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Abstract

In this paper, a single machine group scheduling with learning effect and convex resource
allocation is studied. The goal is to find the optimal job schedule, the optimal group schedule,
and resource allocations of jobs and groups. For the problem of minimizing the makespan subject
to limited resource availability, it is proved that the problem can be solved in polynomial time
under the condition that the setup time of groups are independent. For the general setup time of
groups, a heuristic algorithm and a branch-and-bound algorithm are proposed respectively. The
computational experiments show that the performance of the heuristic algorithm is fairly accurately
in obtaining near-optimal solutions.
Keywords: Scheduling; Learning effect; Resource allocation; Group technology; Heuristic algo-

rithm; Branch-and-bound algorithm

1 Introduction

In recent years, a lot of work has been done on production systems in which job processing
times may be changing due to the phenomenon of learning and/or resource allocation. Extensive
surveys of different scheduling models and problems involving learning and resource allocation
(controllable processing times) can be found in Biskup (2008) and Shabtay and Steiner (2007).
More recently, papers Niu et al. (2015), Shiau et al. (2015), Zhang and Wang (2015), and Xu et
al. (2016) considered scheduling problems with learning effects. Niu et al. (2015) considered
some scheduling problems in which the actual processing time of a job is a function of the sum of
the function of the processing times of the jobs already processed and job position. They proved
that some single machine scheduling problems and some special cases of flow shop scheduling
problems can be solved in polynomial time. Shiau et al. (2015) considered a two-machine flow-

shop scheduling with learning effects. For a two-agent case (i.e., to minimize the total completion
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time of the jobs from one agent, given that the maximum tardiness of the jobs from the other
agent cannot exceed a bound), they proposed a branch-and-bound algorithm and several genetic
algorithms. Zhang and Wang (2015) considered single-machine due window assignment schedul-
ing with learning effect. Xu et al. (2016) considered an order scheduling with position-based
learning effect. Papers Yang et al. (2014), Hsieh et al. (2015), Jiang et al. (2015), Herr and
Goel (2016) considered scheduling problems with resource allocation (controllable processing
times). Yang et al. (2014) considered single machine resource allocation scheduling problems
with multiple due windows assignment. They proved that the problems can be solved in poly-
nomial time respectively. Hsieh et al. (2015) considered unrelated parallel machine scheduling
with discrete controllable processing times. Jiang et al. (2015) considered a hybrid flow shop
scheduling problem with controllable processing times. Herr and Goel (2016) considered total
tardiness minimization single machine scheduling problem with family setups and resource con-
straints. Papers Liu and Feng (2014), Lu et al. (2014), Wang and Wang (2014b), Yin et al.
(2014), Li et al. (2015), Wang and Wang (2015), and He et al. (2016) considered scheduling
problems with simultaneous considerations of learning effects and resource allocation. Liu and
Feng (2014) considered flowshop scheduling with learning effect and convex resource-dependent
processing times. For the two-machine no-wait case, they proved two cost functions can be
solved in polynomial time. Lu et al. (2014) considered two due-date assignment problems with
learning effect and resource-dependent processing times. Wang and Wang (2014b) considered
common due-window assignment problems with learning effect and resource-dependent process-
ing times. Li et al. (2015) considered slack due-window assignment problems with learning
effect and resource-dependent processing times. Wang and Wang (2015) considered scheduling
problems with job-dependent learning effect and convex resource-dependent processing times.
He et al. (2016) considered scheduling problems with general truncated job-dependent learning
effect and resource-dependent processing times.

On the other hand, the production efficiency can be increased by group technology, i.e.,
grouping various parts and products with similar designs and or production processes (Shabtay
et al. (2010), Wang and Wang (2014a), Yin et al. (2014), Keshavarz et al. (2015)). Qin et
al. (2016) considered flowshop scheduling with group technology and position-based learning
effect. To the best of our knowledge, apart from the recent paper of Zhu et al. (2011), it has
not been investigated the scheduling problems with simultaneous considerations of learning ef-
fects, resource allocation and group technology. “The phenomena of learning effects, resource
allocation and group technology occurring simultaneously can be found in many real-life situa-
tions. For example, in the chemical industry, the processing time of a chemical compound can be
changed by increasing the amount of catalysts, which entails some extra costs (Wang and Cheng

[2005]). Clearly, compressing jobs would be rational and possible only if the additional cost is



compensated by the gains from job completion at an earlier time. The scheduling problem with
controllable processing times is concerned with determining not only the job sequence but also
the amount of compression for each job so as to minimize the total cost. On the other hand,
the learning effects reflect that the workers become more skilled to operate the machines through
experience accumulation, and group technology can increase the production efficiency. For this
situation, considering these the job learning effects, resource allocation and group technology in
job scheduling is both necessary and reasonable. (Wang et al. [2010], and Zhu et al. [2011]).”
Zhu et al. (2011) considered single-machine group scheduling with resource allocation and learn-

ing effect, i.e., the linear resource allocation model: pf} = pijrblle — fBijuij, the convex resource

pijrP1ib2
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) yugj > 0, and sf‘ = 5,7, where b; < 0 and by < 0 denote

the learning indices of the group and job learning effect respectively, and u;; is the amount of
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allocation model: p{; = (
a non-renewable resource allocated to job J;;, with 0 < w;; < 4 < , Where w;;
denote the maximum amount of resource allocated to job J;; and ;; is the positive compression
rate of job Jj;, k > 0 is a given constant. They showed that the problems for minimizing the
weighted sum of makespan and total resource cost remain polynomially solvable. In the real
production management, the resource is precious, and the resource availability is limited, hence
in this study, the results of Zhu et al. (2011) are extended, that is, the single machine group
scheduling with learning effect and resource allocation is considered subject to limited resource
availability .

The remainder of this article is organized as follows. Section 2 formulates the problem.
Section 3 derives the properties of the optimal schedule for the problem and provide solution
algorithms for them. Section 4 provides some numerical experiments. Section 5 gives some

extensions. The last section contains some conclusions and suggests some future research topics.

2 Problem formulation

The model is described as follows. n independent jobs to be grouped into m groups, and to
be processed on a single machine is considered. All jobs and the machine are available at time
zero. It is assumed that there is no setup time between two consecutive jobs in the same group.
However, a group setup time is required to process a group. It is also assumed that the processing
of a job may not be interrupted. Let n; be the number of jobs belonging to group Gj, thus,
ny+ng + ...+ ny, =n, and J;; denote the jth job in group Gy, ¢ =1,2,...,m;j =1,2,...,n,.
Let p;; be the original (normal) processing time of job J;;. As in Zhu et al. (2011), if the job

Jij is scheduled in group position r and internal job position /, the actual processing time of the



job is
k
p. 'Tal l0«2
pij = (” s uij >0, (1)
u,;j
where k£ > 0 is a given constant, a; < 0 and as < 0 denote the learning indices of the group and
job learning effect respectively. As in Zhu et al. (2011), the actual setup time of group G, if it

is scheduled in the rth group in the sequence, is given by

st = 5198, (2)

where s; is the original (normal) setup time of group G;, as < 0 denotes the learning index of
the group learning effect.

For a given schedule S, let C;; = C;;(S) denote the completion time of job J;; in group G;
under schedule S, and Crax = max{Cjj|li = 1,2,...,m;j = 1,2,...,n;} denote the makespan
of a given schedule. Our goal is to find the job sequence 7} (i = 1,2,...,m), the opti-
mal group sequence (*, and the resource allocation u* so as to minimize Cpax subject to
Sy 272:1 u;j < U, where U > 0 is a given real number and denotes the total resource
amount spent on compression. Using the three-field notation (Graham et al. 1979), the
problem can be denoted as 1|GT,CRALE,Y ", 271:1 ui; <U ‘ Cmax, where CRALE means
“convex resource allocation and learning effect”.  Zhu et al. (2011) considered the problem
1|GT,CRALE, a3 = a1| f1Crmax + B2 Y14 Z?;l u;j, where 31 and B are positive parameters
decided by the decision-makers, they proved that the problem 1 |GT,CRALFE, a3 = a1| f1Crmax+

B2 > iy > 4Ly wij cab be solved in polynomial time.

3 Main results

Obviously, for the 1 )GT, CRALE, Y32, Y70 uij <U ) Chmax problem, the optimal resource con-

straint is satisfied as equality, i.e., > ;" 27;1 u;; = U.

Lemma 1 For the 1 ‘GT, CRALE, 7%, Y70 wij < U’ Cmax problem, the optimal resource
allocation can be determined as follows:
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fori=1,2,....m;5=1,2,...,n,.

Proof For a given sequence, the Lagrange function is
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where A is the Lagrangian multiplier. Deriving (4) with respect to uy;(;) and A, it has
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Using (5) and (6), it has
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and
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From (7) and (8), for i =1,2,...,m, it has
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Using Lemma 1 and substituting (3) into Cyax, it has
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where g = () BT and wyy; = (117 .

The value 5+ is identical for any job Jj;; within the group G, of any possible position in
¢. So

kag

wij:jle,i:1,2,...,m;j:1,2,...,n,~, (10)



can be used to calculate the position weight of jobs in group G;.

Lemma 2 For the 1 |GT,CRALE, ", Z;‘;l uij < U| Cmax problem, the optimal job sequence
w7 within each group can be obtained by sequencing the jobs in non-decreasing order of p;; (the

the smallest processing time (SPT) first rule).

ka
Proof For a given group G; (i = 1,2,...,m), from (10), w;; = jkfﬁl (j =1,2,...,n;) is a
decreasing function on j (az < 0), hence by the HLP rule (Hardy et al. (1967)), the result can
be easily obtained. O

3.1 Casea;=0

For the 1|GT,CRALE, 7" | 70| u;; < U| Crax problem, the complexity of determining the
optimal group sequence is still remains an open question, so the special case az = 0 (i.e., 324 =8;)

should be considered.

Lemma 3 For the 1 ’GT, CRALE,Y ", Z;“Zl uij < U’ Cimax problem, the optimal group se-
quence ¢* under the condition of as = 0, can be obtained by solving a Linear Assignment

Problem.

Proof It is noted that the optimal sequence 7 of group G[; can be predetermined by Lemma
2, and the value ) 1" 539 = " s; is a constant number. Now it should be considered that

how to determine the optimal group sequence. It should be defined that the binary variables

xi- such that z;. = 1 if group G; is assigned to position r and x;- = 0 otherwise, ¢ = 1,2,---,m
andr=1,2,--- m.
Let n, )
Aip = (piyr™ ) =7, ir=1,2,---,m. (11)
j=1

Consequently, the optimal group sequence determining problem can be formulated as the

following Assignment Problem:

AP min Em: Em: Airxir (12)

i=1 r=1

subject to

m

wp=1, i=12...,m, (13)
r=1

m

dwp=1, r=12...,m, (14)
i=1



i =0o0r1l, 4,r=12...,m. (15)

O

Based on the above analysis, the problem 1 |GT,CRALE,Y ", 2?1:1 uij < U, a3 = 0] Crax
can be optimally solved by the following algorithm.

Algorithm 1

Step 1. Determine the initial internal job sequence 7} by using the SPT rule (Lemma 2).
Step 2. Calculate all A;; by Equation (11) with 7} for i =1,2,...,mand r=1,2,...,m.
Step 3. Solve the Assignment Problem AP to determine the optimal group sequence (*.

Step 4. Calculate the optimal resources allocation uf‘i]m (¢*,my, 5, ..., m,) by using Equation

(3)-

Theorem 1 Algorithm 1 solves the problem 1|GT,CRALE, Y%, 375 uijj < U, a3 = 0| Ciax

in O(n3) time.
Proof Similarly to the proof of Zhu et al. (2011). O

Example 1 This example provides an illustration of a 9-job and 3-group problem (i.e., n =9
and m = 3). Let ny = 2,n9 = 3,n4,a17 = —0.3,a2 = —0.25,a3 = 0, k = 2,U = 50 and the other

parameters (i.e., the values p;; and s;) be shown in Table 1.

Solution.

Step 1. From Lemma 2, it can be obtained that the internal job sequence 7} = (Ji1,J12),

75 = (Jo1, J23, Jo2) and 75 = (J34, J31, J32, J33).

Step 2. The values A;, (by Equation (11)) is given in Table 2.

Step 4. Solve the Assignment Problem AP, it can be obtained that the optimal group sequence is

¢* = (G2,G1, G3) (see bold in Table 2). The overall schedule is S* = (Ja1, Jag, Ja2; J11, J12; J34, J31, J32, J33),
and Cpax =6+ 5+ 84 7.4736 4 7.8743 + 9.0778 = 43.4257.

k

(Prpi®15°2) 1

S S5 (i1 572)
U = 51582, ufy = 5.3325,u8 = 5.6282ui, = 6.5210,ul, = 8.7776;10, = 4.1407,u, =

4.2806, u3y = 4.5180, ujy = 5.6431.

Step 5. From Equation (3), the optimal resources allocation u3; = — X

Table 1. The data of Example 1

G; Gt Go Gs

Jij Ju o Jio Joa1 Joo Ja3 J31 Jz2 Jsz Jsa
Dij 7 13 4 6 5 5 6 9 4
S; 6 5 8




Table 2. The values A;,

i\r 1 2 3
Ay = G 85849 7.4736 6.8914

Gy 7.8743  6.8550 6.3210

Gs 11.3084 9.8446 9.0778

3.2 Caseaz#0

The complexity of the general problem 1|GT,CRALE,Y ", 2?2:1 u;y < U ‘ Chax remains an
open question, it is conjectured that this general problem is NP-hard. From Lemma 2, the
optimal job sequence within each group is scheduled by sequencing the jobs in non-decreasing

order of p;;. From Section 3.1, a heuristic algorithm for the general problem can be proposed.
Algorithm 2

Step 1. By using the SPT rule (Lemma 2) to determine the internal job sequence 7.
Step 2.1. Calculate all A;. (i,7 =1,2,...,m) by Equation (11) with 7}

*, and solve the Assign-

ment Problem AP to determine the group sequence.
Step 2.2. Groups sequenced in non-decreasing order of s;;
Step 2.3. Groups sequenced in non-increasing order of s; + Z;“:l (pi[j] j“2) ’“L“
Step 3. From Steps 2.1-2.3, choose the better solution to determine the group sequence (.
Step 4. Calculate the optimal resources allocation ufﬂ m(( Ty, T,y .., m) by using Equation
(3).

In order to solve the general problem 1|GT,CRALE,Y " 0% uy; < U‘ Cmax optimally,
a branch-and-bound algorithm is proposed. For the branch-and-bound algorithm, initialization,
branching, and bounding are three major components. The initialization solution can be ob-
tained by Algorithm 2, and a depth-first search is adopted in the branching procedure. The
efficiency of a branch-and-bound algorithm depends largely on the effectiveness of calculating
lower bounds for partial solutions. For each branching node of our problem, it is obvious that
if s{‘ = g;m* for unscheduled groups, a minimum makespan can be achieved by Algorithm 1

(this is a lower bound for each branching node).

Management insights: Resource allocation scheduling problems with group technology and
learning effect make the process of production decision very difficult. Like the problem con-
sidered, the theoretical results can minimize the makespan (cost) and improve the production

efficiency.



4 Numerical experiments

Computational experiments are conducted to evaluate the effectiveness of the Algorithm 2 and
the branch-and-bound algorithm, and these both algorithms are coded in VC++ 6.0 and ran
on CPU Intel® Pentium® 4 2.4 GHz and 2GB RAM. For the experiments, the following
parameters are generated from discrete uniform distribution: The original (normal) processing
times p;; and the setup times s; are generated from the uniform distribution over the integers
[1, 100], respectively. The learning effects a1 and ay are assigned with uniform distribution over
the real numbers [-0.5, -0.1]. Test problems with U = 100, n = 50 and 100 jobs and with
m=10 and 20 families (each group must contain at least one job) are experimented. Moreover,
to detect the learning effect ag on the performance of an algorithm, three different types of
learning rate are assigned, i.e., a3 = —0.4, —0.3, —0.2. For each combination of m, n and as, 50
problem instances were randomly generated. A total of 600 problem instances are tested.

For the branch-and-bound algorithm, the average time, and the maximum time (in seconds)
are recorded. In order to evaluate the performance of the heuristic algorithm (i.e., Algorithm
2), the average time, and the maximum time (in seconds), the average and maximum error
percentage are recorded. The percentage error of the solution produced by the Algorithm 2 is

calculated as
(CHA — %) /C* x 100%,

where CH4 is the makespan of the solution generated by the Algorithm 2 and C* is the
makespan of the optimal schedule, which is obtained by a branch-and-bound algorithm. The
results are summarized in Table 3. As can be see from Table 3, the the Algorithm 2 performs
very well in terms of the error percentages. The mean error percentage (CH4 —C*)/C* x 100%
is less than 1% for all sizes of problems.

The performance of the heuristic algorithm (i.e., Algorithm 2) for n=400 and 1000, m =30
and 60 is also verified by the ratios (CH4 — LB)/LB x 100% (see Table 4), where LB can be
obtained by Algorithm 1 if it is supposed that sf‘ = s;m. As it can be seen from Table 4, the
performance of Algorithm 2 is very effective. The average of the ratios (CH#4 — LB)/LB x 100%
in Table 4 are less than 1% for all as.

5 Extensions

Obviously, the above results can be extended to the following general models:

Py = (pijfl(:?g(l»k,uz‘j >0 (16)
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and
A _
s; = sih(r), (17)

where f(r), g(I) and h(r) are the general non-decreasing and differentiable functions (learning
curves), e, 1= f(1) > f2) > ... > f(m), 1 = g(1) > g(2) > ... > g(m) and 1 = h(1) >
h(2) > ... > h(m).

6 Conclusions

This paper considered the single machine group scheduling problem with learning effect
and resource-dependent processing times. If the setup times of groups have not learning effect,
it is showed that the weighted combination of makespan and total resource cost minimization
problem can be solved in polynomial time. For the general setup times, a heuristic algorithm
and a-branch-and-bound algorithm were given. The algorithms can also be easily applied to
the problems with the deterioration (aging) effect (e.g., a3 > 0,a2 > 0, a3 > 0, 1 = f(1) <
f2)<...<fim),1=9(1) <g2) <...<g(n) and 1 = h(1) < h(2) < ... < h(m)). For
future research, it is worthwhile to study other scheduling problems with deterioration (aging),
learning effects, resource allocation and/or group technology (He and Sun [2012, 2015], Rudek
and Rudek [2011, 2012]), for example, the job-shop scheduling problems, the parallel machine

scheduling problems and other scheduling performance measures.
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