pl; has to satisfy the condition

ae.;/axj=o . (15b)
Condition (15b) is sufficient to warrant the correct recovery of the inviscid momentum equation
from Eq. (14). Under these stipulated conditions, Eq. (14) is reduced to

‘9('0” (p 1)-- . (16)

Finally, the energy equation 1is obtained by multiplying Eq. (5) by
(‘5‘2 /2)[(DT + DR)/D] to give

o, . f(”HE‘z D, +D,
f[at (Sf)__rjz( D )dg

d 2\ D.+D, 9 1 g1
at(l) (pe+§p‘u‘ ) + TD K J (Qj +uj{5p‘u‘ +5Pkk}+uk[)jk =0 ) (17)
where Q. = —u é—' f “d& |/ 2 has been assumed and this leads to
J J
1 ( ) 2 pe g g _ 1 2 1P P (18
5f§j§|f f_Qj-l-uj 5/0|u| +5kk ULy )

These simplifications together with p=p60 = (]/ - l)pe , b, = po, + PI; , and Eq. (15b) lead to the

following equation for e;

U pe+ Lol ) + -2 {u
at(p 2/0 ) 0x.

J

(pe +p+ —plul )l

0 [Dy+Dy ,Dy+Dy=D (1 5\ Dy +Dy-D
— ——F—u | —plu| |+ ———pu,
dx; Q D ( ,0| |) D Pl
+¥%%P&+¥uk%]=o
0 1 2 0 1 2 d
= —| pe+—plu| |+—I|u,|pe+p+—plu ||+—\0))=0 . 19
at(p 2,0| | ) axj[ _,(,0 i 2,0| | )l 9x; (QJ) )
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In this representation, all terms inside the square bracket are represented by Q; With this
simplification, it is obvious that the energy equation can be recovered identically with either
dQ;/9x; =0 or Q; = 0 is assumed. If Q) = 0 is assumed, the definition of O’ will lead to

D, +D,-D (1 D, +D,-D 1, ,
#u,(510|u|2)+ﬁ—1ep”_/+§“jpkk+”kij , (20)

Q’:_[ D, + D, D, + D,

and @, can be determined once Py' is known.

The following derivation of a continuous f“/ lends support to the assumption Q; =0. It
can be seen that knowledge of f* would allow FP; to be evaluated or vice versa. As such, the
derivation of an new modeled Boltzmann equation is reduced to seeking an appropriate
representation for the continuous [,

2.3 New Continuous f°? for 3-D Flows

The approach adopted here is to follow the theoretical foundation lay out in [17,18,19],
especially that given by Wang-Chang et al. [17], in the formulation of [ that could point the
way to a solution of Rj’ . If the leading term in the f*“/ expansion is not a Maxwellian, it might
not approach the limit for monatomic gas correctly. On the other hand, if it is a Maxwellian
distribution, it cannot recover the correct thermodynamic properties for diatomic gas. Therefore,
the simplest leading term in the f“ expansion should be a modified Maxwellian that has the
following properties. First, in the limit of a monatomic gas, the BGK model for f“ is
recovered. Second, other terms in the expansion should make up of the moments of & with
unknown parameters so that the mean flow velocity # will not appear in any terms in the
expansion. That way, M will not appear anywhere in the f“/ expansion and the MBE will not
be subjected to the condition M << 1. Third, the unknown parameters should reflect the energy
effects arising from particle-particle collisions that are resulted from translational and rotational
motions. Therefore, these unknown parameters could be scalars, vectors, and/or tensors
representing flow properties such as the velocity and temperature field and their gradients.

Fourth, sufficient number of moments of & and the unknown parameters should be present so
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that all elements of Rj can be determined. Based on the work of [17] and the conditions

stipulated above, an expansion for f“/ with a scalar @, three vectors «;, aj, and b;, a second-

order tensor fBmn, and an unknown parameter 1, can be formulated as,

[ = a, exp|— Ué({fk - bk)2 + i O‘igiexl’["?‘gr] * milﬂ’””g’”g” exp[— 77‘5‘2]

i=1

2 2
+ 2o ew
j=1

_n‘gr] _ (1)

Equations for determining the scalars, vectors, tensors, and 7 can be derived from the
conditions stipulated in Egs. (7-9), (15a) and (20). After some tedious algebra, they lead to the

following equations for the unknown scalars, vectors, tensors, and 7,

(ao E/J’mm ) F , (22a)

- (D+2)a. P
puj=[a0bj+ﬂ+%l J% , (22b)

2n 4n
2D 1 D & . &p [z
—| pe+ —/0|u|2 P2 Z ab) | = + E = (22¢)
Dy + Dy 2 2n n & 2n°\'n
o) b 4+ B b
ouu; + po;, +P—'0”+ Wb.b, z +/3"’—2/3"’ z o, (22d)
21 Nn 4n n

D D
aob. D2 ) |TT a: T
+ 5 J gb]{ Z + 8—73(D+2) ; . (226)

From Eq. (22d), it can be seen that an expression for 1 can be obtained by assuming p = p/27.
For diatomic gas p = p@, therefore, it follows that 77 =1/26 is the appropriate value for 7 in this
formulation for f“/. The remaining scalars, vectors and tensor can be determined once a

solution for Pl; is found.
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2.3.1  3-D Solution for P,

A three-dimensional (3-D) solution for P, is necessary for the proposed new MBE if the

ij
resultant FDLBM were to be applicable to a wide range of fluid dynamic, aerodynamic, and

aeroacoustics problems. In this section, a 3-D solution for PU' in Cartesian coordinates is sought.

Using Cartesian tensor notation, the three components of Eq. (15b) governing Py’ can be

decomposed into their component forms as

OR, IR , OB,

=0 , 23a
0x dy 0z (232)
Ok, + i + 05 _ 0, (23b)
0x 0y 0z
Ok, + L + 05 =0 . (23c¢)

ax ay 0z

An equation for the trace of P, can be deduced by exploiting its symmetric property. Invoking

y
the symmetric condition to simplify Eq. (15a), an expression can be deduced for the trace of P;.
It can be written as

. D-(D,+D,)

i=1

plf . (24)

Another equation for the three off-diagonal elements of Bj' can be derived by taking the

derivative of Eq. (23a) with respect to y and z, that of Eq. (23b) with respect to x and z, and that
of Eq. (23c) with respect to x and y. Summing up these three equations and then making use of
Eq. (24), the following equation for the three off-diagonal elements P, P, P is obtained.

The result is

9° [D-(D, +D a(a*> 9>\, o(o9* 9*)\.
e e

dxdydz| D, + D, ax® 9y aylox> oz
af o> 07\,
+—|—5+—5|P;=0 . (25)
dx\ dy 0z
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Altogether, Eq. (23) and Eq. (24) give four independent equations for the determination

P!

23 °

P!

132

Pl

122

P, P

222 7332

of P, which has six independent components, P’ Consequently, the

i 1
number of available equations is less than the number of unknowns; therefore, further
simplifications and/or assumptions can be made for this formulation. In order to gain insight into
the kind and type of simplifications required for this problem, consider a 2-D case first. For a 2-
D case, Eq. (25) can be shown to reduce to
@ [D-(D,+D,)
9x9y [ (D, +D,)

0 0
+|— + —
x* 9y’

2
ol P0 )

Analogously, the same isotropic assumption can be made for the 3-D case, thus leading to the

following equations for P}, P, P,.,
> [D-(D, +D ' 2
9 (2, R)p@f N (27a)
axdy | 3(D, + D) ax’ 9y
> [D-(D. +D ' 2
- 2 R)p\u\z P LA (270)
0x9z| 3(D, + D) ax* oz
The third equation is obtained by substituting Egs. (27a, b) into Eq. (25), and the result is
s [D-(D.+D 2 g
I Ay @
dxdyiz| 3(D, +D,) ox\ay® oz

These choices are not unique. Presumably, the isotropic assumption could be made for

the pair P, and P,

23’

or P/ and P, , while Eq. (25) is again used to deduce the third equation for
these two pairs of equations obtained from the analogous isotropic assumption. Thus
formulated, six equations are available for the six unknowns arising from the second order
tensor, P, . Once solutions for P, B}, P,, are obtained, R, P,, P; can be deduced by solving

Egs. (23a-c).
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The Poisson equations as given in Eqgs. (27a-c) could be solved for an infinite domain

R” (— ® < X < 00) , and the solution is given by

ny = éiif(x;, x’,) In , 21 = dx; dx;. for i=j , (28a)
\/(xi—xi) +(xj_xj)
Y DR N R (28b)
k=i k

D-(D, +D,)| 9 plu
D, (D, +D,) | axjox;

‘2

where f(xl_’, x;) = ) (28¢)

and D, =1 for 2-D flow and D, =3 for 3-D flow.
Once the solution for Py' has been obtained, the parameters @, o, a;, b; and b, can be

determined from Egs. (22a-e). The result for D =2 or 3 is

a, = P - D - DT+DR) D{%p‘u‘z] , 90
220 (D, + D,)6N2a0
a;= % ~ D a,b. - (D+2)92a , (29b)
210
_ 1 D-(D,+D)| b R
e (D+2)03\/%D u"p{m}_?p‘ | (D, +D,) ]5/0‘”‘ ., (29)
i — : (29d)
- D'(DT*DR)(l‘,,r)
(D, +D,)0 |2
P
b i (29¢)
20°\ 2716

At this point, all parameters (scalars, vectors, tensors, and 1) in Eq. (21) are known; thus,

an new continuous f“ to replace the Maxwellian distribution function in the original BGK
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model has been formulated. Note that for monatomic gas, D, =3, D, =0, and Pl; =0 fori, j=
1....D. The vector b; can be evaluated from Eq. (29d) by taking the solution with the “+” sign.
Under this condition, the parameters as specified in Eq. (21) will take on the following solutions;
b=u , 0= p/ml), a, =a, =0,and B, =0 forij=1..D. It can be shown that [ as
given in Eq. (21) with the parameters substituted by these solutions will reduce to the
Maxwellian distribution function in the original BGK model. Therefore, an important objective
set out in the formulation of an new continuous f“ has been achieved; refer to [42] for more
details.

Note that in the process of deriving Eq. (21), no condition has been imposed on the
relaxation time 7 in the original BE (i.e. Eq. (1)), which was derived by adopting the BGK
model with a Maxwellian distribution function for f“. This suggests that the new MBE is not
restricted to a particular %, therefore, its solution might not require adjustments to be made to 7
as suggested by investigators for certain class of problems. Furthermore, f“ as given in Eq.
(21) will allow the acoustic scaling form of the Euler and N-S equations to be recovered with no
additional assumption invoked other than the dense gas assumption, i.e., Kn << 1. Consequently,

Eq. (21) is better formulated for aeroacoustics simulations compared to conventional LBM.

3. Lattice Boltzmann Equation (LBE) and a New Lattice f*

The new continuous f“ derived in Section 2 does not change the character of the MBE;
it is still a linear scalar equation. However, both the translational and the rotational nonlinear
particle collision effects are modeled in the new continuous f“. These improvements are made
to broaden the applications of the new MBE and to free it of the major restrictions inherent in the
conventional BGK-type MBE. Therefore, it is anticipated that the new MBE could more
accurately reflect the physics of aerodynamic-aeroacoustics interactions and other more
complicated flow problems. Different numerical methods, such as the finite difference schemes
proposed in [14 -16], can be used to solve the MBE. Since the MBE is a linear equation, its

solution can also be easily handled using a velocity lattice method [1- 3]. In the velocity lattice
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method, or commonly labeled the lattice Boltzmann method (LBM), a lattice counterpart of the
continuous f“ is sought. The current approach also proposes to solve the MBE using LBM,;
therefore, derivation of the lattice counterpart of the continuous f“ is presented in this section.
Next, the recovery of the Euler equations is discussed assuming a D2Q13 velocity lattice; then a
D2Q13 lattice is invoked in the recovery of the N-S equations. The choice of lattice models for
the recovery of the Euler or the N-S equations is arbitrary; they are selected to illustrate the
independence of the methodology on the choice of lattice model. It is further shown that the [
thus derived for the recovery of the Euler and/or N-S equations is identical, once u and x is set
to zero in the N-S equations case.
3.1  New Lattice f,’ for the Euler Equations

In most conventional velocity lattice method used to solve the MBE [1-3, 58], a Taylor
expansion of the Maxwellian distribution function [1] is commonly assumed. The expansion is
usually made in terms of the inner product of the particle and fluid flow velocity, given by E*u
[20, 21]. As in the case of the continuous f*“/, the requirement that the proposed /. will lead
to the correct recovery of the Euler and/or the N-S equations is invoked. Consequently, the
expansion for & ®# normally terminates after the second or third order, depending on whether
the Euler or the N-S equations are to be recovered. Furthermore, the expansion coefficients of
the Taylor series are determined by requiring a full and correct recovery of either the Euler or N-
S equations. It is the expansion of the Maxwellian distribution in terms of & ® # that renders the
lattice f dependent on M; hence, the subsequent restriction of M <<'1 on the LBM [1-3, 58].
If the present method were to be free of this assumption, another approach to derive a lattice f**
that does not depend on an expansion in terms of &®# has to be found. Support for this
requirement can be found in the continuous f“ given in Eq. (21). This distribution function can
be expanded in a polynomial series and terms up to second order of & can be collected to
represent the lattice /. Each term in the series is weighted by coefficients that can be scalars,
vectors or tensors depending on the nature of the term. These coefficients are determined by

requiring a full and exact recovery of the Euler or N-S equations. A parallel can also be seen

27



from the approach taken by Philippi et al. [41]. Instead of expanding f* in terms of E*u , a
polynomial series in & up to its second order was assumed. Once the expansion is freed of the
presence of u and its products with &, the dependence on M and hence the restriction M << 1
will vanish. Thus, with this understanding, derivation of the lattice /. can proceed as follows.
In the following, a 2-D flow is considered. The corresponding 3-D derivation follows
essentially the same rationale and methodology. The 2-D velocity space is discretized using a

velocity lattice. The corresponding discrete lattice form of Eq. (1) can be written as

afa ° —_L — fe
R b VR I (30)

where the subscript « is used to indicate the index for the lattice velocity, and f, is the
component of f at index a. Assuming that a D2Q13 velocity lattice model is sufficient to yield
accurate resolution for aeroacoustics simulations, the methodology for the derivation of a D2Q13

lattice f is given below. The lattice velocity for such a model is given by

§=0, a=0 (31a)
E = o{cos[n(a—l)/4], sin[ (1) /4] } a=1,357 ., (31b)
g, = 20{cos|z(a-1)/4], sin[z(a-1)/4]}, a=-2468 . (31¢)
g, = 20{cos|z(w-1)/2], sin[z(a-1)/2]}, a=910,11,12 . (31d)

where o'is a parameter to be determined or specified. It is assumed that f* can be expressed as
a polynomial series of the particle lattice velocity § . To second order, the series in 2-D

Cartesian form is given by

1= A (8) Av (&) Aver (&) Box,+ (&) By + (&), (&) Brv, 62

where the coefficients, 4 , Ax_, Bxx_, etc., can be scalars, vectors and tensors. This lattice £
is different from conventional ones, which are expansion of the Maxwellian distribution function

in terms of £eu up 2™ order [20] or 3™ order [59-61]. The present approach proposes a
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polynomial in terms of (Ea) and leaves the inclusion of u in the coefficients of Eq. (32).
Consequently, it is not limited by the M << 1 assumption.

These coefficients can be determined by invoking the conditions stipulated for the exact
recovery of the Euler equations in the continuous f“ case. These conditions are given by Egs.
(22a-22¢). Only nine equations can be deduced from Eqs. (22a-22¢) for the determination of the
coefficients, Aa, Axa, Bxx , etc. Furthermore, one of these nine equations is a duplicate of the
kinetic energy equation; thus further reducing the number of available equations to eight. It
should also be noted that among the unknowns in these equations are the elements of Pl;, which
for a 2-D flow are reduced to P/, Px’y and Py’y . Their values can be determined by solving Egs.

(22a-b) and Eq. (26). For 2-D flows, Egs. (22a-b) are reduced to

AL

=0 , 33a
dx ay (332)
My g (33b)
0x ay

while Eq. (26) remains the same because it has already been written for a 2-D flow.

Even then, only 8 equations are available for determining the components resulting from
the coefficients, 4 , Ax , Bxx_, etc.; therefore, further assumption has to be made to reduce the
number of unknowns. A reasonable assumption is to consider the coefficients with the same
“energy cell” of the lattice velocities to be the same. Since the number of unknowns resulting
from a complete expansion of the coefficients 4 , Ax , Bxx_, etc. is 19 for the D2Q13 lattice,
there is certain flexibility in making further assumptions to reduce the number of unknowns to 8.
As a first attempt, 11 of the coefficients are assumed zero for the D2Q13 velocity lattice. The

resulting set of solutions for these coefficients is:

2
A0=p—i_f-(y—1)iij, A=4,=4,=0 , (34a)
2
Axl=§%-%yf4”-(y—1)ép@”, Ar,=0 | (34b)
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_ , 34c
240 12 0* 24 o' (40
2pv  lypy 1l v
GORE vt p il Gl e .
) 1 pv 1ypv R P\”r" (34e)
=—-——+ -+ (y-1)]—— e
¥s 240° 12 o (y )24 o'
Bxx, = = (p + pu’ + Px'x) ,  Bxx,=Bxx,=0 |, (341)
1 '

B = 2 (p+pvi+P) . Byy,=Byy=0 . (34¢)
Bxy, = e (puv + Px')) , Bxy =Bxy,=0 . (34h)

It should be recognized that the solutions given in Egs. (34a-h) for the coefficients in Eq.
(32) are not unique. Egs. (34a-h) are taken to represent the most obvious solutions that can be
found, and effort to seek new sets of solutions to those given in Eqs. (34a-h) has not been made.
It should be pointed out that this set of solutions has been tested against multiple aeroacoustics,
aerodynamic and hydrodynamic flow problems and they lead to stable, yet correct and accurate,
results compared to experimental measurements, theoretical solutions, and/or direct numerical
simulation results of the same problems [39, 41-54]. As such, there is no reason to doubt the
validity and reliability of the solution set Egs. (34a-h), for more details refer to [39].

These results are derived based on recovery of the Euler equations. However, the general
nature of this approach can be illustrated by recovering the N-S equations in the next section.
3.2 New Lattice f’ for the N-S Equations

Instead of starting with the Euler equations, the N-S equations written in the acoustic
scaling form suggested by Lele [57] are used. The tensor form of the N-S equations are given by

a_p+m=0

s 35
ot axl. (35)
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pu.u. T,
apu, N puu, =_6_p _n (36)
ot 0x. 0x. 0x.
J 1 J
0T .U,
ape, N dpu.e, _ _apui oy _% , 37)
ot axi 0x. ax. 0x.

i J i
where, for convenience, indices are used to represent vectors and tensors. As before, the state
equation is given by Eq. (12), i.e. p = pe (y —1) and the total energy e, is defined by Eq. (9a),

1.€. e =e+ ( 1/ 2) |u|2 . The viscous tensor and the heat flux vector are defined as

M 1

T, =~ 2o {ZM(S” - géngkk)} , (38a)
yM de

% Re_Pr, axi) (35b)

where the tensor Sl.j can be written as S, = (aui / dx, + du, / axl_) and the following dimensionless

A

parameters have been defined: M_=1ii_/¢,, Re_=p_Li_/fi_, Pr, = ﬁm(ép)w /K, u=gla,,
and Kk =K /K, . It should be pointed out that the local values of u and x vary with space and time
according to physical laws to be specified for the relevant fluid of the flow. These are the
equations that the LBE should in principle recover fully, if the MBE and [ were deemed
completely viable for diatomic gas.

The starting point is Eq. (30); again the dense gas assumption (Kn << 1) is invoked. Just
as in the case of the Euler equations, the following conditions for the definition of mass,
momentum, and total energy have to be satisfied. These conditions are valid for diatomic gas
where Dy = 3 and Dy = 2; therefore, the state equation with y = 1.4 is correctly recovered. The

definitions for mass, momentum and total energy are given in Egs. (7-9) and in discrete form are:

o= i o (39a)
pu, = ifa(é,)i : (39b)
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For purpose of illustration, only a D2Q9 lattice model is used to derive the coefficients in
the expansion assumed for /. As discussed above, the same rationale and methodology can be
used to deduce these coefficients for other velocity lattice models. For a D2Q9 lattice model, the

lattice velocity is given by

E =0, a=0 , (40a)
Ea = G{COS[J[(OC - 1) /4], sin[ﬂ(a - 1) /4]} , a=13757 |, (40b)
E = \/Ea{cos[ﬂ(a - 1) /4], sin[ﬂ(a - 1) /4]} ,  a=2,4,68 (40¢c)

As in the case of the Euler Equations, a polynomial series in terms of (?;:a ) up to second order is

assumed for the discretized form of /. The polynomial is again given by Eq. (32). Therefore,
it is not subject to the restrictions of conventional polynomial assumed for f* [20, 59-61]. In
the recovery of the Euler equations, the above derivation shows that u, appears in the

coefficients of Eq. (32). For recovery of the N-S equations, it is anticipated that not only will u,

appear in the coefficients, the viscous stress tensor Sij and the heat flux vector ¢, also will be

present in the coefficients.

Just as in the case for the recovery of the Euler equations, the next step is to demonstrate
that Eq. (32) with the coefficients properly determined is equivalent to Egs. (35) — (37) with a
D2Q9 lattice model and a Chapman-Enskog expansion for f . The derivation can be carried out
in a manner similar to that outline above for the Euler equations recovery. As before, it is

assumed that for each ¢, f can be expanded in terms of Kn to yield

L, =r0+ Kn'fO+ Kn® f@ + O(Kn3) ) (41)

The equations governing the transport of fa(i) can be obtained for i = 0 - 2 by substituting Eq.

(41) into Eq. (30) and then collecting terms with the same order of Kn. The results are
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[ = fe to O(Kno) : (42a)

Yl (g) Yl o Sl o) (42b)

In conventional approach, only Eq. (42b) is required to established equivalence with the Euler
equations. On the other hand, Egs. (42b) and (42c) are both used to recover the N-S equations.
In the present approach, Eq. (42c) is not required in establishing equivalence with the N-S
equations if the macroscopic properties defined by Eqgs. (39a) — (39¢) are used to determine the

coefficients in Eq. (32). For 2-D flows with a D2Q9 lattice, the results are

Céf;’" =p (432)
2 A AR (43b)
gof:q(a)y -pv 43¢)
2&""{(@)} (5)2} - DerR (o) (43d)
goqu(sa)i =p’+p+T + P, (44a)
équ(é,)i —pleprT P, (44b)
gof;"(fa)x(fa)y - puv T + P, (440)
gqu {(5)2 +(§)i}(§a) "5 iDR [u(p+pe,) +ur, +vr +q] (45a)
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if;‘f{(ga)i+(§a)i}(§a)y= D iD [v(p+pe) v ur, +vr g ] (455)

T R

For a D2Q9 lattice, N = 8 just as in the inviscid flow case, and P’ , Py’y, Px’y are the

elements of a second order tensor Pl; in 2-D flows. The physical meaning of these conditions

can be interpreted as follows. Egs. (43a-d) are the 2-D equivalent of Egs. (39a-c), while Egs.
(44a-c) are the conditions derived by requiring Eq. (36) to be recovered identically and Egs.
(45a-b) are obtained by requiring Eq. (37) to be satisfied correctly. These last two conditions,
taken together, ensure that Eq. (30) is equivalent to the N-S equations correct to order Kn.
Higher order terms are assumed to be negligibly small so they can be taken to be essentially zero.

Mathematically, they are represented by

g fMao forn=1 (46a)
gfof")(?a)x =0 forn=1 (46b)
éf(f")(i)y -0 forn=1 , (460)
= ZDR if(f){(éf + (5)2} -0 forn=1 . (46d)

Finally, the N-S equations in component form are given by multiplying Eq. (30) with

{1, (§a )i , (‘(;:a )ir) (DT + DR) /4}T , take summation over ¢, and then substitute Eq. (41) into

the resulting equations. After invoking the conditions given by Egs. (43a-d) to Egs. (46a-d), the

final macro transport equations for a 2-D flow in Cartesian coordinates are given by,

9P, 9pu 90V L o(kn) =0 | (47a)
ot ox dy

a(pu) d( , d ,

T+£(/ou +p+rm+Pxx)+5(puv+17xy+ny)+O(Kn)=O , (47b)
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a(pv)

9 N9 ,
+ a(puv+txy +ny) + 5(,ov2 +pHT +Pyy) +O(Kn)=0 |, (47¢)

2(pe)+ —[u(pe,+ p)ur, +vr, +q]

+:—y[v(pe, +p)+urxy +VT +qy] +O0(Kn)=0 (47d)

In order to recover the full set of N-S equations correct to O(Kn), the second order tensor PU/ has

to satisfy the divergence condition (E)Pl]’ / axi) = 0, which is identical to the condition given in

Eq. (15b) in the development of a continuous /.

The coefficients, 4 , Ax_, Bxx_, etc., in the expansion for f** given by Eq. (32) are still
not known and need to be determined. Following the assumption and procedure used in Section
3.1, i.e., the coefficients with the same “energy cell” of the lattice velocities are taken to be the
same, the following simplifications for the coefficients in Eq. (32) can be deduced. These

simplifications can be specified as:

A =4,=4=4, ’ (48a)
4,=4,=4,= 4,

Ax = Ax, = Ax = Ax,, (48b)
Ax, = Ax, = Ax, = Ax,,

Ay, = Ay, = Ay, = Ay, (48¢)
Ay, = Ay, = Ay, = Ay,,

Bxx, = Bxx, = Bxx, = Bxx_, (48d)
Bxx, = Bxx, = Bxx, = Bxx,, ’

Byy, = Byy, = Byy; = Byy,, (48¢)
Byy, = Byy, = Byy, = Byy,,

Bxy, = Bxy, = Bxy; = Bxy,, (48f)

Bxy, = Bxy, = Bxy, = Bxy,.

35



Therefore, the number of unknowns resulting from 4, plus the coefficients for a D2Q9 lattice is
13, while the number of independent equations that can be found is 8. Consequently, 5
coefficients out of 13 have to be assumed zero in order to render the equations governing the
remaining coefficients become a determinate set. These five coefficients are 4, 4», Bxxz, Byy,

and Bxy,, and they are assumed zero. Then the other 8 coefficients are given by the following:

A0=p—20—€—(y—1)%u2‘2, A =4,=0 (49a)
Ax, = % ) %u (v 1)%/0‘;‘:” L )qx+u7::;+vrxy | o)
Ar, - 411 % % y §4u (r-1)d p\u\:u 1) +u;g4+ v, w9
B L 490
et et gt
Bxx, = 2(174 ( p+ it +T_+ Px;) . Bux,=0 (49f)
B =5 (p+ov+7,+P) . Bw=0 , (49g)
Bxy, = 4;4 (owv+z +P) .,  Bwy=0 . (49h)

The choice of setting these 5 coefficients, 4, 4,, Bxx,, Byy,, Bxy,, to zero is not
unique. For the present case, it is guided by necessity to recover an f“ expansion similar to
those given by previous researchers [20, 21, 59-61] who expanded the Maxwellian distribution
function to give similarly expanded . With this understanding, Eq. (32) can be recast into a

form similar to those given in [20, 21, 59-61]. Again, omitting all details, the result is:
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f;q = Ca + COa ‘u‘z + (ga)x Clax + (ga )y Clay + (50‘ )x ucz‘”x + (50‘ )x v Czo‘x«"

+ (é:a) uC2ayx + (é:a)y VCZayy + (Ea)x

y

(8) Coeet (E) Cous #(8) (), Cuu * (&) €.,
+ (5)1 Ve, * (i)x(?a)yuvcmy . (50)

Sayy

u‘z uC, + (§a )x ‘u‘z vC

+

It should be pointed out that in the present expansion, coefficients represented by Egs.
(49a-h) will give rise to terms involving ., (f,:a ) and their products. Only terms up to second

order of 4, (Ea) and their products are shown in Eq. (50). This expansion is similar to those
given in [20, 21, 59, 60], but is different from that derived by Watari [61] in two ways. For

example, this expansion does not include 3" order terms in (?;:a ) s u, and their products; instead,

2

it includes terms such as (Ea)x Croes (§a)y Cys (é-‘a) c, (f;'a)i Cioyys and (&a)x(fga)y Chrory-

x Aaxx

Therefore, the current approach yields an new method to derive an expansion for f* that

resulted in coefficients given by Eqgs. (48a-h). The mean flow velocities are enclosed inside the
expansion coefficients and do not appear explicitly as products with the particle velocities.

Consequently, the expansion is not subject to the M << 1 condition; for more details refer to [47].

The solution of Pl; for a 3-D flow has already been given in Section 2.3.1. Using the same

methodology, a Pl; solution for 2-D flows can also be obtained. Note also that for inviscid flows

with u and k set to zero, Egs. (47a) — (47d) reduce identically to Egs. (13), (16) and (19). It
appears that the approach and methodology outline in Section 3.2 for the N-S equations is
sufficiently general to yield both the Euler and N-S equations dependent on whether u and k are
set to zero or not. It should be noted that the expansion for f* given by Eq. (32) is applicable
for both inviscid (i.e. recovery of Euler equations) and viscous (i.e. recovery of N-S equations)
flows except that the coefficients in Eq. (32) would take on different forms.

Another point to note is that the recovery of the N-S equations is being accomplished by

assuming one lattice distribution function only; therefore, the coefficients in the f* expansion

(Eq. (32)), besides dependent on the velocity and pressure field, are also functions of both the
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shear stress and the heat flux. Consequently, it is only necessary to set 5 of the 13 coefficients
given in Egs. (49a-h) to zero because two more equations are available for the coefficients in Eq.
(32). On the other hand, for isothermal incompressible flow, there is no need to recover the e or
T equation and two more coefficients in Eq. (32) need to be set to zero. This means that 7 of the
13 coefficients (in a D2Q9 lattice) need to be set to zero (for details refer to Section 6 under the
Subsection Incompressibility). In the development of this new LBM, it is further found that
irrespective of whether 5 or 7 coefficients are set to zero for the respective flow, the same set of
coefficients is always valid for all flow types belonging to the same class. The current
formulation is not the only way to account for thermal effect in a flow. Another new is to treat
the energy equation separately by postulating a different distribution function for e or 7. This
option is discussed in detail in Subsection 4.1.2.

Up to this point, no mention of the initial and boundary conditions (be they free stream or
wall boundary conditions) have been given. In anticipation of the fact that a splitting method is
used to solve Eq. (30) and Eq. (32) for both steady and unsteady flows, a detail discussion of
these conditions is given in Section 5. Therefore, it is sufficient to point out here that the initial
and boundary conditions of f, under the present scheme are calculated from the macroscopic
variables given or deduced at these boundaries. Consequently, the no-slip condition at the wall

is satisfied identically and mass leakage is avoided completely.

4. Extension to Hydrodynamic Flows

Since the development of the LBM as a numerical simulation tool, it has been focused on
gas flows where an ideal gas law exists. For liquid and/or fluid flows with multiple components
and phases, the use of conventional LBM to simulate such flows is inappropriate, not to mention
that it might not be valid because a gas equation of state does not apply here. Since then,
different remedies have been sought to improve and/or replace the conventional LBM. One such
remedy is to extend the mean-field approximation for liquid theory [62] to treat fluid flows with
phase transition, and binary immiscible fluids [63-66]. Another approach is to approximate

liquid flows by a systematic discretization of the Boltzmann kinetic equation, i.e., constructing

38



higher-order LBE models [67]. As such, this alternate approach offers a way to recover the N-S
equations based on kinetic level of representation. In principle, this approach is not subject to
the assumption of an ideal gas law; hence, it can be used to treat incompressible flow of liquids
such as double diffusive phenomena found in ocean layers [68-70]. Although Shan et al. [67]
had shown that the Hermite expansion can be used to construct higher-order LBE, its extension
to more complicated flows, such as ocean currents where diffusion due to salinity and
temperature difference exist, might not be straightforward. Hence, there is a need to seek a
different approach that makes use of the simplicity of the LBM, and yet is capable of simulating
liquid flows where a state equation is not necessary and fluid density is constant in the flow field.

From the above discussion, it is clear that all LBE approaches or their variants proposed
to remedy liquid flow problems cannot be implemented just as easily as the LBM. Therefore, a
new approach to derive a BGK-type modeled LBE that can recover the N-S equations fully and
correctly is sought. In the following, the BGK-type modeled LBE is derived based on a discrete
flux scheme (DFS). A two-equation approach much like that outlined in [71, 72] is pursued.
One equation is for f , which is a distribution function used to represent an intrinsic flow
property in an infinitesimally small control volume; another distribution function g is used to
represent the total thermal energy of the same infinitesimally small control volume. In
anticipation of the fact that the velocity lattice method is used to solve f and g, the outline
below gives the derivation for the lattice counterpart of these two functions, f‘a and g . In order
to claim validity of this two-equation approach, it is necessary to establish equivalency between
this approach and that outline in Section 3.2 for incompressible flows. Once this is
accomplished, the two-equation LBM approach is free of the M << 1 condition, and can also be
used to treat thermal and buoyant problems with and without heat transfer, as well as
stratification in salinity or other properties.
4.1 Discrete Flux Scheme (DFS)

It is noted that the DFS is a numerical scheme proposed for solving the N-S equations. If

the solution of the DFS scheme were to be equivalent to that given by the N-S equations, it is
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necessary to show that the governing equations for fa and g are essentially equivalent to the
mass, momentum and energy transport equations in the set of N-S equations. Therefore, fa and
g, have to satisfy conditions similar to those previously proposed to establish equivalency
between the MBE and the N-S equations. This success will reduce the set of vector and tensor
N-S equations to a finite number of scalar equations. Thus the set of scalar equations can be
solved using the same numerical method employed to solve the MBE listed in Sections 2 and 3.
The work discussed in this Section can be found in [50]; readers can refer to it for details.
4.1.1 Discrete Flux Representation of the Mass and Momentum Equation

Let Q represents a finite volume of fluid with an arbitrary shape Q fixed in space (Fig.
1). The center of Q is located at coordinates (x, y, z), and the fluid is assumed to move through
Q. The corresponding mass m inside Q is assumed to move with a group velocity é’ .

Therefore, fluid density o of Q at (x, y, z) can be defined as,

. 1 A gl
p(x,y,z)=§f9md§ , (51a)
while the velocity & of the fluid at (x, y, z) is defined as,
1 L2 A~
—~ | m&d&
i(x, . z) = Qlfg— (51b)
5."9”& dg

Following the derivation of the conventional LBE, a discrete representation is proposed. Only a
finite number of velocities Ed need be considered; therefore, fluid density is given by summing

up an intrinsic property fa relating to fluid density of a group of fluid masses moving with the

A

same & , or

P = E fa _ (52a)
Similarly, the linear momentum of the same fluid mass is given by,

pi =78 - (52b)
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where fa =Wwm, / Q and m_ in discrete form represents the distribution function f and the
mass m, respectively. Under the discrete flux model, the number of velocity component éa
takes on a very large number. In principle, it can vary from a finite number to infinity.
Therefore, it is convenient to introduce a weighting function W to account for the summation,
which acts like a numerical integration. The weighting function #_ may be negative, hence, fa
may also be negative. However, the sum of fa should always be positive. All properties
including éa are represented by a discrete model; therefore, the flux of all flow properties is
similarly represented, hence, the name “discrete flux method” is used.

Under this model, each component of fa will move with the same component velocity éa .
The velocity of these masses of fluid will vary as a result of collision and/or the effect of
intermolecular forces between fluid molecules; therefore, the total rate of change of f‘a in Q,
represented by (8 fa /ot + éa . Vfa) , 1s not necessarily zero. Along the line of the argument used
to derive the LBE, fa will also reach a “local equilibrium” state denoted by f:" As f‘a reaches
its local equilibrium state, its rate of change (8 fa /ot + éa . Vfa) will vanish. When the masses
of fluid inside Q are not in their local equilibrium states, it is argued that they will rearrange
their velocities to approach f;’q as a result of collision and/or the effect of intermolecular forces
as mentioned before. The time required for this rearrangement can again be designated by 7,
the “relaxation time”, which is substantially smaller than the flow characteristic time fo , much
like that proposed in the BGK model for the conventional LBE. Following the argument of the
BGK model, it is further assumed that (8 fa /ot + éa °Vfa) is proportional to the difference

between fa and f;", or

£V, =t 3)
ot T

After normalizing fa and other variables by their corresponding characteristic parameters, f)o,

A

& i, t,,and L, respectively, the dimensionless form of Eq. (53) is given by

-

e R Ju— 1 (54)
ot ET
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where ¢ is a small parameter that can be interpreted as similar to Kn. It is shown later that this
interpretation is consistent with the continuum assumption.
If, in addition, it is assumed that the deviation of £, from f.? is very small, then f, can

be written in terms of £ plus a small non-equilibrium component f,“, such that

Jo=Td +efd" (55)
Thus defined, £ can be determined if certain conditions are met. These conditions are put
forward with the objective that the £ thus obtained can be used in Eq. (54) to recover the mass

and momentum equation in the set of N-S equations. These conditions are:

DLl=p (56)
D g =pu (56b)

Ef(:q(ga)i(éa)j = puu; + pég -7 - (56¢)

The first two conditions are similar to the mass and linear momentum definitions given in Egs.
(52a-b) and those listed in Egs. (39a-b) for the evaluation of an equilibrium particle distribution
function of the LBM [3]. The third condition is proposed to ensure the correct recovery of the
momentum equation in the N-S equations. In Eq. (56c¢), the dimensionless viscous stress tensor

7, , is given by

M 1
7, = {ZM(S”- -39, Skk)} : (56d)

where the strain tensor §; is again defined by S, = (aui [dx; +du; /dx, )/ 2. Multiplying Eq.

T
(54) by {1, (§a ),} , taking summation over a, and using the expressions given in Egs. (56a-c),

the exact mass conservation and momentum equation accurate to order £ are obtained:

Ip opu, Dp ou,
L 4+ Y —2L =" 4 —L =0 |, (57)
ot 2 8xj Dt p; axj
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o)
at

+ E%(puiuj +pd, + ri/) = 0(5) : (58)

i 9%
It can be seen that if ¢ is interpreted as Kn, the correct N-S equations for a continuum fluid are
recovered correctly. The next step is to recover the energy equation in the N-S equations.
4.1.2 Discrete Flux Representation of the Energy Equation
Similar to f , another flux distribution function, g , representing the total thermal

energy e, is introduced. This is given by
1, 2
pe, = ple+ b |- De. (59)

where ¢, and e, and g have been normalized by #, and P, i, respectively, to make them
dimensionless. Similar to the argument made for f , although g_ is related to the total energy,
its individual value can be negative due to the finite number of discrete velocities assumed. The
equilibrium state of g is g.'. Similarly, g can be written in terms of g plus a non-

equilibrium state g, i.e.

g, =gl +eg . (60)
The equation that governs the transport of g  can again be derived in a manner similar to that

for f . The result is

J —
ﬁ;,ga.vga:_M , (61)
at ET

If the thermal energy equation in the N-S equations were to be recovered correctly, g.' has to

satisfy the following conditions;

g = p(e + %Iul2) : (62a)
. 1
Zgaq &) =, (p + pe+ Eplulz) ¥ Zu_,r,j rq (62b)

where the heat flux vector ¢g; is given by
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YM

7= Re_Pr,

K a_e) , (62¢)
8xi

Pr_ is a reference Prandtl number, and x is the fluid coefficient of thermal conductivity made
dimensionless by a reference 130. Eq. (62a) is similar to the definition of ¢ given in Eq. (59),
while Eq. (62b) just ensures that the energy equation in the N-S equations is correctly recovered.
Summing up Eq. (61) over «, and substituting the expressions given by Egs. (62a-b), the thermal

energy equation is recovered, i.e.,

d 1 d 1
E(pe + Ep|u|2) + Eg[uj(pe + 5,0|u|2 + p) + Zukrjk + qjl = O(s) . (63)

7 9%
From the above derivation, it is clear that solving Eq. (54) and Eq. (61) simultaneously is
equivalent to solving the N-S equations given by Eqgs. (57), (58) and (63). For compressible gas
flows, an equation of state is required to close the equation set; however, for incompressible
flows of gas or liquid, no such requirement is necessary. Before proceeding to discuss the
numerical methods used to solve Eq. (54) and Eq. (61), an extension of this general approach to
treat flows with external body forces is outlined below. The method proposed is general enough
for any external body force, including that created by irregular immersed boundaries [73]. This
is discussed in detail in Section 4.1.3.
4.2 Extension of Methodology to Flows with External Body Force
The effect of an external body force, such as buoyancy or salinity, can be easily

accounted for in the discrete flux formulation. It is accomplished by modifying Eq. (54) to read:

ey g yf ap o Ja S (64)
Jdt ET

where F is the dimensionless rate of change of density of fluid elements moving with velocity
& in the control volume Q due to the applied force field. It has to satisfy the following

conditions,

EFa =0 , (65a)
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YF.E =F, . (65b)

Here, F, is the dimensionless external body force applied to the flow field. The condition given
in Eq. (65a) implies that the body force does not affect the total mass inside Q. In Eq. (65b), F,
multiplies by &  is the rate of change of momentum due to the external force field; thus, it is the
body force itself. Therefore, this approach can be used to recover the buoyant force in the
corresponding N-S equations. For problems with irregular immersed boundaries [73], a balance
of fluid forces acting on the boundary can be used to represent the immersed boundary and the
above approach is equally applicable.
S. Finite Difference LBM and Immersed Boundary Method

In this section, the following topics are discussed. These are the lattice Boltzmann
method; the initial conditions, and wall and free stream boundary conditions; the splitting and
finite difference methods used to treat the model Boltzmann equation; and the immersed
boundary method used to handle wall boundaries with complex geometry.
5.1 New Lattice Boltzmann Method (LBM)

The lattice Boltzmann method essentially consists of solving Eq. (30) with /™ given by

Eq. (32), while the coefficients in this equation are calculated from Eqgs. (34a-h). In addition, Pl;
is determined by solving Eq. (15b), i.e. aP,; /dx, =0, or by solving Egs. (26 and 33a-b). Once
the coefficients in the expansion for f“ are known, Eq. (32) is well defined. Note that these

equations are given for the case of a D2Q13 velocity lattice (Fig. 2a). Equations similar to Egs.

(34a-h) can also be derived for other velocity lattice models, such as a D2Q9 lattice model (Fig.
2b). For this case, f is still given by Eq. (32), while the velocity lattices are defined by Egs.

(3la-c). Since the number of equations available for determining 4 , Ax_, Bxx , etc. is still

eight, only five of these coefficients need to be assumed zero. This choice of zero assumption
for the five coefficients is not unique; however, the choice does work well for all validations
cases attempted. Once these coefficients are set to zero and others are determined by solving the

relevant equations for a particular 2-D or 3-D problem, they remain valid for any class of 2-D or
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3-D problems and do not have to change from one problem to the next. Therefore, the
coefficients are not problem dependent, and the new LBM is more general in this sense.

With an new lattice f,? proposed for both Euler and N-S equations, the BGK-type MBE
is readily applicable to a wide range of physical problems using an appropriate numerical
scheme. In a numerical simulation, a finite computational domain is adopted. Well-defined
initial conditions, properly formulated boundary conditions, with a space-time accurate and
efficient numerical scheme, are the foundation of numerical simulations. Since the conventional
MBE are confined to simulations with low Mach number, the corresponding numerical methods
are also with low order accuracy, normally second-order in both space and time. Hence, the
open boundary conditions are commonly reduced to first or zero order of accuracy. If the
improved BGK-type MBE is to be extended to solve a wide range of physical problems, the
order of accuracy for the corresponding numerical schemes, including the treatment of both solid
and open boundary conditions, should be adequate to resolve the physical properties in the

truncated computational domain.

5.2 Initial Conditions, Wall and Free Stream Boundary Conditions

Throughout the numerical simulation by using LBM, the evolution of £ is described,
where the corresponding macroscopic quantities are evaluated via moment of f, . To start the
simulation, however, the information at mesoscopic level is not directly available. Instead, the
initial known quantities, i.e. the macroscopic ones, are inputted and transformed into the
corresponding £, for every node in the computational domain.

On the other hand, two main types of boundaries are commonly involved in numerical
simulations, namely solid and open boundaries. For the wall boundary conditions, a
conventional bounce-back hypothesis of f, at mesoscopic level leads to mass leakage at the
wall [26-34]. Similar to the case in posing initial conditions, only macroscopic quantities are
known at the wall boundaries, upon which the mesoscopic information has to be determined. It
renders the bounce-back scheme at mesoscopic level inappropriate for an accurate address of the

boundary conditions at walls, which eventually hinders the application of LBM to simulations
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involve solid boundaries. Therefore, a properly imposed wall boundary condition should be
constructed with reference to the macroscopic quantities at the solid surface. In view of this, slip
/ no-slip, isothermal / adiabatic wall boundary conditions are imposed for wall boundaries, where
the macroscopic quantities or their derivatives are defined, and the corresponding f.? are
calculated. Thus configured, the mass leakage problem is resolved.

Due to limitation of computational resources, a finite domain is invoked for numerical
simulations. The challenge comes from the fact that the boundary of the domain has to be
transparent to the quantities being simulated, such that they can pass through the boundary
without reflecting back and contaminating the domain. Via a thorough investigation for different
types of open boundary conditions [39], an absorbing boundary condition (ABC) was
established, which was proofed to be the most effective for simulations require high order of
accuracy, such as aeroacoustics problems. Similar to the non-reflecting boundary conditions
(NRBC) in direct numerical simulations (DNS), ABC adopts the concept of directing the
outgoing disturbances towards a prescribed, desirable value within a buffer region, such that the
reflection is minimized. For LBM, a prescribed, desirable value of the distribution function at
the boundary, f.7, is determined from the prescribed macroscopic quantities (usually mean

a

flow), and is then implemented into the formulation for the buffer zone:

af,
at

R e A e A (66)

where f, has the same structure as Oin the lattice velocity, o, as the damping coefficient

where 0, =0, (5/ D, )2, o, 1s a constant to be specified to tailor for different cases. Thus

formulated, the ABC is proofed to have successfully duplicated the results as that obtained by

DNS for various aeroacoustics problems with negligible discrepancies [42, 39, 48].

5.3 Splitting Method and Finite Difference LBM
The inhomogeneous partial differential equation (PDE) of Eq. (30) can be solved by

using a splitting method [76, 77], where the equation is divided into two PDEs, one
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homogeneous and one diffusion type equation, and are being solved as two initial value

problems:
0
1 PDE: 6]} + Zja°foa =0 (67)
af 1
2" PDE: A e A 68
at TKn (f“ Ja ) (68)

These two PDEs describe the streaming step, given by Eq. (67), and the collision step, given by
Eq, (68). The initial values of fao‘eq (x, t) are determined from Eq. (32) and Eq. (34) using the
initial macroscopic primitive variables.

The streaming step begins by making use of fao‘eq (x, t) to start the solution of Eq. (67).
This will lead to intermediate fa] for all interior points, but not the boundary points.
Macroscopic variables such as «’,v’, p’ are then calculated from equations such as those given
in Eq. (43a-d) and Eq. (44a-c). The boundary conditions for the macroscopic variables are then
set according to problem specifications. Finally, using the macroscopic quantities thus
determined in the domain and the boundaries, the intermediate value for the equilibrium
distribution function, fa[’e" , are calculated from Eq. (30) and Eq. (32) where the coefficients are
determined from Eq. (34a-h).

The collision step involves solving Eq. (68). Employing the Euler method, where Atis
set equal to v Kn for temporal discretization, the finite difference counterpart of Eq. (68)

becomes

fa X, t+ At —fa x,t 1 eq eq
8L o] = o) () 0

. . g . 1,eq

This equation leads to the ability to set f at time (t+At) as f . In other words, the
macroscopic variables at (¢+A¢) are essentially given by u’,v’, p’. Therefore, the collision
step does not take up any computing resource. Time marching is then achieved by repeating the

procedure outlined above for the streaming and collision step.
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In principle, any finite difference numerical schemes suitable for solving PDEs, such as
Egs. (67, 68), can be adopted according to the required order of accuracy for the target physical
problem. The LBM thus is collectively called the finite-difference LBM (FDLBM). The
FDLBM is so developed to avoid any ad-hoc improvisation in numerical simulations.
5.4 Immersed Boundary Method (IBM) and FDLBM

In view of the fact that wall boundary values of f, are determined from the macroscopic
quantities (p, u, v, p), the new LBM could be extended to treat flows with complex geometry
using numerical schemes that are commonly employed to solve the N-S equations directly. Two
schemes stand out among the many available; they are the body-fitted geometry method and the
immersed boundary method. However, these two schemes are quite cumbersome, especially
when the wall boundary is changing with time. One illustrative example is blood flow through
arteries with plaque build up (Fig. 3). For this type of flow, the LBM numerical solution can no
longer be easily carried out using Cartesian grids, which works best for flows whose boundaries
can be well defined by Cartesian coordinates. Another complication is that blood is a non-
Newtonian fluid; any attempt to approximate it by a Newtonian assumption would greatly
compromise the simulated flow behavior [56]. For wall boundary with complex geometry
changing with time, the applicability and suitability of using body-fitted geometry method with
LBM for blood flow simulations has been widely explored by researchers [78, 79, 80, 81, 82,
83]. In these studies, the grids are generated a priori [80]. For a time dependent problem, the
geometry of the plaque build up will also vary with time; therefore, the computer-generated grids
have to be checked (either manually or through computation) to ensure integrity of the simulated
results [79]. These additional tasks render the body-fitted geometry method very time
consuming. Therefore, the combined LBM and body-fitted geometry method fails to yield any
advantage compared to solving the N-S equations directly using other numerical methods. The
next step is to explore the advantage of deploying the IBM with the new LBM.

In the following sub-sections, the rationale for the IBM is first justified, then its

implementation into the new LBM with changing wall boundary that is either stationary or time
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dependent is discussed. Next, the procedure on how to implement the IBM into an LBM for
stationary flow is formulated, which is then followed by a discussion on its extension to time
dependent problems.

5.4.1 IBM and Its Implementation into the new LBM

As outlined in Sections 2-4 & 5, an FDLBM that provides a convenient algorithm for
setting the boundary condition using a splitting method to solve the LBE has been presented.
This FDLBM, based on the new LBM, is free of the inherent compressibility effect of
conventional LBM [44]. It is capable of simulating flows of Newtonian and non-Newtonian
fluids with (or without) external body forces [56], and in micro-channels [45]. Using this
numerical approach, a wide variety of governing equations for aeroacoustics, aerodynamics and
hydrodynamics flows can be similarly treated [50]. The FDLBM thus developed was originally
aimed at micro-channel flows along the line suggested in [84], but its application is actually
much broader [56]. The FDLBM has one drawback though, i.e. its solution relies on Cartesian
grids, even for 2-D flows with complex boundary geometry. An new is to devise a scheme to
integrate the IBM into the FDLBM so that the combined numerical technique can properly
handle unsteady flows with complex boundary geometry (such as in blood flow with plaque
build up). Once proven, the numerical scheme would give rise to a computational tool that could
handle complex boundaries using Cartesian grids only for any 2-D, axisymmetric and 3-D flows.
In the following, a procedure, different from those given in [73, 85, 86, 87, 88], to implement the
general IBM concept into the new LBM is discussed [52, 53].

From the above discussion, it can be seen that blood flow through arteries with plaque
build up is an appropriate example to use to illustrate how valid wall boundary conditions with
changing geometry could be developed for the new LBM. Development of the IBM is based on
the pioneering work of Peskin [89, 90], who studied cardiac mechanics and the associated blood
flow. The IBM was used to solve the N-S equations in the presence of moving immersed
boundaries (in this case the heart-valve leaflets), which moved at a local fluid velocity and

exerted forces locally on the fluid. This suggests that the boundary should be modelled as a set
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of elements linked by springs. In developing the IBM, Peskin [89] required that a fixed
Cartesian grid should again be used to carry out the numerical simulation. Through the
introduction of an external body force field, which was designed to simultaneously satisfy the
no-slip condition at blood vessel wall and also mimic the changing wall geometry due to plaque
build up, the wall geometry could be modeled correctly. Thus formulated, wall boundary with
complex geometry (moving or stationary), and even fluid-structure interaction (FSI) problems,
could be treated by this IBM [73, 91].

In order to illustrate how the IBM can handle boundary with complex geometries,
moving and even elastic [73], the flow through a pipe with varying constriction is chosen as an
example [52, 53]. The IBM is formulated using Cartesian coordinates where the constricted
boundary inside the computational domain is called the immersed boundary. The immersed
boundary is represented by a set of massless points, X, = (X L Yk) with index k = I ... N that

moves with the local fluid velocity u = (u V) . Hence, their tracking is Lagrangian in nature, i.e.

X,
ot

= u(Xk,t) . (71)

For this example, the Euler method is used to solve the above equation; thus, the local fluid

velocity is given by

u(X,,1) = fu(x,t)é(‘x—X‘) , (72a)

XEQ

and in discretized form Eq. (68a) can be written as
u(Xk,t)=Euij 0, (xij-Xk)éd (yij-Yk)AxAy , (72b)
ij

where u" is the velocity vector at the position indexed by i and j, calculated from the Cartesian
grid, (x’j Ly ) is the Cartesian coordinate positions indexed by i and j.. The Dirac delta function
0 appears as a kernel in each of the equations in which a transition is made from boundary to

fluid quantities or vice versa, and ¢, is the discrete counterpart of §. The choice of & will affect
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the accuracy of different types of governing equations [92]. For the present formulation,

Peskin’s [89] choice for ¢ is adopted; it is given by

1+ cos(mf / 2h)
, ‘r‘ < 2h
6d(r) = 4h , (73)
0 . |r=2n
According to simulations reported in [52, 53], good results for all cases tested are reported.

The effect of the immersed boundary on the surrounding fluid is transmitted through a

localized forcing term F™ =(F; b,Fyib). This is added as a body force in the momentum

equations and is given by

F¥(x,1) = %iFk (1) o, (]-x.) (74a)

in continuous form while its counterpart in discrete form is,
N
F"(x,1) = %;F”’(Xk, t)o,(x" - x,) 8, -7,) . (74b)

The relation between X, and F, depends on the material properties of the immersed boundary.
For all CFD examples reported in [52, 53], the immersed boundary is considered as a rigid wall,
and is simulated using the method employed in [90, 92].

The immersed boundary points X are assumed to attach to a fictitious fixed equilibrium

location X, by a spring with a restoring force F, given by

F (1) = -K[x,(r) - x;] (75)
where K is a positive spring constant. When K is large, the displacement between X and X, is
negligible. Therefore, the immersed boundary is relatively stable; thus simulating a rigid wall

defined by X, . In practice, K should be as large as possible; however, large K results in a stiff

system that might lead to numerical instability [73]. Although the IBM is only used to simulate a
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rigid wall in this example, it is obvious that modifying the “material properties” could allow
elastic and/or moving boundaries with complex geometry to be simulated also.
5.4.2 Steady LBM/IBM

A first attempt to implement the IBM into an LBM/FDLBM framework was carried out
in [85, 86]. In these studies, the immersed points were used to simulate some moving inelastic
particulates. An external force created by the deformation of the particulates was computed by
deploying the penalty method [85] or the direct forcing scheme [86]. A similar idea was put
forward in [74] and [87]. However, Niu et al. [87] incorporated the IBM with a multi-relaxation
collision LBM; consequently, the forcing term was calculated using the momentum exchange
method. A similar concept has also been used to treat problems with a moving boundary in 2-D
and 3-D flows [88].

In the current formulation, the IBM can be built into the new LBM through the addition
of an external body force in the N-S equations. This requires recovery of the N-S equations with
a body force included; the procedure of which has been outlined in Section 4.1.3. Consequently,
the only work required here is to modify the distribution function for the external body force F
to account for the forcing function of the immersed boundary points. It can be seen that Eq. (64)
is also applicable for the LBM/IBM technique provided F in Eq. (64) is interpreted as the body
force created by the immersed boundary. Therefore, conditions that the distribution function F

have to satisfy can be similarly derived as in Section 4.2; the result is

8
YF,=0 (762)
a=0
8 .

FE =F" | (76b)
a=0
8 .
NFE,=F'" | (76¢)
a=0
8
SE (2 +8)=0 (76d)
a=0
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If a minimal form of Eq. (32) is assumed for £, such as

Fo=A,+8,Ax +5 4y, (77)
the coefficients in Eq. (73) can be determined to give
A=A =4,=0 | (78a)
Ax, = %ﬂ;, Ax, =0 , (78b)
ib
Ay, = ?, Ay, =0 , (78c)

It can be seen that time-varying and/or complex wall boundary can be dealt with by solving the
MBE with an additional body force without compromising the numerical advantage of the new

LBM.

As pointed out in [91], most IBM uses the restoring force technique; therefore, some
streamlines may pass through the solid body because the no-slip condition is only approximately
satisfied. In the present method, the no-slip condition at the boundary is satisfied by the
primitive variables and the particle distribution function is determined from these primitive
variables. Therefore, streamline leakage might not be a factor like that mentioned in [91].

5.4.3 Unsteady LBM/IBM

The artificial compressibility or the pressure correction method is frequently used to
solve the unsteady incompressible N-S equations. Both methods employ pseudo time to make
the solution time-accurate by treating the time-dependent terms in pseudo time [93]. Real
physical time terms are added in the governing equations and the solution is iterated to a pseudo-
time convergence at each real time step. When the pseudo-time terms vanish, the solution
obtained satisfies the complete time-dependent equations. For the sake of brevity, this approach
is denoted as the pseudo-time approach. Detailed discussion of this approach can be found in
[93]. The same approach is also used in [45] to solve the unsteady N-S equations by extending

the steady FDLBM to a time-accurate FDLBM; refer to Section 6.2 for details. Only the
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formulation for a time-accurate FDLBM is given here. It is not necessary to repeat the case for a
time-accurate FDLBM/IBM because the extension is fairly straightforward.

Only the Cartesian form of Eq. (64) is considered. In this equation, as explained above,
the body force F, is used to represent a real, physical time term in the pseudo-time approach.
Following the procedure used to determine F, in the stationary case, it can be easily shown that
F,for this pseudo-time approach has to satisfy the following constraints. It can be easily shown

that assuming a D2Q9 lattice model for illustration purpose, these constraints are determined as

8
d
SE=F (79a)
o ot
8
YFE, = —p : (79b)
a=0 a
N dpv
F =— 79c¢
E S (79¢)
: Ez 9
EFa - O——p , (79d)
~ 2 ot
where ¢ is the real physical time and ¢ is the pseudo-time for iteration purpose. Following the

T
derivation given in [45], Eq. (64) is multiplied by ) , then taking summation over

LE,

a, and using Egs. (75a-d), the following equations are obtained:

apu apv 1
= - - , 80a
ar at(Ef) dy Knt (gf‘” p) o
2 - ipuv-t
dpu , dpu  OpuwApT, TPV, O(Kn) . (80b)
ot ot ax dy
dpuv-t oV +p -1
apv + apv + p Xy + p p o - O(Kn) R (80C)
at’ ot ox ay
T +7T 2
i p_ xx w +lp(u2+v2) +O_ a_p_l_a’i.l.a’l =O(Kn) . (80d)
ot 2 2 2\t ox dy
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After reaching steady state with respect to the pseudo-time ¢, all pseudo-time terms vanish. Egs.
(80b-d) become the continuity and momentum equations of the N-S equations, respectively. The
sum of the distribution function f, , as shown in Eq. (80a), is the density.

Following the procedure outlined in Section 5.3.2, the IBM can again be integrated into
the new LBM by solving Eq. (64) with an assumption that a minimal form for F, is given by
Eq. (77). Following the same rules as those used to deduce the coefficients in Eq. (77), one

possible set of solutions for this unsteady case is

10
4, =0, A‘=Za_/z0" =0 (81a)
1 dpu
Ax, = —FP% 4y =0
R 2 : (81b)
1 dpv
Ay, = — Ay, =0
V) 202 ot Y, . (81c¢)

The physical time derivative term can be approximated by any finite difference method;

however, the simple Euler method is used here, i.e.,

iz _Z-2,
at' At ’

(82)

where Z is the updated physical quantity (e.g. p, pu, pv) iterating in pseudo-time, Z is the
physical quantity in the previous physical time step and At’ is the step size of the physical time.

For incompressible flow where density is a constant, the density derivative is simply zero.

6. Discussions on Validation Cases
6.1 Prologue

To demonstrate the viability and uniqueness of the new LBM/FDLBM, a series of
validation test cases have already been carried out and reported in open literature [42-54]. The
test cases were selected to highlight the validity, accuracy and uniqueness of the special
characteristics of the new LBM. Before settling down on the choice of these cases, it is prudent
to recall that the conventional LBM has been used to simulate aeroacoustic problems and the

results are more than wanting [36-40], especially in its simulation of acoustic scattering by a
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vortex [46]. The results were improved after different nonreflecting boundary conditions were
attempted with corrections made to ensure the transport coefficients, such as u, y, and ¢ of the
fluid, were recovered correctly for diatomic gas. Further, the relaxation time scale in the LBE
has to be replaced by an effective relaxation time that is made up of the time scales of the
intermolecular potential and the weak repulsive potential. This tailoring is valid for the problems
under consideration; however, the tailoring might have to be modified for different problems.
Therefore, the fine tunings made to conventional LBM are not unique and are problem
dependent.

On the other hand, the new LBM is formulated to rectify the inadequacies of
conventional LBM. These inadequacies are the conventional LBM’s inability to satisfy the zero-
velocity divergence condition for incompressible flow, mass leakage at the wall, and dependence
of the mean flow on M for incompressible flow, and justification required in using the
conventional LBM to simulate hydrodynamic flows where the fluid medium is liquid instead of
gas. The most important improvement in the new LBM is its ability to satisfy the zero-velocity
divergence condition for incompressible flows. It is this feature that puts the new LBM on solid
ground for incompressible flow simulations.

Since pressure is the primary driving force in any incompressible flow, the pressure field
should be part of the solution and should not be specified in the form of a state equation much
like that stipulates in conventional LBM. Therefore, validation cases to demonstrate this unique
property of the new LBM should include simple isothermal incompressible flow [44] as well as
thermal incompressible flow [51] and flow with uncertainty [49]. Once completed, the ability of
the new LBM to replicate incompressible flow in microchannel is attempted [45]. The next step
is to demonstrate the ability of the new LBM to resolve compressible flows correctly including
its ability to capture shocks [43] and to resolve their structures [47]. In view of these successes,
the new LBM is then applied to simulate aeroacoustics and thermo-aeroacoustics with/without
vortex and thermal scattering [42, 46, 54, 55] and flows with immersed boundaries as in blood
flow through arteries where blood fluid is non-Newtonian [52, 53]. Finally, the new LBM is
used to simulate buoyant and double diffusive flows in oceans where the medium is water [50].

These publications were mainly derived from two PhD theses, one on aeroacoustics [55], and
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another on blood flow through arteries [56]. In these simulations using the new LBM, the results
are found to be in excellent agreement with theoretical analysis and/or measurements, and DAS
and DNS simulations whenever available.

All calculations were carried out using the same numerical technique and method, and
identical velocity lattice model was adopted; i.e., a D2Q9 model for 2-D flows, and a D3QI15
model for 3-D flows. Most simulations carried out were either 1-D or 2-D; however, a few 3-D
cases were also attempted. Laminar flow was assumed in each of the simulations, and examples
were carefully chosen to highlight characteristics that are representative of the salient features of
the new LBM. Three different types of fluids had been examined, Newtonian, non-Newtonian,
and nanofluid. A majority of the flow cases studied was steady while a few unsteady cases had
also been carried out. These choices were chosen to illustrate the general nature and ability of
the new LBM. Most simulations were carried out to 10 accuracy. Since aereoacoustics
disturbances are at least two-order of magnitude smaller than any aerodynamic disturbances, a
sixth-order accurate finite difference scheme put forward by Lele [57] was built into the FDLBM
code to resolve the aeroacoustics disturbances correctly.

Results of these studies have already been published in the open literature [42-54].
Instead of carrying out a complete replication of these published results again in this paper, a
summary discussion of their unique results is organized to bring out the salient features of each
flow group attempted. The flow groups chosen in the validation cases can be briefly classified
as: incompressible, compressible, complex boundary geometry, aeroacoustics and scattering, and
flow uncertainty. Results for these flow groups are discussed and analyzed under the subsection
headings: (2) incompressibility, (3) compressibility, (4) complex boundary geometry, (5)
aeroacoustics and scattering, and (6) flow uncertainty. In addition, the numerical advantage of
the new FDLBM numerical scheme is discussed in Subsection 6.7. Furthermore, Kefayati and
his group at Flinders University of South Australia, Adelaide, have adopted the computer code
developed by Drs. S. C. Fu and E. W. S. Kam [55, 56] to extend the new FDLBM to treat
magnetohydrodynamics flows where the medium can be nanofluid or non-Newtonian fluid. In
order to enhance completeness of this paper, Subsection 6.8 will focus on a brief discussion of

Kefayati’s successful LBM simulations of magnetohydrodynamics flows [94-102].
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6.2  Incompressibility

Broadly speaking, the FDLBM based on the new LBM has been tested against wide
variety of flows; very good to excellent agreement with DNS, DAS, and measurements results
were obtained [44, 45, 49-53]. Although the ability of the new LBM to correctly simulate
incompressible flow has previously been demonstrated [44], this salient feature of the new LBM
warrants special attention. Therefore, the proof that this property is inherent in the formulation
of the new LBM is summarized here for reference; only a broad outline is given, interested
readers should refer to [44] for details.

In this case, it is only necessary to consider the 2-D laminar N-S equations for
incompressible flow. The starting point is the normalized discrete Boltzmann equation, Eq. (30),

with /" given by Eq. (32). However, in this case, all variables are made dimensionless with

2

reference to L, p,, U o

and pu;, which are used to normalize length, density, velocity, and

0°

pressure and stresses, respectively. As before, a D2Q09 lattice model is assumed and the lattice

velocities are defined as:

£,=(0,0), a=0 . (83a)
E = O'(COS[.T[(O{—I)/4] , sin[ﬂ(a—l)/4]) ., a=1357 |, (83b)
E = \/EG(cos[ﬂ(a—l)/4], sin[ﬂ(a—l)/4]) , a=2,468 (83¢)

where O is a scaling parameter to be defined later. A Chapman-Enskog type expansion is

assumed for f, , which to 2" order can be written as,

fo= 12+ ef [P 40(8) (84a)
8 8 8

and PSS = DS = D IE =0 nzl (84b)
a=0 a=0 a=0
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has been assumed. Here, € is taken to be Kn, which is assumed very small. Multiply Eq. (30)
T
by (1,5) and take summation over &, the laminar incompressible N-S equations without

assuming steady flow yet:

a_p+apl+a’l=o

’ 85a
ot ox ay (852)
2 T T
apu + Gpu + Gpuv _ _a_p +_xx + xy + 0(8) , (85b)
at dx dy dx 0x dy
2 ot T
9pv + dpuv + opv_ _ _%p + —2 + 2 +O(£) . (85¢)
at dx dy dy dx dy
are recovered subject to the following conditions:
8
E f.8 = p=constant (86a)
a=0
8
ZIE, = pu (86b)
a=0
8
M IE, = pv (86¢)
a=0
8
DI =P ep-T, (86)
a=0
8
eq =2 2
yfag = pviep-t, (86¢)
=0
8
Efaquaxgay = pMV - Txy . (86f)
a=0

Using Egs. (86a-f) and following the procedure outlined in Section 3.2, the coefficients in the

lattice f“ as given in Eq. (32) can be determined to be,

2
2p Pl T 47,
Ay=p-—-—5+ — A4=4,=0

o o o , (87a)

ou
Ax, = . Ax,=0 (87b)
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Ay, = = 4y, =0 (87¢)
1 )
Bei=o—(p+pt-7,) . Beo=0 (87d)
B ! :
W =5 (p + pv° - fyy) . By,=0 (87¢)
Bry, = ) Bxy, =0
Xy, = e (puv - rx},,) , Xy, = . (87f)

This choice of zero coefficients is not arbitrary; other cases attempted show they work well also.
As discussed in Section 5.3, a splitting method is used to solve Eq. (30). Therefore, the
temporal and spatial derivatives in Eq. (30) can be discretized in the following manner, or
[ (% evae)=f (%0) S (¥+E AL 1+A)-f, (% 1+ A1)

+
At At

e SOV ~ ®

ET

Defining the scaling parameter 0 such that the discretized velocity would fit the grid point and

setting € = At [44] the following is obtained,
1

X+EAt, t +At) - f|X,t)=—-— X, t) - f9(x,¢ ) 89

F(F A e bt) = £ (70) = =21 (81) - £ (7.0) (9

Up to this point, no condition has been imposed on the relaxation time T. In this work, T=1 is

assumed and this allows the derivation of the following simple relation,

fa(f+§aAt, Z+At) = fagq()—f,l‘) . (90)

In fact, T is arbitrary in the present method and it always appears together with &. Therefore,

using an appropriate normalization 7 can logically treated as unity.

As suggested in Section 5.3, a splitting method is used to solve Eq. (30). In the present
case, p = constant is specified and is not determined by f . Therefore, if there is a difference

between the given p and the value of E /., then Eq. (84b) might not be satisfied and the

following relation is obtained,
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E(f“ _f“eq) y -1°
‘ g+e | |
> 0

Consequently, multiplying Eq. (30) with respect to [1, g, (

oD

T
2
E‘ / 2)] , taking summation over ¢,

and invoking Eq. (86a-f) during numerical manipulation, the solution of Eq. (30) will lead to the

satisfaction of,
>fo-p

I/,
= N opu N apv _ ’
ot 0x oy £

apu N 6pu2+p—rxx N puv-Tt_
dt dx dy

apv. | Ipuv-7_ . apv2+p—ryy
at 0x ay

- ol

0

ot

2 2

The last equation is due to the following relations,

8 . gax 2
21 E e 8 - =0
Sefefaen)- 28

T +T 2
(p - = yy) + %p(u2+ vz)} + a—(a’i +

which are consequence of the choice of parameters in Egs. (87a-f).

(92a)

(92b)

(92¢)

(92d)

(93a)

(93b)

This set of equations, Egs. (92a-c), is essentially the momentum equations of the

incompressible N-S equations Egs. (85a-c) correct to 0(8) provided p = E f, = constant. It

should be noted that Eq. (92a) is not the mass conservation equation. It will only become the

mass conservation equation when p is identical to E f, - Bven if the difference between o and

a
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E f,, 1s very small, say of 0(8) , the right hand side of Eq. (92a) is still significant. Treating

the evolution as an iteration process and solving the equations until a steady state has been
reached, the temporal derivative in Eq. (92d) vanishes. At this point, mass conservation is

satisfied, because the second term of Eq. (92d) is also zero.

The salient feature of the new LBM can be gleaned from an understanding of Eq. (92d).
The first bracketed term in Eq. (92d) is the pseudo time rate of change of the “mechanical
pressure” plus the “dynamic pressure”, which can be denoted as the “total pressure head”. The
second bracketed term in Eq. (92d) is essentially the mass conservation equation. The
fluctuation of this term can be used as a convergence criterion for the iteration. As steady state is
reached, the artificial density approaches the actual density p and mass conservation is satisfied.
For a large enough o, the choice of which depends on numerical stability, iterations could be
limited to a few, or perhaps no iteration is required for the satisfaction of Eq. (92a). Thus, the
scheme becomes time-accurate [44] compared to the exact solution given in Schlichting [103]
(see Stokes’ 2™ problem solution in [103]). Taken together, Eq. (92a) and Eq. (92d) functions in
a manner similar to the semi-implicit method proposed for pressure correction, i.e., the SIMPLE
scheme put forward by Patankar & Spalding [104] for incompressible flow.

Therefore, incompressible flow simulation employing FDLBM with the new LBM
integrated into the numerical scheme is equivalent to using SIMPLE to solve the N-S equations
directly. In the process, the pressure field is determined without having to rely on the
specification of a pressure density relation or a state equation for the fluid. Widely different
laminar isothermal/thermal incompressible flow problems have been treated by this new LBM
and they include back-step flow and driven cavity flow [45], thermal falling thin film flow,
thermal Couette flow, natural convection in a 2-D cavity and in a cube (3-D) [51], and
incompressible non-Newtonian fluid flow in a tube with internal constriction [52, 53]. The
velocity lattice used in this series of simulations is D2Q9 for 2-D flows and D3QI15 for 3-D
flows. No mass leakage has been detected at the boundary or in the flow. Therefore,

improvements made to the conventional LBM correct its inadequacy and put the new LBM on a
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firm footing as a simple and reliable numerical method to treat a wide variety of flow equations.
Further, the simple velocity lattices serve their purpose very well; there is no advantage to use
finer velocity lattices, such as D2Q13 for 2-D and D3Q19 for 3-D flows.
6.3  Compressibility

The new LBM is not just applicable to thermal incompressible or low Mach number flow
where the state equation, p = p/ RT, is simple and applicable. However, it is also valid for
compressible flow where M is high enough to affect the state equation, or to fluid with
complicated equation of state. As M increases, the dependence of o on p and 7 becomes more
and more complicated, and the LBM’s ability to resolve this dependence correctly needs
clarification. As an illustration, consider a very complicated state equation in oceanographic

flow [105]. In this case, the state equation is given by

p(7.5.p) = p(7.5,0)[1- p/K(T.5, p)]_l , (94)
and the functional forms of p(T .S, O) and K (T .S, p) accurate to 2" order of p, T'and S are:

p(T, S,O) = 999.842594 + 6.793952x107*T +......
5 (953.)

-1.6546x10°°T*S"° +4.83140x107* S

K(T.S, p) = 1965221 + 148.4206T - 2.327105T" +.......
(95b)

-2.0816x107°Tp* S +9.1697x107"°T* p*S

Thus, fluid density p cannot be considered a constant; rather it is defined by the complex state
equation. This problem is completely different from buoyant flow where the Bossinesq
approximation can be invoked. Under this complex p condition, it is essential to satisfy mass
conservation instead of volume conservation, such as in natural convection problem where
Bossinesq approximation is still valid [51]. In the present case, the density thus calculated from
Egs. (95a) has to be iterated to a prescribed accuracy with that derived from the new LBM. Once
p 1s known, it is used in the splitting method where mass conservation is assured after steady

state has been reached in the pseudo-time. Therefore, the new FDLBM is equally applicable to
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thermal incompressible flow where the simple state equation is no longer valid, and compressible
flow with large M. Indeed, the FDLBM is able to capture shocks correctly in 1-D and 2-D flows
up to M = 1.961 [43] and to resolve shock structure correctly up to M = 1.55 [47].

6.4  Complex Boundary Geometry

In all cases attempted under Sections 6.1 and 6.2, only wall boundary with simple
geometry has been carried out. The reason for this choice of problems is to exploit the advantage
that the lattice method works best with Cartesian coordinates. However, in order to test the
general nature of the LBM, it is necessary to demonstrate the ease with which LBM can simulate
flow problems with complex boundary geometry. As discuss in Section 5.4, the adoption of
body-fitting coordinates is not the best option because the method is not time efficient and might
not work well for elastic boundary and/or boundary with complex geometry.

An alternative is the IBM, an immersed boundary method proposed by Peskin [89]. The
method can be made to work well using Cartesian grids in a Cartesian coordinate system. A
force balance approach is used to define the boundary geometry and that leads to another LBE
type equation for the additional force used to create the boundary. Formulations of an IBM
scheme for steady and unsteady flow, respectively, have been detailed in Sections 5.4.2 and
5.4.3; they will not be repeated here. Consequently, Cartesian grids can again be used in the
formulation of the LBM with a D2Q9 lattice adopted. In order to test the effectiveness of the
LBM/IBM combined scheme, flow through a pipe with immersed restriction has been carried out
[52, 53, 56]. Not all flow cases simulated are steady; some time dependent cases have also been
attempted. Fluid considered is not limited to Newtonian, non-Newtonian fluid is also
investigated. Results thus obtained are in agreement with other numerical and experimental
studies [106, 107]. It should be bear in mind that all wall and free surface boundary conditions
are given by the primitive variables at these boundaries, while the boundary values for the
particle distribution function s are evaluated from the given macroscopic variables. As such,
specifications of all boundary conditions are essentially the same as those given in a direct

numerical simulation of the N-S (or Euler) equations; therefore, no additional complications,
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other than solving an additional equation similar to an LBE representing the boundary force, are
introduced in the new LBM/IBM approach [56]. Also, computational time is much reduced
compared to using a body-fitting coordinates method.

Another salient feature of the methodology used to treat immersed boundary in any flow
systems can be further explored. The key part of the methodology is the conversion of the
boundary geometry into a force equation that can be treated as an additional body force in the
lattice equation, i.e., Eq. (64). This means that any other body force such as buoyancy, salinity,
magnetic, or electric can be similarly treated. Therefore, this feature could greatly broaden the
application of the new LBM. Besides the above mentioned body forces, another possibility is an
extension to turbulent flows, be it incompressible, compressible, stratified, etc. The Reynolds
stresses in the Reynolds average N-S equations can be grouped together to form a turbulent force
term in the Reynolds average N-S equations. This force could be considered as an additional
force term in the LBE; therefore, it can be similarly treated as an additional body force term.
Following the methodology outlined above, the Reynolds stresses would be included in the
coefficients of the expansion used to represent the lattice force, such as Eq. (32). If, for example,
a minimal form similar to that given in Eq. (77) is assumed, the additional force term can be
determined. It then follows that any turbulence models, ranging from two-equation to Reynolds-
stress models, could be used to calculate the Reynolds stresses that appear in the coefficients of
Eq. (77) or some other similar equation. Again, only first order differential equations are added
to the scheme; thus, they will not affect the simplicity and stability of the numerical scheme.

6.5  Aeroacoustics and Scattering

In any aeroacoustics computations, it is important that the numerical technique used is
able to correctly and accurately resolve sound generation, its propagation, its interaction with
disturbances on the path of propagation, and its interaction with boundary reflection. The
difficulty lies in the fact that if the mean flow is normalized to be of order 1, it follows that the
aerodynamics disturbance is of order 10, the acoustics disturbance will be of order 10™, while

the disturbances created by the interaction of the aerodynamics and acoustics disturbance will
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become even smaller than the acoustics disturbances. If all these disturbances were to be
resolved correctly, the accuracy of the numerical scheme will have to be at least of order 107
[57]. The disparity in scale accompanied by long propagating distance of acoustic waves lead to
computational difficulties in aeroacoustics simulations. This is why direct aeroacoustics
simulation (DAS) is still not the numerical technique of choice for aeroacoustics simulations
because it is difficult to achieve a numerical simulation accurate to order 10 and beyond [57].
In developing the new LBM, the suggestion of Lele [57] to normalize the governing
equations using acoustic scaling is adopted. With this approach, the numerical simulations of
circular pulses in quiescent fluid could achieved an accuracy of at least 10°; thus allowing the
new FDLBM to have the ability to replicate the propagation of these pulses accurately and
correctly [42]. The success of this study encourages its extension to simulate acoustics scattering
by a single zero circulation vortex [48]. These attempts proof to be quite successful, thus
encouraging extension of the present new FDLBM to treat aero-thermoacoustics problems in an
enclosure where interactions between aeroacoustics and thermo-aeroacoustics outgoing waves
and reflected waves are present in the problem. Furthermore, the walls of the 2-D enclosure are
impulsively heated in one vertical wall while it is impulsively cooled in the opposing vertical
wall. This setup allows thermal scattering to be investigated simultaneously with interactions
among acoustic waves, thermal waves and waves reflected from the solid boundaries. In
anticipation that the disturbance waves due to these interactions are even weaker than the
outgoing acoustics and reflective acoustics and thermo-aeroacoustics waves, the numerical
technique has been improved to have an accuracy of 10”7 and 10” [54]. The LBM simulation
results are compared with DAS results as well as known theoretical and numerical solutions.
Good agreement has been obtained between the new FDLBM simulations and the DAS and
theoretical results. From these studies, it can be seen that the new FDLBM simulations are able
to correctly and accurately resolve the outgoing waves, the reflective waves and their

interactions.
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Since the gas kinetic scheme [24] is based on the conventional LBE, a comparison of
this approach with DAS to simulate acoustic scattering by a single heat source could reveal the
conventional LBE’s potential, or lack thereof, to correctly mimic the real physics. A comparison
of this simulation result with available theoretical solution is marginal at best [46, 55]. However,
the comparisons between the new FDLBM results, theoretical analysis, and DAS simulations are
encouraging because they show that the new FDLBM is just as good as the DAS. On the other
hand, the LBE based gas kinetic scheme is not competitive with the new LBM. Besides, the new
FDLBM can be extended to deal with complex boundary geometry by incorporating the IBM
into the FDLBM, while it is not as easy to extend DAS to domains with complex boundaries,
such as aeroacoustics in ducts with flexible walls.

6.6  Flow Uncertainty

Fluid dynamic problems with complicated systems, with uncertainty in the flow, and/or
with complexities in initial and boundary conditions are of common occurrence. An example is
the mechanism of atherosclerosis formation in arterial system where the initial and boundary
conditions of the stenotic plaque are changing with time in an unpredictable manner. In the past,
the traditional Monte Carlo (MC) method is employed to study problems similar to this. The
MC method requires a tremendous amount of computational resource and is also time
consuming. With the advent of computers and the development of efficient uncertainty
quantification (UQ) methods, the more efficient Polynomial Chaos (PC) based UQ methods are
applied to simulate complicated systems with incomplete knowledge and data, such as given in
[108-111]. These PC methods are more efficient and less expansive than a MC method. Since
then, methods such as the spectral stochastic finite element method (SSFEM) [111], and the
stochastic projection method (SPM) [112] have been developed to focus on fluid dynamics and
other flow problems. These stochastic numerical solvers are mostly based on finite difference or
finite element numerical solver for the N-S equations. Since the FDLBM has proven to be an

efficient numerical solver and is more stable, it would be very attractive to integrate the FDLBM
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with either the SSFEM or the SPM to give a stochastic numerical solver to handle flow problems
with uncertainty.

An attempt has been made to integrate the new FDLBM with either the SSFEM [111] or
the SPM [112] to give a stochastic FDLBM (SFDLBM), and then applied the SFDLBM to
simulate flow with one or more random excitation, or with one random process [49]. Interested
readers could refer to [49, 56] for details on how to integrate the new FDLBM into a SSFEM or a
SPM to give a SFDLBM. Newtonian and non-Newtonian fluid flow problems have been
considered. Validation against MC solutions of channel/Couette flow, driven cavity flow, and
sudden expansion flow have been carried out [49, 56]. In all these examples, the computational
resource required for the SFDLBM is found to be much reduced compared to a MC method.
Therefore, the new SFDLBM stochastic numerical solver could serve reliably as an attractive
new alternative to other UQ methods in tackling flow problems with uncertainty.

6.7  Numerical Advantage

All numerical simulations attempted, incompressible and compressible flows, convection
including natural and forced convection, aeroacoustics with/without scattering, and
incompressible flow with uncertainty are found to be stable and can be carried out to a relatively
higher order of accuracy to satisfy problem requirements, such as in aeroacoustics simulations
where a 10” accuracy has been achieved with minimum numerical dissipation and without
compromising numerical stability [54]. However, computation time could be much reduced if
107 accuracy is sufficient [54]. Having pointed out the advantage of being able to carry out the
simulation to 107, the next step is to compare computation time required. Since DAS essentially
yields the same accuracy as the new FDLBM [55], it could serve as a benchmark case to
compare DAS running time with that of the new FDLBM. In the thermoacoustics study reported
in [54], both DAS and FDLBM have been used to simulate the thermoacoustic wave behavior
inside a 2-D enclosure where the left wall temperature is twice that of the right wall. The case
where the temperature is 1/3 higher has also been carried out. In both simulations, the number of

grids in the x and y direction are maintained the same and so is the grid size. In the FDLBM
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simulation, besides solving the first order LBE, an additional equation given by Eq. (15b), i.e.
aP,; /dx, =0, needs to be solved. A Gauss-Seidel method is normally used to solve this equation
for all cases tackled by the FDLBM. This solution takes up a major portion of the time used to
solve the FDLBM. Carrying out the solutions to the same accuracy, a running time comparison
between DAS and FDLBM for this problem is found to be approximately 2 to 1, i.e., the
FDLBM is about 100% more efficient [54, 55]. Another advantage of the FDLBM is its ability
to treat problems with complex boundaries through an incorporation of the IBM. The additional
effort involves solving one more LBE to account for the additional body force. Thus, the extra
time required would not be significant. The same is not necessarily true for DAS or DNS.
Similar benefit could also be reaped in the calculation of flow with uncertainty using SFDLBM
with SPM or SSFEM. In this later case, the comparison is made with a MC simulation of a
driven cavity flow and a sudden expansion flow with two random excitations [49, 56]. The
ability to integrate IBM into SFDLBM could give the SFDLBM added advantage, such as
modeling blood flow in arteries with constrictions. Therefore, the additional need to solve
aP,; /dx, =0 would not appear to be an impediment to the numerical solution.
6.8  Magnetohydrodynamics

The new LBM can treat buoyant flows with ease because the additional buoyant force in
the momentum equation can be treated as an external body force; therefore, it can be handled by
solving an additional Boltzmann type equation like that given in Eq. (64) with F_given by Eq.
(73). This approach was adopted in the treatment of buoyance and double diffusive effects in
[50, 51]. Also, the approach can be extended to treat wall boundary with complex geometry
using Cartesian grids much like the technique formulated for the immersed boundary method.
This suggests that other external body force terms, such as that encountered in
magnetohydrodynamics (MHD) can be similarly treated. The fluid dynamical aspects of MHD
can be represented by an additional term in the Euler equation for inviscid flow or in the N-S

equations for viscous flow. The additional term is the Lorentz force given by J x B where J is
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the current density and B is the magnetic field [113]. For example, the modified Euler

momentum equation can be written as:
p%=—Vp+pg+JxB , (96)
t

where D/Dt is the total derivative operating on u#, and g is the gravitational acceleration vector.
In this form, the fluid is considered incompressible. The corresponding lattice Boltzmann
equation is still given by Eq. (64) while the additional body force, F,, =JxB, can be
represented by Eq. (73). Thus, by following the procedure outlined in Section 4.2, the conditions
that the external body forces have to satisfy and the coefficients in Eq. (73) can be determined.
Under the framework of the new LBM, fluid properties are treated as inputs to the
FDLBM simulations. This renders the extension to non-Newtonian fluid flows quite simple. As
long as the fluid model, such as viscosity, thermal conductivity, etc., are known, they can be
specified as inputs and the simulations can be carried out with no other modifications. The
formulation is equally applicable to steady and unsteady flows [45, 52, 53, 94, 98, 99]. Its
extension to nanofluid flow can be accomplished by considering the nanofluid as a two-phase
flow; therefore, in addition to the fluid phase, another equation governing the concentration of
the nanofluid phase has to be solved [96, 97, 102]. This means that, besides the LBE for fluid
momentum and energy, another LBE for the concentration of the nanofluid has to be solved
simultaneously. Extension of the new LBM to simulate MHD, non-Newtonian fluid flow as well
as nanofluid flow under the influence of a magnet field has been demonstrated by Kefayati [94-
102] who employed the present approach to evaluate the magnetic field effect on Bingham fluid
in an internal flow [94, 101], to study double diffusive MHD natural convection and entropy
generation in an open cavity with power-law fluids [95, 96], to examine non-Newtonian
nanofluid flow through porous media [97], and to understand mixed convection of a Bingham
fluid in a driven cavity flow [100, 102] and also non-Newtonian nanofluid flow in an enclosure

[98, 99].

71



The presence of a horizontal magnetic field introduces additional parameters into the
flow; these are the Soret and Dufour parameters [95]. Furthermore, the fluids considered are
either non-Newtonian nanofluid or simply non-Newtonian. This gives rise to additional
equations for the fluids and an additional concentration transport equation for the nanofluid
phase. Introduction of these additional parameters in the presence of a horizontal magnetic field
greatly complicates the flow; even then, the new LBM handles the simulations without
encountering numerical instability problems [e.g. 95, 98, 99]. These MHD simulations further
demonstrate the robustness of the new LBM, and render the technique an attractive new to DNS
calculations of incompressible and compressible fluid dynamics, hydrodynamics, and
magnetohydrodynamics problems, and to DAS problems where high numerical accuracy is

required for resolving acoustic disturbances correctly.

7. Conclusions

In view of these successes, the new LBM has proven to be a powerful numerical tool for
simulating wide ranges of flow problems involving diatomic gases, different fluids, nanofluids,
non-Newtonian fluids, and flows with additional body forces, e.g., buoyant force, magnetic
force, electromagnetic force, etc. The FDLBM can be easily integrated with a projection method
to deal with uncertainty in the flow or in changing boundary conditions. The new LBM/FDLBM
with/without an IBM implementation, and/or with/without an SSFEM/SPM integration is truly a
versatile and robust numerical tool. Altogether, progress in the development of this new LBM
provides ample evidence to support the claim of versatility, generality, and robustness of the new
LBM/FDLBM. In summary, the new LBM improves the capability of conventional LBM.

Therefore, advantages of the new LBM can be briefly summarized below:

1. A continuous f* valid for diatomic gas has been derived for 3-D flows. This modified
Maxwellian distribution function approaches the Maxwellian limit correctly for a
monatomic gas.

ii. The expansion for the lattice f, is expressed in terms of the particle velocity & alone;

hence, the M << 1 assumption inherent in conventional LBM is no longer necessary.
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1ii.

1v.

V1.

Vil.

Viil.

iX.

xi.

The new LBM/FDLBM is able to simulate the pressure field in an incompressible flow
without having to stipulate a pressure density relation or a state equation for the fluid.
Further, the calculated divergence of the velocity field is identically zero.

The coefficients in the lattice f* expansion are determined by requiring the exact
recovery of the governing flow equations, be they FEuler, N-S or the
magnetohydrodynamics equations. As a result, 2" order terms such as dissipation,
diffusion, etc. are present only in the coefficients of this expansion; they are not present
in the MBE. Their absence in the LBM gives rise to enhance numerical stability in the
FDLBM solution.

In all cases simulated, a D2Q9 and a D3Q15 lattice model is found to be sufficient for 2-
D and 3-D flows, respectively.

The same relaxation time 7 in the LBE is valid for all simulations attempted; i.e., 7 is not
problem dependent. In all flow cases attempted, multiple 7 specifications are not
necessary.

For the case where only one lattice f,? is used to recover the full set of N-S equations
using a D2Q9 lattice, 5 coefficients in the expansion for /™ need to be set to zero. This
set is valid for all flow cases belonging to this family of flow.

In the absence of an energy equation, the full set of N-S equations can also be recovered
using a D2Q9 lattice; however, 7 coefficients in the expansion for f* have to be set to
zero. Again, this set is valid for all flow cases belonging to this family of flows.

The FDLBM based on the new LBM is equally applicable to thermal incompressible
flow and compressible flow with high M.

All initial and boundary conditions are given by macroscopic variables, while the values
of f“ at these boundary locations are evaluated from the macroscopic variable
specifications. Therefore, the no-slip condition at the wall can be satisfied identically.
Also, mass leakage in the flow due to the M << 1 condition is completely eliminated.
Using the LBE to simulate hydrodynamic flows is entirely justified by demonstrating that
there is complete equivalence between the present LBE and the LBE type equation
obtained through the use of a discrete flux scheme to derive the N-S equations.
Therefore, this equivalence permits the use of the new LBM and FDLBM to simulate

fluid flows besides those given by diatomic gases.
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Xil.

Xiii.

X1v.

XV.

XVi.

XVil.

The new FDLBM has been integrated into either an SSFEM or an SPM to simulate flows
with uncertainty successfully. The resulting scheme can handle flows with one or more
random excitations and/or with one random process.

Integrating the IBM into the new LBM could enable the combined LBM/IBM with
Cartesian grids to treat flow problems where wall boundaries are defined by complex
geometry.

The additional body force concept inherent in the IBM can be extended to treat flows
with other external body forces, such as, buoyancy, salinity, magnetic, electric, and even
turbulent flows. Although the method involves solving more than one LBE, it would not
add complexity to the numerical solution of the LBE.

All equations involved in the new LBM formulation are first order, second and higher
order terms are not present. Thus, employing finite difference technique to solve the first
order equations could yield sufficiently high numerical accuracy to allow acoustics waves
to be resolved correctly in any simulations of aeroacoustics waves interaction with
thermo-aeroacoustics waves.

Fluid properties are inputs to the new LBM. Consequently, non-Newtonian fluids such
as Bingham fluid, blood, and nanofluids can be easily handled as long as their properties
are known. In some cases, simultaneous solution of additional LBE’s is necessary.

Thus improved, the new LBM with/without IBM becomes a viable numerical technique
for solving the governing equations of any flow dynamics problems. As a numerical
technique, the present LBM/IBM has its advantages because all equations solved are first
order and can be easily handled with minimum numerical errors. Further, parallel

programming could be used to advantage in processing the LBM/IBM equations.
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Figure 1.  Pictorial representation of the control volume Q in the flow field.
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Figure 2a  Definition of the D2Q13 lattice velocity model.
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Schematic diagram of pipe flow with constriction.
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Figure 4 Distribution of u-velocity along the y-axis at various time: solid line represents
exact solution [103]; “x” represents FDLBM results.
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Figure 5 Horizontal velocity, u, of driven cavity flow along y at x = 0.5, Re = 100: ‘=,
FDLBM with no slip; ‘x’, Ghia et al. [114] result. ‘- - -, FDLBM with slip wall.
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Figure 6 Vertical velocity, v, of driven cavity flow along x at y = 0.5, Re = 100: solid line
‘—’, FDLBM with no slip; symbol ‘x’, Ghia et al. [114] result. Dash line ‘- - -’,
FDLBM with slip wall.
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Figure 7 Internal energy distribution of thermal Couette flow for different Pr; solid line ¢

is the theoretical solution [51]; Symbols ‘x’ and ‘0’ are FDLBM solutions of Pr =
0.71 and 0.84, respectively.
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Temperature distribution along the x-direction of natural convection in a cube (a): at

(b)z=1,(c)z=0.5and (d) z =0, for y = 0.5, Pr=0.71 and different Ra. Symbols
X', %+, ‘0’, and ‘®’ are FDLBM solutions for Ra

10°, 10, 10°, and 10°,
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Figure 9 Sod test case [115]: —, exact solution; x, FDLBM simulation; and o, Euler equation
. t . . o,
solved using 1™ order upwind scheme of Harten [116] with flux vector splitting for
p,r, uand e at time 1 =0.2.
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Figure 10 Lax test case [117]: —, exact solution; x, FDLBM simulation; and o, Euler equation

solved using the 1** order upwind scheme of Harten [116] with flux vector splitting
for p, r, u and e at time ¢ = 0.14.
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Figure 11  Shock profile for Nitrogen gas with a shock Mach number M, = 1.55: (a) 0; (b)
ﬁy’y . Dash line (- - - -) is the experimental result of Alsmeyer [118], cross ‘X’ is the

DNS result, solid line is the FDLBM result. For this 1-D shock P/ =P/ =0 and
Pr,=2/3, y=5/3,5s=0.816, Ax = 0.2 are specified.
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Figure 12 Streamline (a) and vorticity (b) plots for model M3 at Re = 50 from FDLBM
simulation. Symbol ‘0’ denotes immersed boundary points (the area inside the
immersed boundary should be ignored). Model M3 is that used in Deshpande et al.
[106] with 89% area reduction.
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Figure 13 Normalized viscosity (reciprocal of the ‘local’ Re) contour from FDLBM
simulation for model M3 derived from non-Newtonian fluid (CY model [78]).
Symbol ‘0’ denotes immersed boundary points. There are 64 equally distributed
contour lines, and the maximum and minimum bounds are 0.0395 and 0.0044.
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Figure 14  Distributions of p and u fluctuations along x-axis at (a) # = 1.0 and (b) = 1.5: —,

DNS and analytical solution; x, FDLBM solution.
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Scattered distributions of (a) p.; (b) p,; (c) T,, at 7/ A=5 forthe A=0.5

vortex-scattering case: “o” FDLBM; “—" DAS.
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Fig. 16 Case 2, dimensionless p, 7', and u variations with x of the thermo-acoustic wave

for DAS (blue solid line) and FDLBM (red circles) simulation at (i) # = 0.25; (ii)
t=1.0; (1) r=15;(v) t=2.0.
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Fig. 17a  Case 2: dimensionless p  variation with ¢ at the mid-point of (i) left wall, and (ii)
right wall: DAS (blue solid line) and FDLBM (red circles) simulation from 7 =0 to

t=10.
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Fig.17b ~ Case 2: dimensionless ¢, variation with # at the mid-point of (i) left wall, and (ii) right
wall: DAS (blue solid line) and FDLBM (red circles) simulation from 7 =0 to # =10.
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