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Abstract We investigate the low-order modeling of
collective dynamics in a can-annular combustor con-
sisting of four ring-coupled turbulent lean-premixed
combustors. Each combustor is treated as an individual
thermoacoustic oscillator, and the entire combustion
system is modeled using four Van der Pol oscillators
ring-coupled with dissipative, time-delay, and reactive
coupling terms. We show that this model, despite its
simplicity, can reproduce many collective dynamics
observed in experiments under various combinations
of equivalence ratios and combustor lengths, such as 2-
can anti-phase synchronization, alternating anti-phase
synchronization, pairwise anti-phase synchronization,
spinning azimuthal mode, and 4 steady thermoacous-
tic oscillators. The phase relationship in the majority
of cases can be quantitatively modeled. Moreover, by
incorporating a reactive coupling term, the model is
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able to reproduce the frequency shift observed exper-
imentally. This study demonstrates the feasibility of
using a simple low-order model to reproduce collective
dynamics in complex turbulent combustion systems.
This suggests that this model could be used (i) to facil-
itate the interpretation of experimental data within the
synchronization framework, (ii) to identify potential
parameter regimes leading to amplitude death, and (iii)
to serve as a basis for modeling the collective dynamics
observed in more complicated multi-combustors.

Keywords Thermoacoustic instability · Can-annular
combustor · Collective dynamics · Low-order model

1 Introduction

Thermoacoustic instability has posed a persistent chal-
lenge in combustion systems for decades [1,2], which
often arises when the phase difference between pres-
sure oscillation and the heat release rate fluctuation lies
within a range of±π /2 according to the Rayleigh crite-
rion [3]. Strong pressure oscillations generated by ther-
moacoustic instability can cause deviations from nor-
mal operating conditions and severe structural damage
to the combustion systems [4–6].

Can-annular combustors, widely used in heavy-duty
gas turbines, consist ofmultiple individual tubular com-
bustors interconnected through an annulus between the
combustor outlet and the turbine inlet [7]. The pres-
ence of the annulus introduces acoustic communication
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between adjacent combustors, resulting in more com-
plex dynamical characteristics of thermoacoustic insta-
bility in multi-combustor (can-annular) systems than
single combustor systems [8]. To gain a deeper under-
standing of the modal pattern and underlying physi-
cal mechanisms associated with acoustic communica-
tion, researchers recently have undertaken experimen-
tal and numerical studies in can-annular combustors.
Moon et al. [9,10] experimentally identified multiple
modal patterns in a can-annular combustor consisting
of four turbulent lean-premixed combustors, includ-
ing push-pushmodes, 2-can/alternating/pairwise push-
pull modes, and spinning azimuthal modes under var-
ious symmetric/asymmetric combinations of equiva-
lence ratios and combustor lengths. Guan et al. al.
[11] demonstrated that modifying the swirler config-
uration to alter the flame response distribution can
change the modal pattern in the same can-annular com-
bustor, suggesting the potential for passive control of
thermoacoustic instability by manipulating the flame
response distribution. The choice of fuel also signifi-
cantly affects the modal pattern in can-annular com-
bustors. Moon et al. [12] observed higher frequencies
of thermoacoustic modes when burning pure hydro-
gen in a can-annular combustor compared to methane
[9,10], and discovered new modal patterns such as
localized push-push and localized push-pull modes.
The acoustic communication between adjacent com-
bustors through the cross-talk section also plays a cru-
cial role in determining themodal patterns. Buschmann
et al. al. [13] experimentally investigated the effect
of asymmetric acoustic communication between adja-
cent combustors on the thermoacoustic instability in
a can-annular combustor consisting of eight combus-
tors. They found that the modal pattern, as well as
the frequency and amplitude of pressure oscillation
were strongly influenced by modifying the dimensions
and configurations of the coupling element between
cans. However, the mode localization, which is a phe-
nomenon previously observed in can-annular combus-
tors due to the presence of asymmetries of the system
(e.g., the flame response [14]) is not observed. In terms
of numerical studies, Ghirardo et al. first revealed the
presence of clustered unstable thermoacoustic modes
with closely spaced frequencies, and attributed mode
localization to symmetry-breaking configurations in
the can-annular combustors [14,15]. von Saldern et al.
[16] later provided an analytical explanation to the clus-
tered unstable thermoacoustic modes using a low-order

networkmodel with Bloch boundary conditions, which
was subsequently examined in experiments by Hum-
bert et al. [17]. von Saldern et al. [18] also investigated
the influence of the number of cans on thermoacous-
tic instability in can-annular combustors, and found
that as the number of cans decreases (to four cans),
quasiperiodic oscillation with three equally spaced fre-
quencies can emerge. Haeringer et al. [19,20] pro-
posed a hybrid low-order modeling approach, which
combined the computational fluid dynamics simula-
tion of the burner/flame zonewithBloch boundary con-
ditions, enabling the time-domain simulation of ther-
moacoustic instability in can-annular combustors with
low computational cost. Additionally, Fournier et al.
[21] explored the interaction between clusters of acous-
tic and intrinsic thermoacoustic modes in can-annular
combustors.

In recent years, a novel approach based on synchro-
nization theory has been developed by researchers to
study thermoacoustic instability [22,23].This approach
treats each combustor experiencing thermoacoustic
instability as an individual self-excited thermoacous-
tic oscillator, enabling the application of synchroniza-
tion theory to interpret and model the phase and ampli-
tude dynamics in both laminar and turbulent multi-
combustor systems. For example, Hyodo et al. [24]
experimentally examined how changing the dimen-
sions and number of coupling tubes can affect the emer-
gence of amplitude death in two coupled Rijke tubes
powered by laminar premixed flames. Amplitude death
refers to the global suppression of oscillation when
multiple oscillators are coupled in a specific manner
[25] and can be potentially utilized for designing pas-
sive control systems for thermoacoustic instability. On
the turbulent front, using concepts from mutual syn-
chronization, Jegal et al. [26] reported various collec-
tive dynamics, including phase locking, two-frequency
quasiperiodicity, and amplitude death in two turbulent
lean-premixed combustors coupled through a cross-
talk tube. Moon et al. [27] later examined the influ-
ence of geometric dimensions of the cross-talk tube
on collective dynamics as well as the dissipative and
time-delay coupling between the two thermoacoustic
oscillators in the same experimental system. Guan et
al. [28] extended this approach to study thermoacous-
tic instability in a can-annular combustor consisting
of four cans. They proposed a hybrid approach com-
bining complex systems methods and unsupervised
machine learning techniques to investigate both the
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flame-acoustic interaction occurring within an individ-
ual can and the acoustic-acoustic interactions occur-
ring between adjacent cans, and showed that the latter
type of interaction played a more crucial role in deter-
mining the collective dynamics. It is also worth noting
that fruitful results have been obtained in coupled ther-
moacoustic systems without combustion using such an
approach [29–32].

Although the studies discussed above provide valu-
able insights into the interactions between thermoa-
coustic modes, modeling such interactions would offer
a more practical means for the prediction and control
of such collective dynamics. Different from the typical
low-order/reduced-order network modeling approach
for can-annular combustors [14,16,33–36], where sig-
nificant effortswere dedicated to appropriately describ-
ing the physics of acoustic communication between
cans, the low-order modeling approach we adopt in
this study focuses on reproducing dynamics observed
in experimentswithminimal computational cost. In this
approach, the model is constructed using simple low-
order oscillators (e.g., Van der Pol (VDP) oscillator)
coupled with coupling, time-delay, and forcing terms.
This latter approach has been recently used to model
the bifurcation dodge by ramping the air flow rate in
a turbulent combustor [37], the mutual synchroniza-
tion of thermoacousticmodes in a sequential combustor
[38], the slantedmode in an annular combustor [39], the
intermittency in a single turbulent combustor [40], the
mutual synchronization between two coupled turbulent
lean-premixed combustors [41], the transition to ther-
moacoustic instability in both laminar and turbulent
combustors [42,43], the intermittent energy transfer
between Bloch waves in a can-annular combustor [44],
and nonlinear dynamics of pure intrinsic thermoacous-
tic modes [45]. Building upon our previous modeling
work [41], wherewe use two dissipative and time-delay
coupledVDPoscillators to reproduce several collective
dynamics experimentally observed in Refs. [26,27], in
this study, we apply this model to a can-annular com-
bustion system consisting of four ring-coupled com-
bustors and reproducemore complex collective dynam-
ics experimentally reported in Ref. [9,10]. This work
further examines the feasibility of reproducing collec-
tive dynamics using low-computational-cost, simply-
structured low-order models in a complex combustion
system.

2 Experimental set-up and low-order model

We provide a brief overview of the experimental setup
used in Refs. [9,10]. As shown in Fig. 1a–c, the exper-
imental setup consists of four identical turbulent lean-
premixed combustors. These combustors are intercon-
nected by four identical cross-talk tubes (length: lXT =
400 mm and inner diameter: DXT = 43 mm) in a ring
configuration, which form an annular cross-talk sec-
tion. The combustor length, ξXT , can be adjusted by
changing the position of the cross-talk section and a
movable piston. In this study, we investigated three dif-
ferent values of ξXT (1000/1300/1600mm). Following
our previous study [27], we expressed them in three
values of a dimensionless number η (0.40, 0.31, 0.25),
which is defined as lXT /ξXT . We consider four equiva-
lence ratios of CH4/air, namely (φa , φb, φc, φd )=(0.57,
0.61, 0.65, 0.69). Given a η, we consider three types
of equivalence ratio combinations for four combustors
(φ1, φ2, φ3, φ4): (a) uniform equivalence ratios, i.e.,
(φ1 = φ2 = φ3 = φ4), (b) alternating equivalence
ratios, i.e., (φ1 = φ3, φ2 = φ4), and (c) pairwise
equivalence ratios, i.e., (φ1 = φ2, φ3 = φ4). This is
achieved by adjusting the mass flow rate of CH4 and
air for each combustor separately using mass flow con-
trollers (Teledyne Instruments model HFM-D-301 for
CH4, and Sierra Instruments model FlatTrak 780S for
air). For all experiments, we keep the bulk velocity and
the inlet temperature of the fuel-air mixture at con-
stant values of ūi = 20.0 m/s and Tinlet,i = 200 ◦C,
respectively. The Reynolds number for this inlet con-
dition is approximately 22,000 and remains constant
across all cases.Wemeasure the pressure oscillations in
each combustor using piezoelectric transducers (PCB
model 112A22: sensitivity 14.5 mV/kPa, uncertainty
±1.0%) mounted at the injector plane (indicated by p′
in Fig. 1b). We chose the pressure signal measured at
this measurement location for having a reliable signal-
to-noise ratio shown by Moon et al. [9]. We sample the
pressure signals at a rate of 12 kHz on a data acquisi-
tion system (TEAC model LX-110). For further com-
prehensive information on the experimental setup and
operating conditions, please refer to the relevant liter-
ature [9,10].

Next, we proceed to introduce our low-order mod-
eling approach. We first consider the four ring-coupled
combustors in the can-annular combustion system as
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Fig. 1 Experimental setup consisting of four turbulent thermoa-
coustic oscillators ring-coupled through a cross-talk section: a
isometric view, b cross-sectional view of two adjacent combus-
tors, c cross-sectional view of the cross-talk section (left) and
the network structure of ring-coupled thermoacoustic oscillators
(CTO1 to CTO4 in clockwise order). The dimensions are in mil-

limeters. More details about this setup can be found in Refs.
[9,10]. Panel d shows the ring-coupled VDP oscillators (CVO1
to CVO4 in clockwise order). They are coupled with dissipa-
tive coupling (dashed line), time-delay coupling (solid line), and
reactive coupling (dash-dotted line)

four coupled thermoacoustic oscillators (CTOs) in a
ring configuration. For each individual decoupled ther-
moacoustic oscillator (DTO), its dynamical properties
are determined by its operating conditions (different η
andφ). EachDTOcan exhibit one of two distinct states:
a fixed point and a limit cycle. We adopt the low-order
modeling framework used in our previous study [41]
and use four coupled Van der Pol oscillators (CVOs)
in a ring configuration to model the corresponding four
CTOs. Despite subtle differences in the equation of
low-order models, these low-order canonical models,
which have been widely used in previous studies to
qualitatively model dynamical behavior of thermoa-
coustic systems [30,38–41,46–49] mostly share a Van
der Pol kernel, which justifies our modeling choosing.
For each individual decoupled Van der Pol oscillator
(DVO), its dynamical properties are determined by the
oscillator parameters (λ and ω), which can also exhibit
either a fixed point or a limit cycle. Four CVOs are
coupled using the time-delay coupling term, dissipa-
tive coupling term, and reactive coupling term based on
the following reasons: (1) The dissipative coupling and

time-delay coupling termwereused tomodel the acous-
tic communication introduced by coupling two ther-
moacoustic oscillators before [24,29,41,50], where the
coupling strength was used to quantitatively model the
degree ofmutual interaction between coupled thermoa-
coustic oscillators and the time delaywas used tomodel
the time used by acoustic waves to propagate from
one thermoacoustic oscillator to affect another; (2) The
reactive coupling term was incorporated because of
absence of amplitude death as well as accounting for
coupling-induced frequency shifts in experiments. In
this study, we only include one time-delay coupling
term because (1) the number of time-delay coupling
terms in the low-order model is mainly associated with
the number of coupling tubes in the setup in previous
studies [24,30,31,41] and (2) our thermoacoustic oscil-
lator oscillates at a single frequency, which leads to a
single time scale. The structural representation of this
ring-coupled oscillator model is illustrated in Fig. 1(d),
and the model is defined as:
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ẍi −
(
λi − x2i

)
ẋi + ω2

i xi = kd (ẋi+1 + ẋi−1 − 2ẋi )︸ ︷︷ ︸
Dissipative coupling

+ kτ [ẋi+1(t − τ) + ẋi−1(t − τ) − 2ẋi ]︸ ︷︷ ︸
T ime−delay coupling

+ kr (xi+1 + xi−1 − 2xi )︸ ︷︷ ︸
Reactive coupling

(1)

where the subscripts i = 1, 2, 3, 4 represent the CVO1
to CVO4, and the subscript i + 1 and i − 1 in Eq. (1)
refer to the oscillators adjacent to oscillator i . For exam-
ple, for the CVO4 that represents CTO4, its adjacent
CVOs are CVO1 and CVO3, which represent CTO1
and CTO3, respectively. For each VDP oscillator, xi
is the dynamic variable, ωi is the natural angular fre-
quency, λi is the excitation and damping parameter that
control whether the VDP oscillator evolves to a fixed
point (λi < 0) or to a limit cycle (λi > 0) [51]. The
RHS of Eq. (1) are the coupling terms. kd , kτ , kr , and
τ are the dissipative coupling strength, the time-delay
coupling strength, the reactive coupling strength, and
the time delay, respectively.

We calibrate the model using the experimental data
from Refs. [9,10]. To facilitate this, given a η, we first
normalize the pressure amplitude of DTOswith respect
to the maximum pressure amplitude of all DTOs, i.e.,
p̃′ = p′/p′

max , and then normalize the frequency with
respect to the frequency of p′

max , i.e., f̃ = f/ f p′
max

.
Subsequently, we separately tune λi andωi of DVOs to
match p̃ and f̃ of DTOs. βi = (λi , ωi ) is used to rep-
resent each group of oscillator parameters λi and ωi .
The disparity between the normalized values obtained
from experiments and simulations is less than 3.0%
and 0.5%, respectively, which is negligible consider-
ing the simplicity of the model. Besides, we neglect
the influence of asymmetries caused by uncertainties in
the combustors on the properties of nominally identical
CTOs. This means that we assign the same values of λi
andωi to CVOs representing CTOs that share the same
φ. Consequently, the pressure and frequency ratios
obtained through simulationsmay not closely resemble
those observed in experiments. Although finely tuning
λi and ωi for CVOs can mitigate this discrepancy (see
Appendix A), we choose not to adopt this approach
because we would like to maintain the simplicity of the
equation and its parameters calibration in this study. As
for calibrating the coupling parameters (kd , kτ , kr , and
τ ) for CVOs, we take the following procedures. For kd

and kτ , we adopt the same assumption made in [41]
when low-order modeling two CTOs, namely kd = kτ .
This is because we believe that the time-delay and dis-
sipative effects induced by the cross-talk section for
two adjacent combustors in this ring-coupled combus-
tion system are qualitatively similar to those induced by
the connecting tube between two combustors in [41].
Additionally, we assume that both kd and kτ decrease
as ξXT increases. This is due to the fact that acoustic
waves require more time to travel from one combus-
tor’s flame to another as ξXT increases (i.e. a smaller
η). Ideally, the two flames will have minimal inter-
action if ξXT is sufficiently long. Consequently, this
implies a smaller kd and kτ (weaker coupling between
two oscillators) as ξXT increases. A similar relation-
ship holds true for the time delay τ but in an opposite
way (i.e. τ increases if ξXT increases).What is different
from the previous model [41] is the incorporation of a
reactive coupling term in Eq. (1) to primarily address
the frequency shift seen in the spectra of CTOs. Reac-
tive coupling refers to a type of coupling that does not
involve energy loss (damping) during the energy trans-
formation [52,53]. In contrast to dissipative coupling,
which positions the synchronous frequency of detuning
oscillators between their natural frequencies, reactive
coupling often leads to a higher synchronous frequency
than the two natural frequencies [51]. Moreover, when
reactive coupling dominates over dissipative and time-
delay coupling, amplitude death rarely occurs [54].
Our experiments under various operating conditions
did not reveal any instances of amplitude death [9,10],
further supporting the inclusion of reactive coupling
term in the model. When tuning kd , kτ , kr , and τ , our
focus lies in qualitatively reproducing the collective
dynamics observed in experiments [9,10], rather than
achieving precise quantitative replication of pressure
amplitude and frequency ratios. This approach stems
from our intention to model the collective dynamics
of the experimental system, rather than striving for an
exact reproduction of the intricate characteristics of
the experimental flow field. The latter task is better
suited for high-fidelity computational fluid dynamics
tools, which entail higher computational costs com-
pared to our low-order modeling approach. The sensi-
tivity analysis for turbulent combustion noise (refer to
Appendix B) and the parametric noise for all calibrated
parameters (refer to Appendix C) have been conducted
separately. We use the 4th order Runge–Kutta method
to solve the Eq. (1) numerically.
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Fig. 2 Spectral comparison between a decoupled thermoacous-
tic oscillators when η1 = 0.40 (experiments) and b decou-
pled VDP oscillators (simulations). Each βi (i = a, b, c, d)
denotes a combination of λi and ωi in simulations as per
(φa, φb, φc, φd )=(0.57, 0.61, 0.65, 0.69) in experiments. βi =

(λi , ωi ) of each decoupled VDP oscillator is calibrated using
p̃′ and f̃ of its corresponding thermoacoustic oscillator, which
gives βa = (λa, ωa) = (−0.01, 0.97), βb = (λb, ωb) =
(−0.01, 0.98), βc = (λc, ωc) = (0.042, 1), βd = (λd , ωd ) =
(0.05, 1). Legend: FP = fixed point; LC = limit cycle

3 Results and discussion

Given a chosen η = 0.40/0.31/0.25, three types of
φ combinations were examined: uniform, alternating
and pairwise, and four values of φ were tested as per
(a, b, c, d) = (0.57, 0.61, 0.65, 0.69) in Refs. [9,10]. In
this study, we select the representative cases in experi-
ments to compare them against the simulations as some
cases exhibit similar collective dynamics. For each ηi ,
we first show the spectral comparison between DTOs
(experiments) and DVOs (simulations). We then show
the spectral comparison between CTOs (experiments)
and CVOs (simulations). We last show the phase rela-
tionship comparison between CTOs and CVOs. To cal-
culate the specific phase of each oscillator, for the
cases showing only one peak, we apply a bandpass fil-
ter around that peak with a bandwidth of 2 Hz. For
the cases showing multiple peaks (e.g., Fig. 3(E3) and
Fig. 9(E1)), we apply a bandpass filter around the cho-
sen peak with a bandwidth of 2 Hz. After applying the
bandpass filter, we proceed to use the Hilbert trans-
form to obtain the instantaneous phase of each sig-
nal and calculate the instantaneous phase difference
between i th CTO/CVO and the 1st CTO/CVO, i.e.,
ψ p̃′,i = ϕ p̃′,i − ϕ p̃′,1 or ψx̃ ′,i = ϕx̃ ′,i − ϕx̃ ′,1.

3.1 Short combustor: η1 = 0.40

We start by examining the spectral comparison between
DTOs (experiments) and DVOs (simulations) for η1 =
0.40 in Fig. 2. The state of each case is differentiated
using the background color (white: fixed point; light
pink: limit-cycle). The DTO is a fixed point when φ �
0.61, and a limit cycle when φ � 0.65 in Fig. 2a. The
DVO behaves similarly in terms of β change in Fig. 2b.

We now proceed to examine the spectral and phase
relationship comparison between CTOs (experiments)
and CVOs (simulations) for η1 = 0.40 in Figs. 3
and 4. To facilitate the spectral comparison, we use
a waterfall-like plot to show four CTOs/CVOs, 1–4,
along x-axis, normalized frequency, f̃ or ω̃, along y-
axis, and spectral amplitude, p̃′ or x̃ ′, along z-axis. Two
distinct collective dynamics observed in experiments
can be reproduced in simulations: 2-can Anti-phase
Synchronization (2AS, green background in Figs. 3 and
4) and 4 Steady Thermoacoustic Oscillators (4STO,
gray background in Figs. 3 and 4). In the case of 2AS,
only two opposite CTOs are self-excited and anti-phase
synchronized (their phase difference |ψi, j | > π/2),
while the remaining twooppositeCTOsare steady.This
dynamical state corresponds to a first-order standing
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Fig. 3 Spectral comparison between a coupled thermoacoustic
oscillators when η1 = 0.40 (experiments) and b coupled VDP
oscillators (simulations). φi of each thermoacoustic oscillator
and βi of each VDP oscillator are shown at the top of each sub-
figure in an order from thermoacoustic/VDP oscillator 1 to 4.
βi of the coupled case is kept the same with its corresponding
decoupled case. Coupling parameters (kd , kτ , kr , τ ) of the cou-

pled VDP oscillators are calibrated using experimental results,
which gives kd = kτ = 0.005, kr = 0.005, and τ = 1. The
dashed line in the subfigure denotes the position of f̃ = 1 and
ω̃ = 1, respectively. Legend: 2AS = 2-can anti-phase synchro-
nization; AAS = alternating anti-phase synchronization; PAS =
pairwise anti-phase synchronization; 4STO = 4 steady thermoa-
coustic oscillators; ML =mode localization; CH =weak chimera

azimuthal mode whose nodal line lies in the two oppo-
site stable combustors, which is also known as a 2-can
push-pull mode [9,10]. For example, Fig. 3(E5) shows
that peaks of p̃′

1 (red) and p̃′
3 (blue) are prominent

whereas those of p̃′
2 (green) and p̃′

4 (yellow) remain
negligible.Meanwhile, Fig. 4(E5) showsψ p̃′,3 remains
constant with a mean value lying within the range
of |ψ | > π/2, indicating anti-phase synchronization
between the two thermoacoustic oscillators. These two
features are reproduced numerically by the model in
Fig. 3(S5) and Fig. 4(S5). In the case of 4STO, where
four steady DTOs are ring-coupled, the corresponding
CTOs remain steady. For example, Fig. 3(E7) shows
that peaks of CTOs remain negligible. Figure 4(E7)
therefore shows no curve. These two features are also
reproduced numerically by the model in Fig. 3(S7) and
Fig. 4(S7). However, we notice that some of the collec-

tive dynamics observed in experiments cannot be repro-
duced in simulations.When four steadyDTOs are ring-
coupled, a coupling-induced unstable thermoacoustic
mode can emerge only in two opposite combustors
(i.e. 2AS) as shown in Fig. 3(E1). But the model still
numerically produces 4STO in Fig. 3(S1). When four
DTOs ring-coupled under the pairwise φ combination
with two of them being steady and the remaining two
being unsteady,mode localization (ML, Fig. 3(E8)) can
emerge, but only in the short combustor. ML, which
was often seen in weakly coupled systems [55], was
previously attributed to asymmetry in the coupled ther-
moacoustic system, such as asymmetric flame response
[14]. When ML emerges, the thermoacoustic mode is
locally “trapped” in a specific combustor. As shown in
Fig. 3(E8), the localized thermoacoustic mode exhibits
a significantly larger amplitude in CTO2 (green line)
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Fig. 4 Phase relationship comparison between a coupled ther-
moacoustic oscillators when η1 = 0.40 (experiments) and b
coupled VDP oscillators (simulations). ψ p̃′,i and ψx̃ ′,i denotes
the instantaneous phase difference between i th coupled thermoa-
coustic oscillator/coupled VDP oscillator and the 1st coupled
thermoacoustic oscillator/coupled VDP oscillator. For the case
of 2AS, we show only one curve of the instantaneous phase dif-
ference because there are only 2 self-excited oscillators. For the

case of 4STO, we show no curve of the instantaneous phase dif-
ference because there is not any self-excited oscillator. For other
cases, we show three curves of the instantaneous phase differ-
ence. Legend: 2AS = 2-can anti-phase synchronization; AAS
= alternating anti-phase synchronization; PAS = pairwise anti-
phase synchronization; 4STO = 4 steady thermoacoustic oscil-
lators; ML = mode localization; CH = weak chimera

than the other three oscillators. Although the spec-
trum numerically produced by the model appears to
be similar to that in experiments (Fig. 3(S8) → (E8)),
the phase relationship is missing. In the case of ML
(Fig. 4(E8)), CTO2 and CTO3 are in-phase synchro-
nized with CTO1 (|ψ p̃′,2| < π/2 and |ψ p̃′,3| < π/2),
while CTO4 is anti-phase synchronized with CTO1
(|ψ p̃′,4| > π/2). However, in its corresponding numer-
ical case, only CVO3 is in-phase synchronized with
CVO1,while CVO2 andCVO4 are anti-phase synchro-
nized with CVO1 (Fig. 4(S8)). When four DTOs under
the alternating φ combination with two of them being
steady and the remaining two being unsteady, a weak
anti-phase chimera (Fig. 3(E3)) can emerge. This state
involves two groups of internally synchronized oscil-
lators with different synchronous frequencies, while
inter-group synchronization is desynchronized, which
was initially defined by Ashwin et al. [56]. The pres-

ence of such a state was reported both experimen-
tally and numerically in various systems [57–59]. The
model fails numerically reproducing this phenomenon
because it is unable to produce the second nonlinear
unstable mode which is excited after two steady DVOs
are coupled with two unsteady DVOs (Fig. 3(S3) →
(E3)). Nonetheless, we focus only on the dominant
mode near f̃ = 1, the anti-phase relationship between
CTO1 and CTO3 is captured numerically by the model
with |ψ p̃′,3| > π/2 (Fig. 4(S3) → (E3)).

3.2 Medium combustor: η2 = 0.31

Next, we consider the collective dynamics for η2 =
0.31. We start by examining the spectral compari-
son between DTOs (experiments) and DVOs (simula-
tions). The dynamical behavior of DTOs under differ-
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Fig. 5 The same as for Fig. 2 but when η2 = 0.31. Each βi
(i = a, b, c, d) denotes a combination of λi and ωi in simula-
tions as per (φa, φb, φc, φd )=(0.57, 0.61, 0.65, 0.69) in exper-
iments. βi = (λi , ωi ) of each decoupled VDP oscillator is
calibrated using p̃′ and f̃ of its corresponding thermoacous-

tic oscillator, which gives βa = (λa, ωa) = (−0.02, 0.99),
βb = (λb, ωb) = (−0.02, 0.99), βc = (λc, ωc) = (0.05, 1),
βd = (λd , ωd ) = (0.048, 1). Legend: FP = fixed point; LC =
limit cycle

Fig. 6 The same as for Fig. 3 but when η2 = 0.31. Coupling
parameters (kd , kτ , kr , τ ) of the coupledVDPoscillators are cali-
brated using experimental results, which gives kd = kτ = 0.004,
kr = 0.01, τ = 1.3. Legend: 2AS = 2-can anti-phase synchro-

nization; AAS = alternating anti-phase synchronization; PAS =
pairwise anti-phase synchronization; 4STO = 4 steady thermoa-
coustic oscillators; SAS = superposition of anti-phase synchro-
nization; SAM = spinning azimuthal mode
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Fig. 7 The same as for Fig. 4 but when η2 = 0.31. Legend:
2AS = 2-can anti-phase synchronization; AAS = alternating
anti-phase synchronization; PAS = pairwise anti-phase synchro-

nization; 4STO = 4 steady thermoacoustic oscillators; SAS =
superposition of anti-phase synchronization; SAM = spinning
azimuthal mode

ent equivalence ratios is consistent with those observed
for η1 = 0.40, where two fixed points are present for
φ � 0.61 and two limit cycles occur for φ � 0.65 in
Fig. 5(a). The DVO behaves similarly in terms of β

change in Fig. 5(b).
Apart from 2AS and 4STO, two new kinds of collec-

tive dynamics observed in experiments can be repro-
duced in simulations for η2 = 0.31: Alternating Anti-
phase Synchronization (AAS, salmon background in
Figs. 6 and 7) and Spinning Azimuthal Mode (SAM,
magenta background in Fig. 6 and Fig. 7). In the case of
AAS, eachCTO is anti-phase synchronizedwith its two
adjacentCTOs (|ψ | > π/2) and in-phase synchronized
with its opposite CTO (|ψ | < π/2). This dynamical
state corresponds to a second-order standing azimuthal
mode whose two nodal lines lie within the cross-talk
section, which is also known as a global alternating
push-pull mode [9,10,14–16,18,60,61]. For example,
Fig. 6(E2) shows that 4 peaks of p̃′ are all prominent,
albeitwith slight variations in their heights.Meanwhile,
Fig. 7(E2) shows ψ p̃′,2 and ψ p̃′,4 remain constant with
a mean value lying within the range of |ψ | > π/2,

indicating anti-phase synchronization between CTO1
and its two neighbors (CTO2 and CTO4). By con-
trast, ψ p̃′,3 remains constant with a mean value lying
within the range of |ψ | < π/2, indicating in-phase syn-
chronization between CTO1 and its diagonal oscilla-
tor (CTO3). These characteristic features are all repro-
duced numerically by the model in Fig. 6(S2) and
Fig. 7(S2). In the case of SAM, CTOs share the same
synchronous frequency but with a specific phase differ-
ence between each pair of adjacent CTOs. As reported
by Moon et al. [10], the pressure signals measured in
the cross-talk section have a fixed phase difference of
π/2 between each pair of adjacent combustors. As for
the pressure signals measured at the injector plate ( p̃′),
the phase difference is slightly different in Fig. 7(E8),
where ψ p̃′,3 ≈ π/2, ψ p̃′,2 ≈ π , and ψ p̃′,4 ≈ −π/2
(i.e., 3π/2). This peculiar spinning azimuthal mode
is caused by the modal interaction of two degenerate
eigenmodes in a can-annular combustion system con-
sisting of four cans [10]. The special phase dynamics
is accurately reproduced by the model in Fig. 7(S8),
where ψx̃ ′,3 ≈ π/2, ψx̃ ′,2 ≈ π , and ψx̃ ′,4 ≈ −π/2.
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Although themodel successfully reproduces themajor-
ity of the experimentally observed collective dynam-
ics for η2 = 0.31, it fails to reproduce some spe-
cial collective behaviors. When four DTOs-two stable
and two self-excited-are ring-coupled under the pair-
wise φ combination, a unique dynamical state emerges
only in the medium combustor that is Superposition of
Anti-phase Synchronization (SAS, gold background in
Fig. 6(E7) and Fig. 7(E7)). Despite similarities exist-
ing in the FFT spectra and phase relationships, this
dynamical state differs from SAM due to subtle dif-
ference in phase dynamics. In the case of SAM, the
phase difference between each adjacent oscillator rig-
orously follows a linear relationship, while, in the case
of SAS, the phase difference between each adjacent
oscillator follows a much less linear relationship. We
interpret this dynamical state, arising from the superpo-
sition of two pairs of anti-phase synchronized degen-
erated eigenmodes, as SAS in line with our previous
study [10]. CTO1 is anti-phase synchronized with all
other three CTOs in Fig. 7(E7), where ψ p̃′,2 ≈ 0.93π ,
ψ p̃′,3 ≈ 0.53π , and ψ p̃′,4 ≈ −0.59π . The model
partially reproduces this distinctive collective dynam-
ics that CVO1 is anti-phase synchronized with CVO2
(ψx̃ ′,2 ≈ π ) and CVO4 (ψx̃ ′,4 ≈ −0.52π ), while in-
phase synchronized with CVO3 (ψx̃ ′,3 ≈ 0.49π ).

3.3 Long combustor: η3 = 0.25

Last, we consider the collective dynamics for η3 =
0.25. Similarly, we begin by comparing the spectra
of DTOs (experiments) and DVOs (simulations). The
dynamical behavior of DTOs under various equiva-
lence ratios differs from those observed for η1 = 0.40
or η2 = 0.31, where the DTO is a limit cycle only
when φ = 0.61, while a fixed point for other three
φs, as shown in Fig. 8a. The DVO behaves similarly in
terms of β change in Fig. 8b.

A new kind of collective dynamics observed in
experiments is reproduced in simulations for η3 =
0.25: Pairwise Anti-phase Synchronization (PAS, blue
background in Figs. 9 and 10). This dynamical state
corresponds to a first-order standing azimuthal mode,
characterized by a nodal line that lies within the cross-
talk section, thereby dividing the four thermoacoustic
oscillators into two pairs [10,12,14,60]. In the case of
PAS, 4 ring-coupled CTOs are divided into two groups
in which two CTOs are in-phase synchronized, and

two groups are anti-phase synchronized. For example,
Fig. 10(E9) shows thatψ p̃′,2 andψ p̃′,3 remain constant
with a mean value lying within a range of |ψ | > π/2,
indicating anti-phase synchronization between CTO1
and CTO2 as well as CTO3. By contrast,ψ p̃′,4 remains
constant with a mean value lying within a range of
|ψ p̃′,4| < π/2, indicating in-phase synchronization
between CTO1 and its adjacent oscillator (CTO4).
This phase relationship is captured numerically by the
model as shown in Fig. 10(S9), where ψx̃ ′,2 > π/2,
ψx̃ ′,3 > π/2, and −π/2 < ψx̃ ′,4 < π/2. In addition to
the phase relationship,wenotice that 4 peaks of p̃′ share
the same frequency with a shift from f̃ = 1, where the
natural frequency of DTO is, to f̃ = 1.17, as shown
in Fig. 9(E9). While we previously observed frequency
shifts due to synchronization in the cases of η1 = 0.40
or η2 = 0.31, this phenomenon is more pronounced
for long combustor with η3 = 0.25. Furthermore, we
observe this frequency shift not only in the case of
PAS, but also in the cases of 2AS ( f̃ = 1 → 1.10,
Fig. 9(E5)) and AAS ( f̃ = 1 → 1.20, Fig. 9(E7)).
This frequency shift is compensated for using the reac-
tive coupling in the model. For example, we see the
frequency shifts from the natural frequency ω̃ = 1 to
1.06 in the case of 2AS (Fig. 9(S5)), to 1.09 in the
case of AAS (Fig. 9(S7)), and to 1.07 in the case of
PAS (Fig. 9(S9)). However, there are still some spe-
cial collective dynamics observed in the experiments
for η3 = 0.25 that cannot be reproduced numerically
by the model. One such phenomenon is the emer-
gence of a weak breathing chimera (CH, Fig. 9(E1)).
It emerges when four identical self-excited DTOs are
ring-coupled, but only in the long combustor. This col-
lective state involves spatiotemporal variations in the
synchronization state of coupled oscillators in a net-
work, which was first studied by Abrams et al. [62].
Formore details on thisweak breathing chimera, please
refer to our previous studies by Guan et al. [11,28].
Although the model is unable to reproduce the com-
plex temporal variation in the phase relationship for all
three self-excited modes, it can reproduce the phase
relationship of the highest frequency (i.e., 201 Hz).
By applying the bandpass filter to this specific fre-
quency, we find that CTO1 is in-phase synchronized
with CTO3, while being anti-phase synchronized with
CTO2 andCTO4 in Fig. 10(E1). Similarly, CVO1 is in-
phase synchronized with CVO3 (|ψx̃ ′,3| < π/2), while
being anti-phase synchronized with CVO2 and CVO4
(|ψx̃ ′,2| > π/2 and |ψx̃ ′,4| > π/2) in Fig. 10(S1).
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Fig. 8 The same as for Fig. 2 but when η3 = 0.25. Each βi
(i = a, b, c, d) denotes a combination of λi and ωi in simula-
tions as per (φa, φb, φc, φd )=(0.57, 0.61, 0.65, 0.69) in exper-
iments. βi = (λi , ωi ) of each decoupled VDP oscillator is
calibrated using p̃′ and f̃ of its corresponding thermoacous-

tic oscillator, which gives βa = (λa, ωa) = (−0.03, 0.99),
βb = (λb, ωb) = (0.05, 1), βc = (λc, ωc) = (−0.03, 1.01),
βd = (λd , ωd ) = (−0.03, 1.02). Legend: FP = fixed point; LC
= limit cycle

Fig. 9 The same as for Fig. 3 but when η3 = 0.25. Coupling
parameters (kd , kτ , kr , τ ) of the coupledVDPoscillators are cali-
brated using experimental results, which gives kd = kτ = 0.002,
kr = 0.05, τ = 1.6. Legend: 2AS = 2-can anti-phase synchro-

nization; AAS = alternating anti-phase synchronization; PAS =
pairwise anti-phase synchronization; 4STO = 4 steady thermoa-
coustic oscillators; CH = weak chimera
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Fig. 10 The same as for Fig. 4 but when η3 = 0.25. Legend: 2AS = 2-can anti-phase synchronization; AAS = alternating anti-phase
synchronization; PAS = pairwise anti-phase synchronization; 4STO = 4 steady thermoacoustic oscillators; CH = weak chimera

Besides, the coupling-induced excitation of the ther-
moacoustic mode discussed in Sect. 3.1 (e.g., Fig. 9
(E2) and (E6)) is also unable to be reproduced numer-
ically.

4 Identification of amplitude death regions

Although many collective dynamics were found in this
network of four ring-coupled thermoacoustic oscilla-
tors [9,10], the global/partial amplitude death (AD),
which was reported in our two-can experiments before
[26,27] and holds great value for the development of
passive control strategies, is absent. In this section, we
use the calibrated low-ordermodel to numerically iden-
tify the parameter region of amplitude death.

We begin by investigating the influence of coupling
parameters on AD. The coupling parameters under
consideration are the dissipative and time-delay cou-
pling strengths, kd and kτ , along with the time delay
τ . The influence of the reactive coupling strength, kr ,
is excluded as it is unrelated to the occurrence of AD
[52]. For the four oscillators, we set βi = βd , which
is the same as the one used in Fig. 5, as the cases with

η2 = 0.31 provide the best match to the experimental
results discussed in Sect. 3.2.We expand the parametric
region by varying kd and kτ (kd = kτ ) within the range
of [0.001, 0.016] with a step size of 0.001, and τ within
the range of [1, 3] with a step size of 0.1. The results
are shown in Fig. 11a, where μx̃ ′ is the mean of four
normalized amplitudes of CVOs, i.e., 1/4

∑4
i=1 x̃

′
i .

We observe that AD tends to occur in the presence
of stronger coupling between oscillators, indicated by
larger values of kd or kτ , and shorter time delays, indi-
cated by smaller values of τ . The case circled by the
blue box corresponds to the case in Fig. 6(E2), which is
close to the boundary ofAD.Although amplitude death
is absent in our experiments [9,10], our developed low-
order model has enabled us to identify the parameter
space where amplitude death is likely to manifest. Fig-
ure 11 suggests that a stronger coupling strength and
a shorter delay time are conducive to the emergence
of amplitude death.We can deduce that, for a practical
can-annular combustor, a wider gap between the com-
bustor exit and the turbine inlet, facilitating enhanced
acoustic communication between adjacent cans pos-
sibly, as well as a compact arrangement of combus-
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Fig. 11 Panel a shows the variation of the mean oscillation
amplitude of coupled VDP oscillators, i.e., μx̃ ′ = 1/4

∑4
i=1 x̃

′
i ,

in the parameter space defined by the dissipative and time-delay
coupling strength, kd = kτ , and the time delay, τ . The case cir-
cled by the blue box corresponds to the case in Fig. 5(E2). Panel

b shows the variation of μx̃ ′ as a function of oscillator param-
eters, λi , with three different ring-coupled patterns of coupled
oscillators (uniform, alternating, and pairwise). Legend: LC =
limit cycle; AD = amplitude death

tors, leading to shorter time delays in acoustic com-
munication between adjacent cans, may promote the
occurrence of AD. However, it should be noted that
these dimensions are relatively less flexible to adjust
compared to modifying the properties of the thermoa-
coustic oscillator (e.g., amplitude/frequency) and their
coupling patterns (e.g., uniform/alternating/pairwise).
Therefore, we explore the possibility of inducing AD
or oscillation suppression through the adjustment of the
properties of coupled oscillators in the model.

We still consider three coupling patterns of CVOs
analogous to the combinations of equivalence ratios
here. In the uniform cases, we tune λi in the range of
[0.001, 0.05] with a stepsize of 0.001 and fix ωi = 1
for all four oscillators. In the alternating cases, we fix
λi and ωi of two diagonally coupled oscillators (1 and
3) to be 0.03 and 1, respectively, and tune the λi of the
other two coupled oscillators (2 and 4) in the range of
[0.001, 0.05] with a stepsize of 0.001 while fixing their
ωi to be 1. In the pairwise cases, we fix λi andωi of two
adjacently coupled oscillators (1 and 2) to be 0.03 and
1, respectively, and tune the λi of the other two coupled
oscillators (3 and 4) in the range of [0.001, 0.05] with
a stepsize of 0.001 while fixing their ωi to be 1. The
coupling parameters remain identical to those used in
the cases of η2 = 0.31 (kd = kτ = 0.004, kr = 0.01,

τ = 1.3). As shown in Fig. 11b, AD emerges only in
the uniform cases when λi � 0.006. This is probably
because x̃ ′ is relatively small. Beyond this critical λi ,
μx̃ ′ monotonically increases as λi increases. This could
be because x̃ ′ grows as λi increases without the emer-
gence of any oscillation suppression mechanism. By
contrast, for the alternating andpairwise cases, the local
minimum of μx̃ ′ intermittently appears (at different λi
for two different combinations). Leveraging these local
minima of μx̃ ′ , we can achieve a substantially large
reduction in μx̃ ′ by slightly adding asymmetry to the
model. For example, at the right end of the horizontal
dashed line, the pairwise cases exhibit a localminimum
ofμx̃ ′ when λ1 = λ2 = 0.03 and λ3 = λ4 = 0.046. On
the other hand, at the left end of the horizontal dashed
line, a uniform case has λi = 0.022. As x̃ ′ monotoni-
cally increases with λ, the decoupled oscillators in the
pairwise case naturally possess higher x̃ ′ compared to
the decoupled oscillators in the uniform case. However,
after being ring-coupled with a pairwise pattern, they
roughly exhibit the same value of μx̃ ′ as those being
ring-coupled with a uniform pattern. This implies that
the asymmetric arrangement of coupled oscillators can
potentially lead to oscillation suppression, which could
favor the development of passive control strategies.
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5 Conclusions

In this study, we investigate the low-order modeling of
collective dynamics in a can-annular combustor con-
sisting of four ring-coupled turbulent thermoacous-
tic oscillators. The model contains four VDP oscilla-
tors ring-coupled through dissipative, time-delay, and
reactive coupling terms. By meticulously calibrating
the parameters of the model using experimental data,
we show that this model, though in a simple form,
can successfully reproduce many collective dynam-
ics observed in experiments under different combi-
nations of equivalence ratio and combustor lengths,
such as 2-can anti-phase synchronization, alternating
anti-phase synchronization, pairwise anti-phase syn-
chronization, spinning azimuthal mode, and 4 steady
thermoacoustic oscillators. The phase relationship of
most coupled cases can also be modeled both qualita-
tively and quantitatively. Furthermore, with the intro-
duction of the reactive coupling term, the model is
now more adaptive to reproduce the frequency shift in
cases showing strong energy transformation. However,
certain complex collective dynamics remain beyond
the model’s reach. These include (i) the excitation
of a coupling-induced unstable thermoacoustic mode
when four steady decoupled thermoacoustic oscilla-
tors (DTOs) are ring-coupled, e.g., Fig. 3(E1); (ii) the
mode localization in the short combustor when four
DTOs are ring-coupled under the pairwise φ combina-
tion with two of them being steady and the remaining
two being unsteady, e.g., Fig. 3(E8); (iii) a weak anti-
phase chimera in the short combustor when four DTOs
are ring-coupled under the alternating φ combination
with two of them being steady and the remaining two
being unsteady, e.g., Fig. 3(E3); (iv) superposition of
anti-phase synchronization in the medium combustor
when four DTOs ring-coupled under the pairwise φ

combination with two of them being steady and the
remaining two being unsteady, e.g., Fig. 6(E7); and (v)
a weak breathing chimera in the long combustor when
four identical self-excited DTOs are ring-coupled, e.g.,
Fig. 9(E1). Despite these limitations, the model pro-
vides a satisfactory reproduction of awide range of col-
lective dynamics, given the fact that the model has such
a simple structure and the experimental results were
found in such a complex turbulent combustion sys-
tem with unavoidable uncertainties (e.g., manufactur-
ing, operating conditions). This study offers some valu-
able insights: (1) Combinations of self-excited/stable

oscillators greatly affect collective dynamics, which
could be interpreted and modeled within the synchro-
nization framework; (2)The suppressionof self-excited
oscillations in a ring-coupled network is closely associ-
ated with the coupling conditions and the combination
of self-excited oscillators. Low-order modeling opens
up possibilities for identifying the optimal parameter
regimes or oscillator combinations leading to weak-
ened oscillations; (3) The low-order model is able to be
extended to a system with multiple oscillators, which
could potentially serves as a basis for modeling the col-
lective dynamics observed in more complicated multi-
combustor systems.
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Appendix A: Influence of experimental uncertain-
ties on the modeling

Due to uncertainties in manufacturing and operating
conditions (such as equivalence ratio φ, inlet tempera-
ture Tinlet, and bulk velocity ū) in experiments, notice-
able differences in the properties of thermoacoustic
instability (such as pressure amplitude and natural fre-
quency) can be observed between two nominally iden-
tical combustors. These subtle differences in DTOs
have significant influences on the properties of CTOs,
which pose challenges in calibrating the model param-

eters using experimental data. We find that the pres-
sure ratio between two nominally identical thermoa-
coustic oscillators can be better reproduced by specifi-
cally tuning the parameters for a particular VDP oscil-
lator. For example, as shown in Fig. 12(E1), there
is a small amplitude difference between p̃′

1 and p̃′
3,

although they share the same value of φ. As shown in
Fig. 12(S1), by slightly tuning βd to β∗

d for the third
VDP oscillator, we are able to more accurately repro-
duce the pressure ratio observed in experiments. This
approach holds true for combustors of different lengths
aswell (Fig. 12(S2)→(E2), (S3)→(E3)).Although this

Fig. 12 Spectral comparison between (top) coupled ther-
moacoustic oscillators (experiments) and (bottom) coupled
VDP oscillators (simulations). Each βi (i = a, b, c, d)
denotes a combination of λi and ωi in simulations, cor-
responding to (φa, φb, φc, φd )=(0.57, 0.61, 0.65, 0.69)
in experiments. The symbol ∗ indicates the compensa-
tion applied to the nominally identical VDP oscillators by
slightly adjusting λ. The parameters of the model of three

cases are: (λd , λb, λ
∗
d , λb) = (0.05,−0.01, 0.042,−0.01),

(λc, λ
∗
c , λa, λa) = (0.048, 0.025,−0.02,−0.02),

(λb, λ
∗
b, λa, λa) = (0.05, 0.035,−0.03,−0.03). ωi and

coupling parameters (kd , kτ , kr , and τ ) are the same as the
corresponding case shown in Fig. 3(E6), Fig. 6(E8), Fig. 9(E7).
Legend: 2AS = 2-can anti-phase synchronization; SAM =
spinning azimuthal mode; AAS = alternating anti-phase syn-
chronization
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Fig. 13 FFT spectra of typical collective dynamics with noise
intensity of σ = 0.04. The dashed line in the subfigure denotes
the position of f̃ = 1 and ω̃ = 1, respectively. Legend: 4STO

= 4 steady thermoacoustic oscillators; 2AS = 2-can anti-phase
synchronization; AAS = alternating anti-phase synchronization;
PAS = pairwise anti-phase synchronization

fine-tuning of model parameters for specific oscillators
yields more accurate spectra, it weakens the simplicity
of our modeling approach and diminishes the model’s
ability to reproduce complex collective dynamics. We
therefore do not incorporate such compensation in the
calibration process.

AppendixB: Influenceofnoise termon themodeling

The influence of turbulent combustion noise on sys-
tem dynamics is important in modeling, particularly
when modeling statistical properties of thermoacous-
tic oscillators [63–66]. However, the addition of a noise
source term in our model did not enhance the modeling
results. This could be attributed to the thermoacoustic
oscillators (both stable and self-excited) selected for
this study being sufficiently distant from the bifurca-
tion point, making turbulent combustion noise have a
reduced impact on the properties of the thermoacous-
tic oscillator. Additionally, this study primarily focuses
on modeling coupling-induced dynamics arising from
thermoacoustic modal interactions rather than the

statistical properties of thermoacoustic modes, placing
less emphasis on the influence of turbulent combustion
noise. The noise term is often not included under such
a scenario in previous studies [39,41,67].

Our VDP model, Eq. (1), becomes Eq. (B1) after
including a noise source term:

ẍi −
(
λi − x2i

)
ẋi + ω2

i xi = kd (ẋi+1 + ẋi−1 − 2ẋi )︸ ︷︷ ︸
Dissipative coupling

+ kτ [ẋi+1(t − τ) + ẋi−1(t − τ) − 2ẋi ]︸ ︷︷ ︸
T ime−delay coupling

+ kr (xi+1 + xi−1 − 2xi )︸ ︷︷ ︸
Reactive coupling

+ σε(t)︸ ︷︷ ︸
Noise

(B1)

where σ is noise intensity, ε(t) is a white Gaussian
noise term, and all other parameters remain identical to
Eq. (1). We use the pressure data of stable decoupled
thermoacoustic oscillators (e.g., φa case in Fig. 2/5/8)
to evaluate the combustion noise intensity and acquired
a dimensionless noise intensity σ = 0.04. Next, we
present FFT spectra and phase relationship of typical
collective dynamics reproduced with noise in Fig. 13
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Fig. 14 Phase relationship of typical collective dynamics with noise intensity of σ = 0.04. The presentation of ψ p̃′,i and ψx̃ ′,i follows
the same format as illustrated in Fig. 4. The legend remains consistent with the FFT spectra in Fig. 13

and Fig. 14, respectively. The results show that includ-
ing the noise term does not enhance the modeling
results. Most of collective dynamics can still be repro-
duced well although noticeable shifts and undulations
emerge in phase relationships. On the contrary, some
collective dynamics which were originally success-
fully reproduced without noise term cannot be repro-
duced now (e.g., Fig. 13(S8)). Therefore, we prefer not
include the noise term in our current model.

Appendix C: Influence of parametric noise on the
modeling

Parametric noise can possibly affect the modeling
results as shown in previous studies [40,68,69]. Here
we incorporate parametric noise into our model by
introducing noise in six parameters, including the oscil-
lator parameters λ and ω and the coupling parameters
kd , kτ , kr , and τ . The corresponding parameters with
the noise term can be expressed as follows:

Xn = X0[1 + σpε(t)]
(X = λ / ω / kd / kτ / kr / τ)

(C2)

where Xn and X0 represent the parameters with and
without noise, respectively, σp is the noise intensity,
and ε(t) is whiteGaussian noise term.We useσp = 1%
following previous studies [40,68,69]. Here we exam-
ine the influence of parametric noise on some typical
collective dynamics discussed above. For each col-
lective dynamics, parametric noise is added to only
one single parameter. As shown in Fig. 15, each panel
is divided into seven shorter subfigures, which corre-
spond to phase dynamics of cases subjected to different
parametric noise. From left to right, we have parametric
noise free (O), oscillator parameters (λ andω) and cou-
pling parameters (kd , kτ , kr , and τ ). The results show
that most of collective dynamics are merely influenced
by the parametric noise when σp = 0.01, regardless
of parameters. Critical collective dynamics, including
4STO, 2AS, AAS, PAS, and SAM, can still be numer-
ically reproduced well. For some specific cases ((S8),
η = 0.4 and (S7), η = 0.31), collective dynamics and
phase relationship changed noticeably.
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Fig. 15 Phase relationship of typical collective dynamics with
parametric noise amplitude σp = 0.01. The presentation ofψ p̃′,i
and ψx̃ ′,i follows the same format as illustrated in Fig. 4. The
abbreviation “O” represent the original noise-free case. Legend:

4STO = 4 steady thermoacoustic oscillators; 2AS = 2-can anti-
phase synchronization; AAS = alternating anti-phase synchro-
nization; PAS = pairwise anti-phase synchronization; SAM =
spinning azimuthal mode
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